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1. Introduction

In this paper, we study two related questions about the CR Paneitz operator in
dimension three, where this operator plays an important role in the embedding question.

Throughout this paper, we use the notation and terminology of [12] unless otherwise
specified. Let (M3, .J,0) be a closed three-dimensional pseudohermitian manifold, where
0 is a contact form and J is a CR structure compatible with the contact bundle £ = ker 6.
The CR structure J decomposes £ ® C into the +i- and —i-eigenspaces of J, denoted
T, o and Ty 1, respectively. The Levi form ( , >Le is the Hermitian form on 77 o defined
by (Z,W),, = —i (d9,Z NW). We can extend ( , ), to To,1 by defining <Z7W>L9 =
(Z, W>L9 for all Z, W € T . The Levi form induces naturally a Hermitian form on the
dual bundle of T} o, denoted by ( , ) Ly and hence on all the induced tensor bundles. By
integrating the Hermitian form (when acting on sections) over M with respect to the
volume form dV = 0 Adf, we get an inner product on the space of sections of each tensor
bundle. We denote this inner product by (, ). For example

(o, 9) = /w&dV, (1.1)

M

for functions ¢ and .

The Reeb vector field T is the unique vector field such that ¢(T') = 1 and d0(T,-) = 0.
Let Z; be a local frame of T ¢ and consider the frame {T, Z;, Z;} of TM @ C. Then
{9, AR 91}, the coframe dual to {7, Z1, Z7}, satisfies

df = ih, 16" A 6" (1.2)

for some positive function h;;. We can always choose Z; such that h;; = 1; hence,
throughout this paper, we assume h;7 = 1.

The pseudohermitian connection of (J,6) is V on TM @ C (and extended to tensors),
and is given in terms of a local frame Z; € T3 ¢ by

VZ =0,'® 2, VZ=0;'®7Z;, VT =0,
where 6;! is the 1-form uniquely determined by the equations

ot =0 Aot + O AT
=0 mod 91,
0=06"+6;".

6, and 7! are called the connection form and the pseudohermitian torsion, respectively.
Put 7! = A';0'. The structure equation for the pseudohermitian connection is
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d6,' = RO* A1 + 20 Tm (AT} 107 A 0),

where R is the (Tanaka—)Webster curvature.

We denote components of covariant derivatives with indices preceded by a comma;
thus we write AiLi@l A 6. The indices {0,1,1} indicate derivatives with respect to
{T, Z1,Z7}. For derivatives of a scalar function, we omit the comma; for example,
given a smooth function ¢, we write p; = Z1p and p;1 = Z;Z19 — 01(Z1)Z1p and
o =Te.

We recall several natural differential operators occurring in this paper. For a smooth
function ¢, the Cauchy—Riemann operator d, can be defined locally by

abQD = @101.
We write d; for the conjugate of 9. A function ¢ is called CR holomorphic if dy¢ = 0.
The divergence operator d, takes (1,0)-forms to functions by 8y(c10') = o1.!; similarly,
Sp(o0') = o1t
The Kohn Laplacian on functions is

Op = 25;3_1,.

The sublaplacian is A, = Red;, and the CR conformal Laplacian is L = —Ay, + R/4.
Define

ngp: (Soiil +iA11(p1) 91. (13)
The importance of this operator is that the space P of CR pluriharmonic functions can

be characterized as P = ker Ps; see [12].
The CR Paneitz operator Py, first introduced by Graham and Lee [7], is

Pyp =6y (Psp) - (1.4)

Define @ by Q¢ = 2i (Aucpl) .- Using the commutation relation [0y, Op] = 4i Im Q, we
see that

Pyp = —(0p05 — 2Q)¢

(B85 + OpT6) ¢ + 8Im (A ¢1)1).

O~ =]

Hence P is a real and symmetric operator. It plays an important role in the embedding
problem: whether the CR structure can be embedded into C™ for some integer n. Note
that the leading order term of P, makes it a fourth order hyperbolic operator, thus it is
remarkable that it still displays properties of a subelliptic operator.
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Definition 1.1. A pseudohermitian manifold (M?3,.J,0) has nonnegative CR Paneitz op-
erator, written P, > 0, if

<P490> 90> >0
for all smooth functions ¢.

In previous work [2] on the embedding problem, Chiu and the second two authors
showed that three-dimensional CR manifolds with positive CR Yamabe constant and
nonnegative CR Paneitz operator are embeddable in C™. As a partial converse, one
would like to know if CR manifolds embedded in C? with some additional nice properties
satisfy these nonnegativity conditions. Working in this direction, Chiu and the second
two authors showed [3] that these nonnegativity conditions hold for small deformations
of a strictly pseudoconvex hypersurface with vanishing torsion in C2.

Another question concerning the CR Paneitz operator is the identification of its ker-
nel. It follows from its definition that, on a three-dimensional CR manifold, the space
of CR pluriharmonic functions is contained in the kernel of the CR Paneitz operator.
Moreover, Graham and Lee showed [7] that if a three-dimensional CR manifold admits
a torsion-free contact form, then the kernel of the CR Paneitz operator consists solely
of the CR pluriharmonic functions. One would like to characterize CR manifolds for
which this equality holds. Since there are known non-embedded examples for which the
equality does not hold [2], we restrict our attention to embedded CR manifolds. Mo-
tivated by this problem, Hsiao showed [9] that for embedded CR manifolds, there is a
finite-dimensional vector space W such that the kernel of the CR Paneitz operator Py
splits in the Folland—Stein space 5% as a direct sum,

kerP4 :P@W (15)

For an elementary proof, see Lemma 2.2. Generic results about the existence of W may
be found in [1].
We need one more definition before we can state our main result:

Definition 1.2. The space of CR pluriharmonic functions is stable for the one-parameter
family (M?3,J¢,0) of pseudohermitian manifold if for every ¢ € P! and every ¢ > 0,
there is a § > 0 such that for each s satisfying |t — s| < J, there is a CR pluriharmonic
function fs € P* such that

lp = fally <e.

Theorem 1.3. Let (M3,J%,0) be a family of embedded CR manifolds for t € [—1,1] with
the following properties.
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(1) Jt is real analytic in the deformation parameter t.

(2) The Szegé projectors St: F20 — (ker 0f C F%°) vary continuously in the deforma-
tion parameter t (see Section 2 for a definition of F2).

(3) For the structure J° we have P) > 0 and ker PY = PV, the space of CR pluriharmonic
functions with respect to J°.

(4) There is a uniform constant ¢ > 0 such that

inf min R > ¢ > 0. (1.6)
te[—-1,1] M

(5) The CR pluriharmonic functions are stable for the family (M?3,J¢,0).
Then P} >0 and ker P} = P for all t € [-1,1].

Remark 1.4. The assumption (1.6) can be replaced by the assumption that the CR
Yamabe constants Y[J!] are uniformly positive. Since the assumptions on the CR Paneitz
operator are CR invariant [8], this allows us to recast Theorem 1.3 in a CR invariant
way.

As an application, consider the family of real ellipsoids in C2? as deformations of the
standard CR three-sphere. The formula established in [10, Theorem 1] expressing the
Szegé kernel in terms of the defining function implies that condition (2) holds. Since the
standard contact form on the CR three-sphere is torsion-free, its CR Paneitz operator
is nonnegative and has kernel consisting only of the CR pluriharmonic functions [7]. An
elementary calculation [3] shows that the real ellipsoids have positive Webster scalar
curvature, and thus satisfy condition (4) of Theorem 1.3. The condition (5) then follows
from the stability results of [2,13].

Corollary 1.5. The real ellipsoids in C2 are such that the Paneitz operator is nonnegative
and has kernel consisting only of the CR pluriharmonic functions.

2. Proof of Theorem 1.3

The proof of Theorem 1.3 is based on a continuity argument. Let
S={te[-1,1]: P{ >0 and ker P{ = P'} . (2.1)

By hypothesis, 0 € S. Our goal is to show that S is open and closed, whence S = [-1,1].
To do so requires a number of new estimates for deformations of CR structures.

Many of our estimates do not require the assumptions of Theorem 1.3. In particular,
the assumption that J? is real analytic in ¢ is only used to prove that S is open, while
the continuity of the Szegd projectors is only used to prove that S is closed. With the
expectation that our estimates will be useful in other contexts, we isolate them below
with the minimal required hypotheses.
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We begin by developing the framework from which we will show that the set S is open.
The first ingredient we need is the following subelliptic estimate for P, for functions in
P+ which is uniform in

A1 (Op) := inf {/|8bu|2: /u2 =landue SH?nN (kerab)l} .

Note that A1 (Op) need not be positive for an arbitrary closed pseudohermitian manifold,
though it is positive when the manifold is also embeddable [11]. Our estimate improves
a result of Saotome and Chang [17].

Lemma 2.1. Assume that (M3, J¢,0) is a family of pseudohermitian manifolds such that
for all t it holds that

A (Op) =2 ¢>0. (2.2)
Then for f € Sf’2 NPL, there exists a constant ¢, > 0, independent of t, such that
cill fllssz < [Pifll2 + (1 f1l2 (2.3)
for S*2 the Folland—Stein space defined in [5].
Proof. Since f L P, it also holds that f L ker d}; i.e. f is perpendicular to the anti-CR

functions. We can then find a solution v to the equation Ezw = f. Let h be an anti-CR
function. Then

(O3f, ) = (OB, h)
= (v, (T4t - 20") h) + 2 (v, Q'n)
Recall that 4P} = T;0f — 2@t. Since h is an anti-CR function, h € ker P}. Thus
(Opf = 2Q",h) =0
for every h € ker 8}.

Next, since f L P!, it also holds that f 1 ker df. From the assumption (2.2), it follows
that

cillfllssz < [Opflls22 + 1112

for a constant ¢; > 0 independent of ¢ (cf. [4]). Therefore

cillflsezn < N105f = 2Q"[ls22 + Q"¢ s2.2 + || f]|2- (2.4)
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Since O} f — 2Q"4 is orthogonal to the anti-CR functions and since the assumption (2.2)
yields the same uniform lower bound on A\; (EZ), it follows that

co |08 f = 2Q | 4. < |[Ts (THF — 2Q%) ||, + ||T5f — 2Q", (2.5)

for a constant c¢a > 0 independent of ¢. Combining (2.4) and (2.5) we find a constant
cs > 0, independent of ¢, such that

s e < |Pis], + @

|, 1@l goa + sz + 1Sl (26)
Since Q! is a second-order operator, we have that

HQt¢Hg <|[@llg2.2 + @1l
for any function ¢. On the other hand, the definition of ¥ gives

c Hd)“sm < Hf”sl2 + ||f||2

for a constant ¢ > 0 independent of ¢. Inserting these two estimates into (2.6) yields a
constant ¢4 > 0, independent of ¢, such that

ca || fllsae < |Piflly + 1 fllsze + £l - (2.7)

Next, an interpolation inequality in [14,15] shows that for any € > 0, there is a constant
C = C(e) > 0 such that

[flls22 < €llfllgaz + ClIfl,- (2.8)
Combining (2.7) and (2.8) with e sufficiently small yields the conclusion. O

From Lemma 2.1 we recover the decomposition (1.5) of the kernel of the CR Paneitz
operator.

Lemma 2.2. Let (M3, J,0) be an embedded CR structure. Then
kerPy=PoW
in S22, where dim W < oo.

Proof. Consider the constant family (M?3,.J% 6) of pseudohermitian manifolds with
Jt = J for all t. Since (M3, J,0) is embedded, the assumption (2.2) holds [11]. Let W
consist of all elements f € ker P, such that f L P. From Lemma 2.1 and a simple density
argument we see that, for any f € W,

I1fllsa2 < cl| f]2-
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Thus the unit L2-ball in W satisfies || f||s+2 < c. Hence, by the Rellich lemma, the unit
L?-ball in W is compact, whence W is finite-dimensional. O

Definition 2.3. Let (M3, J,0) be an embedded CR structure. The supplementary space
W is the subspace from Lemma 2.2.

We now show that S is open.

Proposition 2.4. Let (M3,J¢,0) be a family of embedded CR manifolds satisfying hy-
potheses (1), (3), (4), and (5) of Theorem 1.3 and define S by (2.1). Then S is open.

Proof. Let tg € S. Thus P} > 0 and ker P;° = P%. Since the CR pluriharmonic
functions are stable and the CR structures J' are real analytic in ¢, we may apply
[3, Theorem 1.7] to conclude that there is a constant § > 0 such that for any ¢ with
[t — to] < 4, it holds that

P! > 0. (2.9)

Note that the assumption in [3, Theorem 1.7] that the deformation consists of manifolds
embedded in C? was only used to invoke Lempert’s stability theorem [13] for CR func-
tions. Thus the conclusion of [3, Theorem 1.7] holds by replacing the assumption that
the manifolds are embedded in C? by the assumption, as in Theorem 1.3, that the CR
pluriharmonic functions are stable.

To complete the proof, we must show that for |t — to| < 4, it holds that ker P} = P*.
Since our structures are embedded, Lemma 2.2 implies that the supplementary space Wt
is finite-dimensional. By (2.9) and the assumption that R’ is uniformly bounded below
by a positive constant, the main result of [2] implies that there is a constant ¢ > 0,
independent of ¢, such that

M (Oh) > e

Thus the assumptions of Lemma 2.1 hold.

Suppose to the contrary that it is not true that W = {0} for all |t — to| < 6. Let
ft, € W' be such that ||f;, |l2 = 1 and t5 — to. Since f;, L P, Lemma 2.1 implies
that ||fi,|s+.2 < c. Thus, by the Rellich lemma, there is a function fu € S*2 such that
lfollz = 1 and fi, — fo strongly in L2. Since Pj*f;, = 0, we have that P{°f, = 0.
Hence, by the assumption ¢ty € S, we have that fy € Pto. By the stability assumption,
give € > 0, there is a constant d; > 0 such that for all ¢ satisfying |t — to| < 01, there is
a function v; € P! such that

[fo — tell2 <e. (2.10)
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Hence

1= ”fO”% - <f0 - ¢tk7f0> + <’l/}tk7f0 - ftk> + <77[}tk7ftk>' (211)

That f;, € W and 1), € P implies that (¢, , f,) = 0. On the other hand, (2.10)
implies that ||t ||2 < C. Inserting these into (2.11) and recalling that || fo|l2 = 1 yields

1< |[fo — ¥, ll2 + Cll fe, — foll2-
Letting t;, — to thus yields the desired contradiction. 0O

Remark 2.5. The assumption that J? varies real-analytically in ¢ is only utilized to show
that S is open. It enters only because we use [3, Theorem 1.7].

We now need to establish that S is closed. We begin with a preliminary lemma.

Lemma 2.6. Let (M3, J¢,0) be a family of CR structures with uniformly positive Webster
scalar curvature. Let {t,}52 1 be such that Py, > 0 and suppose that t, — to. Then

(1) P> >0.
(2) limsup dim W < dim W'.

tn—to

Proof. First, since ¢, € S, it holds that (P/"¢,¢) > 0 for any smooth real-valued
function . The Dominated Convergence Theorem yields the first claim.

Next, as in the proof of Proposition 2.4, the main result of [2] yields a constant ¢ > 0,
independent of ¢, and tg, such that

A1 (Dz") > c.
Thus, by Lemma 2.1, there is a constant ¢ > 0, independent of ¢,,, such that

ol fllsre < [P fll, + (112 (2.12)
for all f L Ptn. Set

lim sup dim Wi = N,

tn—to

where N € NU {0,00}. Let s € N be such that s < N. By taking a subsequence if
necessary, we may suppose that dim Wi > s for all n. Let { f;" }j-:l be an orthonormal
(with respect to the L2-metric) set of functions in W'». From (2.12) we conclude that
| f;" g4.2< ¢ for some constant ¢, independent of ¢,,. Hence the Rellich lemma implies
that there are functions fjO € %2 such that
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1£5 = f7ll2 =0

as t, — to for all j € {1,2,...,s}. Moreover, that {f;}jzl is orthonormal in W'»
implies that { fJO} are orthonormal in ker P*. Indeed, by using the stability assumption
as in the proof of Proposition 2.4, we see that { f]Q}‘;:l are orthonormal in W' . Hence

s < dim W'o. (2.13)
Since s < N is arbitrary, this yields the desired result. O

Following Rumin [16] and Garfield and Lee [6], we now consider the (bigraded) Rumin
complex. To that end, let E3F for 0 < j+k <1and F&™ for 2 < £+ m < 3 be the
vector bundles

E® = (1), EYY =(0"),
B = (o1, F20 = (91 £ 0),
FUl=(9'n0),  F>' = (9 Adb),

where (9') denotes the span of §! as a C°°(M;C)-module. The Rumin complex is the
bigraded complex

EW0 _—Z 5 20 (2.14)

d/ d//
D//
E0,0 21
DT
da"’ %

D'(010") = (—ioy 1, —01,0) 0" N, (2.15a)
D"(010Y) = (—ioy 11 — Aji01) 81 A6, (2.15b)
D'(016") = (io711 — 07 ) 0' A 6, (2.15¢)
D*(016%) = (iog11 — Ario7) 01 A 6. (2.15d)

(2.14) is a bigraded complex in the sense that sums of compositions with the same
domain and codomain vanish. For example, D'd’ + D*d"” = 0.

We will use the Rumin complex to obtain a new characterization of the CR, plurihar-
monic functions. First recall that P = ker P5 for Ps as in (1.3). We then rewrite Ps in
terms of the operators appearing in (2.14).
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Lemma 2.7. Let (M?3,J,0) be a pseudohermitian manifold. Identify E*° = F20 wiq
0 = 01 A0 and identify E°° = F2! yig 1 =2 0 Adf. Then

P3; = —iD*d",
Py =—id"D*d".

Proof. From (2.15d) we compute that
—iD*d" = fiy; +iAnfi,
establishing the first claim. This and the definition P, = 0, P yield the second claim. O

Our goal is to give an alternative description of the finite-dimensional supplementary
W' in terms of the range of P} in (2.14).

Lemma 2.8. Let (M3, J,0) be a pseudohermitian manifold and let W be the supplementary
space. Then

W > kerd’ Nim DTd" ¢ F%°.
Thus
W 2 kerd” Nim Py ¢ F20.

Proof. Let ®: W — kerd” Nim P3 C F?0 be the map ®(f) = Ps(f). Note that d"Psf =
Pyf =0 since f € W, and so ® is well-defined.

To see that ® is surjective, let u € ker d’Nim P3. We may thus find a function h € E°
such that u = Psh. By the assumption on u, we have that h € ker P4, and hence we may
write h = ¢ + 1 for ¢ € P and ¢ € W. Since ¢ € ker P3, we have that

u = P3h = Py

Hence & is surjective.
To see that @ is injective, assume P3w; = Psws for wy,ws € W. Then Ps(w; —w3) = 0.
Thus wy —we € PNW, whence w1 = wy. O

Now set
F' .= kergi Nim P C F20,
By Lemma 2.8 we have that
dim F" = dim W*. (2.16)

We then have the following lemma.
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Lemma 2.9. Let (M3, J%,0) be a family of embedded CR structures such that J* is C°
in the deformation parameter t and the Szegd projector St: F?9 — ker d" is continuous
in the deformation parameter t. Then dim F? is a lower semi-continuous function of the
deformation variable t.

Proof. Let S* denote the Szegé projector in >0, Consider the linear operator
Al = S'o P},

As a consequence of Lemma 2.2 and (2.16), we have that rank A = dim F* < oo, and
hence the range of A is finite-dimensional. By hypothesis, S* and P! are continuous in t.
We conclude that for fixed sections ¢ € C3(M;C) and ¢ € L? (M; (F*°)*), the function

h(t) = (A'(¢), )

is continuous. We now show that rank A* is lower semi-continuous. To prove this fact, it
suffices to show that

G ={te[-1,1]: rank A" > a}

is an open set for any a. Fix a and let tg € G. Set s = rank A%, so that a < s < co. Thus
we can find functions {¢;}7_; and functionals {¢;}7_; so that the s x s-matrix (h;;(to))
with entries

hij(to) = (A" ;1)
satisfies
det (h” (to)) 7& 0.

Since h(t) is continuous, there is a constant ¢ > 0 such that for any ¢ with |t —to] < ¢ it
holds that

Hence rank A* > s > a; i.e. G is open. O

Corollary 2.10. Let (M3, J%,0) be as in Lemma 2.9. Then dim W' is a lower semi-
continuous function of t.

Proof. By (2.16) we have that dim W' = dim F"*. The result then follows from Lem-
ma 2.9. O
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Proposition 2.11. Let (M3, Jt,0) be a family of embedded CR manifolds satisfying hy-
potheses (2) and (3) of Theorem 1.3. Suppose also that J' is C° in the deformation
parameter t. Define S by (2.1). Then S is closed.

Proof. Let ¢, € S with t,, — tg. From Corollary 2.10 we have that

dim W < lim inf dim W=,
tn—to
Since t,, € S, we have that dim W = 0 for all n. Thus dim Wt = 0; i.e. ker P;° = P,
It follows easily that to € S. O

Proposition 2.4 and Proposition 2.11 together prove Theorem 1.3.
3. Proof of Corollary 1.5

As discussed in the introduction, a calculation from [3] and stability results from [2,13]
show that real ellipsoids in C2, viewed as deformations of the standard CR three-sphere,
satisfy conditions (1), (3), (4) and (5) of Theorem 1.3. The continuity of the Szegé pro-
jectors St: F20 — ker 9, for this family follows from results of Kerzman and Stein [10],
as we now explain.

Let Q C C? be a strictly pseudoconvex domain with boundary M = 0Q and let
H: M x M — C be the Henkin-Ramirez kernel. Define the operator H: L?(M) —
L2(M) Nker d, by

Hu(w) = | H(w, 2)u(z) do,.
/

Let A = H* — H. From the reproducing properties of H and the Szeg6 projection S5,
Kerzman and Stein observe that the Szegd projection S can be written

S=H(I-A";

see [10, (3.4.7)]. Thus the continuity of the Szegd projector follows from the continuity
of the Henkin—Ramirez kernel. Finally, [10, Theorem 1.3.1] implies that the Henkin—
Ramirez kernel is continuous for families of real ellipsoids in C2.

Suppose now that w is an L? section of F'>9. Since 2 C C2, we can choose a global
frame Z;, and thus consider f = 1 i7w € L?. That is, w = f0' A§. Then S(f) € ker 9.
From the structure relations df = ih,76* A 01 and do* = 01 Aw;t — Ailﬂi A0, we observe
that

S(w) :==S(f)0* N6
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is Op-closed. Tt follows readily that S: F20 — ker 0y is an orthogonal projection; i.e. S
is the Szegd projector of Theorem 1.3. It then follows from the previous paragraph that
the real ellipsoids also satisfy condition (2) of Theorem 1.3, and hence the conclusion of
Corollary 1.5 holds.
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