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1 Introduction

The unit ball of any normed vector space V is convex, though it need not be strictly convex, which

would mean that for all unit vectors v and v in V,
lu—v|| >0—|[(ut+v)/2| <1. (1.1)

Indeed, strict convexity fails for L'(M, M, ) and L> (M, M), even for a two-point measure space.
To see this in LY(M, M, i), take any two non-negative unit vectors u(x) and v(x). Then of

= ;/M(U(x) + v(z))dp = ;/M u(z)dp + ;/Mv(x)du _q

To see this in L (M, M, n), take any two u(z) and v(x) to be the indicator functions of two

u—+v
2

measurable sets with different, non-zero measure. Then u(x) and v(x) are both unit vectors in
L>®(M, M, ), as is their average, (u+ v)/2.

In some normed spaces however, a uniform version of strict convexity holds, and this has
significant consequences.

1.1 DEFINITION (Uniform convexity). Let V' be a vector space with norm || - [|. The modulus
of convezity of V is the function Jy defined by
5V(e):inf{1— ”;“’H o — w] <26} (1.2)

for 0 < e < 1. We say that V is uniformly convez in case dy(€) > 0 for all 0 < € < 1.
If there is no ambiguity as to which space V' is under consideration, we just write d(€) in place
of dy(€). Then, by definition, in case V' is unofrmly convex, for all 0 < € < 1 there is a d(e) > 0 so

that for all unit vectors v,w,

o — w| > 2 = H”;“’H <1-6(e), (1.3)
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which is indeed a uniform version of (1.1). The logically equivalent implication

v+ w

H >1—6() = v —wl| < 2 (1.4)

will be used frequently in what follows.

By what we have seen just above, neither L'(M, M, 1) nor L (M, M, 11) is uniformly convex.
It turns out, however, that for 1 < p < oo, LP(M, M, ) is uniformly convex. This is easy to show
for L2(M, M, j1), and we begin with that:

For any f and g in we have the parallelogram identity

1f = gl + IL.f + gll3 = 2II£1I5 + 219113 -

Now take f and g to be unit vectors, so that ||f||2 = ||g|l2 = 1. Divide through by 4, and we get

2 2
fro|” || f=g _ Ir1E+liglls _
2 |, 2 ||, 2 ‘
Therefore,
2
frol _ =9
2l 2 |y

For any number a with 0 < a <1, v1—a <1—a/2, and hence,

ftg ?
5 L

<1f1 f-9
- 2 2

2

Since for very small values of a, /1 —a <~ 1 —a/2, and so this computation gives us the exact
modulus of convexity for L?(M, M, 1), namely

1
drz2(e) = 562 . (1.5)
1.1 Applications of uniform convexity to convergence questions

1.2 THEOREM (Convergence of norms plus weak convergence yields strong convergence). Let V/
be a uniformly convex normed space. Let { f,} be a weakly convergent sequence in V with 1 < p < oo,
and let f be its limit. Then {f,} is strongly convergent if and only if || f|| = limp—oo || ful|-

Proof: If {f,} is strongly convergent, it must converge strongly to f, and we have already observed
that it must be the case that || f|| = limy,—oc || ful-

The converse is more subtle, and it is here that uniform convexity comes in. If f = 0, the strong
covergence is obvious, so we may suppose that this is not the case. Then, dividing through by || f||,
we may assume that ||f|| = 1. Since lim, . || fn]| = ||f]| = 1, we may delete a finite number of
terms from the sequence to arrange that || f,| # 0 so any n.

Consider the sequence {g,} where

il

9n 9
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Clearly, since lim,, . || fnll = | fI| = 1, {gn} also converges weakly to f.
By the weak lower semicontinuity of the norms,

limin g, > £ =1 (16)
But by Minkowskii’s inequality,
fall/ILfnll + [1£1]
1= Mol Tl LT g (1.7
and then combining (1.6) and (1.7),
Tim gl = 1. (1.8)

Now use the uniform convexity, and in particular (1.4):

‘anH/anH + 11 H s
. >

llgnll = ’ v(€) = [[fn/llfull = fII < 2¢.

This together with (1.8) shows that

Jim (| £ /([ full = FIl =0

But
[l fnll =1
1 = FIl =10 = S/l fnll) + (/I full = DI < ﬁfi” + Lfn/ I full = fII -
n
Hence it follows that lim, . || fn — f|| = 0. [ |
Our next application is very important: It is the generalization of the Projection Lemma to

general uniformly convex spaces.

1.3 THEOREM (Projection Lemma for uniformly convex spaces). Let V' be a uniformly convex
Banach space, and let K be a closed convex set in' V. Then there exists a unique element of minimal
norm in K. That is, there exists an element v € K with

[o]l < flwl

for all w € K with w # v.

Proof: Let D = inf{||w| | w € K}. For each positve integer n, choose v, € K with

1
Jonl| < D+ — .
n
Then
lim |jv,|| =D,
n—oo

and so if D = 0, lim, o v, = 0. Since K is closed, this means 0 € K, and this is our unique
element of minimal norm. Therefore, assume that D > 0.
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Normalize the v,, to obtain unit vectors, as needed for the application of uniform convexity. Let
Up, = U/ ||vn||. For large n, we have that u, ~ v,/D since limy_. ||vk|| = D. Indeed, adding and

subtracting,
1 D — [|on|

Up = 5Un

+ ——vp .
D Dlfva|l "

Therefore, for any m and n,

1 Un + Um ' Uy, + U D — ||’UnH D — vaH H
il v — Up — Um
D 2 2 2D ||vn | 2D ||vm |
Un"‘umH (l[vall = D) + (lvml| — D)
= 5 + 2 .

Now by the convexity of K, (v, + vy,)/2 € K and hence ||(v, + vy)/2]] > D. Therefore,

ot (el = D)4l =) (L LY

2 2 - 2n  2m

Then by (1.4), for all € > 0,
1 1
l———— ) >1-64(e) = |Jup — um| < 2¢.
m

Thus, {un }nen is a Cauchy sequence. Since V' is complete, {uy, }nen converges in norm to u € V,
and this implies that {v, }en converges in norm to v := Du. Since K is closed, Du € K, and since

lull = 1, ||v|| = ||Du|| = D. This proves the existence of an element v of K with minimal norm.
To prove the uniqueness, let ¥ also be in K with ||9]] = D. Then if ||v — 9|| > 2De for some
e >0, (1.3) yields
0 D+ v/D
”;” _ pl|uP+o/D ;“/ HgD(1—5(e))<D.

Since (v + 0)/2 € K, this would contradict the definition of D. Hence ¥ = v, and the uniqueness
is proved. |

1.2 Applications of uniform convexity to unit normal vectors

Recall that for any normed space V', and any v € V, there exists an f € V* with ||f||« = 1 and
f(v) = ||v||. This is a consequence of the Hahn-Banach Theorem. However, given f € V*, there
may or may not be any unit vector u in V' such that f(u) = ||f||+, as we have seen in the case of
V =C([0,1]) with the uniform norm. If V' is uniformly convex, things are much better.

1.4 THEOREM (Uniform Convexity and Unit Normal Vectors). Let V' be a uniformly convex
Banach space, and let f be any non—zero linear functional in V*. Then there is a unique unit vector
vy €V so that

flog) = 1f1l -

Moreover, the function f i vy from V* to V is continuous in the norm topologies at all f # 0.

The vector whose existence is asserted by the theorem is called the unit normal vector at f for
reasons that will soon be explained.
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Proof: Let K be given by
K={veV : flo)=|fl}.
K is closed, convex and non—empty. By the projection lemma, K contains a unique element v of
minimal norm. Note that
£« = f(w) < £ llvll
so [jv|| > 1.

Now we prove an upper bound on ||v||. For any € with 0 < € < || f]|«, there is a unit vector w
with |f(w)| > ||f]|« — e. Multiplying w by a complex number of unit magnitude, we can assume
that f(w) = |f(w)|. Now let

Ul
f(w)

Then v € K, and since w is a unit vector,

Il < [ .
fw) = I flls =€
Since v is the element of K with minimal norm, we have
Il
11« —e

for all € with 0 < € < || f|«. This means that ||v|| =1, and vf = v is the vector we seek.

loll =

1< o] <

Since vy is uniquely determined, the function v + vy is well defined. We now show that it is
continuous.

Let f and g in V* be given, and let vy and v, be the corresponding unit vectors in V. Then
If 4+ gllllvg +vgll = R((F+9) (v +vg))
= R(f(vy) + f(vg) + g(vf) + 9g(vg))
2([[£1l+ + llgll«) + R (f(vg) + g(vr) = f(vf) — g(vg))
2([1f 11« + [lglle) = R((f = 9)(vy = vg))

> 2|f + glls = [If = gll«llvg — vgll -
(1.9)
Dividing through by 2| f + g||« we get
(Lol o)y or
I + gl 2
If [[vy — vgl|l > 2¢, 1 — [[(vy +vg)/2|| > (€), and since |[(vy —vg)/2|| < 1 in any case,
If — glls >
> 6(e) ,
(2HfH* = lf =gl
or 5(6)
€
—qlls > 2|1 f1l« -
I = all > 355207
Hence 5(6)
€
- 20 f|ls = |jvg — .
I = gll < T g2l = s —voll <
This proves the continuity of f + vy at all f # 0. |

We now turn to a concept that is closely related to convexity — namely uniform smoothness.
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2 Uniform smoothness

2.1 Differentiability of functions on Banach spaces

Let V be a normed space with norm || - ||. The derivative gives the “best linear approximation”
to a function.We say that a functional F' on V is Frechét differentiable at v € V in case there is a
linear functional ¢f, € V* so that

F(u+wv) = F(u) = lru(v) + o(|[v])
or, in other words, if

lim |F(u+v) — F(u) = Lpy(v)]
v—0 llv]l

~0, (2.1)

where the limit is taken in the norm sense.

There is another notion of differentiability, corresponding to the usual directional derivative. A
functional F' is said to be Gateauz differentiable at u € V in case for there is a linear functional
lry € V* so that for each v € V,

F(u+tv) — F(u) = tlpy(v) + o(t)
or, in other words, if

hH(l) |F(u+ tv) — Ft(u) — tlpyu(v)]

=0. (2.2)

Clearly, if a functional F' is Frechét differentiable, then it is Gateaux differentiable, and the
two derivatives coincide. However, there are functionals that are Gateaux differentiable, but not
Frechét differentiable.

To check differentiablility from the definition, you have to know the derivative ¢, which is
somewhat inconvenient. There is, however, a necessary condition for differentiablility that can be
stated solely in terms of F itself. If F' is Frechét differntiable at u, then for any v,

Flu+wv) = F(u) = lru(v) + of||v]])

and
Fu—v) = F(u) = —lpu(v) + o(|[v]]) -

Summing, the terms involving ¢f,, cancel, and we have
Flu+v)+ F(u—wv)—2F(u) = o(||v|]) .

In particular, a necessary condition for Frechét differentiability the norm functional on a Banach

space is that
u—+v

2

U —v
2

= l[ull = o([Jv]]) -

This brings us to the following definition:
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2.1 DEFINITION (Uniform Smoothness). Let V' be a Banach space with norm ||-||. The modulus
of smoothness of V is the function py (1) defined by

uUu—TVU

2

“1 sl = ol =1} (2.)
for each 7 > 0. Then V is said to be uniformly smooth in case py (1) = o(7), i.e., if

lim pv(T)

T—0 T

=0. (2.4)
When there is no abiguity as to which space V' is intended, we write p(7) in place of py (7).

It is easy to see that uniform smoothness fails for L'(M, M, u) and L>®°(M, Mpu), even for a
two-point measure space, while L?(M, M, 1) is uniformly smooth. This is left as an exercise. In
fact, it is a good exercsie to compute the moduli of smoothness for these spaces. The results are:

e WhenV = L*(M, M, ),
dv(e) =0 and pv(T) =1

o WhenV = L?(M, M, ),

dy(e) =1—+1—¢2 and  py(r)=V1+72-1.

o When V = L>®(M, M, 1),

dy(e) =0 and pv(T)="1".

The next theorem gives the relation between uniform convexity and uniform smoothness. Before

stating it, we introduce the notion of a dual pair of Banach spaces.

2.2 DEFINITION (Dual Pairs). A dual pair of Banach spaces is a pair of Banach spaces V' and

W with norms || - ||y and || - ||w respectively, and a bilinear form (-,-) on V' x W so that for all
veV,

[olly = sup{ [{v,w)| : [lwlw <1} (2.5)
and

[wllw = sup{ [(v,w)| : [lv]ly <17} . (2.6)

The primary example is that in which W = V*, and
(v,w) = w(v) .

Then (2.6) holds by the definition of the norm on V*, while (2.5) holds by the Hahn-Banach
Theorem, which asserts the existence of a w € V* with ||w|| =1 and w(v) = ||v]|.
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When V and W are a dual pair, there is a map from V into W* which assigns to v the linear
functional

By (2.6), and the definition of the dual norm || - ||+,

[ folle = llwllw -

Hence the map w — (-, w), which is clearly linear, is also an isometry.
However, it need not be the case that its image is all of V*. In summary,

o WhenV and W are a dual pair, W may be identified with a subset of V* through the isometric
linear transformation
w— (-, v) .

Howwver, it is not necessarily the case that every f € V* is in the range of this transformation.

We now prove that when V and W are a dual pair the moduli of smoothness and convexity of
the one space can be detemrined from those of the other.

2.3 THEOREM (Lindenstrauss—Day Theorem). Let V and W be a dual pair of Banach spaces.
Then W is uniformly smmoth if and only if V is uniformly convex. Moreover,

pw(T) = sup { er —dy(e) } . (2.7)

0<e<1

Before giving the proof of Theorem 2.3, we give three simple but important applications.

2.4 THEOREM (Uniqueness and continuity of unit tangent functionals). If V' is a uniformly
smooth Banach space, then for each non-zero v € V, there exists a unique unit vector f, € V* such
that f,(v) = ||v||. Moreover, the map v — f, is continuous in the norm topologies.

Proof: The Hahn-Banach Theorem tell us that the linear functional f, exists; the points to be
shown are the uniqueness and the continuity. By the Lindenstrauss-Day Theorem, V* is uniformly
convex. Now an argument in the spirit of the one used to prove the second half of Theorem 1.4 can
be applied here. This is left as an exercise. |

2.5 THEOREM (Differentiablity of the Norm). Let V' be a uniformly smooth Banach space. Then
the norm on V is continuously Frechet differentiable at all v # 0 in V', and the derivaitve is given
by R (fy), where f, is the unique unit vector in V* with f,(v) = ||v||

Proof: Since V* is uniformly convex, for each u € V, there exists a unique unit vector f,, € V* so
that f,(u) = 1. Hence,

lot+wll = forw(v+w)
< R(forw(®) + R (frrw(w))
||UH+R(fv+w(w)) :

IN A

On the other hand,
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lo+wll = R(folv+w))
= R(fv(v)) + R(fv(w»
= ol + R (fo(w)) -
Altogether,
0< flot+wl—[lo =R (fo(w)) < R(fosw(w)) =R (fo(w))
S ||fv+w - va*HwH .
Hence
ol = el

and by Theorem 2.4 we know that limj,,—o | fo+w — follx = 0. [ ]

Now let V' be a Banach space, and let V* be the dual space of linear functionals on V, and
let V** be the dual space of continuous linear functionals on V*. We have seen that in case
V = L*(M,S, i), V* can be identified with V, and so V** can as well.

This is a rather special circumstance. However, it is frequently the case that V** = V. Let V'
be a Banach space, and consider the isometric mapping v — L, € V**  where

L’U(f) = f(’U)

for all f € V*. Recall that V is called reflexive in case the image of this mapping is all of V**,
which we express by writing V = V**.

2.6 THEOREM (Millman). A uniformly convex Banach space is reflexive.

Proof: By the Lindenstrauss—Day Theorem, V** is uniformly convex. Given any unit vector
L € V** and any € > 0, pick a unit vector f € V* so that

L(f)y>1—¢,

which is possible by the definition of the || - ||+« norm. Now since V is uniformly convex, there
is a unit vector v € V with f(v) = 1. Let L, be the corresponding element of V**, given by
L,(g) = g(v) for al g € V*. We then have

L+ L, L(f)+ Ly(f)
2 - 2
L+ L,
- (5w
€
> 1——.
- 2
It follows that
L-1L, <
2 **_17

where 7 = supg< <115 : Sy (s) <e€/2 }. [ |
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Proof of Theorem 2.3: We will use f and g to denote elements of W, and u and v to denote
elements of V. We will leave subscripts off the norms as this convention makes it clear which norm
is inteneded.

The first step of the proof is to show that

pw (1) + oy (€) > Te (2.8)

for all 7 > 0 and all 0 < e < 1. To see this, fix any such 7 and €. Take any v and v in V with
[ul = [lvll =1 and [jv — w|| = 2e.
Since V and W are a dual pair, for any 1 > 0, there are unit vectors f and g in W with

(fwro)y2y > "0 g amd (fw—v)/2) > |
Then
pw(r) > ‘szg'+ f;Tg'—l
> <(f + Tg)/Q,’U) + <(f - Tg)/Q,U> -1
= (f,(u+v)/2) +7(g,(u—v)/2) -1
> u—;—v U;UH_I_QU
> utv +7e—1—-2n
u+v
> —<1—’ 5 >+Te—277
Hence
pW(T)+<1— U;UDETG—Qn.

By the definition of dy, and the fact that n > 0 is arbitrary, this proves (2.8).
We now observe that if W is uniformly smooth, then V' is uniformly convex. Indeed, (2.8) says
that

Sy (e) > ili}g{ET —pw(T) }.

But if lim_,g pw (7)/7 = 0, there is a 7. > 0 so that

pW(Te)
Te

<

DN

and then we have

5V(e)2%>0.

It is also true that when V is uniformly convex, then W is uniformly smooth. to show this, we
need and upper bound on py (7). Hence, the second step is to show that for any 7 > 0, any > 0
and any unit vectors f and g in W, there is an e, with 0 < e, <1 so that

f+7g f—7g
2

2

N

L&)sﬂ%—w@»+n. (2.9)
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Together, (2.8) and (2.9) prove (2.8). Indeed, fixing 7, and varinging f and g, we have

pw(T) < Ter —dv(er) +1
< sup{er—dy(e) }+n.
0<e<1
Since n > 0 is arbitrary, and since we have (2.8), we have (2.8).
To prove (2.9), fix any 7 > 0 and any unit vectors f and g in W. Fix any n > 0, and choose

unit vectors u, and v, in V with

(f+79)ur) > f+7gll—n and  ((f—79),07) > | f =79l —n. (2.10)
Then
f+7g f—g (f+719)ur)  ((f—79)v7)
<
H > || 7|2 = 2 * 2 MK
_ <f7UT+UT>+T<gaUT_UT>+n
2 2
UT“FUT Ur — VUr
< T T -7
< ‘ 5 + 7 5 +n
Now let
Uy — Uy
=]
so that 0 < e, <1 and
e+ Ur < 1_6‘/(67') 5

and so (2.9) holds.
Now that (2.7) is established, we can show that when V' is uniformly convex, then W is uniformly
smooth. Indeed, from (2.7) it follows that for any 7 > 0

ir) ¢y fo- D)

T 0<e<1 T

For any ¢y > 0, if 7 < 1/0y(€p) then the right hand side is no greater than ey. This shows that if
dv(eo) > 0 for all ¢g > 0, then lim,_,g pyw(7)/7 = 0, and so W is uniformly smooth. [ |
3 Uniform convexity and smoothness in L? spaces

We now prove an inequality due to Hanner that interpolates between Minkowski’s inequality for
LY 1f +gllu < [1£]ln + llgll2, and the parallelogram identity || f + gll5 + [|f — gll3 = 2([| f]13 + lll13)

in L2.
For 0 < r <1, define two functions «(r) and 3(r) by
a(r) =1 +r)P 7+ (1=r)P"t and B = (DI - (T )P

where p > 1 and (0) := lim,_,0 3(r) = 0. We then have the following lemma:
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3.1 LEMMA. For all real numbers x and y and all 0 < r <1, when 1 < p < 2, then
[z +ylP + |z —ylP = alr)|zl’ + 6(r) |yl (3.1)

and the reverse inequality holds when 2 < p < 0.
For x # 0, and |y|/|z| < 1,

[z +y” + |z —yl” = alyl/lxD]z” + B(lyl/=))]y]” - (3-2)

Proof: Let us begin with the last part. By the definitions

a(lyl/leDlz” + B(yl/|=zDlyl? = |al[(je] + [y)P~" + (=] = ly)P ]
+ yll(] + lyDP~ = (2] = g1~
= (=l + 1y + (=] = [y])”
= lz+ylP+]z -y
As for the first part, suppose first that 1 < p < 2. The case 2 < p < oo is similar, except that
all inequalities encountered in the treatment of 1 < p < 2 will reverse.

To deal with the case 1 < p < 2, suppose first that |y| < |z|, and define f(r) := a(r)|z|P +
B(r)|y[P. Computing the derivative f’(r) , we find

iy = =1 (2PIA+r)P7? = @ = )P+ ylPr [+ P72+ (7 = 1)P72))
= (= DRPA+r) =1 -r)P <1 B <r||yx|!) > ‘

Now for 1 <p <2, p—2<0,andso [(1+7)P"2—(1—7)P~2] <0forall 0 <r < 1. Thus, f'(r)
has the same sign as |y|/|z| — r. That is, f'(r) > 0 for r < |y|/|z|, and f'(r) < 0 for r > |y|/|z|.
Hence, f is maximized at r = |y|/|z]|.

Combining this with the computation above, we have that, for all 0 < r < 1,

yl <zl = fe+yl"+lz -y’ = alr)e” + 50r)y", (3-3)

which prove (3.1) when |z| > |y|.
Next, we must deal with the case |y| > |z|. We claim that for all 0 < r < 1, a(r) > B(r).
Assuming this for now, we then observe that

yl > [z[ = o)yl + 8l = alr)]zl” + 60r)ly[" .

Combining this with (3.3) for « and y interchanged, we see that (3.1) is true for all  and y.
Thus, the proof of (3.1) 1 < p < 2 is reduced to proving that for 0 <r < lan 1 < p < 2,
a(r) > B(r). A simple calculation of a derivative, like the one made above, now shows that
a(r) — B(r) is monotone decreasing, and then the claim follows since a(1) = 3(1) = 2P~1.
Going back over the proof, one sees that all of the inequalities reverse in case 2 <p < oco. W

3.2 LEMMA. For all real complex z and w , and all 1 < p < 2,
2+ wl? + |z —w” = [|z] + [w[[P + [[z] = |w|[”,

while for 2 < p < oo, the reverse inequality holds.
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Proof: Without loss of generality, we may suppose z = |z| and w = |w|e?’. Then |z + w|P =
(|22 4 |w|? 4 2|z||w| cos(8))P/? and |z — w|P = (|z|? + |w|? — 2|2||w]| cos(8))P/2. Thus,

|z +w|P + |z —wlP = (\z|2 + ]w\Q + 2|z||w| cos(&))p/2 + (]2\2 + \w[Q — 2|z||w| (:08(9))1”/2 )

For 1 <p <2,
t = o(t) = (1217 + Jw® + P2 + (|2 + |w]* — )2
is a symmetric, concave functions of ¢ defined for t € [—|z|2 + |w|?,|z|? + |w|?]. Tt is therefore
monotone decreasing in ¢, and hence
(|2 + [wl* + 2|zl |w| cos(9) P/ + (|2 + [w]* = 2|z]|w] cos(9) )P/* >
(12 + [wl + 2[z|w])”’? + (|2 + |w]* = 2[z||w])?* = ||2] + [w]|P + ||2] = |w]]” .

For 2 < p < 2, an analogous convexity argument yields the opposite inequality. |

3.3 THEOREM (Hanner’s Inequality). For any measure space (M, M,pu) and any 1 < p < 2,
and any f,g € LP(M, M, ),

1F + gllp + 11 = gllp = NF s + gl l” + 11l = gl - (3-4)

and
1f +gllp +I1f = gllp
2

p p
+ — —
Uo7 st

> (3.5)

A5+ llgllp =
whenever 1 < p < 2, while for 2 < p < oo, the reverse inequalities hold.

Proof: Let us first deal with 1 < p < 2. We may assume without loss of generality that ||g|[, <
|| fllp # 0. Then choosing r = ||g||,/||f|lp, the easy part of Lemma 3.1 tells us that

£ llp + lgllpl” + 111f 1o = lgllpl” = a()If1I5 + B(r)llgly = /M [a(r)|f(@)[” + B(r)lg(x)") dp . (3.6)

Then by Lemma 3.1, this time using the less obvious part

/ [a(r)lf(fv)lp+ﬁ(r)\g(fc)p]duS/ (LF @)+ lg@)P + [1f (@) = lg@)I”) dps - (3.7)
M M

Finally, by Lemma 3.2,
/ ULf @)+ L@ + 11f @)] = lg(2)][") dp S/ (If () + g(2) + | f(z) = g(x))dp . (3.8)
M M

Combining (3.6), (3.7) and (3.8) yields (3.4). Now (3.5) follows from (3.4) if one replaces f and g
by f+g and f — g, respectively, in it. This takes care of 1 < p < 2. By the last two lemmas, all of
the inequalities reverse in case 2 < p < oo. |

It is an immediate consequence of Hanner’s inequality that LP is uniformly convex for 2 < p <
oo. Indeed, let u and v be two unit vectors in LP, 1 < p < 2. Then (3.4), with the reverse sign
corresponding to 2 < p < oo, specializes to

p p

U+ v
2

U —v
2

p p
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p\ /P
- <1 . ) |
p P

Then by the elementary inequality (1 — a)l/ P <'1—a/p, which is a consequence of the concavity of

Thus,

U+ v
2

U—v
2

a— (1—a)'/?, we have

u—;—v < 1 u;fup (3.9)
P p P
This shows that for 2 < p < o0,
1
5Lp(€) Z *Gp . (310)
p
It is slightly more work to extract a simple bound on dz»(€) for 1 < p < 2.
Let u and v be two unit vectors in LP, 1 < p < 2. Then (3.5) specializes to
1 U+ v U—v ? 1 u—+v U—v P
22(2 2 )+2<2 2 ) (3:-11)
P P p p

To put this in a more convenient form, we use the following:

3.4 LEMMA (Gross’s Two-Point Inequality). For all 1 < p <2, and all real number z and y,

p _ P\ /P

Proof: Note that if y? > 22, 22 + (p — 1)y? < y*> + (p — 1)x2. Hence it suffices to prove (3.12) for
y? < 2% Also, notice the neither side of (3.12) changes if we changes the signs of either = or y.
Hence, we may suppose without loss of generality that 0 <y < z. Let r = y/z. It suffices to show
that for all 0 <r <1,

)P — PP\ P
o) i= (O T ) m (4 - 022

In fact, we shall show that for all 0 < r < 1,
p(r)? = (r)? =14 (p—1)r?. (3.13)

We compute

(@) () =5 (Q+rPt = (1—r)p

N3

and hence

r)P—2 — p)P—2
(@) = - 1) (BT

Since —1 < p—2 < 0, z — |2[P~2 is convex, and hence

(1+7r)P24 (1 —r)p2 (147)+ (1 —7r)\P? _
o (a0 snoay

It follows that (¢P)”(r) > p(p — 1) for all 0 < r < 1. Then since ¢?(0) =1 and (¢?)'(0) = 0,

eP(r) =1+ p(p; D2 (3.14)
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Using the elementary inequality (1 + a)2/ P>14 2 which is a consequence of the convexity of
D

a v (14 a)?? (since p < 2), we have (3.13) from (3.14). [ |
Now, applying Lemma 3.4 to (3.11), we conclude
o\ 1/2
p)

Q(
o\ 1/2
§<1—@—1) ) :

u—+v
Now using the elementary inequality (1 —a)'/? < 1 — a/2, which is a consequence of the concavity

2
+(—1)

u—+ v uU—v

which in turn yields

U —v
2

2

of a— (1 —a)'/?, we have
2

1 _
“;” gl—gg— “2” (3.15)
P P
This displays the uniform convexity of LP, 1 < p < 2. For such p,
-1
Sro(e) > 222 (3.16)

2

We now have the following result:

3.5 THEOREM (Uniform convexity of LP, 1 < p < 00). For any measure space (M, M, u) and
any LP(M, M, 1) is uniformly convex. For 1 < p < 2, one has the bound

-1
L

5LP(€) Z 9

(3.17)

while for 2 < p < 0o, one has the bound

(SLp (6) Z

e? (3.18)

D=

Proof: In the discussion just above (3.16) and (3.10), we have proved the uniform convexity, and
the left halves of (3.17) and (3.18). [ |
We are now give two proofs of the Riesz Representation Theorem for LP, 1 < p < oo.

~—

3.6 THEOREM (Riesz Representation Theorem for LP, 1 < p < oo). Let (M, M,pu) be any
measure space. Let 1 < p < oo, and let ¢ = p/(1 —p). Then the map from LY into (LP)* given by
g — @g where

q(f) 2/ fodp,  fell,
M
is an isometry from L% into (LP)*.

Before giveing our two proofs, let us take stock of what has been dealt with, and what remains
to be dealt with. We have already seen, as a consequence of Holder’s inequality, that for every
g € L9, |logll(zry« = llgllg, and hence g — ¢4 is an isometric map into (LP)*. It remains to be
shown that this map is onto (LP)*. We now give two proofs of this.
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First Proof of Theorem 3.6: Let 1 < p < oo. Let V be the range of the mapping g — ¢, in
(LP)*. Since the map is an isometry, and since L7 is complete. V is a closed subspace of (LP)*, If V
is a proper subspace of (L”)*, there exists a non-zero ¢ € (L”)*\V and then by the Hahn-Banach
Theorem, there is an L € (LP)*™* such that

L(p) = [loll(zry- #0 , (3.19)

and Lyg) = 0 for all g € L.
However, by Millman’s Theorem, since L? is uniformly convex, it is reflexive, and so there exists
an f € LP so that

L) = o(f) forall e (IP) .
Therefore, for all g € L4, since ¢, € V,

0= L(gg) = 04(f) = /M ofdu .

£l —sup{ /Mgfdu glly =1 } ,

it would follow that || f||, = 0, and hence L = 0. This is contradicts (3.19), and hence V' is not a
proper subspace of (LP)*. [ |

But since

Second Proof of Theorem 3.6: Let 1 < p < oo. Since LP is uniformly convex, for each
¢ € (LP)*, there exists a unique f, € LP with f, € LP and ¢(f,) = [|¢||(zr)+. Then, for any g € L?,

the function
(58
— | -
[ fo +tgllp

If we assume for the moment that ¢ — || f, + tg||, is differentiable at ¢ = 0, then

d fo+tg
o ()
dt ”f@o“‘tgup

By the convexity of z — |z|P, for all 0 <t < 1 and all z € M,

[fo(x) +tg(x)[” — | fo (@)
t

has a maximum at ¢t = 0.

d
=Re(g) - HSOH(LP)*aHfSO +tgllp
0 t

t= =0

[fo(@)l” = [fo(2) — g(z)[P < < [fo(@) + g(@)[P = | fo ()" -

Then, since |f, — g|*, |f, — g|? and |f,|? are all integrable, The Dominated Convergence Theorem
yields us

lim
t—0 M t

LELERTCEST G G R L
M

t—0 t

Now one easily computes that for all z,

o (@) + @) = £, @)
t—0 t

= RIfel" 7 fo(@)g(2) -

Thus, for all g € L9, we have

Re(9) = ¢l (20 /M RIf o2 ()9 () dps
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Substituting g by ig, we obtain the same result for the imaginary part, and hence
00 = el [ 157" Folalala)an

It is now easily checked that | f¢|p_2f7, is a unit vector in L%, and hence ¢ is in the range of our
isometry into (LP)*. But since ¢ is an arbitrary element of (LP)*, we see that our isomemtry is
onto (LP)*. [ ]

Next, as a consequence of Theorem 3.5 the Lindenstrauss-Day Theorem ,we obtain the following
result:

3.7 THEOREM (Uniform smoothness of L?, 1 < p < o0). For any measure space (M, M, u) and
any LP(M, M, u) is uniformly smooth. For 1 < p < 2,one has the bound

1 2
< — .2
prr(T) < 30— 1)7 , (3.20)
while for 2 < p < oo and g =p/(p— 1), one has the bound
pre(1) < 272. (3.21)

Proof: The uniform smoothness follows directly from Theorems 2.3 and 3.5. To obtain (3.20) use
(2.7) to deduce

prr(7) < sup {er —dra(e) } .
0<e<1

Then by (3.17) and a simple calculation, one obtains and (3.20). The proof of (3.21) is similar. W

It follows from Theorems 2.5 and 3.7 that for 1 < p < oo, the norm on L is Frechét differentiable
at any f # 0 in LP, and we have seen that the derivative is the real part of the linear functional

g / 121 ()P~ F @) lg () dp
M

on LP.
It is easy to see, by direct computation that vy := I£1l5721 f(2)[P~2 is a unit vector in L?, and
is in fact the unit tangent vector for the linearfunctional

h — /M f(z)h(x)dp

on L9, g=p/(p—1).

Therefore, by Theorem 1.4, the map f +— vy is continuous from LP\{0} into L4. In fact, we
can easily estimate the modulus of continuity. By the bound obtained at the end of the proof of
Theorem 1.4, for any f,g € LP, f # 0,

5Lq (6)
— < ——=2 = - S e
I =l < T2l = oy = vyl < ¢
Let us suppose for instance that 2 < p < co so that we have the bound dz4(¢) > (¢ — 1)e?/2. The
we can simplify the implication to

62

1F = glly < 1fllp(a =15

= oy —vgllg <
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Eliminating e yields
) 9 1/2 "
HUf Uqu — ((q—l)”pr> ||f ng .
That is, the map f + vy is locally (away from 0) Holder continuous with Holder exponent 1/2. A
similar result. A similar result, with Holder exponent 1/q holds for 1 < p < 2.
This has an important application. Let ¢ — f(¢) be a strongly differentiable map from R into
LP 1 < p < oo. That is, for each ¢

(1) = lim & (F(t+ 1) — F(2)

exists in norm in LP. Suppose moreover that ¢ — g(t) is continuous in the LP norm. This situation
often arises when f(t) is the solutions of some partial differential equation, for example.

Then, the function ¢t — || f(t)||, is continuously differentiable on any interval on which f(¢) does
not vanish, and

d
Tl = [ voaoan.

Exercises:

1. Do the computations of pr» for p =1, p = 2 and p = oo that are left as an exercise on page 7.

2. Complete the proof of Theorem 2.4.



