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1. (10 points) Let A be the matrix A =

0 1
-k 0|
(a) Compute A%, A3 and A* Observe the patterns, and deduce a formula for A* for all positive
integers k. (You will probably want to consider even and odd k separately.)
(b) Use the results of part (a) to compute e*4.

SOLUTION We compute A? = —xI. Therefore, A> = —kA and A* = x?I. From this it follows
that for all integrs m > 0,

AP = ()M A= (DM (VRPTA and AP = (—r)™T = (<L) (VR .

Then from et = 3" (t7 /) A7, we have
7=0

oA cos(VEt) R sin(y/rt)

| —V/Esin(y/kt)  cos(y/kt)
2. (30 points) In this problem we consider driven oscillations with friction taken into account.
We will consider a fricative force of the form —ax’(t) where a > 0. That is the force is a negative
multiple of the velocity. Combining this with the spring force, again assumed to be given by Hooke’s

Law, we have the Newton equation
ma” (t) = —kxz(t) — a2’ (t) + f(t) (0.1)

where m is the mass, k is the spring constant, and f(¢) is the driving force.
(a) Introduce y(t) = 2'(t), and x(t) = (z(t),y(y)) and g(t) = (0,1 f(t)). Find a 2 x 2 matrix B
so that (0.1) is equivalent to

X/ (1) = Bx(t) + (1)
(b) Compute e'B. There will be three cases, according to whether (a/m)? > 4(k/m), (a/m)? =
4(k/m) and (a/m)? < 4(k/m).

(c) Using Duhamel’s formula, find integral formulas for the solution of (0.1). You will need 3
formulas, depending on whether (a/m)? > 4(k/m), (a/m)* = 4(k/m) or (a/m)? < 4(k/m).
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(d) Solve (0.1) with z(0) = 0,x’(0) =0, f(t) = cos(t), m =1, a=1 and k = 5/4.
(e) Solve (0.1) with z(0) = 0,x’(0) =0, f(¢) =cos(t), m =1,a=1and k = 1/4.
SOLUTION Let k = k/m and o = a/m. Then the matrix B is Let A be the matrix B =

[« =)

The characteristic polynomial of B is t? + ta + &, and so the eigenvalues are

a  Va?—4dk
pe=—o XL ZTF
2 2
To simplify what follows, introduce
a d a? — 4k
=—— an v —
© 9 9 )
so that the eigenvalues are
wEuv.

One then finds the corresponding eigenvectors to be
vi=(Lp+v) and vi=(Lp—v).

Therefore,
tv —tv

etB _ etu € €
e+ v) e (u—v)

-1
1 1
nw+v pu—v
L 4, et e v—p 1
= —e
2v eV(u+v) e (u—v) v+pu —1
inh(¢ inh(¢
_ cosh(tv) — H’is;nl,( v) SIHV( v) n | 02)
(1/2 . Mz)sm V(tV) COSh(tV) + Msm ,,(tV)

For (a/m)? > 4(k/m), the formula is in final form, since then v is real. For (a/m)? = 4(k/m),
v =0, and the formula reduces to

B _ ot coslr12(t1/) 2— ut t 03)
(v* —p*)t  wvcosh(tv) + ut
where we have used
sinh(tv)
im ———~ =
v—0 v
For (a/m)? < 4(k/m), v is imaginary so we have v = i|v| in this case, and then since
cosh(i|v|t) = cos(t|v]) and sinh(i|v|t) = isinh(t|v]) ,
we have (1) (1)
sty simi(t|\v
B cos(tv) — p= —
=t sintilo) Py |- (0.4)

cos(t|v]) + p

v



For part (c), we use .
x(t) = eB ((2(0), 2/(0) + /0 =B (t)

and so, using (0.2),
2(t) = et Kcosh(ty) - NSinh(t”)> 2(0) + S8 o)

_ ;/Ot (=) sinh(v(t — S))f(s)ds .

v

This formula is also valid for v = 0 and for imaginary v by taking the limits and using the
substitutions described above.
For part (c), when m =1, a =1 and k = 5/4, we have p = —1/2 and v = i, and then we have

t
z(t) = / D2 gin(t — s) cos(s)ds
0

1
= 17 ([4 —4e7'/?) cost + [16 — 18¢71/2] sint) .

For part (c), when m =1, a=1and k = 1/4, we have p = —1/2 and v = 0, and then we have

xz(t) = /t eBD2(1 — ) cos(s)ds

0
1
= = ([12 —10t)e "2 4+ 16sint — 12 cost) .

3. (20 points) Consider the vector field
v(z,y) = ((x+y)z-—y—-1),@+y-2)@=-y+1).

(a) Find all equilibrium points of v, and determine which, if any, are asymptotically stable, and
which if any are unstable.

(b) Do the same for
v(z,y) =((+y=2)(@—y+1),(z+y)lz-y-1),).

SOLUTION For (a), we solve to find two equilibrium points

x1:(—%,%) and XQZ(%,%).
The Jacobian matrix is
20 —1 —2y—1
D =
[Dy(z,y)] [ 2 -1 —2y+3

At x1 we have
-2 =2
-2 2




The characteristic polynomial is > — 8, so the eigenvalues +21/2. There is a positive eigenvalue;
this equilibrium point is unstable.
At x5 we have

Dy (x2)] = [ > ]

The characteristic polynomial is t? — —4t + 8, so the eigenvalues 2 4 2i. Both have positive real
parts so this equilibrium point is unstable.

For (b), the entries of the vector field have simply been swapped, so the equilibrium points are
the same, and the Jacobian matrix is the same as above except the rows are swapped. Thus:

20 —1 —2y—1
2r -3 -2t+1

[Dy(z,y)] = [

Proceeding in the same way:
At x; we have

[Dy(x1)] =

-2 2
-2 =2
The characteristic polynomial is t? + 4t + 8 = (t + 2)(¢ + 4), so the eigenvalues —2 + 2i. Both real

parts are negative. This equilibrium point is therefore asymptotically stable.
At x5 we have

Dy (1)) = [ > ]

The characteristic polynomial is t> — 8, so the eigenvalues £2v/2. There is a positive eigenvalue;
this equilibrium point is unstable.



