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1.1 Find the general solution of the differential equation
ta’ = 3z + t*

for t > 0. Find the corresponding flow transformation, and the particular solution with x(1) = 2.

SOLUTION: We can put this in the form 2/(t) = p(t)x(t) + q(t) with p(¢t) = 3/t, which is the
derivative of P(t) = 3Int. Therefore, we regroup and multiply through by e3¢ = ¢=3 to obtain

(t732' =3t~ 4z) =1
which is the same as (t73z) = 1, and so
tSBr=t+0C,

and thus the general solution is
z(t) =t + O .

(You can easily check that this is a solution for each C'.)
To find the solution that passes through xg at time to we solve zg = z(ty) = t§ + Ct3 for C,
finding
C = oty — 1o .

Inserting this value of C' into our general solution, we find that the solution that passes through
xo at time tg is
_ 44 -3 3
a(t) = t* + [woty > — to]t® .

Since by definition, ®y, +,(z¢) = x(t1) for this solution,
Dy, 1o (20) = 1 + [0ty — to]t} .
Since this is true for every value of xg, we can drop the subscript and write
By 10 () = t1 + [ty — tot]

though this last step is merely cosmetic.
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Finally, to get the solution with x(1) = 2, we only need to substitute zyp = 2 and ¢y = 1 into
x(t). We find
z(t) =t + 13 .

1.2 Find the general solution of the differential equation
(1 +t*)2’ + 2tz = cott
for 0 < t < w. Find the corresponding flow transformation, and the particular solution with

x(m/2) = 2.
SOLUTION: The equation can be rewritten as

(14 t*)x) = cott = (In(sint))’ .

Integrating both sides,

x(t) = ﬁ(ln(sint) +C) .

This is the general solution. If z(ty) = z¢, then

1
To = Tt%(ln(sin to) +C) .
Solving for C we find
C = (1 + t%).ﬁUQ - ln(sin to .
Therefore, the flow transformation ®;, 4, () is

1
—(In(sinty) + (1 + t§)zo — In(sinty))

- 11[(1—1—753)900—1-111 (Sin“)] .

+ t% sin tg

(bthto ('T)

The solutions with z(7/2) = 2 is

1 72 .
x(t) = By r2(2) = 112 [2 + 5 + In(sin t)] .

1.3 The equation (e* — 2tz)z’ = x? is not linear, but think of ¢ as a function of z, and recall that
d 1
—t(x) = .
' = Taa)

Use this to rewrite the equation as a linear first order equation for ¢(z), and solve this.

SOLUTION: Substituting 2’ = 1/, our equation becomes

1
(e — th)? =22,

Multiplying both sides by ¢/ /2% we obtain

2 1
t'+ St= e
x 2



Multiplying both sides through by z?, we obtain
(th)/ — e 7
and so
*t(z) =e" 4+ C .
The general solution is
e’ +C

t(x) = Rl

This function cannot be inverted globally to find x(t) since it is not one to one, as we explain:
Perhaps the best description of the solution curves is the implicit form

2t—e*=C .

Here is a contour plot showing the curves defined by this equation for various values of C' in the
region (1,3) x (0,2) in the ¢,z plane. You can see that the curves have vertical tangent at various
points — those with e* = 2tx — and then the curve “double back” so that in the vicinity of such

a point one cannot write x as a function of ¢. At all other points there is a function x(¢) passing

through the point that solves the equation on some interval.

N

0.8

0.6

04

0.2

1.4 Use the method of the previous exercise to solve z — tz’ = z'z%e”.

SOLUTION Using 2’/ = 1/t, we have

1 1
r—t— = -z
t t’
multiplying through by #'/z, we have
t'(z) — lt(ac) = ze”
- .

Multiplying through by 1/z, we obtain,
(t(z)/z)) =e” .



Integrating,
t(z) =z(e®+C) .

1.5 Find the general solution of ta’ + x = t323.

SOLUTION This is a Bernoulli equation with n = 3. Therefore, the change of variable z = =2

will render it linear. Then with z = z~1/2,

1 _
JJ/: _y 3/22/

2
so our equation becomes —%tzfg/zz’ + 2712 = 3:3/2 g0 that
2 — 2z =23
Multiplying through by e~2, we find
(e72t2) = 27243 .
Integrating both sides,
e 2z(t) = —%(3 + 6t + 612 + 4t3)e 2 + C .

Hence,
1
2(t) = =73+ 6t + 612 + 4t%) + Ce*t |

(This is easily checked, and should be checked now.) Finally,

1 —1/2
x(t) = <062t — 7 (B+6t+ 6t% + 4t3)> .

1.6 Find the general solution of 2’ = %x+e*2tw*2. Also find the corresponding flow transformation,
and the particular solution with x(0) = 2.

SOLUTION This is a Bernoulli equation with n = —2. Hence we introduce z = 23 so that
z =23, Then 2/ = %2_2/32’ and our equation becomes

_ 1 ot _
%z 2/3,0 _ 2 /3 4 =2 ,-2/3

Multiplying through by 322/3. we obtain
2 —z=3e"%,
Multiplying through by e~ we obtain
(e7'2) =3e 3 = —(e73) .

Integrating, we find
etz=0C—e%

so that
2(t) = e(C —e™3) = Cet — ™2,



Finally, x(t) = 23(¢), so the general solution is

z(t) = (Ce' —e™?) s
If (tp) = xo, then
C =elog}4e30

Thus, the solution with x(tp) = x¢ is
z(t) = (e "0xg + e 0)e! — ™) s

Therefore,
By, 40 (x) = ([e70a® + e B0]elt — e20) /%

and the solution with x(0) = 2 is

®,0(2) = (9e! — e 2)/*

1.7 Find the general solution of z’ + %:I} =322, t > 0. Also find the corresponding flow transfor-
mation @y, ¢+, (x) for those pairs of ¢y and ¢; for which it is defined, and the particular solution with
z(1) =2.

SOLUTION This is a Bernoulli equation with n = 2. Hence we introduce z = z~! so that

/

x =2z, Then 2/ = —2722' and our equation becomes

4
2= —r= 1.
t
Multiplying both sides by ¢4,
(t2) = —t71 .

Thus, t %2 = —Int + C, so that
2(t) = Ct* —t*Int .

Finally, the general solution is

2(t) = (Ct* — t*Int) ™

To find the solution passing through = = zg at t = tg, we solve
vo = (Cth —tdnte) ™",

to find

1
C=——+In(t) .
xoté+n(0>

Of course this only makes sense if xyp # 0. But if xp = 0, we have the steady state solution
x(t) = 0 for all t. Otherwise, the solution is given by this formula. In what follows bellow, we
suppose that xg # 0 Therefore, the solution passing through = = ¢ at t = {g is

4

z(t) = <4 + t*(In(to) — lmt))_1 .

Il)oto



The particular solution with (1) = 2 is obtained by setting tg = 1 and z¢ = 2, which gives

z(t) = (';4 — 1nt> - .

The flow transformation @, 4 (x) is the value at ¢ = t; of the solution that passes through = at
time £y. By the above, this is

4 -1
Q4 10(2) = (14 + t1(In(tg) — lnt1)> )

xty
The solutions “blows up” (there is division by zero) at

t = toel/ (@) |

Since we are considering ¢t > 0, tg > 0, and so for zg > 0, the solution is defined for
t € (—o0, toe!/ @)Y while for zy < 0, the solution is defined for ¢ € (tge!/(*10), 00). Then ®;, 4, (x0)
is defined exactly when ¢; lies in one of these intervals (depending on the sign of x).

1.8 For 0 < ¢ < 1/4, and x > 0, find the solution to

¥=z(1-2)—c, z(0)=umx.

1 /1
Show that for all xg > 5 V1~ ¢, the solution exists for all ¢, and compute lim;_,~ :(¢) for such

xo. What happens for smaller (positive) values of (7

SOLUTION Let v(z) = z(1 — x) — ¢. Then v(x) = 0 if and only if

r—x=c,

11
ry = — ——cC.
t= 55V,

Since 0 < ¢ < 1/4, both roots are real, and both lie in the interval (0,1). Then

and the roots of this equation are

o) = —(ry —)(r_ —2)

and so

—_

_ 1
(re —2)(r- — )

1 1 1
N ry —Tr— ry — X r—-—x

o 1 1
1 —de\rp—a r_—z)

For xp,x < r_, both denominators are positive, so we may take their logarithms, and Barrow’s

-t = e [ (55) - (522))

<
—~

8
~

formula give us




Therefore,
ro—T_ /Ta(t-to) (7’— - $0> .
ry— T4 — T
This may be solved for x < ¢ (since x(t) is decreasing for ¢y < r_) only if the right hand side is
less than t; i.e., if
VTTelt—t0) _ (” - fUO) ,

r— —Xx0

Solving for ¢ under this condition, we find

eVI=Aet=t0) (r_ — gg)ry — (ry — xo)r—

t pum—
o eV1=Aelt=to) (r_ —x9) — (14 — o)

As t approaches the time defined above, at which time the denominator becomes 0, z:(¢) approaches
—00.
Next suppose 7— < zg < 4. Then we write

11 1o,
v(z) V1-—de\ry—z zx—7_) "

This time Barrow’s formula yields

-t g (25) (225

Solving for x we find

eVITAel=t0) (g — r_)ry + (ry — o)1
eVI=de(t=to) (g — r_) + (ry — x0) .

In this case, the solution is defined for all ¢, and lim; o 2(t) = 74 and limy_, oo x(t) = r_.

x(t) =

Finally, we consider x > r,. Then we write

11 Lo
v(ir) 1—4de\ x—74 x—7_) "
This time Barrow’s formula yields
Ha) — t(z0) = ——b [ln(x_r_>—ln<x0_r_>}
O T—4c r =Ty xo—ry )]

Solving for « we find

eV 1_4C(t_t0)(:v0 —r_)ry — (g —ry)r-
eVi—de(t=to) (zq —r_) — (zg — 74)

x(t) =

In this case, there is a t < ty for which the denominator is zero, and x(t) approaches +oo as t
approaches this time, but the solution exists for all ¢ > ¢, and lim;_,o z(t) = r4.

1.9 Find the solution of

z(0) =29 >0.

Also compute limy_, o 2(t) for each xg.



SOLUTION Note first the if g = 4, then z(t) = 4 for all ¢ is a solution, and lim;_,» z(t) = 4. In
what follows, we assume that xg # 4.
The equation is separable; it can be written as

1, ¢
= :
x(4—x) 1+¢

Integrating both sides,

1 T
- =t —In(1 )
4(|4—x|) t n( —i—t)—i—C

Exponentiating,
T At+0) 1+ )4
Setting t = 0, we conclude
o _ 40
|4 — o
Thus,
T o 4t 4
= 1+1)~.
d—a] =g 4FY

We can already compute lim;_, o 2(¢) without first solving for x(¢): Since the right side diverges as
t — 00, so does the left. But this means that z(¢) — 4. Hence lim;_,o, 2(t) = 4 for all ¢.
Finally, some algebra leads to

4:13064t(1 + t)4
— xo + moe*t (1 + )4~

x(t) = 1

1.10 Find the general solution of the Ricatti equation

/

2
T = —Z:c + 322 175 .
SOLUTION We try for y = C't® since the coefficients are multiples of powers of ¢. Inserting this
into the equation, we see that the powers of ¢ are all equal in case
a—1=2a+3=-5,

and this requires o = —4. With this choice of «, the equation reduces to —4C = —2C + C? + 1, or
(C +1)? = 0. Hence we must take C' = —1. Thus we have one solution

T = —t

1.11 Find the general solution of the Ricatti equation

,  2cos’t —sin®t + z?
xr =

2cost

Then y = x — ;1 satisfies the Bernoulli equation

/

4
o=yttt



Introducing z = y/y, we find

4
Y- —z=13 ,
t
which reduces to
(7) =
th) ot
Integrating,
z=t4C —1nt) .
Finally,

z(t) = -t +t7HC —Int)" .
Notice that the solution x;(¢) is obtained from the general solution in the limit C' — oc.

SOLUTION By inspection, trying powers of sint and cost, we find that x; = sint is a solution.
Then the general solution is
r =sint+u

where u solves the Bernoulli equation
’ 1 2
U —tantuzisectu .

This gets us to a Bernoulli equation with n = 2. Making the change of variables z = 1/u, we

convert to the linear equation

1
2 +tantz = §sect .

We multiply through by e~ 2¢s(t) — gect, and obtain
/ 1 2
(sectz) = 5 sec t.
Integrating both sides,
1
sectz = ) tant + C'

so that 1

z= 5(—sint + C cost) .
Then

1 2
U=z

~ Ccost—sint
Therefore, the general solution of our Ricatti equation is

ty=snt 4+ ————— .
z(t) = sin +Ccost—sint

1.12 Find the general solution of the equation z2” + (z')% = 0.

SOLUTION The independent variable ¢ is not present, so we introduce y = x, and regard y as a
function of z so that

dy dy
" _ g Y
z"(t) dxw ydx .
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Our equation becomes

so that q
xﬁ +y=0
But this means that
dy
Llay(a) =0,
and so
zy(x) =1

Therefore, 2:(t)z'(t) = ¢; which is
1
S@ (M) =c .
Therefore
22(t) = 2(c1t + c2) .

We may absorb the factor of 2 into the arbitrary constants, an find the general solution is
z(t) = /et + co .

1.13 Find the general solution of the equation z” = 1 + (2/)%.
SOLUTION We introduce y = 2/, and then our equation becomes
L,
=1,
1+427

Integrating both sides, we have
arctan(y) =t +Cy .
Hence,
2'(t) = y(t) = tan(t + C1) .
Integrating once more,

2(t) = % In(1+ ntan((t + C1)%) + Cs .

1.14 Find the general solution of the equation tz” = ' + (z')3.

SOLUTION In this case the dependent variable z is not present. We introduce y = 2/, still
considered as a function of ¢, and then our equation becomes

ty =y+y°.

This is a Bernoulli equation, but is simple enough to solve more directly: Dividing by ¢?> and

regrouping, we have
3

(==

Introducing z = y/t, we have



and so
L2 1t2+c
——z == )
2 2 !

Therefore, with a new ¢,
z=(c1 — t2)_1/2 ,

and so

Integrating
1/2
x(t) = — (c1 — t2) / + e

1.15 Find the general solution of the equation t2x” = 2tz + (z')2.

SOLUTION We introduce y = 2/, and then our equation becomes
2y =2ty + 9% .

This is a Bernoulli equation with n = 2. We introduce z = 1/y so y = 1/z and /
equation becomes
— 2272 =9t 4 272

and hence

o2 1
Z=—===
t 27
which is (#2z) = —1. Therefore,
Cy—t t?
= and hence 2'(t) = y(t)

t2 O -t

Integrating once more,

1
z(t) = —Cyt — §t2 — CfIn(Cy —t) + C> .
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