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This challenge problem set concerns the construction of Green’s functions for Lu = f subject
to boundary conditions other than u(a) = u(b) = 0. As always, we take

Lu(z) = (p(x))u'(2)) + q(x)u(z) ,

and we assume that p(z) and ¢(z) are continuous on [a, b] and that p(z) is strictly positive on [a, b].

We know that under these conditions, there exist two linearly independent solutions u;(z) and
ug(x) of Lu(x) = 0, and that the general solution is a linear combination of u; and ug. That is,
the general solution has the form

u(z) = auy () + Pus(z)

for some «, 8 € R.

Now fix two unit vectors (oj,7;), j = 1,2, and let us consider the boundary conditions
(01,7) - (u(a),w'(a)) =0 and  (02,72) - (u(b),u'(b)) =0.

The boundary conditions we have considered so far were u(a) = u(b) = 0 which correspond to the
choice

(o1,71) = (02, 72) = (1,0) .

To simplify the notation for general boundary conditions, let us define the unit vectors
o,=(01,71) and op = (02, 72) ,

and the vector
u(z) = (u(@),'(2)) .

Then our boundary conditions can be expressed as

o,-u(a) =0 and o,-u(b)=0.

1. Let u; and ug be two linearly independent solutions of Lu = 0 on (a, b). Show that there exists
a non-trivial solution of Lu = 0 such that

o,-ua)=0 and op-u(b) =0
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if and only if

uy(b) op-uz(d)

is invertible; i.e., has non-zero determinant.

o, -ui(a) o, uza)
oy

2. We know from our study of Duhamel’s formula that the general solution of Lu = f on (a,b) is

u(z) = aup () + fug(x / K(z,y)f

h
where 1

K(z,y) = 5[’“2@)“1(9) —u1(z)uz(y)]

and
C = [ur(a)uy(a) — uz(a)uy(a)lp(a) .
Then since K (z,z) = 0, it follows that

v 0
W) = aui(e)+ puy(e) + [ 5 K@) )dy + K (o) (o)
v 0
— i) + Busa) + [ 5Kl f0)dy
Show that there exists a unique solution of Lu = f subject to
oq,-u(a) =0 and o,-u(b) =0 (0.1)

if and only if the matrix

o, -ui(a) o, uza)
gy - ul(b) gy - UQ(b)

is invertible; i.e., has non-zero determinant. Supposing this is the case, find the values of o and
u(z) = auy () + Pug(x / K(x,y)f (0.2)

satisfies (0.1).

3. Find a function G(z,y) such that the (0.2) can be written as

/ny

This is the Green’s function for these boundary conditions.

4. Let a =0 and b =1 and let
oo = (1,0) and o1 =(1,1).
Find the Green’s function for Lu = u” subject to
oop-u(0) =0 and o1-u(l)=0.

Solve this equation, subject to these boundary conditions for f(z) = x2.



