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1. Solve the wave equation

2 62
subject to
h(t,0) = h(t,1) =0 for all ¢,
and 9
h(t,z) = ho(z) := sin®(2mz) and ah(O,x) = vg(z) := sin®(nz)

forall 0 <z <1.

(a) Do this first by first expanding ho(x) and vg(z) in the form

ho(x) = Z oy sin(nmr) and vo(z) = Z B sin(nmx) .
n=1 n=1

The coeflicients «;,, will be non-zero for only finitely many values of n, and there is an easy way to
find them. The coefficients 3,, will be non-zero for infinitely many n, but there is an easy way to
find them all. Use Euler’s formula e’ = cos 6 + isin 6.

(b) Next do this by constructing appropriate extensions of the initial data to the whole real line,
and using the fact that for g twice continuously differentiable, g(z — ct) and g(x + tc) satisfy the
wave equation.

2. Find a non-zero function v(z) and a function ¢(x) so that if y(x) = v(x)u(zx),

(1+a22)y" —ay + 23y =0
if and only if
u +qu=0.
3. Let y(z) solve
y'(z) +q()y(z) =0,

and suppose that
y(2) =y(4) =y(@B) =0
and that y(z) # 0 for any other values of x with 0 < x < 16.
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(a) Find a number A such that necessarily

min{ ¢g(z) : 0<z <16 } <A.

(b) Find a number B such that necessarily

max{ ¢(z) : 0<z<16 } > B.

4. Let A7 be the Tth positive number A such that

! x2
Ad+——|y=0
vt < 1 + x2> Y
with y(0) = y(1) = 0.
Find numbers a and b such that a < A7 < b with b — a < 1/10, and justify your answer. How
small can you make b — a?



