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Abstract. We analyze the intermediate models of the strongly com-
pact Prikry forcing. We exhibit a simple combinatorial property which,
for a given supercompact cardinal 𝜅, characterizes the projections of all
projections of the strongly compact Prikry forcing using 𝜅-complete fine
measures. Considering level-by-level results, if 𝜅 is 2𝜆-strongly compact,
we characterize the forcings of size ≤ 𝜆 which are projections of that
𝜆-strongly compact Prikry forcing. Our characterization generalizes sev-
eral known results, including those from [BGH24] and folklore results
regarding the class of 𝜅-distributive forcing notions which are embedded
into the supercompact Prikry forcing. Fixing a 𝜅-complete fine measure
𝒰 on 𝑃𝜅(𝜆), we also provide Rudin-Keisler like cratiria for the existence
projections from the strongly compact Prikry forcing with 𝒰 . Finally,
we prove that among all projections of the 𝜆-strongly compact Prikry
forcing, the class of forcings of cardinality 𝜆 are exactly those for which
there is a projection map which depends only on the stem of the Prikry
condition. We also give partial results regarding projections of arbitrary
cardinality.

1. Introduction

Understanding a mathematical structure often narrows down to under-
standing its substructures. In set theory, and more particularly in forcing
theory, the structure of subforcings of a given forcing can be translated to
the analysis of intermediate models of generic extensions by that forcing.
These intermediate extensions provide insight into the generic evolution of
the forcing, and how sets are being added to the ground model. This per-
spective has proven especially fruitful in identifying rigidity, minimality, and
universality phenomena among forcing notions.

A number of classical results illustrate this theme. Maharam [Mah47]
showed that subforcings of Cohen forcing are again the Cohen forcing, re-
vealing a strong form of rigidity. An extreme example of a forcing with a
rigid structure of intermediate models was given by Sacks [Sac71] who con-
structed the first example of a minimal forcing, in the sense that it admits
no proper intermediate models. The structure of intermediate models for
products of forcing notions remains more subtle; for instance, it is a long-
standing open problem whether the product of two random forcings admits
nontrivial intermediate extensions i.e. other than a single random extension
and a single Cohen extension.
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On the other extreme, some forcing notions are universal for certain
classes, that is, a generic extension by such a forcing absorbs generic ex-
tensions from every forcing in that class. The most basic example is that of
the Lévy collapse Col(𝜅, 𝜆) which absorbs every 𝜅-strategically closed forc-
ing of size ≤ 𝜆 (see for example [Cum10, 14.1]). Our focus in this paper is
on another universal forcing – the 𝜆-supercompact and 𝜆-strongly compact
Prikry forcing. This forcing was introduced by Magidor in [Mag77a] to re-
solve an old problem about failure of Singular Cardinal Hypothesis at ℵ𝜔,
but has also been one of the most important tools in the analysis of singular
cardinal combinatorics [Mag77b, MS94, GS08, Nee09, Sin12]. Our main re-
sult is a simple combinatorial level-by-level classification of the intermediate
models of the 𝜆-strongly compact Prikry forcing of cardinality 𝜆. To explain
our classification, we recall two folklore results:

∙ Every 𝜅-distributive forcing of cardinality 𝜆 is absorbed by the 2𝜆-
supercompact Prikry forcing (see [Git10]).

∙ If 𝑊 ≤𝑅𝐾 𝑈 , the Prikry forcing with 𝑈 projects onto Prikry forcing
with 𝑊 (see 3.2).

We introduce the class of (𝜔, 𝜅)-predistributive forcing notions (see Defini-
tion 4.1 and Definition 2.1) and show that:

(𝜅, 2)-distributive (𝜔, 𝜅)-predistributive

𝜅-distributive

Σ-Prikry

Then our main results of this paper are the following:

Main Theorem 1. Let 𝜆 be regular and 𝒰 be a fine 𝜅-complete ultrafilter
on 𝑃𝜅(𝜆). If Q is a projection of P𝒰 , then Q is (𝜔, 𝜅)-predistributive.

Main Theorem 2. Suppose that 𝜆 is a regular cardinal and 𝜅 is 2𝜆-strongly
compact. Then for every (𝜔, 𝜅)-predistributive forcing Q of cardinality ≤ 𝜆
there is a 𝜅-complete fine ultrafilter 𝒰 on 𝑃𝜅(𝜆) such that Q is a projection
of P𝒰 .

A sufficient large cardinal assumption for Main Theorem 2 is slightly
weaker than 2𝜆-strong compactness (see Remark 4.22).

Corollary 4.23. Suppose that 𝜅 is 2𝜆-strongly compact, then the following
are equivalent for any forcing Q of cardinality ≤ 𝜆:

(1) Q is (𝜔, 𝜅)-predistributive.
(2) There is a 𝜅-complete fine ultrafilter 𝒰 over 𝑃𝜅(𝜆) such that Q is a

projection of P𝒰 .

In the greatest generality we have concluded the following general we
proved that:

Corollary 4.17. If 𝜅 is strongly compact (supercompact), then the following
are equivalent for any forcing notion Q:
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(1) Q is (𝜔, 𝜅)-predistributive.
(2) There is a fine 𝜅-complete (normal) measure 𝒰 such that ℛ𝒪(Q) is

a projection of the P𝒰 .

Intermediate models of Prikry-type forcings have been of independent in-
terest. For example, they provide a vital framework to iterate distributive
forcings (see [Git10]). This line of research includes several recent devel-
opments, starting with the work of Gitik-Kanovei-Koepke [GKK10] which
proved that the only intermediate models of the classical Prikry forcing
with a normal measure 𝑈 are Prikry-extensions for the same 𝑈 . Koepke-
Räsch-Schlicht [KRS13] showed that a tree Prikry forcing can be minimal
in the sense of Sacks. More recently, the first author and Gitik extended
these results to Magidor forcing with 𝑜(𝜅) < 𝜅+ [BG21b, BG21a, BG22],
and together with Hayut [BGH24] studied the tree Prikry forcing. Regard-
ing forcings of larger cardinality the first author and Gitik showed that
Add(𝜅, 𝜅+) is consistently a projection of the tree Prikry forcing [BG24].
Gitik [Git20] showed that the extender-based Prikry forcing can also absorb
all 𝜅-distributive forcings of cardinality 𝜅 (see also Poveda-Hayut [HPng]).
Very recently, Ben-Neria, Goldberg, and Kaplan [BGK25] showed that every
(𝜅, 2)-distributive forcing is of Prikry type.

The basic tool to analyze intermediate models is to establish a connec-
tion between the existence of a forcing projection and the Rudin-Keisler
order or the Katětov order (Def 2.13). These results can be viewed as a
generalizations of the results from [BGH24]:

Corollary 3.11. Let 𝜆 be regular and let Q be a forcing of cardinality ≤ 𝜆
and let 𝒰 be a 𝜅-complete fine ultrafilter over 𝑃𝜅(𝜆). Then the following are
equivalent:

(1) There is 𝑥 ∈ 𝑀𝒰
𝜔 such that ℱ(Q) ⊆ 𝑈(𝑥, 𝑗𝒰𝜔 ).

(2) There is 𝑛 < 𝜔 such that ℱ(Q) ≤𝐾 𝒰𝑛.
(3) Q is 𝜎-distributive and a weak projection of P𝒰 .

For non-distributive forcing, we obtain the following Rudin-Keisler like
characterization:

Main Theorem 3. Let Q be a forcing notion of cardinality ≤ 𝜆 and let 𝒰
be a fine 𝜅-complete ultrafilter on 𝑃𝜅(𝜆). Then the following are equivalent:

(1) There is a sequence 𝑞0 ≥ 𝑞1 ≥ ... ≥ 𝑞𝑛 ≥ ... such that for every 𝑛,
𝑞𝑛 ∈ 𝑗𝜔(Q) which diagonalizes 𝑗𝒰𝜔 ”ℱQ

(2) ℱ(Q) ≤fin
𝑠𝐾 𝒰 (see Definition 3.13).

(3) ℛ𝒪(Q) is a projection of P𝒰 .

While Main Theorem 2 works in the set up of a large cardinal assumption
seeming larger than necessary, the following theorem establishes a purely
combinatorial ZFC-connection between the class of forcings with the 𝜅-trace
property (Definition 4.10) and the class of (𝜔, 𝜅)-predistributive forcings.
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Main Theorem 4. Suppose that P has the 𝜅-trace property and that Q is
(𝜔, 𝜅)-predistributive. If 1lP ⊩P “ℱ(Q)𝑉 is generated by a set of size ≤𝜅”,
then there is a weak projection 𝜋 : P → ℛ𝒪(Q).

We then show that the 𝜆-supercompact Prikry forcing satisfy the above
hypothesis and therefore obtain the following corollary:

Corollary 4.15. Every (𝜔, 𝜅)-predistributive forcing whose filter of dense
open sets is generated by ≤𝜆-many sets is a projection of the 𝜆-supercompact
Prikry forcing.

In the last section, we are able to characterize the projections of P𝒰 of
cardinality ≤𝜆 in terms of generating sets of the generic filter and also by
the projection depending only on the stem:

Theorem 5.1. Let Q be any forcing. Then the following are equivalent:

(1) There is a dense 𝐷 ⊆ P𝒰 and a forcing projection 𝜋 : 𝐷 → Q which
only depends on the stem, i.e, for any (𝑠,𝐴) ∈ 𝐷 and any 𝐵 ∈ 𝒰 ,
𝜋(𝑠,𝐴) = 𝜋(𝑠,𝐵).

(2) There is a P𝒰 -name 𝐻̇ such that 1lP ⊩ “𝐻̇ ⊆ Q is V-generic, cf(𝐻) =

𝜔”, and for any 𝑞 ∈ Q there is 𝑝 ∈ P𝒰 such that 𝑝 ⊩ 𝑞 ∈ 𝐻̇.
(3) Q has a dense subset of size at most 𝜆 and there is 𝐷 ⊆ P𝒰 dense

and a forcing projection 𝜋 : 𝐷 → Q.

The above theorem shows that in order to construct generics for forc-
ings of cardinality greater than 𝜆, we will have to face more complicated
“shapes” of generating sets. The natural language to describe those shapes
is the Tukey order [Tuk40] and cofinal types (see Definition 5.5). After we
prove some useful equivalences between order properties of the generic fil-
ter and combinatorial properties of the forcing, and after presenting several
examples, we will show that, quite naturally, the critical Tukey-type is that
of the ultrafilter (as computed in the generic extension):

Corollary 5.17. If P𝒰 weakly projects to Q, then ⊩P𝒰 𝒰 ≥𝑇 𝐺̇Q

We will be able to derive some corollaries about projections of the Prikry
forcings. Finally, we show the following simple corollary which rules out a
projection to some yardstick forcings of greater cardinality.

Corollary 5.22. Suppose that 𝒰 is a fina 𝜅-complete ultrafilter over 𝑃𝜅(𝜅
+).

Then P𝒰 cannot weakly project to the following forcings: Add(𝜅, 𝜅++), Add(𝜅+, 𝜅++)
and Add(𝜅++, 1). Moreover, P𝒰 cannot add fresh subsets to 𝜅++.

This paper is organized as follows:

∙ In section 2 we review the basic theory of projections of forcings,
ultrafilters and the strongly and supercompact Prikry forcing.

∙ In section 3 we prove our results regarding the Rudin-Keisler like
characterization of the equivalence of projection.
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∙ In section 4 we introduce the class of (𝜔, 𝜅)-predistributive forcings
and show it characterizes the projections of the strongly compact
Prikry forcing.

∙ In section 5 we prove the characterization using projections which
depend only on the stem (Theorem 5.1), and include a discussion
about projections of larger cardinality.

∙ In section 6 we list some open problems and further directions.

2. Preliminaries

2.1. Projections. Following the set-theoretic tradition, our notation for
(forcing) posets will be P,Q, etc. As customary members 𝑝 of a poset P
will be referred to as conditions. Given two conditions 𝑝, 𝑞 ∈ P we will
write “𝑞 ≤ 𝑝” as a shorthand for “𝑞 is stronger than 𝑝” (equivalently, “𝑞
extends 𝑝”). We shall denote by P/𝑝 the subposet of P whose universe is
{𝑞 ∈ P : 𝑞 ≤ 𝑝}. Similarly, 𝑋/𝑝 := {𝑥 ∈ 𝑋 : 𝑥 ≤ 𝑝}, for any 𝑋 ⊆ P.
Two conditions 𝑝 and 𝑞 are said to be compatible if there is 𝑟 ∈ P such that
𝑟 ≤ 𝑝, 𝑞. Finally, a forcing poset P is separative if whenever 𝑝 ∈ P does not
extend 𝑞 ∈ P there is an extension of 𝑝 that is incompatible with 𝑞.1 For any
forcing poset P, there is a separative poset P̄, called the separative quotient
of P, such that P and P̄ are forcing equivalent as forcing posets, in the sense
that both yield the same generic extension. In light of this, whenever we
talk about forcing with a forcing poset P, we actually mean that we force
with its separative quotient P̄.

Our notation for P-names will be 𝜏 , 𝜎, 𝑎̇, 𝑏̇, etc. If 𝜏 is a P-name for an
object in the ground model and 𝑝 is a condition, then we say that 𝑝 decides
𝜏 if there is 𝑥 ∈ 𝑉 such that 𝑝 ⊩ 𝑥̌ = 𝜏 . We write 𝑝 ‖P 𝜏 (or simply 𝑝 ‖ 𝜏)
for “𝑝 decides 𝜏”. Similarly, for any statement 𝜙 of the forcing language, we
write 𝑝 ‖ 𝜙 for “𝑝 decides 𝜙”; i.e., 𝑝 ⊩ 𝜙 or 𝑝 ⊩ ¬𝜙. let us recall some basic
properties of forcing notions which will be considered in this paper.

We denote by Add(𝜅, 𝜆) the usual Cohen forcing for adding 𝜆-many sub-
sets to 𝜅 with <𝜅-approximations and the Lévy collapse Col(𝜅, 𝜆) which
adds a surjection 𝑓 : 𝜅 → 𝜆 with <𝜅-approximations.

Recall that a forcing P has the 𝜆-cc if every antichain has size less than
𝜆. It is (𝜇, 𝜆)-centered if there is a decomposition P =

⋃︀
𝛼<𝜆 P𝛼 such that

for every 𝛼, P𝛼 is <𝜇-directed i.e. any 𝐴 ∈ [P𝛼]
<𝜇 is bounded in P𝛼. P is

called 𝜆-closed if every 𝛾 < 𝜅 and every decreasing sequence ⟨𝑝𝛼 | 𝛼 < 𝛾⟩ of
conditions in P has a lower bound in P.

Definition 2.1. We say that a forcing P is (𝜅, 𝜇)-distributive if for every
𝛾 < 𝜅 and every function 𝑓 : 𝛾 → 𝜇 in a generic extension by P must
belong to the ground model. We say that P is 𝜅-distributive if it is (𝜅,∞)-
distributive.

1In symbols, ∀𝑝, 𝑞 ∈ P
(︀
𝑝 ≰ 𝑞 =⇒ ∃𝑟 ≤ 𝑝(𝑟 ⊥ 𝑞)

)︀
.
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The above definition is usually giving in its equivalent form for Boolean
algebras (see [Jec84]).

In what follows, we state some folklore facts about projections. For a
comprehensive account of this topic, we recommend the excellent expositions
in [Abr09, She17] and [Esk].

Definition 2.2. Let P and Q be forcing posets.

(1) A weak projection is a map 𝜋 : P → Q such that:
(a) For all 𝑝, 𝑝′ ∈ P, if 𝑝 ≤ 𝑝′ then 𝜋(𝑝) ≤ 𝜋(𝑝′);
(b) For all 𝑝 ∈ P there is 𝑞 ≤ 𝜋(𝑝) such that for all 𝑞′ ∈ Q with

𝑞′ ≤ 𝑞 there is 𝑝′ ≤ 𝑝 such that 𝜋(𝑝′) ≤ 𝑞′.2

(2) A weak projection 𝜋 : P → Q is called a projection if 𝜋(1lP) = 1lQ and
in Clause (1b) above the condition 𝑞 can be taken to be 𝜋(𝑝);3 i.e.,
for all 𝑝 ∈ P and 𝑞 ∈ Q with 𝑞 ≤ 𝜋(𝑝), there is 𝑝′ ≤ 𝑝 such that
𝜋(𝑝′) ≤ 𝑞.

If there is a (weak) projection from P into Q, we say that P (weakly) projects
into Q.

The notion of a weak projection is well established and appears fre-
quently in the literature. For instance, Foreman and Woodin [FW91] em-
ployed it to address the fact that Supercompact Radin forcing does not
project into standard Radin forcing. Similar issues arise with Supercom-
pact Prikry forcing (see [Kaf94] and [Dim23]), AIM forcing (see [CFM+18]),
and Merimovich forcing (see [DPT24]). If 𝜋 : P → Q is a weak projec-
tion and 𝐺 ⊆ P is 𝑉 -generic then the pointwise image of 𝐺 via 𝜋 gen-
erates a 𝑉 -generic filter 𝐻 ⊆ Q. To make this precise, we briefly re-
view the relevant notation. Given a function 𝑓 : 𝐴 → 𝐵, we denote
by dom(𝑓) the domain of 𝑓 , while Im(𝑓) denotes the range of 𝑓 ; i.e.,
Im(𝑓) := {𝑏 ∈ 𝐵 : ∃𝑎 ∈ 𝐴 (𝑓(𝑎) = 𝑏)}. If 𝐶 ⊆ 𝐴 and 𝐷 ⊆ 𝐵, stipu-
late 𝑓“𝐶 := {𝑓(𝑐) : 𝑐 ∈ 𝐶} and 𝑓−1[𝐷] := {𝑎 ∈ 𝐴 : 𝑓(𝑎) ∈ 𝐷}.

Fact 2.3 ([FW91, Proposition 2.8]). Let P and Q be forcing notions and 𝐺
be P-generic. If 𝜋 : P → Q is a weak projection, then the upwards closure of
the set 𝜋“𝐺 (namely, {𝑞 ∈ Q : ∃𝑝 ∈ 𝐺 𝜋(𝑝) ≤ 𝑞}) is 𝑉 -generic .

Convention 2.4. We will identify 𝜋“𝐺 with its upwards closure.

The following fact provides a useful characterization of being a (weak)
projection.

Fact 2.5. Let 𝜋 : P → Q be any order-preserving function between two
separative forcings.

∙ The following are equivalent:
(1) 𝜋 is a weak projection.

2This definition comes from [FW91].
3Recall that the weakest condition of a forcing poset P is customarily denoted by 1lP –

or simply by 1l if there is no confusion.
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(2) 𝜋 satisfies (𝑏′) where:
(𝑏′) For all 𝑝 ∈ P there is 𝑝* ≤ 𝑝 such that for all 𝑞′ ∈ Q with

𝑞′ ≤ 𝜋(𝑝*) there is 𝑝′ ≤ 𝑝 such that 𝜋(𝑝′) ≤ 𝑞′.4

(3) For each dense open 𝐷 ⊆ Q, the preimage 𝜋−1[𝐷] is dense.
∙ The following are equivalent:

(1) 𝜋 is a projection.
(2) 𝜋 is a weak projection and for every 𝑝 ∈ P, 𝜋“(P/𝑝) is dense

below 𝜋(𝑝).

Next, we provide a characterization of (weak) projections via generic fil-
ters. Accordingly, we briefly review complete Boolean algebras. For no-
tational convenience, we are going to identify P with its isomorphic copy
in ℛ𝒪(P), the regular open Boolean algebra of P (minus its least element
0). Bearing in mind this (usual) identification, P is dense in ℛ𝒪(P) and
P-names are also ℛ𝒪(P)-names. In particular, if Q is a forcing poset and
𝜌 : ℛ𝒪(P) → ℛ𝒪(Q) is a projection, then so is its restriction to P. More-
over, if 𝐺 is ℛ𝒪(P)-generic then 𝐺 ∩ P is P-generic. Conversely, if 𝐺 is P-
generic, then its upwards closure inℛ𝒪(P), i.e. {𝑏 ∈ ℛ𝒪(P) : ∃𝑝 ∈ 𝐺 𝑝 ≤ 𝑏},
is ℛ𝒪(P)-generic.

While a weak projection 𝜋 : P → Q induces a Q-generic filter from a P-
generic filter (Fact 2.3), a projection 𝜋 : P → Q additionally allows to lift
a Q-generic filter 𝐻 into a P-generic 𝐺 such that 𝜋“𝐺 = 𝐻. The way to
obtain such a 𝐺 is via the quotient forcing. Specifically, given a projection
𝜋 : P → Q and a Q-generic filter 𝐻 one defines the quotient forcing P/𝐻
as the subposet of P with universe {𝑝 ∈ P : 𝜋(𝑝) ∈ 𝐻}.5 Then every P/𝐻-
generic 𝐺 (over 𝑉 [𝐻]) is P-generic (over 𝑉 ) and 𝜋“𝐺 = 𝐻. This yields the
following characterizations.

Fact 2.6. Let P and Q be forcing posets. The following are equivalent:

(1) P weakly projects into ℛ𝒪(Q).

(2) There is a P-name 𝐻̇ such that 1l ⊩P “𝐻̇ is Q-generic”.
(3) For every P-generic 𝐺 there is a Q-generic 𝐻 with 𝐻 ∈ 𝑉 [𝐺].

Fact 2.7. Let P and Q be forcing posets. Then the following are equivalent:

(1) P projects into ℛ𝒪(Q).
(2) There is a projection from a dense subset of P into Q.

(3) There is a P-name 𝐻̇ for a Q-generic filter such that for all 𝑞 ∈ Q,

there is 𝑝 ∈ P such that 𝑝 ⊩P 𝑞 ∈ 𝐻̇.

Appealing to Fact 2.7, we can isolate sufficient conditions to ensure the
existence of a projection (see Proposition 2.10 below). To prove this, the
following standard lemmas will be useful.

4This definition comes from [CFM+18, S3.6].
5Note that P/𝐻 may not be separative but as we pointed out P/𝐻 is identified with

its separative quotient.
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Lemma 2.8 (Maximal Principle). Let P be a forcing notion. For any for-
mula 𝜙(𝑥, 𝑦1, . . . , 𝑦𝑛) and P-names 𝑢̇1, . . . , 𝑢̇𝑛, if 𝑝 ∈ P is a condition such
that 𝑝 ⊩ ∃𝑥𝜙(𝑥, 𝑢̇1, . . . , 𝑢̇𝑛), then there exists a P-name 𝜏 such that

𝑝 ⊩ 𝜙(𝜏 , 𝑢̇1, . . . , 𝑢̇𝑛)

Lemma 2.9 (Mixing Lemma). Let P be a forcing notion. Let 𝐴 = {𝑝𝑖 : 𝑖 ∈
𝐼} be an antichain in P, and let {𝜏𝑖 : 𝑖 ∈ 𝐼} be a family of P-names. Then
there exists a P-name 𝜏 such that 𝑝𝑖 ⊩ 𝜏 = 𝜏𝑖, for all 𝑖 ∈ 𝐼.

Proposition 2.10. Let P and Q be two forcing notions. Let 𝜇 be any
cardinal with 𝜇 ≥ |Q| and suppose that P is not 𝜇-cc. If

(1) 1l ⊩P “∀𝑞 ∈ Q∃ℎ (ℎ is Q-generic and 𝑞 ∈ ℎ)”,

then P projects into ℛ𝒪(Q).

Proof. Since P is not 𝜇-cc, there is a maximal antichain 𝐴 = {𝑝𝛼 : 𝛼 < 𝜈} ⊆
P, for some cardinal 𝜈 ≥ 𝜇. Since 𝜈 ≥ |Q|, we may pick an enumeration
{𝑞𝛼 : 𝛼 < 𝜈} (possibly with repetitions) of Q. Combining (1) and the

Maximal Principle (Lemma 2.8), for each 𝛼 < 𝜈 there is a P-name ℎ̇𝛼 such

that 𝑝𝛼 ⊩P “𝑞𝛼 ∈ ℎ̇𝛼 and ℎ̇𝛼 is Q-generic”. By the Mixing Lemma (Lemma

2.9), there is a name ℎ̇ such that 𝑝𝛼 ⊩P ℎ̇ = ℎ̇𝛼, for all 𝛼 < 𝜇. Finally, Fact
2.7 ensures that this is enough to infer the existence of a projection from P
into ℛ𝒪(Q). □

The above proposition will be crucial in S4 to construct projections.
Finally, we record some preservation theorem under projections which are

well-known:

Fact 2.11. Suppose that 𝜋 : P → Q is a projection. Then:

(1) If P is (𝜇, 𝜆)-centered then Q is (𝜇, 𝜆)-centered.
(2) If P is 𝜆-cc, then Q is 𝜆-cc.
(3) If P is (𝜅, 𝜇)-distribute, then Q is (𝜅, 𝜇)-distributive.

Proof. For (1), If P =
⋃︀

𝛼<𝜆 P𝛼 is a witnessing decomposition for P being
(𝜇, 𝜆)-centered, let Q𝛼 be the upward closure of 𝜋“P𝛼, it is not hard to check
that this is a witnessing decomposition witnessing that Q is (𝜇, 𝜆)-centered.
Both follow from their equivalent formulation using properties of the generic
extension (see [Buk73]) and Fact 2.5. □

2.2. Ultrafilters. Here we discuss various orderings of filters and properties
of filters that will be essential in our analysis in this paper. We begin with
the following key convention:

Convention 2.12. All ultrafilters (not necessarily all filters!) considered in
this paper are assumed to be 𝜎-complete and uniform.

For any ultrafilter 𝑈 , we will denote the (transitive collapse of the) ultra-
power of 𝑉 by 𝑈 as 𝑀𝑈 and the associated map as 𝑗𝑈 : 𝑉 → 𝑀𝑈 .
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Furthermore we will make use of iterated ultrapowers. For more details
than we provide, see the excellent [Ste15]. The iterated ultrapower of 𝑉 by
𝑈 of length 𝛿 is a system {𝑀𝑈

𝛼 , 𝑗𝑈𝛽,𝛾 : 𝛼 < 𝛿 and 𝛽 < 𝛾 < 𝛿} where:

(1) 𝑀𝑈
0 = 𝑉 .

(2) 𝑀𝑈
𝛼+1 is the ultrapower of𝑀

𝑈
𝛼 by 𝑗𝑈0,𝛼(𝑈) and 𝑗𝑈𝛼,𝛼+1 is the associated

ultrapower map.
(3) 𝑗𝑈𝜉,𝛼+1 = 𝑗𝑈𝛼,𝛼+1 ∘ 𝑗𝑈𝜉,𝛼 for 𝜉 < 𝛼.

(4) Whenever 𝜆 is limit, 𝑀𝑈
𝜆 is the direct limit of ⟨𝑀𝑈

𝛼 : 𝛼 < 𝜆⟩ via the

𝑗𝑈𝛼,𝛽’s for for 𝛼 < 𝛽 < 𝜆, and 𝑗𝑈𝛼,𝜆’s are the direct limit maps.

We remove the superscript 𝑈 when there is no ambiguity.
As for orderings of ultrafilters, we begin with the Rudin-Keisler ordering

of ultrafilters:

Definition 2.13 (Rudin-Keisler and Katětov Order). Let 𝑈,𝑊 be ultra-
filters over sets 𝑋,𝑌 respectively. We define the Rudin-Keisler order by
𝑈 ≤𝑅𝐾 𝑊 iff there is a function 𝑓 : 𝑌 → 𝑋 such that 𝐴 ∈ 𝑈 iff 𝑓−1[𝐴] ∈ 𝑊 .
We write 𝑈 = 𝑓*𝑊 .

Given a filter 𝐹 over 𝑋. We define the Katětov order by 𝐹 ≤𝐾 𝑊 , if
there is an ultrafilter 𝐹 ⊆ 𝑈 on 𝑋 such that 𝑈 ≤𝑅𝐾 𝑊 .

Definition 2.14. Let 𝑗 : 𝑉 → 𝑀 be an elementary embedding, 𝑋 any set,
and 𝑥 ∈ 𝑋 ∩𝑀 . We derive an ultrafilter 𝑈(𝑥, 𝑗) over 𝑋 as follows: for any
𝐴 ⊆ 𝑋,

𝐴 ∈ 𝑈(𝑥, 𝑗) ⇐⇒ 𝑥 ∈ 𝑗(𝐴)

We use this notion to characterize the Rudin-Keisler and Katětov order.
A proof of the following can be found in [Gol22].

Proposition 2.15. Let 𝑈,𝑊 be ultrafilters on 𝑋,𝑌 respectively. Then
𝑈 ≤𝑅𝐾 𝑊 via 𝑓 iff 𝑈 = 𝑈([𝑓 ]𝑊 , 𝑗𝑊 ).

Corollary 2.16. Let 𝐹 be a filter over 𝑋 and 𝑊 any ultrafilter. Then
𝐹 ≤𝐾 𝑊 iff there is some 𝑥 ∈ 𝑗𝑊 (𝑋) such that 𝐹 ⊆ 𝑈(𝑥, 𝑗𝑊 ).

We say that a filter 𝐹 (ultrafilter) over 𝑋 is 𝜔-Katětov below 𝑊 , denoted
by 𝐹 ≤𝜔

𝐾 𝑊 (𝐹 ≤𝜔
𝑅𝐾 𝑊 ) if there is an 𝑥 ∈ 𝑗𝑊𝜔 (𝑋) such that 𝐹 ⊆ 𝑈(𝑥, 𝑖)

(𝐹 = 𝑈(𝑥, 𝑖)).
We will use the following lemma, whose proof can be found in [Gol22].

Lemma 2.17. Let 𝑗 : 𝑉 → 𝑀 be an elementary embedding and let 𝑈 =
𝑈(𝑥, 𝑗) for some 𝑥 ∈ 𝑀 . Then the map 𝑘 : 𝑀𝑈 → 𝑀 where 𝑘([𝑓 ]𝑈 ) =
𝑗(𝑓)(𝑥) is an elementary embedding such that 𝑘 ∘ 𝑗𝑈 = 𝑗.

We will also discuss products of ultrafilters.

Definition 2.18. Let 𝑈,𝑊 be ultrafilters over 𝑋,𝑌 respectively. The Fu-
bini product 𝑈 ·𝑊 is the filter

{𝐴 ⊆ 𝑋 × 𝑌 : {𝑥 ∈ 𝑋 : {𝑦 ∈ 𝑌 : (𝑥, 𝑦) ∈ 𝐴} ∈ 𝑊} ∈ 𝑈}
For ultrafilters 𝑈0, . . . , 𝑈𝑛 we define 𝑈0·. . .·𝑈𝑛 by recursion by 𝑈0·(𝑈1·. . .·𝑈𝑛).
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When we take the product of 𝑈𝑖 for 𝑖 < 𝑛 and 𝑈𝑖 = 𝑈 for all 𝑖 < 𝑛,
we denote the product by 𝑈𝑛. Products of ultrafilters give a combinatorial
characterization of iterated ultrapowers.

Proposition 2.19. Let {𝑀𝑛, 𝑗𝑚,𝑛 : 𝑛 ∈ 𝜔} be the iterated ultrapower of 𝑉
by 𝑈 of length 𝜔. For each 𝑛, 𝑀𝑛 is the ultrapower of 𝑉 by 𝑈𝑛 and 𝑗0,𝑛 is
the ultrapower map 𝑗𝑈𝑛.

Corollary 2.20. Let 𝐹 be a filter and 𝑈 be an ultrafilter. 𝐹 ≤𝜔
𝐾 𝑈 iff there

is 𝑛 < 𝜔 such that 𝐹 ≤𝐾 𝑈𝑛.

To end this subsection, we define and discuss a canonical filter associated
to any notion of forcing.

Definition 2.21. Let Q be any notion of forcing and 𝑞 ∈ Q. We define

ℱ𝑞(Q) := {𝐷 ⊆ Q : 𝐷 is open and dense below 𝑞}
When 𝑞 = 1lQ we omit the subscript.

Fact 2.22. Let Q be a notion of forcing.

(1) ℱ𝑞(Q) is the filter generated by ℱ(Q) and Q/𝑞 := {𝑝 ∈ Q : 𝑝 ≤ 𝑞}.
(2) Q is 𝜇-distributive if and only if ℱ(Q) is 𝜇-complete.
(3) If 𝑞1 ≤ 𝑞2, then ℱ𝑞1(Q) ⊆ ℱ𝑞2(Q).

Corollary 2.23. Let 𝑈 be a 𝜅-complete ultrafilter. If ℱ𝑞(Q) ≤𝜔
𝐾 𝑈 for every

𝑞 ∈ Q then Q is 𝜅-distributive.

Proof. In this case, for every 𝑞 ∈ Q, there is 𝑥𝑞, 𝑛𝑞 such that ℱ𝑞(Q) ≤𝐾

𝑈(𝑥𝑞, 𝑗0,𝑛𝑞) for some 𝑛 < 𝜔. Hence for every 𝑞, there is a 𝜅-complete ul-
trafilter 𝒲𝑞 such that ℱ𝑞(Q) ⊆ 𝒲𝑞. To see that Q is 𝜅-distributive, let
⟨𝐷𝛼 : 𝛼 < 𝜇⟩ ⊆ ℱ(Q) for some 𝜇 < 𝜅. To see that

⋂︀
𝛼<𝜅𝐷𝛼 is dense, let

𝑞 ∈ Q, and note that 𝐷𝛼 ∩ Q/𝑞 ∈ ℱ𝑞(Q) ⊆ 𝒲𝑞 for all 𝛼 < 𝜇. Since 𝒲𝑞 is
𝜅-complete,

⋂︀
𝛼<𝜇𝐷𝛼∩Q/𝑞 ∈ 𝒲𝑞 and in particular

⋂︀
𝛼<𝜇𝐷𝛼∩Q/𝑞 ̸= ∅. We

conclude that there is 𝑝 ≤ 𝑞, such that 𝑝 ∈
⋂︀

𝛼<𝜇𝐷𝛼, showing that
⋂︀

𝛼<𝜇𝐷𝛼

is dense. □

Remark 2.24. Having ℱ𝑞(Q) ≤𝜔
𝐾 𝑈 for every 𝑞 is not the same as having

ℱ(Q) ≤𝜔
𝐾 𝑈 . A counterexample is obtained by taking Q which is the sum

of two forcings Q1 and Q2, such that ℱ(Q1) ≤𝜔
𝐾 𝑈 and ℱ(Q2) ̸≤𝜔

𝐾 𝑈 .

In the case that ℱ𝑞(Q) ≤𝐾 𝑈 (namely without having to iterate 𝑗𝑈 ),
the fact that ℱ𝑞(Q) is the filter generated by ℱ(Q) and Q/𝑞 gives the next
simple proposition:

Proposition 2.25. Let Q be a forcing notion and 𝑈 be a 𝜎-complete ultra-
filter. Then the following are equivalent:

(1) for every 𝑞 ∈ Q, ℱ𝑞(Q) ≤𝐾 𝑈 .
(2)

⋂︀
𝑗𝑈“ℱ(Q) is dense in 𝑗𝑈“Q; namely every 𝑞 ∈ Q there is 𝑥 ∈⋂︀
𝑗𝑈“ℱ(Q) such that 𝑥 ≤ 𝑗𝑈 (𝑞).

Note that condition (2) above trivially holds if
⋂︀
𝑗𝑈“ℱ(Q) is dense in

𝑗𝑈 (Q).
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2.3. Strongly Compact Prikry forcing. Here we define the main forcing
of interesting in this paper, the strongly compact Prikry forcing. First a
brief reminder of some notions related to strong and supercompactness. For
cardinals 𝜅 < 𝜆, we let 𝑃𝜅(𝜆) = {𝑥 ⊆ 𝜆 : |𝑥| < 𝜅}. There is a natural
order on 𝑃𝜅(𝜆): we set 𝑥 ≺ 𝑦 iff 𝑥 ⊆ 𝑦 and |𝑥| < |𝜅 ∩ 𝑦|. An ultrafilter 𝒰
over 𝑃𝜅(𝜆) is fine if for all 𝛼 < 𝜆, {𝑥 ∈ 𝑃𝜅(𝜆) : 𝛼 ∈ 𝑥} ∈ 𝒰 . We say 𝒰 is
normal if 𝒰 is closed under diagonal intersections, that is whenever 𝐴𝛼 ∈ 𝑈
for 𝛼 < 𝜆, we have ∆𝛼𝐴𝛼 := {𝑥 ∈ 𝑃𝜅(𝜆) : 𝑥 ∈

⋂︀
𝛼∈𝑥𝐴𝛼} ∈ 𝒰 .

Definition 2.26. 𝜅 is 𝜆-strongly compact if there is a 𝜅-complete fine ul-
trafilter over 𝑃𝜅(𝜆). 𝜅 is 𝜆-supercompact if there is a 𝜅-complete normal,
fine ultrafilter over 𝑃𝜅(𝜆). 𝜅 is strongly compact (resp. supercompact) if
there is a 𝜅-complete fine (resp. normal) ultrafilter over 𝑃𝜅(𝜆) for all 𝜆 ≥ 𝜅.

Ultrapowers give us a useful characterization of strongly compact and
supercompact ultrafilters.

Proposition 2.27. Let 𝒰 be a 𝜎-complete ultrafilter over 𝑃𝜅(𝜆).

(1) 𝒰 is fine iff there is an 𝐴 ∈ 𝑀𝒰 of size < 𝑗(𝜅) such that 𝑗“𝜆 ⊆ 𝐴.
(2) 𝒰 is normal iff 𝑗“𝜆 = [id]𝒰 .

Now we define the strongly compact Prikry forcing. All facts about this
forcing we mention can found in [Git10].

Definition 2.28. Fix a fine, 𝜅-complete ultrafilter 𝒰 over 𝑃𝜅(𝜆). The
strongly compact Prikry forcing P𝒰 consists of trees 𝑇 such that:

(1) The elements of 𝑇 are finite, ≺-increasing sequences in 𝑃𝜅(𝜆).
(2) 𝑇 is a tree with the end-extension order.
(3) 𝑇 has a stem 𝑠, i.e. node 𝑠 ∈ 𝑇 such that for all 𝑡 ∈ 𝑇 , either 𝑡 ≤𝑇 𝑠

or 𝑠 ≤𝑇 𝑡.
(4) For every 𝑡 ≥𝑇 𝑠, succ𝑇 (𝑡) = {𝑥 ∈ 𝑃𝜅(𝜆) : 𝑡

⌢⟨𝑥⟩ ∈ 𝑇} ∈ 𝒰 .
For 𝑇, 𝑆 ∈ P𝒰 we say 𝑇 ≤ 𝑆 iff 𝑇 ⊆ 𝑆. If 𝑡, 𝑠 are the stems of 𝑇, 𝑆
respectively and 𝑛 = |𝑡| − |𝑠| we say 𝑇 is an 𝑛-step extension of 𝑆. If 𝑛 = 0
(so 𝑇 and 𝑆 share the same stem) we say 𝑇 is a direct extension 𝑆, and
write 𝑇 ≤* 𝑆.

Notation 2.29. For 𝑇 ∈ P𝒰 , we will usually write (𝑡, 𝑇𝑡), where 𝑡 is the
stem of 𝑇 and 𝑇𝑡 is the tree above 𝑇 (i.e. 𝑇𝑠 = {𝑠 ∖ 𝑡 | 𝑠 ∈ 𝑇, 𝑡 ≺ 𝑠}). We
also let the 𝑛th level of 𝑇 , denoted by ℒ𝑛(𝑇 ), be 𝑇 ∩ 𝑃𝜅(𝜆)

𝑛.

Note that ℒ𝑛(𝑇𝑡) form all possible 𝑛-step extensions of 𝑡. The following
fact follows immediately from the definition of 𝒰𝑛.

Fact 2.30. Let 𝒰 be a fine 𝜅-complete ultrafilter over 𝑃𝜅(𝜆). Suppose that
(𝑡, 𝑇 ) ∈ P𝒰 , then for every 𝑛, ℒ𝑛(𝑇 ) ∈ 𝒰𝑛. In the other direction, if 𝐴 ∈ 𝒰𝑛,
then there is a stem 𝑡 and a tree 𝑇 such that ℒ𝑛(𝑇 ) ⊆ 𝐴 and (𝑡, 𝑇 ) ∈ P𝒰 .

We note that in the case that 𝒰 is normal, there is a dense subset of P𝒰
where succ𝑇 (𝑡) is the same for all splitting notes 𝑡. In fact, every condition
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has a direct extension in this dense subset. Hence we may identify this dense
subset with the partial order of pairs (𝑠,𝐴) where 𝑠 is a finite, ≺-increasing
sequence of elements of 𝑃𝜅(𝜆) and 𝐴 ∈ 𝒰 . This is the usual presentation of
supercompact Prikry forcing, and we will call this partial order as such. As
a convention, when 𝒰 is normal we will always consider only conditions in
this dense subset and treat the conditions as pairs (𝑠,𝐴) instead of trees.

The usual Tree Prikry forcing and Prikry forcing with a normal measure
can be viewed as a particular case of the strongly compact and supercompact
Prikry forcings in the case 𝜅 = 𝜆. For a 𝜅-complete ultrafilter 𝑈 over 𝜅 we
denote by 𝑃𝑟(𝑈) the classical Prikry forcing from [Pri70].

A generic 𝐺 yields a sequence ⟨𝑥𝑛 : 𝑛 ∈ 𝜔⟩ ⊆ 𝑃𝜅(𝜆), and by genericity⋃︀
𝑛 𝑥𝑛 = 𝜆. So P𝒰 singularizes 𝜆, and in fact collapses all cardinals in the

interval (𝜅, 𝜆] to have cardinality 𝜅. Since any conditions with the same
stem are compatible, it’s easy to see that P𝒰 is 𝜆<𝜅-cc and so preserves all
cardinals above 𝜆<𝜅. 𝜅 itself is preserved and singularized by the sequence
⟨𝑥𝑛∩𝜅 : 𝑛 ∈ 𝜔⟩. The preservation of 𝜅 follows from the fact that no bounded
subsets of 𝜅 are added, which follows from the following property.

Lemma 2.31. (Prikry Property) Let 𝜙 be any statement of the forcing lan-
guage and 𝑇 ∈ P𝒰 . There is an 𝑆 ≤* 𝑇 such that 𝑆 ‖ 𝜙.

There is a strengthening of the Prikry property we will use:

Lemma 2.32. (Strong Prikry Property) Let 𝐷 ⊆ P𝒰 be open dense and
𝑇 ∈ P𝒰 . There is a 𝑆 ≤* 𝑇 and 𝑛 ∈ 𝜔 such that every 𝑛-step extension of
𝑆 in 𝐷.

In general, we can identify the Prikry sequence ⟨𝑥𝑛 : 𝑛 ∈ 𝜔⟩ and recover
one from the other. Thus it makes sense to discuss P𝒰 -generic sequences,
not only filters. We have the following characterization of generic sequences
which appears as Theorem 4.3 in [Ham97].

Lemma 2.33. Let 𝑉 ⊆ 𝑊 be two models of ZFC with ⟨𝑥𝑛 : 𝑛 ∈ 𝜔⟩ ∈ 𝑊 .
Then ⟨𝑥𝑛 : 𝑛 ∈ 𝜔⟩ is P𝒰 -generic over 𝑉 iff for all 𝐹 : <𝜔𝑃𝜅(𝜆) → 𝒰 in 𝑉 ,
there is an 𝑚 such that for all 𝑛 > 𝑚 we have 𝑥𝑛 ∈ 𝐹 (⟨𝑥𝑘 : 𝑘 < 𝑛⟩).

Recall in the case that 𝒰 is normal we treat conditions as pairs (𝑠,𝐴),
yielding a simpler characterization of Prikry-generic sequences: ⟨𝑥𝑛 : 𝑛 ∈ 𝜔⟩
is P𝒰 -generic iff for all 𝐴 ∈ 𝒰 there is an 𝑚 ∈ 𝜔 such that 𝑥𝑛 ∈ 𝐴 for all
𝑛 > 𝑚.

Finally, we will also use the Bukovsky-Dehornoy analysis of Prikry forcing
and iterated ultrapowers. A proof of this more general form can be found
in [Ham97].

Theorem 2.34. Let 𝒰 be a fine ultrafilter over 𝑃𝜅(𝜆). Let {𝑀𝑛, 𝑗𝑚,𝑛 : 𝑚 <
𝑛 ∈ 𝜔} be the iterated ultrapower of 𝑉 by 𝒰 of length 𝜔. Consider the
sequence

𝑆 = {𝑗𝑛+1,𝜔([id]𝒰𝑛) : 𝑛 < 𝜔}
Then 𝑆 is 𝑗0,𝜔(P𝒰 )-generic over 𝑀𝜔.
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Furthermore, if 𝑋 = {𝑥𝑛 : 𝑛 ∈ 𝜔} is a sequence 𝑗0,𝜔(P𝒰 )-generic over
𝑀𝜔 then for all but finitely many 𝑛, 𝒰 = 𝑈(𝑥𝑛, 𝑗0,𝜔).

3. Intermediate models of the strongly compact forcing

In this section we study the connection between the Rudin-Keisler/Katětov
predecessors of the ultrafilters used in a Prikry forcing and subforcings of
that Prikry forcing. We start with the class of 𝜎-distributive forcings:

Proposition 3.1. Let 𝒰 be a 𝜅-complete fine ultrafilter on 𝑃𝜅(𝜆), where
𝜆 ≥ 𝜅. If Q is a projection of P𝒰 , then:

(1) Q is (𝜅, 𝜆)-centered.
(2) If Q is 𝜎-distributive then Q is 𝜅-distributive.

Proof. (1) follows from P𝒰 being (𝜅, 𝜆)-linked and 2.11. For (2), see [BGH24,
Proposition 12]. □

The following theorem is about 𝜅-distributive forcings (by Corollary 2.23):

Theorem 3.2. Suppose that Q is a forcing notion such that for every 𝑞 ∈ Q,
ℱ𝑞(Q) ≤𝜔

𝐾 𝒰 . Then there is a weak projection from P𝒰 to Q.

Proof. Let 𝒰 be a fine 𝜅-complete ultrafilter on 𝑃𝜅(𝜆). For every 𝑞, let
𝑛 = 𝑛𝑞 be minimal such that ℱ𝑞(Q) ≤𝐾 𝒰𝑛 and let 𝑔𝑞 : [𝑃𝜅(𝜆)]

𝑛 → Q
witness that. Then:

(1) ℱ𝑞(Q) ⊆ (𝑔𝑞)*(𝒰𝑛).
(2) We may assume that Im(𝑔𝑞) ⊆ Q/𝑞.

First we note that if 𝑞1 ≥ 𝑞2 then 𝑛𝑞1 ≤ 𝑛𝑞2 ; this follows from the minimality
and Fact 2.22(3). Now define for each 𝑝 = (𝑥1, 𝑥2, ..., 𝑥𝑛, 𝑇 ) its projection
as follows: If 𝑛 < 𝑛1lQ , set 𝜋(𝑝) = 1lQ. Generally, we define recursively a

decreasing sequence of conditions 𝑞𝑝𝑘 and non decreasing numbers 0 ≤ 𝑚𝑘 ≤
𝑛 for 0 ≤ 𝑘 ≤ 𝑛. At the end we will set 𝜋(𝑝) = 𝑞𝑝𝑛. We set 𝑞𝑝0 = 1lQ and
𝑚0 = 0. Suppose that 𝑞𝑝𝑘,𝑚𝑘 were defined for 1 ≤ 𝑘 < 𝑛 and let us define
𝑞𝑝𝑘+1,𝑚𝑘+1. Consider 𝑛𝑞𝑝𝑘

. If 𝑘 < 𝑛𝑞𝑝𝑘
+𝑚𝑘 set 𝑞

𝑝
𝑘+1 = 𝑞𝑝𝑘 and𝑚𝑘+1 = 𝑚𝑘 and

note that 𝑛𝑞𝑝𝑘
= 𝑛𝑞𝑝𝑘+1

(hence the sequence is piecewise constant). Otherwise,

if 𝑘 = 𝑛𝑞𝑝𝑘
+𝑚𝑘, then (𝑥𝑚𝑘+1, ..., 𝑥𝑘) is an 𝑛𝑞𝑝𝑘

-tuple, and thus we can set

𝑞𝑝𝑘+1 := 𝑔𝑞𝑝𝑘
(𝑥𝑚𝑘+1, ..., 𝑥𝑘), and 𝑚𝑘+1 := 𝑛𝑞𝑝𝑘

+𝑚𝑘.

Then by (2), 𝑞𝑝𝑘+1 ≤ 𝑞𝑝𝑘. We say that 𝑝 has no residue if 𝑛 = 𝑚𝑛.

Note that 𝑞𝑝1 ≥ 𝑞𝑝2 ≥ ... ≥ 𝑞𝑝𝑛. Also note that if 𝑞 = (𝑡, 𝑇 ) ≥ (𝑠, 𝑆) = 𝑝,
then since 𝑠 ⊑ 𝑡, we will have that (𝑞𝑝1 , ..., 𝑞

𝑝
|𝑠|) ⊑ (𝑞𝑞1, ..., 𝑞

𝑞
|𝑡|). Hence 𝜋(𝑝) ≥

𝜋(𝑞). Now suppose that 𝑝 = (𝑡, 𝑇 ) ∈ P and𝐷 is dense open in Q. Extend 𝑝 if
necessary so that 𝑝 has no residue. Then by (1), 𝑔−1

𝜋(𝑝)[𝐷]∩Q/𝜋(𝑝) ∈ 𝒰𝑛𝜋(𝑝) .

Find any 𝑠 ∈ ℒ𝑛𝜋(𝑝)
(𝑇 )∩𝑔−1

𝜋(𝑝)[𝐷]∩Q/𝜋(𝑝) and consider (𝑡⌢𝑠, 𝑇𝑠) ≤ 𝑝. Then,

since 𝑝 has no residue, and by definition of 𝜋, 𝜋((𝑡⌢𝑠, 𝑇𝑠𝑠)) = 𝑔𝜋(𝑝)(𝑠) ∈
𝐷. It follows that 𝜋−1[𝐷] is dense in P, hence by Fact 2.5, 𝜋 is a weak
projection. □
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Note that the projection defined in the previous theorem depends only
on the stem of the condition. This will be addressed again in the Section 5.

Remark 3.3. If Q has a dense subset of cardinality 𝜆, then by changing 𝑔1lQ
on a null set of cardinality 𝜆, we can ensure that Im(𝑔1lQ) is dense. This
ensures that Im(𝜋) is dense, which implies (by Fact 2.5) that 𝜋 is in fact a
full projection. In general, the previous theorem cannot be improved to a
full projection, for example an extremely large disjoint sum of copies of the
trivial single atom forcing will have ℱ𝑞(Q) ≤𝜔

𝐾 𝒰 but cannot be a projection
of P𝒰 since it has an extremely large chain condition.

Definition 3.4. We say that Q is 𝜆-pregenerated if ℱ(Q) is 𝜆-generated.

Fact 3.5. If Q is 𝜇-cc then Q is |Q|<𝜇-pregenerated.

Proof. Every dense set contains a maximal antichain which is a subset of Q
of size <𝜇. □

Corollary 3.6 (Folklore). Let 𝒰 be a fine measure over 𝑃𝜅(𝜆). Every 𝜅-
distributive forcing which is 𝜆-pregenerated is a weak projection of P𝒰 .

Proof. Let Q be a 𝜅-distributive 𝜆-pregenerated forcing. Let 𝒰 be a strongly
compact measure on 𝑃𝜅(𝜆), and let 𝑗𝒰 : 𝑉 → 𝑀𝒰 be the ultrapower em-
bedding. By 𝜆-strong compactness, there is 𝑥 ∈ 𝑀𝒰 , 𝑀𝒰 |= |𝑥| < 𝑗𝒰 (𝜅)
such that 𝑗𝒰“𝜆 ⊆ 𝑥. By definition, there is a generating family 𝒞 for ℱ(Q)
of size 𝜆. Via appropriate coding, we can find 𝑥* ∈ 𝑀𝒰 of size <𝑗𝒰 (𝜅),
𝑗𝒰“𝒞 ⊆ 𝑥* ⊆ ℱ(𝑗𝒰 (Q)). By Fact 2.22, since Q is 𝜅-distributive, ℱ(Q) is a
𝜅-complete. Hence, by elementarity, ℱ(𝑗𝒰 (Q)) is 𝑗𝒰 (𝜅)-complete in 𝑀𝒰 . It
follows that

⋂︀
𝑥* ∈ ℱ(𝑗𝒰 (Q)) is dense and also

⋂︀
𝑗𝒰“ℱ(Q) is dense in 𝑗𝒰“Q.

By Proposition 2.25, we conclude that for every 𝑞 ∈ Q, ℱ𝑞(Q) ≤𝐾 𝒰 . By
Theorem 3.2, P𝒰 weakly projects to Q. □

Similar to Remark 3.3, the previous corollary gives a full projection in
case the forcing Q has a dense subset of cardinality at most 𝜆.

Corollary 3.7. Suppose that 𝜅 is 𝜆-supercompact and 𝜇 ≤ 𝜆 is a car-
dinal. Then for any 𝜅-distributive forcing Q of cardinality 𝜇 which is 𝜆-
pregenerated, there is a 𝜇-strongly compact measure 𝒰 such that P𝒰 projects
onto Q.

Proof. Since |Q| = 𝜇, let us assume without loss of generality that Q = 𝜇.
Of course we may assume that 𝜇 ≥ 𝜅 (by the 𝜅-distributivity), and we may
also assume that for every dense set 𝐷 ∈ ℱ𝑞(Q), |𝐷| = 𝜇 (otherwise we
move to the minimal 𝜇′ such that there is a dense subset of Q of cardinality
𝜇). Let 𝑗 : 𝑉 → 𝑀 be a 𝜆-supercompact embedding. By the 𝜆-pregenerated
assumption, let 𝒞𝑞 ⊆ ℱ𝑞(Q) be generating of size 𝜆. Hence 𝑗“𝒞𝑞 ∈ 𝑀 . By
𝜅-distributivity (and 𝑗(𝜅)-distributivity of 𝑗(Q)), there is 𝑥𝑞 ∈

⋂︀
𝑗“𝒞𝑞 ⊆⋂︀

𝑗“ℱ𝑞(Q). Notice that since every dense open set of Q has cardinality 𝜇,
we can choose that sequence 𝑥𝑞 increasing above sup 𝑗“𝜇. Consider 𝑥⃗ = {𝑥𝑞 :
𝑞 ∈ 𝜇} and notice that since 𝜇 ≤ 𝜆, and since 𝑀≤𝜆 ⊆ 𝑀 , 𝑥⃗ ∈ 𝑀 . We can
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now derive a measure 𝒰 from 𝑗“𝜇∪𝑥⃗ (this has order type 𝜇+𝜇). Notice that
𝑗“𝜇∪𝑥⃗ ∈ 𝑃𝑗(𝜅)(𝑗(𝜇)), and therefore 𝒰 is a fine 𝜅-complete measure on 𝑃𝜅(𝜇).
There is a factor map 𝑘 : 𝑀𝒰 → 𝑀 defined by 𝑘([𝑓 ]𝒰 ) = 𝑗(𝑓)(𝑗“𝜇 ∪ 𝑥⃗). We
have that 𝑘([𝑖𝑑]𝒰 ) = 𝑗“𝜇 ∪ 𝑥⃗, and [𝑖𝑑]𝒰 ∩ sup(𝑗𝒰“𝜇) = 𝑗𝒰“𝜇, which means
that 𝑀𝒰 is closed under 𝜇-sequences (see e.g. [Gol22]). We have that for
every 𝑖 < 𝜇, the 𝜇+𝑖 element of [𝑖𝑑]𝒰 is mapped under 𝑘 to the 𝜇+𝑖 element
of 𝑗“𝜇 ∪ 𝑥⃗ which is just 𝑥𝑖. Hence 𝑥𝑖 = 𝑘(𝑦𝑖) for some 𝑦𝑖. This is enough
to show that 𝑦𝑞 ∈

⋂︀
𝑗𝒰“ℱ𝑞(Q). Finally, we conclude that ℱ𝑞(Q) ≤𝐾 𝒰 and

use Theorem 3.2 (and Remark 3.3). □

To see a concrete corollary, we have the following:

Corollary 3.8. Suppose that 𝜅 is 𝜅++-supercompact, 2𝜅 = 𝜅+ and 2𝜅
+
=

𝜅++. Then Col(𝜅, 𝜅+) and Add(𝜅+, 1) are projections of P𝒰 for some 𝜅+-
strongly compact measure 𝒰 over 𝑃𝜅(𝜅

+).

Without a small generating set for the filter of dense open sets, we can
say the following:

Theorem 3.9. Suppose |Q| ≤ 𝜆 and 𝒰 is a fine 𝜅-complete ultrafilter on
𝑃𝜅(𝜆). Suppose further that 𝜋 : P𝒰 → Q is a weak projection. Then

1l ⊩P𝒰 “𝜋“𝐺̇ is generated by countably many elements”.

Proof. We may assume that Q = 𝜆. Let ⟨𝑗𝑛,𝑚 : 𝑀𝑛 → 𝑀𝑚 : 𝑛 < 𝑚 ≤ 𝜔⟩
be the iterated ultrapower of 𝑉 by 𝑈 . Let 𝑐𝑛 = [id]𝑗0,𝑛(𝒰). Let 𝑝 ∈ P𝑈 , we

will show that there is a 𝑀𝜔-generic filter 𝐺𝜔 ⊆ 𝑗𝜔(P) which includes 𝑗𝜔(𝑝)
such that 𝑗𝜔(𝜋)“𝐺𝜔 is generated by a countable set in 𝑀𝜔[𝐺𝜔]. Then we

use elementarity to conclude that 𝑝 ̸⊩P𝒰 “𝜋“𝐺̇ is not countably generated”,
and since 𝑝 was arbitrary, the lemma follows.

Suppose that 𝑝 = (𝑡0, 𝑇0), and note that for each 𝑛 < 𝜔,

(𝑗𝜔(𝑐0), ..., 𝑗𝜔(𝑐𝑛−1)) ∈ ℒ𝑛(𝑗𝜔(𝑇0)).

Letting 𝐺𝜔 be the filter generated by the sequence 𝑡0
⌢(𝑗𝜔(𝑐0), 𝑗𝜔(𝑐1), ...), we

see that 𝑗𝜔(𝑝) ∈ 𝐺𝜔 (this is generic by Theorem 2.34). Suppose without
loss of generality that 𝑡0 = ∅, and recall that 𝑀𝜔[𝐺𝜔] =

⋂︀
𝑛<𝜔 𝑀𝑛. Let

𝐻𝜔 ⊆ 𝑗𝜔(Q) be the 𝑀𝜔-filter generic over 𝑀𝜔 generated by the projection
of 𝐺𝜔, namely, 𝐻𝜔 = 𝑗𝜔(𝜋)“𝐺𝜔. We will construct a decreasing sequence of
conditions ⟨𝑞𝑛 : 𝑛 < 𝜔⟩ ⊆ 𝑗0,𝜔(Q) which generates 𝐻𝜔.

In 𝑀𝑛 we can define

𝐹𝑛 = {𝑞 ∈ 𝑗0,𝑛(Q) : ∃𝑇 𝑗0,𝑛(𝜋)(⟨𝑐0, . . . , 𝑐𝑛−1, 𝑇 ⟩) ≤ 𝑞} ⊆ 𝑗0,𝑛(𝜆)

By strong compactness there is 𝑥𝑛 ∈ 𝑀𝑛+1 such that |𝑥𝑛| < 𝑗0,𝑛+1(𝜅) such

that 𝑗𝑛,𝑛+1“𝐹𝑛 ⊆ 𝑥𝑛. Also note that 𝑗−1
𝑛+1,𝜔[𝐻𝜔] ∈ 𝑀𝑛+1, hence

𝑌𝑛 := 𝑥𝑛 ∩ 𝑗−1
𝑛+1,𝜔[𝐻𝜔] ∈ 𝑀𝑛+1.

Since the critical point of 𝑗𝑛+1,𝜔 is 𝑗0,𝑛+1(𝜅) > |𝑌𝑛|, we have that

𝑌 *
𝑛 := 𝑗𝑛+1,𝜔“𝑌𝑛 = 𝑗𝑛+1,𝜔(𝑌𝑛) ∈ 𝑀𝜔.
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Since 𝐻𝜔 is the projection of 𝐺𝜔, 𝑗𝑛,𝜔“𝐹𝑛 ⊆ 𝐻𝜔, hence

𝑗𝑛,𝜔“𝐹𝑛 = 𝑗𝑛+1,𝜔“𝑗𝑛,𝑛+1“𝐹𝑛 ⊆ 𝑗𝑛+1,𝜔“𝑌𝑛 = 𝑌 *
𝑛 .

Now, working in 𝑀𝜔[𝐻𝜔], we have the sequence ⟨𝑌 *
𝑛 : 𝑛 < 𝜔⟩, and we

can pick inductively a decreasing sequence 𝑞0 ≥ 𝑞1 ≥ 𝑞2 . . . in 𝐻𝜔, such that
𝑞𝑛 ⊩𝑗0,𝜔(Q) 𝑌

*
𝑛 ⊆ 𝐻̇𝜔. Then {𝑞𝑛 : 𝑛 < 𝜔} generates 𝐻𝜔, indeed, if 𝑞 ∈ 𝐻𝜔

then 𝑗0,𝜔(𝜋)(𝑝) ≤ 𝑞 for some 𝑝 ∈ 𝐺𝜔. We can then find 𝑛 large enough so that
𝑝 = 𝑗𝑛,𝜔(⟨𝑐0, ..., 𝑐𝑛−1, 𝑇 ⟩) for some 𝑇 which is 𝑗0,𝑛(𝒰)-fat tree and 𝑞 = 𝑗𝑛,𝜔(𝑞

′)
for some 𝑞′ ∈ 𝑗0,𝑛(Q). By elementarity, 𝑞′ ≥ 𝑗0,𝑛(𝜋)(⟨𝑐0, ..., 𝑐𝑛−1, 𝑇 ⟩) and
therefore 𝑞′ ∈ 𝐹𝑛 and 𝑞 ∈ 𝑗𝑛,𝜔“𝐹𝑛. Hence 𝑞𝑛 ≤ 𝑞. □

Remark 3.10.

(1) Even without assuming |Q| ≤ 𝜆 we always decompose the generic
for 𝑗0,𝜔(Q) inside 𝑀𝜔[𝐺𝜔] as a union of countably many pieces, but
these pieces may not be in the ground model 𝑀𝜔 and we may not
be able to create a generic from that decomposition.

(2) The previous proof can be performed locally, namely, if 𝑞 ∈ Q is a
condition such that for some 𝑝 ∈ P𝒰 , 𝜋(𝑝) ≤ 𝑞, then we can ensure
that 𝑗0,𝜔(𝑞) ∈ 𝐻𝜔. In particular, if 𝜋 is a projection (i.e. Im(𝜋) is
dense), then for every condition 𝑞 ∈ Q we can construct a generic
𝐻𝜔 which will include 𝑗0,𝜔(𝑞).

(3) Following [BGH24, Thm.13] and its succeeding remark, if Q is 𝜅-
distributive, then we can find 𝑛 < 𝜔 such that some condition 𝑞* ∈
𝑗0,𝑛(Q) will enter every set of the form 𝑗0,𝑛(𝐷), where 𝐷 ∈ ℱ(Q).
This in particular implies that ℱ(Q) ≤𝜔

𝐾 𝒰 .
(4) Following (2), (3), if there is a projection of P𝒰 to Q, then for every

𝑞 ∈ Q, ℱ𝑞(Q) ≤𝜔
𝐾 𝒰 .

Corollary 3.11. Let 𝒰 be a fine 𝜅-complete measure over 𝑃𝜅(𝜆), and let Q
be a forcing of cardinality ≤ 𝜆. Then the following are equivalent:

(1) For every 𝑞 ∈ Q, ℱ𝑞(Q) ≤𝜔
𝐾 𝒰 .

(2) Q is a 𝜅-distributive projection of P𝒰 .

What does being a projection mean for non 𝜅-distributive forcings of
cardinality 𝜆 in terms of the Rudin-Keisler order? For example, ℱ(𝑃𝑟(𝑈))?

Let fin denote the ideal of finite subsets of 𝜔. We say that 𝑈 ≤fin
𝑅𝐾

𝑊 if there is a sequence of ultrafilters 𝑊𝑛 ≤𝑅𝐾 𝑊𝑚𝑛 such that 𝑈 =
(fin)*- lim𝑊𝑛. Given a filter 𝐹 , we denote by 𝐹 ≤fin

𝐾 𝑊 if 𝐹 extends to

an ultrafilter 𝑈 such that 𝑈 ≤fin
𝑅𝐾 𝑊 . Given a sequence 𝑥1, 𝑥2, ... ∈ 𝑀𝑊

𝜔 ,
and 𝑋 ∈ 𝑉 is such that for every 𝑖, 𝑥𝑖 ∈ 𝑗𝑊𝜔 (𝑋), we define FIN(𝑗𝜔, 𝑥⃗) = 𝐹
over 𝑋 by 𝐴 ∈ 𝐹 iff ∃𝑁∀𝑛 ≥ 𝑁 , 𝑥𝑛 ∈ 𝑗𝑊0,𝜔(𝐴).

Proposition 3.12. 𝑈 ≤fin
𝑅𝐾 𝑊 iff there are 𝑥0, 𝑥1, ...𝑥𝑛, ... ∈ 𝑀𝑊

𝜔 such that
𝑈 = FIN(𝑗𝑊𝜔 , 𝑥⃗).

Proof. If 𝑊𝑛 ≤𝑅𝐾 𝑊𝑚𝑛 , then there is 𝑦𝑛 ∈ 𝑀𝑊
𝑚𝑛

such that 𝐴 ∈ 𝑊𝑛 iff

𝑦𝑛 ∈ 𝑗𝑊0,𝑚𝑛
(𝐴). Let 𝑥𝑛 = 𝑗𝑊𝑚𝑛,𝜔(𝑦𝑛). Then 𝐴 ∈ 𝑊𝑛 iff 𝑥𝑛 ∈ 𝑗𝑊0,𝜔(𝐴).
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Hence 𝐴 ∈ (fin)*- lim𝑊𝑛 iff ∃𝑁∀𝑛 ≥ 𝑁 , 𝐴 ∈ 𝑊𝑛 namely 𝑗𝑊0,𝜔(𝐴) contains

a tail of the 𝑥𝑛’s. In the other direction, if 𝑈 = FIN(𝑗𝑊𝜔 , 𝑥⃗), then for
each 𝑛, there is 𝑚𝑛 such that 𝑥𝑛 = 𝑗𝑊𝑚𝑛,𝜔(𝑦𝑛) for some 𝑦𝑛 ∈ 𝑀𝑚𝑛 . Let

𝑊𝑛 = 𝑈(𝑗𝑊0,𝑚𝑛
, 𝑦𝑛). Then 𝑊𝑛 ≤𝑅𝐾 𝑊𝑚𝑛 and 𝐴 ∈ (fin)*- lim𝑊𝑛 if and only

if for a tail of 𝑛’s 𝑦𝑛 ∈ 𝑗𝑊0,𝑚𝑛
(𝐴) which is if and only if 𝑥𝑛 ∈ 𝑗𝑊0,𝜔(𝐴). Hence

𝑈 = (fin)*- lim𝑊𝑛. □

Given a sequence of ultrafilters over Q, 𝑈0, 𝑈1, ..., 𝑈𝑛−1, we say that
(𝑈0, ..., 𝑈𝑛−1) is an adequate sequence if

{(𝑞0, ..., 𝑞𝑛−1) | 𝑞0 ≥ 𝑞1 ≥ ... ≥ 𝑞𝑛−1} ∈ 𝑈0 · 𝑈1 · ... · 𝑈𝑛−1.

A sequence 𝑈0, 𝑈1, 𝑈2, .. is adequate if for each 𝑛, (𝑈0, .., 𝑈𝑛) is adequate.

Definition 3.13. Given a forcing Q, we say that 𝑈 on Q is strongly fin-
RK below 𝑊 , denoted by 𝑈 ≤fin

𝑠𝑅𝐾 𝑊 if there is an adequate sequence

𝑊𝑛 ≤𝑅𝐾 𝑊 , such that 𝑈 = fin - lim𝑊𝑛. Similarly, we say that 𝐹 ≤fin
𝑠𝐾 𝑊 if

there is 𝑈 ≤fin
𝑠𝐾 𝑊 such that 𝐹 ⊆ 𝑈 .

The proof of the following lemma is immediate:

Lemma 3.14. 𝑈 ≤fin
𝑠𝑅𝐾 𝑊 iff there is decreasing sequence 𝑞0 ≥ 𝑞1 ≥ ... ∈

𝑗0,𝜔(Q) such that 𝑈 = FIN(𝑗𝑊𝜔 , 𝑥⃗).

□
We are now ready to prove the equivalent condition to the existence of a

weak projection:

Theorem 3.15. Let Q be a forcing notion with |Q| ≤ 𝜆 and 𝒰 is a fine
𝜅-complete ultrafilter on 𝑃𝜅(𝜆). The following are equivalent

(I) ℛ𝒪(Q) is a weak projection of P𝒰 .
(II) ℱ(Q) ≤fin

𝑠𝐾 𝒰 .

Before the proof of the theorem we need the following Lemma for iterated
ultrapowers:

Lemma 3.16. Suppose that 𝑈 is a 𝜎-complete ultrafilter in some model 𝑀0,
and let (𝑗𝑈𝑛,𝑚 : 𝑀𝑛 → 𝑀𝑚 : 𝑛 ≤ 𝑚 ≤ 𝜔) be the 𝜔th-iteration of 𝑈 .

(1) For any 𝑛,𝑚, 𝑗𝑈0,𝑛(𝑗
𝑈
0,𝑚) = 𝑗𝑈𝑛,𝑛+𝑚.

(2) For every 𝑛, 𝑗𝑈0,𝑛(𝑗
𝑈
0,𝜔) = 𝑗𝑈𝑛,𝜔.

(3) For every 𝑚 ≤ 𝑛, 𝑗𝑈𝑚,𝑛(𝑗𝑚,𝜔) = 𝑗𝑈𝑛,𝜔.
(4) If 𝑚 ≤ 𝑛, then for any 𝑥 ∈ 𝑀𝑚, 𝑗𝑚,𝑛(𝑗𝑚,𝜔(𝑥)) = 𝑗𝑚,𝜔(𝑥).

Proof of Lemma. By elementarity, 𝑗𝑈0,𝑛(𝑗
𝑈
0,𝑚) = 𝑗

𝑗𝑈0,𝑛(𝑈)

0,𝑚 is defined to be the

𝑚th-iteration of 𝑀𝑛 by 𝑗𝑈0,𝑛(𝑈). Namely, the iterated ultrapower by the

measures 𝑗𝑈0,𝑛(𝑈), 𝑗𝑈0,𝑛+1(𝑈), ..., 𝑗𝑈0,𝑛+(𝑚−1)(𝑈) which is exactly the continua-

tion of the iteration of 𝑈 from 𝑀𝑛 to 𝑀𝑛+𝑚. Item (2) follows immediately



18 BENHAMOU, THEI, AND WELTSCH

from (1). (3) follows by applying (2) in the model 𝑀𝑚. For (4), we use item
(3)

𝑗𝑈𝑚,𝑛(𝑗
𝑈
𝑚,𝜔(𝑥)) = 𝑗𝑈𝑚,𝑛(𝑗

𝑈
𝑚,𝜔)(𝑗𝑚,𝑛(𝑥)) = 𝑗𝑈𝑛,𝜔(𝑗

𝑈
𝑚,𝑛(𝑥)) = 𝑗𝑈𝑚,𝜔(𝑥)

□

Proof of Thm 3.15. Assume (𝐼), then by Theorem 3.9, there is 𝑞0 ≥ 𝑞1...
elements of 𝑗𝜔(Q) which generates an 𝑀𝜔-generic filter 𝐻𝜔. We claim that
ℱ(Q) ⊆ FIN(𝑗𝜔, 𝑞⃗) which by Lemma 3.14 implies that ℱ(Q) ≤fin

𝑠𝐾 𝒰 . Indeed,
if 𝐷 ∈ ℱ(Q), then 𝑗𝜔(𝐷) ∈ 𝑀𝜔 is dense open and therefore 𝑗𝜔(𝐷)∩𝐻𝜔 ̸= ∅.
Since the 𝑞𝑛’s are generating, there is 𝑁 such that 𝑞𝑁 ∈ 𝑗𝜔(𝐷) ∩ 𝐻𝜔, and
since 𝐷 is open, for all 𝑛 ≥ 𝑁 , 𝑞𝑛 ∈ 𝑗𝜔(𝐷). By definition, this means that
𝐷 ∈ FIN(𝑗𝜔, 𝑞⃗).

In the other direction, assume (𝐼𝐼), namely that ℱ(Q) ≤fin
𝑠𝐾 𝒰 , and let

⟨𝑞𝑛 | 𝑛 < 𝜔⟩ ⊆ 𝑗𝜔(Q) be a decreasing sequence such that ℱ(Q) ⊆ FIN(𝑗𝜔, 𝑞⃗).
By adding 1lQ to the sequence, if necessary, we may assume without loss of
generality that 𝑞0 = 1l𝑗𝜔(Q). Let 𝑝𝑛 and 𝑚𝑛 be such that 𝑝𝑛 ∈ 𝑀𝑚𝑛 and

𝑗𝑚𝑛,𝜔(𝑝𝑛) = 𝑞𝑛 (hence 𝑝0 = 1lQ and 𝑚0 = 0). In 𝑉 , consider 𝑞⃗0 = ⟨𝑞𝑛 | 𝑛 <
𝜔⟩. Let 𝑞⃗1 := ⟨𝑗0,𝑚1(𝑞𝑛) | 𝑛 < 𝜔⟩. By elementarity of 𝑗0,𝑚1 , 𝑞⃗

1 diagonalizes
𝑗0,𝑚1(𝑗0,𝜔)(𝐷) for every 𝐷 ∈ 𝑗0,𝑚1(ℱ(Q)). By Lemma 3.16(2), 𝑗0,𝑚1(𝑗0,𝜔) =
𝑗𝑚1,𝜔, hence 𝑞⃗

1 diagonalizes 𝑗𝑚1,𝜔(𝐷) for every 𝐷 ∈ ℱ(𝑗0,𝑚1(Q)). We would
like to note here that by (4),

𝑞10 = 𝑗0,𝑚1(𝑞
0
0) = 𝑗0,𝑚1(𝑗0,𝜔(𝑝0))) = 𝑗0,𝜔(𝑝0) = 𝑞00.

Next let

𝑞⃗2 = ⟨𝑗𝑚1,𝑚2(𝑞
1
𝑛) | 𝑛 < 𝜔⟩ = ⟨𝑗0,𝑚2(𝑞

0
𝑛) | 𝑛 < 𝜔⟩.

By elementarity, for every 𝐷 ∈ 𝑗0,𝑚2(ℱ(Q)), 𝑗𝑚2,𝜔(𝐷) is diagonalized by 𝑞⃗2.
Also, for 𝑖 < 2 we have

𝑞2𝑖 = 𝑗0,𝑚2(𝑞
0
𝑖 ) = 𝑗0,𝑚𝑖(𝑗𝑚𝑖,𝑚2(𝑗𝑚𝑖,𝜔(𝑝𝑖)) = 𝑗0,𝑚𝑖(𝑗𝑚𝑖,𝜔(𝑝𝑖)) = 𝑗0,𝑚𝑖(𝑞

0
𝑖 ) = 𝑞𝑖𝑖

We define 𝑞⃗𝑛 similarly. Set 𝑞*𝑛 = 𝑞⃗𝑛
𝑛(= 𝑞⃗𝑛

𝑛+1 = 𝑞⃗𝑛
𝑛+2 = . . . ). Let us

show that 𝑞⃗* diagonalizes 𝑗0,𝜔(ℱ(Q)), namely the filter generated by 𝑞⃗* is
𝑀𝜔-generic. Let 𝐷 ∈ 𝑗0,𝜔(ℱ(Q)), then 𝐷 = 𝑗𝑚𝑛,𝜔(𝐷0) for some 𝑛 large
enough. Then by the property of 𝑞⃗𝑛, there is 𝑁 such that for every 𝑚 ≥ 𝑁 ,
𝑞𝑛𝑚 ∈ 𝑗𝑚𝑛,𝜔(𝐷). Hence 𝑞𝑚𝑚 = 𝑗𝑚𝑛,𝑚𝑚(𝑞

𝑛
𝑚) ∈ 𝑗𝑚𝑛,𝑚𝑚(𝐷0) and 𝑗𝑚𝑚,𝜔(𝑞

𝑚
𝑚) =

𝑞𝑚𝑚 ∈ 𝐷. Hence 𝑞⃗* diagonalizes 𝑗𝜔(ℱ(Q)). Finally, by elementarity, we see
that in any generic extension of P𝒰 we have a generic for Q, and therefore,
by Fact 2.6, there is a weak projection of P𝒰 to ℛ𝒪(Q). □

Remark 3.17. The previous theorem, together with Remark 3.10 shows that
the existence of a projection from P𝒰 to ℛ𝒪(Q) is equivalent to ℱ𝑞(Q) ≤fin

𝑠𝐾
𝒰 for every 𝑞 ∈ Q.
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4. Predistributive Forcings

In this section we would like to find a combinatorial characterization for
the forcing notions of size 𝜆 which are projections of P𝒰 where 𝒰 is some
fine measure over 𝑃𝜅(𝜆).

Towards this goal, we introduce the notion of (𝜔, 𝜅)-predistributivity and
show that it characterizes intermediate models of a broad class of Prikry-
type forcings. The precise statement is given in Theorem 4.13 below. We
begin by presenting the relevant definitions and discussing their applications.

Definition 4.1. Let 𝜅 be an uncountable cardinal. A poset P is (𝜔, 𝜅)-
predistributive if for each 𝑝 ∈ P and for each ⟨𝐷𝛼 : 𝛼 < 𝛾⟩ ∈ <𝜅ℱ(P), there
are 𝑞 ≤ 𝑝 and ⟨𝑑𝑛 : 𝑛 < 𝜔⟩ ∈ 𝜔ℱ(P/𝑞) such that for each 𝛼 < 𝛾 there is
𝑛 < 𝜔 with 𝑑𝑛 ⊆ 𝐷𝛼.

Observe that P is (𝜔, 𝜅)-predistributive if and only if ℛ𝒪(P) is (𝜔, 𝜅)-
predistributive. Moreover, if P is (𝜔, 𝜅)-predistributive, so is P/𝑝 for each 𝑝 ∈
P. It is well known (see Corollary 3.6) that 𝜅-distributive forcings embed into
supercompact Prikry forcing as well as some Priky-type forcings. The next
proposition shows that the class of (𝜔, 𝜅)-predistributive forcings catches
all these examples under a uniform definition. We will see later that every
forcing in this class is a projection of the strongly compact (supercompact)
Prikry forcing. To give a precise formulation of the following proposition,
we refer to the class of Σ-Prikry forcings, whose definition is technically
involved. For a complete account, we refer the reader to [PRS21, PRS22]
and [PRS23]. To help the reader navigate the section, we focus only on the
properties of Σ-Prikry forcing that are needed for the proof of Proposition
4.2(2) below. Accordingly, letting Σ be a non-decreasing sequence ⟨𝜅𝑛 : 𝑛 <
𝜔⟩ of regular uncountable cardinals, a Σ-Prikry forcing P is equipped with a
surjection ℓ : P → 𝜔 such that for all 𝑝, 𝑞 ∈ P if 𝑝 ≤ 𝑞 then ℓ(𝑝) ≥ ℓ(𝑞), and
for all 𝑝 ∈ P, there is 𝑞 ∈ P with ℓ(𝑞) = ℓ(𝑝)+1. Whenever 𝑚 ≥ 𝑛, the poset
(P𝑚,≤*) is 𝜅𝑛-closed, where 𝑝 ≤* 𝑞 ⇐⇒ 𝑝 ≤ 𝑞 ∧ ℓ(𝑝) = ℓ(𝑞) and P𝑚 :=
{𝑝 ∈ P : ℓ(𝑝) = 𝑚}. Similarly, one defines P𝑞

≥𝑚 := {𝑝 ∈ P/𝑞 : ℓ(𝑝) ≥ 𝑚}.
Finally, every Σ-Prikry forcing P has the Strong Prikry Property ; i.e., for all
𝐷 ∈ ℱ(P) and all 𝑝 ∈ P there are 𝑞 ≤* 𝑝 and 𝑚 < 𝜔 such that P𝑞

≥𝑚 ⊆ 𝐷.
Examples of Σ-Prikry forcings include Prikry forcing, Supercompact Prikry

forcing, Diagonal Supercompact Prikry forcing [GS08], AIM forcing [CFM+18],
and Merimovich Supercompact Extender-Based Prikry forcing [Mer17].

Proposition 4.2.

(1) Every 𝜅-distributive forcing is (𝜔, 𝜅)-predistributive.
(2) Every Σ-Prikry forcing is (𝜔, supΣ)-predistributive.

Proof. (1) If P is 𝜅-distributive, 𝑝 ∈ P and ⟨𝐷𝛼 : 𝛼 < 𝛾⟩ ∈ <𝜅ℱ(P), then
𝐸 :=

⋂︀
𝛼<𝛾 𝐷𝛼 ∈ ℱ(P). Clearly, ⟨𝐸/𝑝 : 𝑛 < 𝜔⟩ is the desired sequence.

(2) Suppose (P, ℓ) is Σ-Prikry. Set Σ := ⟨𝜅𝑚 : 𝑚 < 𝜔⟩ and 𝜅 := supΣ.
Pick 𝑝 ∈ P, ⟨𝐷𝛼 : 𝛼 < 𝛾⟩ ∈ <𝜅ℱ(P), and 𝑚 < 𝜔 with 𝛾 < 𝜅𝑚. We may
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assume (by extending 𝑝 if necessary) that ℓ(𝑝) ≥ 𝑚. For each 𝛼 < 𝛾, define

𝑑𝛼 := {𝑞 ∈ Pℓ(𝑝) : ∃𝑘𝛼 < 𝜔 P𝑞
≥𝑘𝛼

⊆ 𝐷𝛼}.

The Strong Prikry Property ensures that {𝑑𝛼 : 𝛼 < 𝛾} is a family of ≤*-
dense open subsets of Pℓ(𝑝). By 𝜅𝑚-distributivity of (Pℓ(𝑝),≤*),

⋂︀
𝛼<𝛾 𝑑𝛼 is

≤*-dense. Thus there is 𝑝* ∈
⋂︀

𝛼<𝛾 𝑑𝛼 with 𝑝* ≤* 𝑝. Clearly, ⟨P𝑝*

≥𝑛 : 𝑛 < 𝜔⟩
and 𝑝* are as wanted. □

Σ-Prikry and 𝜅-distributive forcings have the property that they do not
add bounded subsets of 𝜅. As we will see, ensuring this property for (𝜔, 𝜅)-
predistributive forcings is indeed true for some large cardinals (see Corollary
4.17 below), but does not true in general (see Question 4.18). However, in
ZFC alone, it turns out that if 𝜅 is collapsed then then its cofinality in the
forcing extension has to be 𝜔, provided 𝜅 is regualar in 𝑉 . This emphasizes
the dichotomy between 𝜅-distributivity and Σ-Prikryness.

Proposition 4.3. Let 𝜅′ ≤ 𝜅 be a regular cardinl. If P is a (𝜔, 𝜅)-predistributive
forcing which singularizes6 𝜅′, then P forces cf(𝜅′) = 𝜔.

Proof. Pick 𝑝 ∈ P forcing the existence of a increasing and cofinal function
from a cardinal 𝛾 < 𝜅′ to 𝜅′. Let 𝑓 be a P-name such that

𝑝 ⊩ “𝑓 : 𝛾 → 𝜅̌′ is increasing and cofinal”.

For each 𝛼 < 𝛾, define 𝐷𝛼 := {𝑟 ≤ 𝑝 : 𝑟 ‖ 𝑓(𝛼)}. By (𝜔, 𝜅)-predistributivity,
there are 𝑞 ≤ 𝑝 and ⟨𝑑𝑛 : 𝑛 < 𝜔⟩ ∈ ℱ(P/𝑞) such that for every 𝛼 < 𝛾, there
is 𝑛 < 𝜔 with 𝑑𝑛 ⊆ 𝐷𝛼. For each 𝑛 < 𝜔, define 𝐸𝑛 := {𝛼 < 𝛾 : 𝑑𝑛 ⊆ 𝐷𝛼}
so that

⋃︀
𝑛<𝜔 𝐸𝑛 = 𝛾. Now, let 𝐺 ⊆ P be a 𝑉 -generic filter containing 𝑞,

and for each 𝑛 < 𝜔, pick 𝑟𝑛 ∈ 𝐺 ∩ 𝑑𝑛. Note that 𝑟𝑛 ∈ 𝐷𝛼 for all 𝛼 ∈ 𝐸𝑛.
In other words, 𝑟𝑛 decides the value of 𝑓(𝛼) for every 𝛼 ∈ 𝐸𝑛, and so there

is 𝑔𝑛 : 𝐸𝑛 → 𝜅′ in 𝑉 with 𝑟𝑛 ⊩ “𝑓 ↾ 𝐸̌𝑛 = 𝑔𝑛”. Since 𝜅′ is regular in 𝑉 ,
Im(𝑔𝑛) is bounded in 𝜅′ and let 𝛾𝑛 < 𝜅′ be a bound. Note that in 𝑉 [𝐺],

we have 𝑓 := 𝑓𝐺 =
⋃︀

𝑛<𝜔 𝑔𝑛, and so 𝜅 = sup(
⋃︀

𝑛<𝜔 Im(𝑔𝑛)) = sup𝑛<𝜔 𝛾𝑛 as
wanted. □

To find other forcings which are not (𝜔, 𝜅)-predistributive we have the
following proposition:

Proposition 4.4. Suppose that P is (𝜔, 𝜅)-predistributive, then for any
⟨𝐷𝛼 | 𝛼 < 𝛾⟩ dense open for 𝜔 < 𝛾 < 𝜅 regular, and any 𝑝, there is
𝑞 ≤ 𝑝 and there is 𝐼 ∈ [𝛾]𝛾 such that

⋂︀
𝛼∈𝐼 𝐷𝛼 is dense below 𝑞.

Proof. Given ⟨𝐷𝛼 | 𝛼 < 𝛾⟩ dense open for 𝜔 < 𝛾 < 𝜅 and some 𝑝, let 𝑞 ≤ 𝑝
and ⟨𝐸𝑛 | 𝑛 < 𝜔⟩ be given by he definition of predistributivity. A standard
pigeonhole argument given a single 𝑛 < 𝜔 and 𝐼 ∈ [𝛾]𝛾 such that 𝐸𝑛 ⊆ 𝐷𝛼

for any 𝛼 ∈ 𝐼. □

6This includes the case that P collapses 𝜅′.
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Corollary 4.5 (Compare with 3.1). Suppose that P is (𝜔, 𝜅)-predistributive,
if P is 𝜎-distributive then it is 𝜅-distributive.

Example 4.6. Col(𝜔, 𝜔2) singularizes 𝜔2 to have cofinality 𝜔, but it is not
(𝜔, 𝜔2)-predistributive since for each 𝛼, letting 𝐷𝛼 = {𝑝 ∈ Col(𝜔, 𝜔2) | 𝛼 ∈
Im(𝑝)}, we have that the intersection of any infinitely-many 𝐷𝛼’s must be
empty.

A similar argument shows that every (𝜔, 𝜅)-predistributive forcing pre-
serves all cardinals below 𝜅.

Proposition 4.7. If P is (𝜔, 𝜅)-predistributive and 𝛾 < 𝜅 is a cardinal, then
P preserves 𝛾. In particular, if 𝜅 is a limit cardinal, then P preserves 𝜅.

Proof. It suffices to prove that all regular cardinals 𝛾 < 𝜅 are preserved.
Suppose not, and pick 𝑝 ∈ P forcing the existence of a surjection from a
cardinal 𝛿 < 𝛾 onto 𝛾. Let 𝑓 be a P-name such that

𝑝 ⊩ “𝑓 : 𝛿 → 𝛾 is surjective”.

For each 𝛼 < 𝛾, define 𝐷𝛼 := {𝑟 ≤ 𝑝 : ∃𝜒 < 𝛿 (𝑟 ⊩P 𝑓(𝜒̌) = 𝛼̌)}. Since 𝛾 is
regular, for any 𝐼 ∈ [𝛾]𝛾 , the intersection

⋂︀
𝛼∈𝐼 𝐷𝛼 must be empty. This is

impossible by Proposition 4.4. □

Example 4.8. A natural forcing which changes the cofinality of 𝜔2 to 𝜔,
and preserves cardinal below is Namba forcing. Nontheless, assume 𝐶𝐻,
Namba forcing is not (𝜔, 𝜔2)-predistributive. Indeed, under 𝐶𝐻, Namba
forcing does not add reals. Since in 𝑉 [𝐺], |𝜔𝑉

2 | = 𝜔1, there is a new subset
of 𝜔1. Therefore, there is a fresh 𝐴 ⊆ 𝜔1 (i.e. 𝐴 ∈ 𝑉 [𝐺]∖𝑉 and 𝐴∩𝛼 ∈ 𝑉 for
every 𝛼 < 𝜔1). Letting 𝐷𝛼 be the dense set of conditions deciding 𝐴∩𝛼, we
obtains a collection of dense sets violating the necessary condition described
in Proposition 4.4. We do not know if without CH, can Nambe forcing
consistently be (𝜔, 𝜔2)-predistributive.

In our forthcoming analysis, we will appeal to the fact that (𝜔, 𝜅)-predistributive
forcings are closed under projections. Note that this may fail for Σ-Prikry
forcings.

Proposition 4.9. If P is (𝜔, 𝜅)-predistributive and 𝜋 : P → Q is a projec-
tion, then Q is also (𝜔, 𝜅)-predistributive.

Proof. If 𝑞 ∈ Q and ⟨𝐷𝛼 : 𝛼 < 𝛾⟩ ∈ <𝜅ℱ(Q), then

⟨𝜋−1[𝐷𝛼] : 𝛼 < 𝛾⟩ ∈ <𝜅ℱ(P),
and 𝜋(𝑝) ≤ 𝑞 for some 𝑝 ∈ P. Since P is (𝜔, 𝜅)-predistributive, there are
𝑟 ≤ 𝑝 and ⟨𝐸𝑛 : 𝑛 < 𝜔⟩ ∈ 𝜔ℱ(P/𝑟) such that for each 𝛼 < 𝛾 there is 𝑛 < 𝜔
with 𝐸𝑛 ⊆ 𝜋−1[𝐷𝛼]. Clearly, 𝜋(𝑟) ≤ 𝑞, and letting

𝑑𝑛 := {𝑡 ∈ Q/𝜋(𝑟) : ∃𝑡′ ∈ 𝜋“𝐸𝑛 (𝑡 ≤ 𝑡′)}
for each 𝑛 < 𝜔, we claim that ⟨𝑑𝑛 : 𝑛 < 𝜔⟩ ∈ 𝜔ℱ(Q/𝜋(𝑟)) are suitable.
First, if 𝛼 < 𝛾 then there is 𝑛 < 𝜔 with 𝐸𝑛 ⊆ 𝜋−1[𝐷𝛼], yielding 𝑑𝑛 ⊆ 𝐷𝛼.
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It remains to see that 𝑑𝑛 are dense below 𝜋(𝑟). Let 𝑞′ ≤ 𝜋(𝑟), since 𝜋 is a
projection, there is 𝑟′ ≤ 𝑟 such that 𝜋(𝑟′) ≤ 𝑞′, and since 𝐸𝑛 is dense below
𝑟, there is 𝑟′′ ≤ 𝑟′ such that 𝑟′′ ∈ 𝐸𝑛. Hence 𝜋(𝑟′′) ∈ 𝜋“𝐸𝑛 and 𝜋(𝑟′′) ≤ 𝑞′

establishing that 𝑑𝑛 is dense. □

In order to formulate the main result of this section, we need the following
definition:

Definition 4.10. Let 𝑀 be an outer model of ZFC and let 𝜅 be a cardinal
in 𝑀 .

(1) 𝑀 has the 𝜅-trace property if, for all 𝑓 : 𝜅 → 𝐸 in 𝑀 with 𝐸 ⊆ 𝑉 ,
there is a sequence ⟨𝐵𝑛 : 𝑛 < 𝜔⟩ ∈ 𝑀 of bounded subsets of 𝜅 such
that

⋃︀
𝑛<𝜔 𝐵𝑛 = 𝜅 and 𝑓 ↾𝐵𝑛 ∈ 𝑉 , for all 𝑛 < 𝜔.

(2) A forcing notion P with 1l ⊩P “𝜅 is a cardinal” has the 𝜅-trace prop-
erty if 𝑉 [𝐺] has the 𝜅-trace property, for every P-generic filter 𝐺
over 𝑉 .

Remark 4.11. Note that 𝑀 has the 𝜅-trace property if and only if, for all
𝑓 : 𝜅 → Ord in 𝑀 , there is a sequence ⟨𝐵𝑛 : 𝑛 < 𝜔⟩ ∈ 𝑀 of bounded subsets
of 𝜅 such that

⋃︀
𝑛<𝜔 𝐵𝑛 = 𝜅 and 𝑓 ↾𝐵𝑛 ∈ 𝑉 , for all 𝑛 < 𝜔.

The 𝜅-trace property has been introduced in [DPT24] as a tool for con-
structing 𝜅-perfect sets within the choiceless model 𝐿(𝑉𝜅+1). On the other
hand, (𝜔, 𝜅)-predistributive forcing notions arise, implicitly, in the work of
Dimonte-Wu, Trang-Shi, Shi, and Woodin (see respectively, [DW16, ST17,
Woo11] and [Shi15]). With attention shifted upward to stronger principles
(e.g., 𝐼0 and 𝐼1), their analysis provides a method for constructing a generic
filter over the 𝜔th iterate of an 𝐼0(𝜅)-embedding within 𝑉 . Thus, both lines
of investigation lead to methods for building generic filters within a given
model, suggesting a deep connection between these two properties. A first
straightforward link is provided by the following fact.

Fact 4.12 ([DPT24]). If P is Σ-Prikry and forces cf(sup(Σ)) = 𝜔, then P
has the sup(Σ)-trace property.

In light of Proposition 4.2(2), it is natural to ask whether the assumption
of Fact 4.12 can be relaxed. We will show later in Lemma 4.25 that (𝜔, 𝜅)-
predistributive suffices to yield the same conclusion.

We are now ready to prove the main theorem of this section:

Theorem 4.13. Suppose that P has the 𝜅-trace property and that Q is
(𝜔, 𝜅)-predistributive. If 1lP ⊩P “ℱ𝑞(Q)𝑉 is generated by a set of size ≤𝜅”
for some 𝑞 ∈ Q, then for any generic 𝐺 ⊆ P there is a countable subset of
Q in 𝑉 [𝐺] which generates a 𝑉 -generic containing 𝑞. In particular, there is
a weak projection 𝜋 : P → ℛ𝒪(Q).

Proof. Fix a generic 𝐺 ⊆ P. We show that there is a countable 𝑋 ⊆ Q in
𝑉 [𝐺] such that {𝑟 ∈ Q : ∃𝑥 ∈ 𝑋 (𝑥 ≤ 𝑟)} is 𝑉 -generic and contains 𝑞. By our
assumption ℱ𝑞(Q)𝑉 is generated by a set of the form ⟨𝐷𝛼 : 𝛼 < 𝜅⟩ ∈ 𝑉 [𝐺],
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and by the 𝜅-trace property, there is a sequence ⟨𝐵𝑛 : 𝑛 < 𝜔⟩ ∈ 𝑉 [𝐺] with⋃︀
𝑛<𝜔 𝐵𝑛 = 𝜅 such that for all 𝑛 < 𝜔, 𝐵𝑛 is a bounded subset of 𝜅, and

⟨𝐷𝛼 : 𝛼 ∈ 𝐵𝑛⟩ ∈ 𝑉 . Working in 𝑉 [𝐺], we construct simultaneously and by
induction

(1) a matrix {𝑝𝑚,𝑛 : 𝑚,𝑛 < 𝜔} consisting of conditions in Q/𝑞 such that
the Q-upwards closure of the first column, namely {𝑟 ∈ Q : ∃𝑛 <
𝜔 (𝑝𝑛,0 ≤ 𝑟)}, is 𝑉 -generic, and

(2) another matrix {𝐷𝑛
𝑚 : 𝑚,𝑛 < 𝜔} such that, for all 𝑚,𝑛 < 𝜔, 𝐷𝑛

𝑚 ∈
ℱ(Q/𝑝𝑛,0) and 𝑝𝑛,𝑚+1 ∈ 𝐷𝑛

𝑚.

Throughout the construction we will tacitly appeal to the fact that Q/𝑞
is (𝜔, 𝜅)-predistributive. Accordingly, pick 𝑝0,0 ∈ Q/𝑞 and ⟨𝐷0

𝑛 : 𝑛 < 𝜔⟩ ∈
𝜔ℱ(Q/𝑝0,0) so that for all 𝛼 ∈ 𝐵0, there is 𝑛 < 𝜔 with 𝐷0

𝑛 ⊆ 𝐷𝛼. By density
there is 𝑝0,1 ∈ 𝐷0

0/𝑝0,0. Pick 𝑝1,0 ≤ 𝑝0,1 and ⟨𝐷1
𝑛 : 𝑛 < 𝜔⟩ ∈ 𝜔ℱ(Q/𝑝1,0)

so that for all 𝛼 ∈ 𝐵1, there is 𝑛 < 𝜔 with 𝐷1
𝑛 ⊆ 𝐷𝛼. Similarly, pick

𝑝2,0 ≤ 𝑝1,0 and ⟨𝐷2
𝑛 : 𝑛 < 𝜔⟩ ∈ 𝜔ℱ(Q/𝑝2,0) so that for all 𝛼 ∈ 𝐵2, there

is 𝑛 < 𝜔 with 𝐷2
𝑛 ⊆ 𝐷𝛼. This completes the first step of the construction.

Next, we deal with the conditions 𝑝1,1 ≥ 𝑝0,2 ≥ 𝑝0,3 ≥ 𝑝1,2 ≥ 𝑝2,1 ≥ 𝑝3,0.
As 𝐷1

0 ∈ ℱ(Q/𝑝1,0) and 𝑝2,0 ≤ 𝑝1,0 there is 𝑝1,1 ∈ 𝐷1
0/𝑝2,0. Similarly,

𝐷0
1 ∈ ℱ(Q/𝑝0,0) and 𝑝1,1 ≤ 𝑝0,0 ensure the existence of 𝑝0,2 ∈ 𝐷0

1/𝑝1,1.
𝐷0

2 ∈ ℱ(Q/𝑝0,0) yields 𝑝0,3 ∈ 𝐷0
2/𝑝0,2, 𝐷

1
1 ∈ ℱ(Q/𝑝1,0) yields 𝑝1,2 ∈ 𝐷1

1/𝑝0,3,
and 𝐷2

0 ∈ ℱ(Q/𝑝2,0) yields 𝑝2,1 ∈ 𝐷2
0/𝑝1,2. Finally, pick 𝑝3,0 ≤ 𝑝2,1 and

⟨𝐷3
𝑛 : 𝑛 < 𝜔⟩ ∈ 𝜔ℱ(Q/𝑝3,0) so that for all 𝛼 ∈ 𝐵3, there is 𝑛 < 𝜔 with

𝐷3
𝑛 ⊆ 𝐷𝛼.
We continue the construction in the very same fashion. In the first column

we have witnesses of the fact that Q is (𝜔, 𝜅)-predistributive so that we
generate the 𝑝𝑛,0’s and the ⟨𝐷𝑛

𝑚 : 𝑚 < 𝜔⟩’s, while in the other columns we
have witnesses of the densities of the various 𝐷𝑛

𝑚 ∈ ℱ(Q/𝑝𝑛,0). Specifically,
if 𝑛 > 3 is even, pick 𝑝𝑛,0 ≤ 𝑝𝑛−1,0 and ⟨𝐷𝑛

𝑚 : 𝑚 < 𝜔⟩ ∈ 𝜔ℱ(Q/𝑝𝑛,0) so that
for all 𝛼 ∈ 𝐵𝑛, there is 𝑚 < 𝜔 with 𝐷𝑛

𝑚 ⊆ 𝐷𝛼. Once the matrix is defined
up to 𝑝𝑛,0, for 𝑛 even, we construct the (finite) snake

𝑝𝑛−1,1 ≥ 𝑝𝑛−2,2 ≥ · · · ≥ 𝑝0,𝑛 ≥ 𝑝0,𝑛+1 ≥ 𝑝1,𝑛 ≥ 𝑝2,𝑛−1 ≥ · · · ≥ 𝑝𝑛,1

so that 𝑝𝑚,𝑖 ∈ 𝐷𝑚
𝑖−1, whenever

𝑝𝑚,𝑖 ∈ {𝑝𝑛−1,1, 𝑝𝑛−2,2, · · · , 𝑝0,𝑛, 𝑝0,𝑛+1, 𝑝1,𝑛, 𝑝2,𝑛−1, · · · , 𝑝𝑛,1}.
On the other hand, if 𝑛 > 3 is odd, pick 𝑝𝑛,0 ≤ 𝑝𝑛−1,1 and ⟨𝐷𝑛

𝑚 : 𝑛 < 𝜔⟩ ∈
𝜔ℱ(Q/𝑝𝑛,0) so that for all 𝛼 ∈ 𝐵𝑛, there is 𝑚 < 𝜔 with 𝐷𝑛

𝑚 ⊆ 𝐷𝛼. Finally,
since 𝑛+ 1 is even, define 𝑝𝑛+1,0 ≤ 𝑝𝑛,0 as explained in the case above.

Now let ℎ be the Q-upwards closure of the first column ⟨𝑝𝑛,0 : 𝑛 < 𝜔⟩,
i.e. ℎ := {𝑟 ∈ Q : ∃𝑛 < 𝜔 (𝑝𝑛,0 ≤ 𝑟)}. Since ⟨𝑝𝑛,0 : 𝑛 < 𝜔⟩ is ≤-decreasing,
it is clear that ℎ is a filter. Moreover, 𝑝0,0 ≤ 𝑞 and so 𝑞 ∈ ℎ . We verify
that ℎ is 𝑉 -generic. Letting 𝐷 ∈ ℱ𝑞(Q), there are 𝛼 < 𝜅 and 𝑛 < 𝜔 such
that 𝐷𝛼 ⊆ 𝐷 and 𝛼 ∈ 𝐵𝑛. By construction, there is 𝑚 < 𝜔 such that
𝑝𝑛,𝑚+1 ∈ 𝐷𝑛

𝑚 ⊆ 𝐷𝛼 ⊆ 𝐷. But note that 𝑝𝑛,𝑚+1 ∈ ℎ, since there is a big
enough 𝑖 < 𝜔 with 𝑝𝑖,0 ≤ 𝑝𝑛,𝑚+1. Thus, 𝑝𝑛,𝑚+1 witnesses that ℎ∩𝐷 ̸= ∅. □
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Theorem 4.13 leads to a series of quotable corollaries.

Corollary 4.14. Suppose that P has the 𝜅-trace property and that Q is
(𝜔, 𝜅)-predistributive. If 1lP ⊩P “ℱ(Q)𝑉 is generated by a set of size ≤𝜅”,
then for any generic 𝐺 ⊆ P and any 𝑞 ∈ Q there is a countable subset of Q
in 𝑉 [𝐺] which generates a 𝑉 -generic containing 𝑞.

Corollary 4.15. Suppose that Q is (𝜔, 𝜅)-predistributive and 𝜆-pregenerated.
Then ℛ𝒪(Q) is a weak projection of the supercompact Prikry P𝒰 , where 𝒰
is a normal measure over 𝑃𝜅(𝜆).

If we moreover assume that Q has size ≤ 𝜆, then we actually get a pro-
jection from P𝒰 into ℛ𝒪(Q).

Corollary 4.16. Let 𝒰 be a strongly compact (supercompact) measure over
𝑃𝜅(𝜆) and let Q be an (𝜔, 𝜅)-predistributive, 𝜆-pregenerated forcing of car-
dinality ≤𝜆, then ℛ𝒪(Q) is a projection of P𝒰 .

Proof. It is clear that P𝒰 is not 𝜆-cc. On the other hand, Corollary 4.14
leads to 1l ⊩P𝒰 “∀𝑞 ∈ Q∃ℎ (ℎ is Q-generic and 𝑞 ∈ ℎ)”. So by Proposition
2.10, the conclusion follows. □

Under full strong compactness (supercompactness), we may characterize
the class of (𝜔, 𝜅)-predistributive forcings. More importantly, we character-
ize the intermediate models.

Corollary 4.17. Let 𝜅 be strongly compact (supercompact). A forcing Q
is (𝜔, 𝜅)-predistributive if and only if for some 𝜆 ≥ 𝜅 and some strongly
compact (supercompact) measure 𝒰 over 𝑃𝜅(𝜆), there is a projection from
the strongly compact (supercompact) Prikry forcing with respect to 𝒰 into
ℛ𝒪(Q). In particular, (𝜔, 𝜅)-predistributive forcings do not add bounded
subsets of 𝜅.

Proof. Let Q be (𝜔, 𝜅)-predistributive, and let 𝒰 be a strongly compact (su-
percompact) measure over 𝑃𝜅(𝜆), where 𝜆 > 𝜅 is any cardinal such that Q
is 𝜆-pregenerated and 𝜆 ≥ |Q|. Letting P𝒰 be the strongly compact (super-
compact) Prikry forcing with respect to 𝒰 , it is easy to see that Corollary
4.16 yields the desired conclusion. The converse implication is the content
of Proposition 4.9. □

Observe that there are cardinals for which the last implication of Corol-
lary 4.17 may fail. Namely, there are cardinals 𝜅 and (𝜔, 𝜅)-predistributive
forcings adding bounded subsets of 𝜅. A trivial example is 𝜅 = 𝜔1, as every
forcing is (𝜔, 𝜔1)-predistributive.

Question 4.18. For which cardinals 𝜅 > 𝜔 is the class of (𝜔, 𝜅)-predistributive
forcings a subclass of the (𝜅, 2)-distributive forcings?

Below a measurable cardinal our understanding of this class is much nar-
rower and we currently cannot even separate it from, say, the distributive
forcings. We leave that as an interesting avenue for future research.
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Recall that the class of forcings not adding bounded subsets of 𝜅 coincides
with the class of (𝜅, 2)-distributive forcings (see [Jec84] for a full account).
A useful characterization of (𝜅, 2)-distributivity under strong compactness
has been provided by Ben Neria, Goldberg and Kaplan.

Theorem 4.19 ([BGK25]). If 𝜅 is strongly compact, then a partial order
is (𝜅, 2)-distributive if and only if it is forcing-equivalent to a 𝜅-complete
Prikry-type poset.

Therefore, in light of Corollary 4.17 and Theorem 4.19 the following ques-
tion is natural.

Question 4.20. Suppose that 𝜅 is strongly compact (supercompact) and that
Q is (𝜅, 2)-distributive. Is there a weak projection from a strongly compact
(supercompact) Prikry forcing into ℛ𝒪(Q)?

Proposition 4.21. Assume that 𝜅 is 𝜆+-supercompact and 2𝜆 = 𝜆+. Then
for every (𝜔, 𝜅)-predistributive forcing Q of cardinality 𝜆, there is a 𝜆-
strongly compact measure 𝒰 on 𝑃𝜅(𝜆) such that ℛ𝒪(Q) is a projection of
P𝒰 .

Proof. We may assume that Q = 𝜆. Suppose that 𝜅 is 𝜆+-supercompact,
and 2𝜆 = 𝜆+. Let 𝒲 be a 𝜆+-supercompact measure. In 𝑀𝒲 , apply the
fact that 𝑗𝒲(Q) is (𝜔, 𝑗𝑈 (𝜅))-predistributive to find (𝑑𝑛 : 𝑛 < 𝜔), such that
for every 𝐷 ∈ ℱ𝑞(Q) there is 𝑛 < 𝜔 such that 𝑑𝑛 ⊆ 𝑗𝒲(𝐷). Now we can
recursively construct a sequence 𝑝0 ≥ 𝑝1... such that 𝑝𝑛 ∈ 𝑑𝑛 and for every
𝐷 there is a tail of 𝑛’s such that 𝑝𝑛 ∈ 𝑗𝒲(𝐷). Similar to the proof of
Corollary 3.7, we can derive a fine 𝜅-complete measure 𝒰 on 𝑃𝜅(𝜆), such
that 𝑝𝑛 ∈ rng(𝑘) for every 𝑛, where 𝑘 : 𝑀𝒰 → 𝑀𝒲 is the factor map. Then
Prikry forcing with 𝒰 will project on ℛ𝒪(Q) by Theorem 3.15 (and Remark
3.17). □

Remark 4.22. A sufficient large cardinal assumption for this theorem is a
lightface 𝜆-Π1

1-subcompact cardinal7 (see [BGH24, Def. 36]). Indeed, the
proof is completely analogous to that of [BGH24, Prop.37].

We conclude these corollaries with the full level-by-level characterization
of the subforcings of the strongly compact Prikry forcing of cardinality 𝜆.

Corollary 4.23. Suppose that 𝜅 is 2𝜆-strongly compact. Among the forcing
Q of cardinality 𝜆, the projections of a 𝜆-strongly compact Prikry forcing
are exactly the (𝜔, 𝜅)-predistributive forcings.

In the next section, we will provide several other characterizations of the
(𝜔, 𝜅)-predistributive class. The idea of constructing generic filters in 4.13,
can be also used in the ground model to obtain partially generic filters:

7We say that 𝜅 is a lightface 𝜆-Π1
1-subcompact cardinal if for any Π1

1-sentence Ψ, if
⟨𝐻(𝜆+),∈ ⟩ |= Ψ, there are 𝜌 < 𝜆̄ < 𝜅 such that ⟨𝐻(𝜆̄),∈ ⟩ |= Ψ and an elementary
embedding 𝑗 : ⟨𝐻(𝜆̄),∈ ⟩ → ⟨𝐻(𝜅+),∈ ⟩ such that 𝑗(𝜌) = 𝜅.
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Proposition 4.24. If P is (𝜔, 𝜅)-predistributive then 𝑀𝐴<𝜅(P) holds, namely,
for any fewer than 𝜅-may dense sets if P there is a filter 𝐺 on P which meats
all the dense sets.

Proof. We will show a stronger statement, that there is a countably gener-
ated filter which meets a given list of dense sets. Let ⟨𝐷𝛼 | 𝛼 < 𝛾⟩ for some
𝛾 < 𝜅. be a sequence of dense sets in Q Applying (𝜔, 𝜅)-predistributivity,
we can find a witnessing 𝑝 and sets 𝐸𝑛 dense below 𝑝. Constructing any
decreasing sequence 𝑝0 ≥ 𝑝1 ≥ ... such that 𝑝𝑛 ∈ 𝐸𝑛, we conclude that the
filter generated by the 𝑝𝑛’s intersect every 𝐷𝛼. □

The proof above, together with the argument in 4.13, also shows hat
if 𝜅 is singular of countable cofinality, then (𝜔, 𝜅)-predistributive forcings
satisfy 𝑀𝐴𝜅+ . As a result we see that if P is a non-atomic forcing which is
𝜆-pregenerated, then for every 𝜆 < 𝜅, P is not (𝜔, 𝜅)-pregenerated.

For the rest of this section, we further examine (𝜔, 𝜅)-predistributive forc-
ings and models with the 𝜅-trace property, focusing in particular on the
relationships between them. We start with the following lemma:

Lemma 4.25 (Trace Lemma). If P is a (𝜔, 𝜅)-predistributive forcing notion
preserving 𝜅, then the following are equivalent:

(1) 1lP ⊩P “ cf(𝜅) = 𝜔”.
(2) P has the 𝜅-trace property.

Proof. Let 𝐺 ⊆ P be 𝑉 -generic. By the 𝜅-trace property applied to id : 𝜅 →
𝜅, there is a sequence ⟨𝐵𝑛 : 𝑛 < 𝜔⟩ ∈ 𝑉 [𝐺] of bounded subsets of 𝜅 such that⋃︀

𝑛<𝜔 𝐵𝑛 = 𝜅. Thus 𝑉 [𝐺] |= cf(𝜅) = 𝜔, as witnessed by ⟨sup(𝐵𝑛) : 𝑛 < 𝜔⟩.
Conversely, let 𝑓 : 𝜅 → 𝐴 be a function in 𝑉 [𝐺] with 𝐴 ⊆ 𝑉 . Work in

𝑉 [𝐺] and fix ⟨𝜈𝑛 : 𝑛 < 𝜔⟩ an increasing cofinal sequence in 𝜅. In the proof
we define auxiliary sequences ⟨𝑟𝑛,𝑖 : 𝑖, 𝑛 < 𝜔⟩ and ⟨𝐶𝑛,𝑖 : 𝑖, 𝑛 < 𝜔⟩ such that
the following properties hold for each 𝑛 < 𝜔 :

(𝛼) ⟨𝑟𝑛,𝑖 : 𝑖 < 𝜔⟩ ∈ 𝜔𝐺 is a ≤-decreasing sequence.
(𝛽) ⟨𝐶𝑛,𝑖 : 𝑖 < 𝜔⟩ is a ⊊-increasing sequence of subsets of [𝜈𝑛−1, 𝜈𝑛) such

that
⋃︀

𝑖<𝜔 𝐶𝑛,𝑖 = [𝜈𝑛−1, 𝜈𝑛). Here, by convention, 𝜈−1 := 0.

(𝛾) 𝑟𝑛,𝑖 ⊩P “𝑓 ↾ 𝐶𝑛,𝑖 ∈ 𝑉 ”, where 𝑓 is a P-name such that 𝑓𝐺 = 𝑓.

Fix 𝑛 < 𝜔 such that 𝑓 ↾ [𝜈𝑛−1, 𝜈𝑛) /∈ 𝑉 – otherwise one simply sets 𝐵𝑛 :=

[𝜈𝑛−1, 𝜈𝑛) – and let 𝑝 ∈ 𝐺 and 𝜏 be a P-name such that 𝑝 ⊩P “𝜏 = 𝑓 ↾
[𝜈𝑛−1, 𝜈𝑛)”. The construction of the above sequences is accomplished by
induction on 𝑖 < 𝜔.

Case 𝑖 = 0: For each 𝜉 ∈ [𝜈𝑛−1, 𝜈𝑛) let 𝐷𝜉 := {𝑟 ∈ P : 𝑟 ‖ 𝜏(𝜉)}, and for
each 𝑟 ∈ P define 𝐶𝑟 := {𝜉 ∈ [𝜈𝑛−1, 𝜈𝑛) : 𝑟 ‖ 𝜏(𝜉)}.

Claim 4.26. Let 𝐸0 be the set of all conditions 𝑟 ≤ 𝑝 such that:

(1) There is ⟨𝑑𝑗 : 𝑗 < 𝜔⟩ ∈ 𝜔ℱ(P/𝑟) such that for each 𝜉 ∈ [𝜈𝑛−1, 𝜈𝑛)
there is 𝑗 < 𝜔 with 𝑑𝑗 ⊆ 𝐷𝜉;

(2) 𝐶𝑟 is non-empty and 𝑟 ⊩P 𝜏 ↾ 𝐶𝑟 ∈ 𝑉 .
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Then 𝐸0 is dense below 𝑝 ∈ 𝐺.

Proof of claim. Fix 𝑞 ≤ 𝑝. Since P is (𝜔, 𝜅)-predistributive, we may find a
condition 𝑞′ ≤ 𝑞 witnessing Clause (1). Now we ≤-extend 𝑞′ to 𝑟 to make
sure that 𝑟 ⊩P 𝜏(𝜈𝑛−1) = 𝑒𝜈𝑛−1 for some 𝑒𝜈𝑛−1 ∈ 𝑉 , which yields 𝐶𝑟 ̸= ∅.
Set ℎ := {⟨𝜉, 𝑒𝜉⟩ ∈ [𝜈𝑛−1, 𝜈𝑛) × 𝑉 : 𝜉 ∈ 𝐶𝑟}, where 𝑒𝜉 is the unique 𝑒 ∈ 𝑉

with 𝑟 ⊩P 𝜏(𝜉) = 𝑒. We conclude that 𝑟 ⊩P 𝜏 ↾ 𝐶𝑟 = ℎ̌ ∈ 𝑉 , and so also
Clause (2) is met. □

Stipulate 𝑟𝑛,0 ∈ 𝐺∩𝐸0, 𝐶𝑛,0 := 𝐶𝑟𝑛,0 , and let ⟨𝑑𝑗 : 𝑗 < 𝜔⟩ be the sequence
witnessing Clause (1).

Induction step: Suppose that ⟨𝑟𝑛,𝑖 : 𝑖 ≤ 𝑗⟩ and ⟨𝐶𝑛,𝑖 : 𝑖 ≤ 𝑗⟩ have been
constructed complying with Clauses (𝛼), (𝛽) and (𝛾) above, for 𝑗 < 𝜔. Note
that 𝐶𝑛,𝑗 is not [𝜈𝑛−1, 𝜈𝑛) for otherwise 𝑟𝑛,𝑗 ∈ 𝐺 would have decided the
value of 𝑓 ↾ [𝜈𝑛−1, 𝜈𝑛), contrary to our departing assumption. As a result the
set

𝐸𝑗+1 := {𝑟 ≤ 𝑟𝑛,𝑗 : 𝑟 ∈ 𝑑𝑗 ∧ 𝑟 ⊩P “𝜏 ↾ 𝐶𝑟 ∈ 𝑉 ” ∧ 𝐶𝑛,𝑗 ⊊ 𝐶𝑟}

is dense below 𝑟𝑛,𝑗 ∈ 𝐺. So again we can pick 𝑟𝑛,𝑗+1 ∈ 𝐺 ∩ 𝐸𝑗+1 and set
𝐶𝑛,𝑗+1 := 𝐶𝑟𝑛,𝑗+1 .

This finishes the construction of ⟨𝑟𝑛,𝑖, 𝐶𝑛,𝑖 : 𝑖 < 𝜔⟩ witnessing (𝛼), (𝛽)
and (𝛾).

Claim 4.27.
⋃︀

𝑖<𝜔 𝐶𝑛,𝑖 = [𝜈𝑛−1, 𝜈𝑛) and 𝑓 ↾ 𝐶𝑛,𝑖 ∈ 𝑉 , for all 𝑖 < 𝜔.

Proof of claim. By construction, 𝑟𝑛,𝑖 ⊩P 𝑓 ↾ 𝐶𝑛,𝑖 = 𝜏 ↾ 𝐶𝑛,𝑖 ∈ 𝑉 hence (as
𝑟𝑛,𝑖 ∈ 𝐺) 𝑓 ↾𝐶𝑛,𝑖 ∈ 𝑉. For the other claim, suppose 𝜒 ∈ [𝜈𝑛−1, 𝜈𝑛), and pick
𝑗 < 𝜔 with 𝑑𝑗 ⊆ 𝐷𝜒. By construction, 𝑟𝑛,𝑗+1 ∈ 𝐸𝑗+1, and so 𝑟𝑛,𝑗+1 ∈ 𝑑𝑗 . In
particular, 𝑟𝑛,𝑗+1 ∈ 𝐷𝜒 = {𝑟 ∈ P : 𝑟 ‖ 𝜏(𝜒)}. Recalling that 𝐶𝑟𝑛,𝑗+1 = {𝜉 ∈
[𝜈𝑛−1, 𝜈𝑛) : 𝑟𝑛,𝑗+1 ‖ 𝜏(𝜉)}, it follows that 𝜒 ∈ 𝐶𝑟𝑛,𝑗+1 = 𝐶𝑛,𝑗+1. □

The above argument was carried out for a fixed 𝑛 < 𝜔 so we obtain a
sequence ⟨𝐶𝑛,𝑖 : 𝑖, 𝑛 < 𝜔⟩ such that

⋃︀
𝑖<𝜔 𝐶𝑛,𝑖 := [𝜈𝑛−1, 𝜈𝑛). Pick a bijection

𝐹 : 𝜔 → 𝜔×𝜔 (e.g., the inverse of Gödel pairing function) and, for all𝑚 < 𝜔,
stipulate

𝐵𝑚 :=

{︃
[𝜈𝑚−1, 𝜈𝑚), if 𝑓 ↾ [𝜈𝑚−1, 𝜈𝑚) ∈ 𝑉 ;

𝐶𝐹 (𝑚), otherwise.

Clearly ⟨𝐵𝑚 : 𝑚 < 𝜔⟩ is as desired; namely
⋃︀

𝑚<𝜔 𝐵𝑚 = 𝜅, each 𝐵𝑚 is
bounded, and 𝑓 ↾𝐵𝑚 ∈ 𝑉 for each 𝑚 < 𝜔. □

Corollary 4.28. Let 𝒰 be a strongly compact (supercompact) measure over
𝑃𝜅(𝜆) and let Q be a forcing notion. If there is a projection from P𝒰 into Q
and 1lQ ⊩Q “ cf(𝜅) = 𝜔”, then Q has the 𝜅-trace property.

Proof. By Proposition 4.9, Q is (𝜔, 𝜅)-predistributive and clearly preserves
𝜅. Thus, Lemma 4.25 applies, yielding the 𝜅-trace property for Q. □
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The 𝜅-trace property admits a combinatorial characterization arising from
a weakening of (𝜔, 𝜅)-predistributivity. Such a weakening come up naturally
if we consider the following characterization, noticed by Goldberg, of (𝜔, 𝜅)-
predistributive forcings:

Proposition 4.29 (Goldberg). Let Q be a separative forcing notion. The
following are equivalent:

(1) Q is (𝜔, 𝜅)-predistributive.
(2) For every 𝑉 -generic 𝐺 ⊆ Q, any 𝛾 < 𝜅 and any function 𝑡 : 𝛾 →

Ord, there is ⟨𝐵𝑛 : 𝑛 < 𝜔⟩ ∈ 𝑉 such that 𝛾 =
⋃︀

𝑛<𝜔 𝐵𝑛 and for
every 𝑛 < 𝜔, 𝑡 ↾𝐵𝑛 ∈ 𝑉 .

Proof. First we verify (1) → (2). Let 𝑡 be a Q-name for 𝑡 and let 𝑝 ∈ 𝐺
force that 𝑝 ⊩Q 𝑡 : 𝛾 → Ord. For each 𝛼, let 𝐷𝛼 be the dense set below 𝑝
of conditions deciding 𝑡(𝛼). By (𝜔, 𝜅)-predistributivity there is 𝑞 ≤ 𝑝 and a
sequence ⟨𝐸𝑛 : 𝑛 < 𝜔⟩ dense below 𝑞 such that for every 𝛼 there is 𝑛 such
that 𝐸𝑛 ⊆ 𝐷𝛼. Let 𝐵𝑛 = {𝛼 < 𝛾 : 𝐸𝑛 ⊆ 𝐷𝛼}. Then

⋃︀
𝑛𝐵𝑛 = 𝛾. By density,

we may find such a 𝑞 in the generic 𝐺. Take any 𝑞𝑛 ∈ 𝐸𝑛∩𝐺. Then for each
𝛼 ∈ 𝐵𝑛, 𝑞𝑛 ∈ 𝐷𝛼 and therefore 𝑞𝑛 decides 𝑡(𝛼) = 𝑡(𝛼). Hence 𝑡 ↾ 𝐵𝑛 ∈ 𝑉
for every 𝑛 < 𝜔. To see (2) → (1), let ⟨𝐷𝛼 : 𝛼 < 𝛾⟩ be a collection of dense
open sets and 𝑝 be a condition. Let 𝐺 be generic with 𝑝 ∈ 𝐺 and let 𝑡(𝛼)
be a choice for a condition in 𝐺 ∩𝐷𝛼 (this can easily be coded in 𝑉 as an
ordinal function). Then by (2), there is ⟨𝐵𝑛 | 𝑛 < 𝜔⟩ such that 𝛾 =

⋃︀
𝑛𝐵𝑛

and 𝑡↾𝐵𝑛 ∈ 𝑉 for every 𝑛. Let 𝑡 be a name such that (𝑡)𝐺 = 𝑡 and let 𝑞 ≤ 𝑝,
𝑞 ∈ 𝐺 force that for every 𝑛 < 𝜔, 𝑡 ↾ 𝐵𝑛 ∈ 𝑉 , and for every 𝛼, 𝑡(𝛼) ∈ 𝐷𝛼.
Let 𝐸𝑛 be the dense open set below 𝑞 of conditions which decide 𝑡 ↾𝐵𝑛. Let
𝛼 < 𝛾. Then there is 𝑛 < 𝜔 such that 𝛼 ∈ 𝐵𝑛. We claim that 𝐸𝑛 ⊆ 𝐷𝛼,
indeed, for each 𝑞′ ∈ 𝐸𝑛, there is 𝑥 ∈ 𝐷𝛼 such that 𝑞′ ⊩ 𝑡(𝛼) = 𝑥 ∈ 𝐺̇ ∩𝐷𝛼.

Since 𝑞′ ⊩ 𝑥 ∈ 𝐺̇, 𝑞′ ≤ 𝑥 (we assume separativity), and since 𝐷𝛼 is open
𝑞′ ∈ 𝐷𝛼 as wanted. □

By Proposition 4.29 the connection with the trace property is more evi-
dent and suggests the following natural weakening:

Definition 4.30. Let 𝜅 be an uncountable cardinal. A forcing P is weakly
(𝜔, 𝜅)-predistributive if for any 𝑉 -generic 𝐺 ⊆ P and any function 𝑓 ∈ <𝜅𝑉
in 𝑉 [𝐺] there is ⟨𝐵𝑛 : 𝑛 < 𝜔⟩ ∈ 𝑉 [𝐺] such that dom(𝑓) =

⋃︀
𝑛𝐵𝑛 with

𝑓 ↾𝐵𝑛 ∈ 𝑉 for each 𝑛 < 𝜔.

As expected, there is a combinatorial definition of weakly (𝜔, 𝜅)-predistributive
forcings, along the line of Proposition 4.29.

Lemma 4.31. Let P be a forcing poset. Then the following are equivalent:

(1) P is weakly (𝜔, 𝜅)-predistributive.
(2) For every ⟨𝐷𝛼 : 𝛼 < 𝛾⟩ ∈ <𝜅ℱ(P), there are countably many max-

imal antichains ⟨𝐴𝑛 : 𝑛 < 𝜔⟩, such that for every 𝛼 < 𝛾, 𝐷𝛼 ∩
(
⋃︀

𝑛<𝜔 𝐴𝑛) is predense.
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Proof. First, we verify (2) → (1). Let 𝑓 ∈ <𝜅𝑉 be a function in 𝑉 [𝐺].

We can find a name 𝑓 such that 1lP ⊩ 𝑓 : 𝛾 → 𝑉 for some 𝛾 < 𝜅. For
each 𝛼 < 𝛾 let 𝐷𝛼 = {𝑞 : 𝑞||𝑓(𝛼)}. By the assumption there is a sequence
⟨𝐴𝑛 | 𝑛 < 𝜔⟩ of antichains witnessing (2). For each 𝑛, let 𝑞𝑛 ∈ 𝐺 ∩𝐴𝑛, and
consider 𝐵𝑛 = {𝛼 : 𝑞𝑛 ∈ 𝐷𝛼}. Then each 𝐵𝑛 ∈ 𝑉 , but since the sequence
⟨𝑞𝑛 : 𝑛 < 𝜔⟩ ∈ 𝑉 [𝐺] we can only guarantee that ⟨𝐵𝑛 : 𝑛 < 𝜔⟩ ∈ 𝑉 [𝐺]. To
see that ⟨𝐵𝑛 : 𝑛 < 𝜔⟩ is a partition of 𝛾, pick 𝛼 < 𝜅. By our assumption,
𝐷𝛼 ∩ (

⋃︀
𝑛<𝜔 𝐴𝑛) is predense, so there is 𝑞′ ∈ 𝐺 ∩ (

⋃︀
𝑛<𝜔 𝐴𝑛) ∩ 𝐷𝛼. Let 𝑛

be such that 𝑞′ ∈ 𝐴𝑛. Since 𝐴𝑛 is an antichain, 𝑞′ = 𝑞𝑛, which by definition
means that 𝛼 ∈ 𝐵𝑛.

To see (1) → (2), let ⟨𝐷𝛼 : 𝛼 < 𝛾⟩ be a sequence of dense open sets,
with 𝛾 < 𝜅, and let 𝐺 be 𝑉 -generic. Set 𝑓 : 𝛾 → 𝐺 ⊆ 𝑉 to be a choice
function sending 𝛼 to 𝑝𝛼 ∈ 𝐷𝛼 ∩𝐺. By our assumption, there is a partition
⟨𝐵𝑛 : 𝑛 < 𝜔⟩ ∈ 𝑉 [𝐺] of 𝛾, such that for every 𝑛 < 𝜔, 𝑓 ↾ 𝐵𝑛 ∈ 𝑉 . This
means that there is 𝑞𝑛 ∈ 𝐺 such that 𝑞𝑛 ⊩ Im(𝑓 ↾ 𝐵𝑛) ⊆ 𝐺 which in turn
implies (by seperativity) that 𝑞𝑛 ≤ Im(𝑓 ↾𝐵𝑛). Let 𝑞𝑛 be a name for 𝑞𝑛 such
that 1lP ⊩ “ for every 𝛼 there is 𝑛 such that 𝑞𝑛 ∈ 𝐷𝛼”. Let

𝐸𝑛 = {𝑞 : 𝑞 ⊩ 𝑞𝑛 ≥ 𝑞}.
Then by Zorn’s lemma, 𝐸𝑛 contains a maximal antichain 𝐴𝑛. To conclude,
we claim that for each 𝛼, 𝐷𝛼 ∩ (

⋃︀
𝑛<𝜔 𝐴𝑛) is predense. Indeed, let 𝑟 be

any condition and let 𝐻 be generic with 𝑟 ∈ 𝐻. Then there is 𝑛 such that
(𝑞𝑛)𝐻 ∈ 𝐷𝛼 and therefore there is 𝑟′ ≤ (𝑞𝑛)𝐻 , 𝑟 which is in 𝐸𝑛. □

We can now state and prove a combinatorial characterization of the trace
property.

Proposition 4.32. Let P be a forcing poset preserving 𝜅. Then the following
are equivalent:

(1) 1lP ⊩P “ cf(𝜅) = 𝜔” and P is weakly (𝜔, 𝜅+)-predistributive.
(2) P has the 𝜅-trace property.

Proof. Suppose P has the 𝜅-trace property. In the proof of Lemma 4.25,
we have already observed that 1l ⊩P “ cf(𝜅) = 𝜔”. Moreover, it is clear by
Definition 4.30 that P is weakly (𝜔, 𝜅+)-predistributive.

Conversely, suppose P is weakly (𝜔, 𝜅+)-predistributive let 𝐺 ⊆ P be 𝑉 -
generic, and let 𝑓 : 𝜅 → 𝐸 be a function in 𝑉 [𝐺] with 𝐸 ⊆ 𝑉 . Since 𝜅
has countable cofinality in 𝑉 [𝐺] we may pick a countable cofinal sequence
⟨𝜈𝑛 : 𝑛 < 𝜔⟩ ∈ 𝑉 [𝐺] with limit 𝜅. Since P is weakly (𝜔, 𝜅+)-predistributive,
there is ⟨𝐵𝑚 : 𝑚 < 𝜔⟩ ∈ 𝑉 [𝐺] of 𝜅 with 𝑓 ↾𝐵𝑚 ∈ 𝑉 for each 𝑚 < 𝜔. Letting
𝐹 : 𝜔×𝜔 → 𝜔 be the Gödel pairing function, define 𝐵*

𝐹 (𝑚,𝑛) := 𝐵𝑚∩𝜈𝑛, for

each 𝑚,𝑛 < 𝜔. For each 𝑖 < 𝜔, stipulate 𝐹−1(𝑖) = (𝑚,𝑛). It is clear that
𝑓 ↾𝐵*

𝑖 = (𝑓 ↾𝐵𝑚) ↾ 𝜈𝑛 ∈ 𝑉 , and so ⟨𝐵*
𝑖 : 𝑖 < 𝜔⟩ ∈ 𝑉 [𝐺] is a suitable witness

for the 𝜅-trace property. □

Let us conclude this section with a summarizing table of the relevant
definitions and their respective characterizations.
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Property of
P

Characterization in
𝑉 [𝐺]

Combinatorial
Characterization

(𝜔, 𝜅)-
predistributive

∀𝑓 ∈ <𝜅On ∩ 𝑉 [𝐺],
∃ℬ ∈ 𝑉 ∩ 𝜔𝑃 (𝛾) such that
𝛾 =

⨆︀
ℬ and 𝑓 ↾ ℬ𝑛 ∈ 𝑉

for all 𝑛

∀𝒟⃗ ∈ <𝜅ℱ(Q) ∀𝑝 ∃𝑞 ≤ 𝑝

∃𝐸⃗ ∈ 𝜔ℱ𝑞(Q) such that

∀𝛼 ∃𝑛 𝐸⃗𝑛 ⊆ 𝐷⃗𝛼

Weakly (𝜔, 𝜅)-
predistributive

∀𝑓 ∈ <𝜅On ∩ 𝑉 [𝐺],
∃ℬ ∈ 𝑉 [𝐺] ∩ 𝜔𝑃 (𝛾) such
that 𝛾 =

⨆︀
ℬ and

𝑓 ↾ ℬ𝑛 ∈ 𝑉 for all 𝑛

∀𝒟⃗ ∈ <𝜅ℱ(Q) ∃𝐴⃗ ∈ 𝜔𝑃 (Q)

such that 𝐴⃗𝑛 is an
antichain and
∀𝛼 𝐷⃗𝛼 ∩

⋃︀
𝑛 𝐴⃗𝑛 is predense

𝜅-trace
property

∀𝑓 ∈ 𝜅On ∩ 𝑉 [𝐺],
∃ℬ ∈ 𝑉 [𝐺] ∩ 𝜔𝑃bd(𝜅) such
that 𝜅 =

⨆︀
ℬ and

𝑓 ↾ ℬ𝑛 ∈ 𝑉 for all 𝑛

Weakly
(𝜔, 𝜅+)-predistributive and
1l ⊩P cf(𝜅) = 𝜔

5. The Tukey type of generic filters and large projection

In this section we will extend our analysis using the cofinal structure of
generic filters. The cofinal structure refers to the study of cofinal subsets of a
given partially ordered set8. This structure will emphasize the difficulty one
has to face when trying to generalize the results of this paper to the class of
forcings which are larger than 𝜆. We will then provide some partial results
about this larger class. The main quantity related to the cofinal structure
of an ordered set P is the cofinality of P (also known as the character of P):

cf(P) = min{|ℬ| | ℬ ⊆ P is cofinal in P}.

In what follows we view forcing notions as partially ordered sets with their
reverse order. Note that cofinal sets coinside with dense sets. We also order
filters of the forcing with the order induced from the forcing, which makes
them directed. Let us immediately start with the main observation of this
section:

Theorem 5.1. Let Q be any forcing. Then the following are equivalent:

(1) There is a dense 𝐷 ⊆ P𝒰 and a forcing projection 𝜋 : 𝐷 → Q which
only depends on the stem, i.e, for any (𝑠, 𝑆) ∈ 𝐷 and any 𝒰-tree 𝑇
with stem 𝑠, 𝜋(𝑠, 𝑆) = 𝜋(𝑠, 𝑇 ).

(2) There is a P𝒰 -name 𝐻̇ such that 1lP ⊩ “𝐻̇ ⊆ Q is V-generic, cf(𝐻) =

𝜔”, and for any 𝑞 ∈ Q there is 𝑝 ∈ P𝒰 such that 𝑝 ⊩ 𝑞 ∈ 𝐻̇.
(3) Q has a dense subset of size at most 𝜆 and there is 𝐷 ⊆ P𝒰 dense

and a projection 𝜋 : 𝐷 → Q.

8If P is a partially ordered set, then a subset ℬ ⊆ P is called cofinal if for every 𝑝 ∈ P
there is 𝑏 ∈ ℬ such that 𝑝 ≤P 𝑏.
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Remark 5.2. By Theorem 3.15, and Fact 2.7 the above is equivalent to
ℱ(Q) ≤fin

𝑠𝐾 𝒰 .
Proof. To see (1) ⇒ (3), we note that when there is a projection then the
image is dense in Q, and since the projection depends only on the stem, the
image is of size ≤ 𝜆. To see that (3) ⇒ (2) we use Theorem 3.9 and let 𝐻̇ a

name for 𝜋“𝐺̇. Finally to see (2) ⇒ (1), suppose that 1lP𝒰 ⊩ “𝑞0 ≥ 𝑞1 ≥ 𝑞2...

generates 𝐻̇”. Now fix an arbitrary 𝑝* ∈ P𝒰 . For each 𝑛, find 𝑚𝑛 and
𝑝𝑛 ≤* 𝑝* such that every 𝑚𝑛-step extension of 𝑝𝑛 decides 𝑞𝑛. Let 𝑝* =
(⟨⟩, 𝐴*) ≤* 𝑝𝑛 for all 𝑛. We will define a projection 𝜋 : P𝒰/𝑝

* → Q which
depends only on the stem. We will start by defining 𝜋 ↾

⋃︀
𝑛<𝜔[𝐴

*]𝑚𝑛 , then
extend to 𝜋 ↾ [𝐴*]<𝜔 by setting 𝜋(𝑥⃗) = 𝜋(𝑥⃗ ↾𝑚𝑛) for the largest 𝑛 such that
𝑚𝑛 ≤ |𝑥⃗|. 𝜋(𝑥⃗) for 𝑥⃗ ∈ [𝐴*]𝑚𝑛 to be 𝑞 such that 𝑝*⌢𝑥⃗ ⊩ 𝑞𝑛 = 𝑞. If 𝑥⃗ ⊑ 𝑦⃗,
since the values of 𝑞𝑛’s are forced to be decreasing, 𝜋(𝑥⃗) ≥ 𝜋(𝑦⃗). Let 𝐷 ⊆ Q
be dense open, and let (𝑥⃗, 𝐵) ≤ (⟨⟩, 𝐴*). Then there is (𝑦⃗, 𝐶) ≤ (𝑥⃗, 𝐵) and
some 𝑁 such that (𝑦⃗, 𝐶) ⊩ ∀𝑛 ≥ 𝑁, 𝑞𝑛 ∈ 𝐷̌. Then pick any 𝑦⃗ ⊑ 𝑧⃗ such
that |𝑧⃗| ≥ 𝑚𝑁 and 𝑧⃗ ∖ 𝑦⃗ ⊆ 𝐶. Then 𝜋(𝑧⃗) ∈ 𝐷. Indeed, 𝜋(𝑧⃗) is forced by
(𝑧⃗, 𝐶 ∖max(𝑧⃗) + 1) to be 𝑞𝑚 for some 𝑚 ≥ 𝑁 but also the same condition
forces that 𝑞𝑚 ∈ 𝐷 so 𝜋(𝑧⃗) ∈ 𝐷. Hence 𝜋 is a weak projection. Since we
started with an arbitrary 𝑝*, we can now define a weak projection 𝜋 from a
dense subset 𝐷 ⊆ P𝒰 to Q (by defining the projection along an antichain).
To see that this is a projection, it suffices to show that Im(𝜋) is dense.

Indeed, let 𝑞 ∈ Q, then there is 𝑝 such that 𝑝 ⊩ 𝑞 ∈ 𝐻̇. Then we can find
𝑝′ ≤ 𝑝 and 𝑛 such that 𝑝′ ⊩ 𝑞𝑛 ≤ 𝑞′ (indeed, the 𝑞𝑛’s are forced to generate

𝐻̇). We can further extend 𝑝′ to 𝑝′′ and find 𝑞* such that 𝑝′′ ⊩ 𝑞* = 𝑞𝑛 and
therefore 𝑞* ≤ 𝑞. Find 𝑑 ∈ 𝐷 such that 𝑑 ≤ 𝑝′′ and make sure that the stem
of 𝑑 has size at least 𝑚𝑛, Then 𝜋(𝑑) ≤ 𝑞. □

Corollary 5.3. Let Q be a (𝜔, 𝜅)-predistributive 𝜆-pregenerated forcing.
Then there is 𝐷 ⊆ P𝒰 dense, and there is a projection 𝜋 : 𝐷 → Q which
only depends on the stem.

Example 5.4. For each pair of the following forcing notions there is a
projection which only depends on the stem.

(1) P𝒰 and P(𝒲), where 𝒲 is a measure on 𝜅 and P(𝒲) denotes vanilla
Prikry forcing.

(2) P𝒰 and P𝒰𝛼 , where 𝜅 ≤ 𝛼 < 𝜆 and 𝒰𝛼 is the projection of 𝒰 to
𝒫𝜅(𝛼). Note that the usual weak projection (⟨𝑠0, . . . , 𝑠𝑛⟩, 𝐴) ↦→
(⟨𝑠0 ∩ 𝛼, . . . , 𝑠𝑛 ∩ 𝛼⟩, {𝑋 ∩ 𝛼 : 𝑋 ∈ 𝐴}) depends on the measures.

(3) A cone of AIM forcing Q/𝑞 and Q
𝛽
, where 𝛽 = ⟨𝛽𝑖 : ℓ(𝑞) ≤ 𝑖 < 𝜔⟩ is

a ≤-increasing sequence with 𝛽𝑖 ∈ 𝑎𝑞𝑖 for all 𝑖 ≥ ℓ(𝑞). Note that the
usual weak projection 𝜋 : Q/𝑞 → Q

𝛽
, given by 𝜋(𝑝)𝑖 = 𝑓𝑝

𝑖 (𝛽𝑖) for

ℓ(𝑞) ≤ 𝑖 < ℓ(𝑝), and 𝜋(𝑝)𝑖 = {𝑥 ∩ 𝛽𝑖 : 𝑥 ∈ 𝐴𝑝
𝑖 } for 𝑖 ≥ ℓ(𝑝), depends

on the measures (see [CFM+18]).
(4) Merimovich forcing P and P𝑑, with 𝑑 ∈ [𝜆 ∖ 𝜅]<𝜆 and 𝜅 = min(𝑑)

(see [DPT24, S4]).
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The above theorem illustrates how the “shape” of a generic for a forcing
Q of cardinality 𝜆 which is a projection of P𝒰 is as simple as it can be: it
is generated by an 𝜔-sequence of conditions. This is no longer true when
we consider forcings of larger cardinality; in which case, more complicated
shapes of generating sets appear. To formally express what a “shape” is, it
is natural to use the language of the Tukey order:

Definition 5.5 (Tukey Order). Let (𝑃,<𝑃 ) and (𝑄,<𝑄) be two directed
partial orders. We say that 𝑃 ≤𝑇 𝑄 iff there is a map 𝑓 : 𝑄 → 𝑃 such that
whenever 𝐴 ⊆ 𝑄 is cofinal in <𝑄 then 𝑓“𝐴 is cofinal in <𝑃 . We say 𝑃 ≡𝑇 𝑄
iff 𝑃 ≤𝑇 𝑄 ≤𝑇 𝑃 .

Theorem 5.1 says that if Q is a projection of cardinality ≤ 𝜆 of P𝒰 , then
a generic filter 𝐻 for Q which has Tukey-type 𝜔 in 𝑉 [𝐺]. A more general
(and trivial) observation is the following:

Fact 5.6. Let P,Q be forcing notions and suppose 𝜋 : P → Q is a weak
projection. Then for any generic 𝐺 ⊆ P, 𝐺 ≥𝑇 𝜋“𝐺.

This observation provides a useful tool to rule out the existence of weak
projections. Note that the Tukey-type of 𝐺 and 𝜋“𝐺 is compared in 𝑉 [𝐺].
This invites the study of the cofinal structure of a generic filter, which we
will see is very relevant to the structure of intermediate models of Prikry-
type forcings. Let us start with some simple examples which show that
Tukey-comparability of the generic filter is much coarser than the existence
of a weak projection:

Example 5.7. Let 𝐺 be 𝑉 -generic for Add(𝜅, 1) or Col(𝜅, 𝜆), then 𝐺 ≡𝑇 𝜅:
Indeed, let 𝑔 =

⋃︀
𝐺. Then ⟨𝑔 ↾ 𝛼 : 𝛼 < 𝜅⟩ is a linearly ordered set which

generates 𝐺, which suffices to conclude that 𝐺 ≡𝑇 𝜅.

More generally, if 𝐺 is 𝑉 -generic for a 𝜅-distributive forcing and in some
model 𝑉 [𝐺] ⊆ 𝑀 , |𝐺| = 𝜅, then 𝑀 |= 𝐺 ≡𝑇 𝜅. Moreover, if 𝑀 |=
cf(𝜅) = 𝜆, then 𝐺 ≡𝑇 𝜆. The next theorem establishes the equivalence
of 𝜅-directedness of the generic filter and 𝜅-distributivity of the forcing.
In particular, any forcing with generics being of Tukey type 𝜅 must be 𝜅-
distributive.

Theorem 5.8. Let P be a forcing notion and 𝜅 be a regular cardinal. The
following are equivalent:

(1) ⊩P “𝐺̇ is 𝜅-directed”.
(2) P is <𝜅-distributive.

Proof. For (1) ⇒ (2), let 𝑓 : 𝛾 → 𝑉 ∈ 𝑉 [𝐺] be any function with 𝛾 < 𝜅. Fix

a name 𝑓 for 𝑓 . For each 𝛽 < 𝛾, there is 𝑝𝛽 ∈ 𝐺 such that 𝑝𝛽 ⊩ 𝑓(𝛽) = 𝑓(𝛽).
Since 𝐺 is 𝜅-directed, there is 𝑝 ∈ 𝐺 such that 𝑝 ≤ 𝑝𝛽 for all 𝛽 < 𝛾. So 𝑝
decides every value of 𝑓 and therefore 𝑓 ∈ 𝑉 .

For (2) ⇒ (1), suppose P is <𝜅-distributive. To see that 𝐺 is 𝜅-directed,
let {𝑝𝛼 : 𝛼 < 𝛾 < 𝜅} ⊆ 𝐺. By distributivity, {𝑝𝛼 : 𝛼 < 𝛾} ∈ 𝑉 . Hence
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for each 𝛼 < 𝛾 we can define the dense open set 𝐷𝛼 = {𝑞 ∈ P : 𝑝𝛼 ≤
𝑞 or 𝑞 ⊥ 𝑝𝛼}. Again by distributivity,

⋂︀
𝛼<𝛾 𝐷𝛼 is dense open so there is

𝑝 ∈ 𝐺 ∩
⋂︀

𝛼<𝛾 𝐷𝛼. Clearly 𝑝 is compatible with each 𝑝𝛼, so 𝑝 ≤ 𝑝𝛼 for all
𝛼 < 𝛾. □

We say that a directed set is (𝜔, 𝜅)-directed closed if for any 𝛾 < 𝜅 and
any sequence ⟨𝑑𝑖 : 𝑖 < 𝛾⟩ ⊆ 𝐷 there is another sequence ⟨𝑒𝑛 : 𝑛 < 𝜔⟩ such
that for every 𝑖 < 𝛾 there is 𝑛 < 𝜔 such that 𝑑𝑖 ≤ 𝑒𝑛.

Theorem 5.9. Let P be a forcing notion and 𝜅 be a regular cardinal. The
following are equivalent:

(1) ⊩P “𝐺̇ is (𝜔, 𝜅)-directed closed”.
(2) P is weakly (𝜔, 𝜅)-predistributive.

Proof. To show, (1) ⇒ (2) let 𝛾 < 𝜅 and 𝑓 : 𝛾 → 𝑉 be any function in 𝑉 [𝐺].

Fix a name 𝑓 for 𝑓 and a 𝑝 such that 𝑝 ⊩ 𝑓 : 𝛾 → 𝑉 . For each 𝛽 < 𝛾, there
is 𝑝𝛽 ∈ 𝐺/𝑝 such that 𝑝𝛽 ⊩ 𝑓(𝛽) = 𝑓(𝛽). Since 𝐺 is (𝜔, 𝜅)-directed closed,
there is a sequence ⟨𝑞𝑛 : 𝑛 < 𝜔⟩ ⊆ 𝐺 such that for each 𝛽 there is 𝑛 such

that 𝑞𝑛 ≤ 𝑝𝛽. For each 𝑛 < 𝜔 let 𝐵𝑛 = {𝛽 : 𝑞𝑛||𝑓(𝛽)}. Then 𝐵𝑛 ∈ 𝑉 and
⟨𝐵𝑛 : 𝑛 < 𝜔⟩ ∈ 𝑉 [𝐺] is a partition of 𝛾 and 𝑓 ↾ 𝐵𝑛 ∈ 𝑉 for every 𝑛 ∈ 𝜔.
Hence P is weakly (𝜔, 𝜅)-predistributive.

For (2) ⇒ (1), suppose P is weakly (𝜔, 𝜅)-predistributive. To see that
𝐺 is (𝜔, 𝜅)-directed let 𝛾 < 𝜅 and ⟨𝑝𝛼 : 𝛼 < 𝛾⟩ ⊆ 𝐺. By weak (𝜔, 𝜅)-
predistributivity, there is a partition ⟨𝐵𝑛 : 𝑛 < 𝜔⟩ of 𝛾 so that for each 𝑛,
⟨𝑝𝛼 : 𝛼 ∈ 𝐵𝑛⟩ ∈ 𝑉 . this means that there is a condition 𝑞𝑛 ∈ 𝐺 that forces
⟨𝑝𝛼 : 𝛼 ∈ 𝐵𝑛⟩ ⊆ 𝐺. By separativity, this means that 𝑞𝑛 ≤ 𝑝𝛼 for every
𝛼 ∈ 𝐵𝑛. Hence the sequence ⟨𝑞𝑛 : 𝑛 < 𝜔⟩ ⊆ 𝐺 is as wanted. □

To characterize the forcings whose generic is exactly of Tukey-type 𝜅, for
a regular cardinal 𝜅, we observe that 𝐷 ≡ 𝜅 if and only if 𝐷 is 𝜅-directed
and generated by 𝜅-many sets. For a ordered set P, define the cofinality of
P, denoted by cf(P), to be the minimal cardinality of a generating set for
P. Since we already characterized posets whose generic is 𝜅-directed (i.e.

𝜅-distributive), it remains to characterize when is it forced that cf(𝐺̇) ≤ 𝜅.
This is related to the notion of 𝜅-pregenerated forcings in Definition 3.4:

Proposition 5.10. If Q is 𝜆-pregenerated and 𝐺̇ names a Q-generic filter
then ⊩Q cf(𝐺̇) ≤ 𝜆.

Proof. Suppose ℱ(Q) is generated by {𝐵𝛼 : 𝛼 < 𝜆}. By shrinking the 𝐵𝛼’s
if necessary, we may assume that they are all open dense. Suppose 𝐺 ⊆ Q
is generic. For each 𝛼 choose some 𝑞𝛼 ∈ 𝐺 ∩ 𝐵𝛼. Let 𝑋0 = {𝑞𝛼 : 𝛼 < 𝜆}.
We extend 𝑋0 to a directed set of size 𝜆 inductively. Define a function
𝐹1 : [𝑋0]

<𝜔 → 𝐺 where 𝐹1(𝑠) is a lower bound of 𝑠 and 𝐹1(𝑠) ∈ 𝑋0 if
possible. Set 𝑋1 = 𝐹1“𝑋0. Define 𝑋𝑛+1 and 𝐹𝑛+1 : [𝑋𝑛]

<𝜔 → 𝐺 similarly
so that 𝐹𝑛+1 ↾ [𝑋𝑛−1]

<𝜔 = 𝐹𝑛. Let 𝑋* =
⋃︀

𝑛∈𝜔 𝑋𝑛. Then 𝑋* is directed
and meets every dense subset of Q so the upwards closure of 𝑋* is a generic
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filter. This upwards closure is contained in 𝐺, so in fact 𝑋* generates 𝐺,
and |𝑋*| = 𝜆 · 𝜔 = 𝜆. So 𝐺 is generated by a set of size 𝜆. □

Remark 5.11. The above implication is not reversible: Consider the Cohen
forcing Q = Add(𝜔, 1) and let 𝐺 be generic, and 𝑓 =

⋃︀
𝐺. 𝐺 is generated

by a countable set: {𝑓 ↾ 𝑛 : 𝑛 ∈ 𝜔}. However, no non-trivial forcing can
be 𝜔-pregenerated, since this would allow us to construct a generic in the
ground model.

Question 5.12.

(1) Is there a characterization of 𝜆-pregenerated forcings in terms of the
Tukey-type of the generic filter?

(2) What is the combinatorial characterization of posets Q such that

Q ⊩ cf(𝐺̇) ≤ 𝜅̌?

To see examples where we have more complicated Tukey-types, we need
the following characterization:

Lemma 5.13 (Tukey [Tuk40]). Let 𝜆 and 𝜅 be cardinals such that cf([𝜆]<𝜅,⊆
) = 𝜆. Then the following are equivalent for every directed set P:

(1) [𝜆]<𝜅 ≤𝑇 P.
(2) For every 𝜅-directed order D of size ≤ 𝜆, D ≤𝑇 P.
(3) There is ⟨𝑝𝛼 | 𝛼 < 𝜆⟩ ⊆ P such that for every 𝐼 ∈ [𝜆]𝜅, {𝑝𝛼 | 𝛼 ∈ 𝐼}

is unbounded in P.

Example 5.14. If 𝐺 is generic for either Add(𝜅, 𝜆) or Col(𝜅,< 𝜆), then
in the extension 𝐺 ≡𝑇 [𝜆]<𝜅. Note that |𝐺| = 𝜆 in both cases, and is
𝜅-directed (by Theorem 5.8). Moreover, any 𝜅-many elements of 𝐺 are
unbounded (even in the forcing) since conditions are of size <𝜅. By Lemma
5.13, 𝐺 ≡ ([𝜆]<𝜅,⊆).

Next, let us analyze the Tukey-type of Prikry forcing generics, or on 𝜔,
those of Mathias and Laver forcings. The definitions of Mathias and Laver
forcing can be found in [Jec03].

Proposition 5.15. Let 𝐹 be a filter over 𝜅 for 𝜅 ≥ 𝜔. Let 𝐺 ⊆ Q be generic
where Q be either:

(1) Prikry forcing with 𝐹 .
(2) Laver forcing relative to a filter (i.e. splittings are 𝐹 -measure one)

(or Tree Prikry forcing relative to 𝐹 ).
(3) Mathias forcing relative to 𝐹

Then 𝐺 ≡𝑇 𝑈 .

Proof. All these forcings have the following in common:

(1) If 𝐺 is 𝑉 -generic for Q, then 𝐺 induces a sequence 𝑐⃗𝐺 (of some length
𝜔 ≤ ℓ ≤ 𝜅) such that 𝐺 = {(𝑐⃗𝐺 ↾ 𝛾, 𝑇 ) ∈ Q : 𝛾 < ℓ, 𝑐⃗𝐺 ↾ [𝛾, ℓ) ⊆ 𝑇}

(2) 𝐴 ∈ 𝐹 if and only if there is 𝛾 < ℓ such that 𝑐⃗ ↾ [𝛾, ℓ) ⊆ 𝐴.
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For the Mathias forcing relative to a filter 𝐹 , or the normal Prikry forcing,
recall that if ⟨𝑐𝑛 : 𝑛 < 𝜔⟩ is generic then 𝐴 ∈ 𝑈 if and only if there is
𝑁 < 𝜔 such that ∀𝑛 ≥ 𝑁 , 𝑐𝑛 ∈ 𝐴. Define in 𝑉 [𝐺], 𝑓 : 𝑈 → 𝐺 by
𝑓(𝐴) = (𝑐0, ..., 𝑐𝑁𝐴

, 𝐴) where 𝑁𝐴 is the list such that for all 𝑛 ≥ 𝑁𝐴, 𝑐𝑛 ∈ 𝐴.
Then 𝑓 is well defined, monotone, onto and also unbounded, since if 𝒜 ⊆ 𝑈
is unbounded, then

⋂︀
𝒜 /∈ 𝑈 and {𝑓(𝐴) : 𝐴 ∈ 𝒜} is unbounded (even in P)

since any stronger condition will give a bound for
⋂︀
𝒜. □

We get the following corollary (below 𝑃𝑟(𝑈) denotes the classical Prikry
forcing with 𝑈):

Corollary 5.16. If 𝑃𝑟(𝑈) weakly projects to 𝑃𝑟(𝑊 ), then in 𝑉 𝑃𝑟(𝑈), 𝑈 ≥𝑇

𝑊 .

Corollary 5.17. If P𝒰 weakly projects to Q, then ⊩P𝒰 𝒰 ≥𝑇 𝐺̇Q

But what is the Tukey-type of 𝒰 in 𝑉 [𝐺]? In [BW25] it was shown that
every fine 𝜅-complete ultrafilter over 𝑃𝜅(𝜆), where 𝜆 is regular, has maximal
Tukey complexity, i.e. 𝒰 ≥𝑇 [2𝜆]<𝜅.

Proposition 5.18. Suppose that 𝐺 is 𝑉 -generic for P𝒰 . The following holds
of 𝒰 in 𝑉 [𝐺]:

(1) 𝒰 =
⋃︀

𝑛<𝜔 𝒰𝑛 such that each 𝒰𝑛 is 𝑉 -complete in the sense that for
any 𝒜 ∈ 𝑉 ∩ 𝑃 (𝒰),

⋂︀
𝒜 ∈ 𝒰 .

(2) Let 𝜆 be regular in 𝑉 [𝐺]. Then 𝑉 [𝐺] |= 𝒰 ≥ [𝜆]<𝜅 if and only if
𝑉 |= 𝒰 ≥ [𝜆]<𝜅.

(3) If 𝒰 is normal, then in 𝑉 [𝐺], 𝒰 is 𝜈-indecomposable for every regular
uncountable 𝜈 < 𝜅.

Proof. For (1) simply take 𝒰𝑛 = {𝐴 ∈ 𝒰 : ∀𝑚 ≥ 𝑛, (𝑐⃗𝐺)𝑚 ∈ 𝐴} where 𝑐⃗ is
the Prikry sequence.

For (2), if 𝒰 ≥ [𝜆]<𝜅 in 𝑉 , then there is a sequence witnessing this, say
⟨𝐴𝛼 : 𝛼 < 𝜆⟩ ∈ 𝑉 ∩ [𝒰 ]𝜆. We claim that the sequence remains a witness in
𝑉 [𝐺]. Indeed, if 𝐼 ∈ [𝜆]𝜅 ∩ 𝑉 [𝐺], and

⋂︀
𝑖∈𝐼 𝐴𝑖 ∈ 𝒰 , let 𝐴 ∈ 𝒰 be such that

𝐴 ⊆
⋂︀

𝑖∈𝐼 𝐴𝑖. Then 𝐴 ∈ 𝑉 and we may define 𝐼 ′ = {𝑖 < 𝜆 : 𝐴 ⊆ 𝐴𝑖} ∈ 𝑉 .
Since 𝐼 ⊆ 𝐼 ′, then 𝐼 ′ ∈ [𝜆]𝜅 ∩ 𝑉 , contradicting the fact that ⟨𝐴𝛼 : 𝛼 < 𝜆⟩ is
a witness. In the other direction, if ⟨𝐴𝛼 : 𝛼 < 𝜆⟩ ∈ 𝑉 [𝐺]∩ [𝒰 ]𝜆 is a witness,

then for every 𝛼 we find (𝑡𝛼, 𝐵𝛼) ⊩ 𝐴̇𝛼 = 𝐴′
𝛼 (below a condition which forces

everything). By the regularity of 𝜆, there is 𝑡* and 𝐽 ∈ [𝜆]𝜆 such that for
every 𝛼 ∈ 𝐽 , 𝑡𝛼 = 𝑡*. Let 𝐴*

𝛼 = 𝐵𝛼 ∩ 𝐴′
𝛼. We claim that ⟨𝐴*

𝛼 : 𝛼 ∈ 𝐽⟩ is
a witness in 𝑉 : Otherwise, there is 𝐼 ∈ [𝐽 ]𝜅 such that 𝐴* :=

⋂︀
𝛼∈𝐼 𝐴

*
𝛼 ∈ 𝑈 .

But then ⟨𝑡*, 𝐴*⟩ forces for each 𝛼 ∈ 𝐼 that 𝐴̇𝛼 = 𝐴′
𝛼 and therefore forces

that 𝐴* ⊆
⋂︀

𝛼∈𝐼 𝐴̇𝛼. But then ⟨𝑡*, 𝐴*⟩ forces contradictory information.
Finally, for (3), see for example [Kan94, Ex. 18.6]. □

From (2) we conclude that Prikry forcing with a 𝑝-point ultrafilter (or
any other non-Tukey-top ultrafilter) cannot add a Prikry sequence for a
Tukey-top ultrafilter.
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Corollary 5.19. If 𝑃𝑟(𝑈) weakly projects to 𝐴𝑑𝑑(𝜅, 𝜆), then 𝑈 ≥𝑇 [𝜆]<𝜅.

Let us finish this paper by several observation regarding the forcing pro-
jection of P𝒰 if larger cardinality. First, we have the following:

Proposition 5.20. Suppose that 𝜅 is supercomapct, Q is a 𝜆+-cc forcing,
(𝜔, 𝜅)-predistributive and not 𝜅-distribute. Then Q adds an 𝜔-sequence un-
bounded in a some 𝑉 -cardinal in the interval [𝜅, 𝜆]. In particular, the same
holds for non-distributive projections of P𝒰 .

Proof. By Corollary 4.5, Q must add an 𝜔-sequence ⟨𝛼𝑛 | 𝑛 < 𝜔⟩. By the
chain condition, we can cover {𝛼𝑛 | 𝑛 < 𝜔} by some set 𝐴 ∈ 𝑉 , |𝐴| ≤ 𝜆.
By properly enumerating, we see that an 𝜔-sequence was added below 𝜆.
Let 𝜆′ ≤ 𝜆 be minimal such that some 𝜔-sequence was added below 𝜆′, then
by minimality, 𝜆′ must be a 𝑉 -cardinal, and the new 𝜔-sequence must be
unbounded in 𝜆′. Since 𝜅 is supercompact, Qmust also be (𝜅, 2)-distributive,
and therefore 𝜆′ ≥ 𝜅. □

Proposition 5.21. Add(𝜅, 𝜅++) is not a weak projection of a 𝑃𝜅(𝜅
+)-

strongly compact Prikry forcing.

Proof. Otherwise, let𝐴 ⊆ 𝜅++ be Add(𝜅, 𝜅++)-generic (i.e. < 𝜅-approximations
are in 𝑉 and if 𝐼 ⊆ 𝜅++ is of size ≥ 𝜅, then 𝐴 ↾ 𝐼 /∈ 𝑉 ). In 𝑉 , for each

𝛼 < 𝜅++, let 𝑝𝛼 = (𝑡𝛼, 𝐵𝛼) decide 𝐴̇(𝛼). Then there is 𝐼 ∈ [𝜅++]𝜅
++

such

that 𝑡𝛼 = 𝑡* for every 𝛼 ∈ 𝐼. Let 𝐵 = {𝛼 : ∃𝐶, (𝑡*, 𝐶)||𝐴̇(𝛼)}. Note that

the decision 𝐴̇(𝛼) does not depend on 𝐶, hence 𝐵 is a set in 𝑉 of size 𝜅++

which is forced to agree with 𝐴̇. Contradiction. □

The above proof shows something more general: If a forcing of size 𝜅++

is absorbed, then the generic is just a (characteristic) function on 𝜅++,
𝑓 ∈ 𝑉 [𝐺]. Then there is a partition ⟨𝐵𝑛 : 𝑛 < 𝜔⟩ of 𝜅++ in 𝑉 [𝐺] such
that 𝑓 ↾ 𝐵𝑛 ∈ 𝑉 for every 𝑛. Note that this is difference than weak (𝜔, 𝜅)-
predistributivity since the proof only works for binary functions (i.e. sets).

Corollary 5.22. Suppose that 𝒰 is a fine 𝜅-complete ultrafilter over 𝑃𝜅(𝜅
+).

Then P𝒰 cannot weakly project to Add(𝜅+, 𝜅++) nor on Add(𝜅++, 1). More-
over, P𝒰 cannot add fresh subsets to 𝜅++.

6. Questions and concluding discussion

We summerize our contribution to the understanding of the intermedi-
tate models of the strongly compact Prikry forcing and the remaiing tasks,
together with other related research avenues.

Most of our results classify the subforcings of size 𝜆 of the strongly com-
pact Prikry forcing with an ultrafilter on 𝑃𝜅(𝜆). We have seen that:

(i) Given that 𝜅 is supercompact, the class of forcings which are pro-
jections of a strongly compact Prikry forcing coincide with the class
of (𝜔, 𝜅)-predistributive forcings.
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(ii) Inside the class of forcings of size ≤ 𝜆, the class of forcings which
can be projections of a 𝜆-strongly compact Prikry forcing on 𝑃𝜅(𝜆)
is exactly the class of (𝜔, 𝜅)-predistributive forcings.

(iii) Inside the class of forcings of size≤ 𝜆, the class of projections of every
strongly compact Prikry forcings on 𝑃𝜅(𝜆) include all the (𝜔, 𝜅)-
predistributive 𝜆-pregenerated forcings.

(iv) A projection of the 𝜆-strongly compact Prikry forcing must:
(a) have a dense subset of size 2𝜆.
(b) be (𝜅, 𝜆)-centered.
(c) be (𝜔, 𝜅)-predistributive.

This suggests the following questions:

Question 6.1. If 𝒰 is a fine, 𝜅-complete ultrafilter over 𝑃𝜅(𝜆), which forc-
ings of size > 𝜆 are projections of P𝒰?

We have ruled out some classical ones in 5.22, and item (iv) provides some
restriction. A related question is the following (formulated for 𝜆 = 𝜅+ for
concreteness, but of interest for any other 𝜆 > 𝜅):

Question 6.2. Suppose that Q is a projection of the 𝜅+-strongly compact
Prikry forcing, which does not have a dense subset of size 𝜅+. Must Q
singularize 𝜅+?

Regarding uncountable cofinality, we should be interested in the Magidor-
Radin supercompact forcing from [Mer17]:

Question 6.3. Which forcings are consistently projections of the Magidor-
Radin supercompact forcing?

Some initial results can be found in [BP25].
We believe that central problems arising from our work regard the su-

percompact Prikry forcing. We proved limited results regarding (𝜔, 𝜅)-
predistributive 𝜆-pregenerated forcings in Corollary 4.15.

Question 6.4. What forcings are consistently projections of the 𝜆-supercompact
Prikry forcing? Which are projections of every 𝜆-strongly compact Prikry
forcing?

Some rigidity is expected in analogy to Gitik-Kanovei-Koepke’s result
[GKK10] for the normal Prikry forcing (on 𝜅). The following should be the
first test questions on the supercompact case, since we have positive answers
in the strongly compact case. More specifically we ask:

Question 6.5. What forcings of size ≤ 𝜆 are projections of the 𝜆-supercompact
Prikry forcings?

More concretely:

Question 6.6. Can Add(𝜅+, 1) consistently be a projection of P𝒰 for 𝒰 a
normal measure over 𝑃𝜅(𝜅

+)? How about Col(𝜅, 𝜅+)?
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Our results show that these forcings are always projections of P𝒰 for 𝒰 a
𝜅+-strongly compact measure.

In section 5 we analyze the existence of projections via the cofinality and
other order theoretic properties of the generic filter. We believe this analysis
can be extended much further, providing avenues for future research.
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