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Introduction

This paper treats forced vibrations for a nonlinear wave equation of the
form

1.1 u,—u,*F(x,t,u)=0

on 0<x <, under the boundary conditions

(1.2) u(0, N=u(m t)=0.

We seek solutions which are periodic in time with a prescribed period
T=27/\, A rational .

Set 0=(0,7)x(0,T). F is assumed to be periodic in ¢ with period T,
continuous in X , and to satisfy

HyrotHESES. (i) F is nondecreasing in u for all (x, t)eQ;

(ii) |F(x,t, u)|— = as |u]— o for all (x, )€ Q, and
there is some uy€ L*(Q) such that F(x, t, ug(x, t))=0.

In Sections 1-3 we treat the case A =1 and in Section 4 we indicate the
necessary changes for any rational A =a/b. With A =1, assume that F
satisfies, for some constants y, C,

(i) |[F|=vylu|+C

with ¥ <3 or y<1 according to whether we have + or — in (1.1).
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2 H. BREZIS AND L. NIRENBERG
The kernel N of the operator

¥ 8

a2 ax?

acting on functions satisfying (1.2) and periodic in t of period 27 consists of
functions of the form

p(t+x)—p(t—x),

p periodic of period 27; we may suppose that

Izﬂp(t) dt=0.

All the functions we consider are assumed to be time-periodic with period T.
Any ue L*Q) has the orthogonal decomposition

u=u;+u,, u,eN, u,e N*-.

The range of A, R(A), in L? is N*.

The reason one can treat A rational but not irrational is that for A rational the
range of A, acting on D(A) in L?, is closed while this is usually not the case for A
irrational. For A rational the kernel of A is infinite-dimensional, and this
indeed is the main difficulty. But A~' acting on the orthogonal complement of
the kernel is compact.

Our first main result is

THEOREM 1. Assume A =1 and that F satisfies conditions (i), (ii), (iii).
Then there exists a generalized solution of (1.1) and (1.2),

u=u,+u,,
with u, € C*', u,e L™,
Here C°' is the space of Lipschitz continuous functions in (.
Remark. In general, if F is not strictly increasing, solutions need not be
smooth. For instance if F=0 for |u|=k, then there is a solution which is in

L” but not smooth:

u=p(t+x)—plt—-x), p periodic, period 2,
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with pe L™, sup|p|=3k and p not smooth. In Section 3, under further
conditions on F, we prove that every such solution is regular.

A number of authors have treated the problem (1.1), (1.2) with F of the
form ef(x,t, u) and e small, i.e,, a perturbation problem. See Vejvoda
[32]-[34] ([33] in particular contains an extensive bibliography), Rabinowitz
[22], [23], DeSimon and Torelli [4], and Lovicarova [16] as well as [2], [8],
(51, [71, [14], [15], [31], [19}[21], [29], [27], [17], [28]. In addition some
papers take up higher-order operators in the space variables such as [9] and
[12], [13]. A number of authors have described interesting formal expansions
for the solutions, see for instance [11], [18] and [6].

Few papers study the global nonlinear problem, i.e., without &. Rabinowitz
[24] has treated them; see also [12], [13], [10].

In [1], Section 1.2, we proved that there is an L? solution of (1.1), (1.2)
and that the solution is in C*({)) in case F, >0 everywhere, and we shall use
that result as a step in our proof. In a recent, striking paper, Rabinowitz [26]
has treated (1.1), (1.2) requiring F to be superlinear, i.e., to grow at infinity
faster than a power (>1) of u. He obtains solutions as stationary points of a
suitable functional. Furthermore, and this is most striking, he proves the
existence of nontrivial solutions u#0 even if F(x, ¢ 0)=0. In general our
existence theorem does not gurantee the existence of a nontrivial solution. In
Section 5 we introduce some cases in which nontrivial solutions are assured.
Our meihod of proof does not extend to superlinear F. In Section 6 we consider
F of the form g(u)— f(x, t), with g(0)=0 and f small.

We wish to extend our thanks to P. Rabinowitz for several useful
conversations.

Before tackling the theorem we recall some well known facts concerning
the operator A in  under (1.2) and its inverse, see Rabinowitz [22],
Lovicovara [16], DeSimon and Torelli [4]. If fe L? is in the range of A, then
feN* and

u=A"'fe H'NC"*NN*,
i.e., u; has square integrable first derivatives in € and is Holder continuous
with exponent 3. Furthermore, here | || denotes L? norm in Q,

(1.3) ltsller: + as] 2= = CHIfI] -

These assertions follow easily from the Fourier series representation of the
solution u,, as a sine series in x: With

f= z Y fusinjxe®,  f_, =fies

so that

IfIZ==C X Iful?,
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we have

(1.4) A f=u =), z 5 sin jxe™

i=0 {k|#j ]

Then one derives, easily, the inequalities:

2
for all x, j w2, dt=CIfP,
0

for all ¢, j uz dx=CJ|flI*.
0
These, in turn, yield (1.3). To continue, if fe C*(Q), then u,e C**'(Q),
k=0,1,2,---,
(1.3) |uy| s = C(K) | fl -
Similarly, fe L">u, e C*!, ie., u; is Lipschitz continuous;
(1.3 feH*>u, e H**'.
We shall prove Theorem 1 by first considering the equation, for ¢ >0,
(1.5) zeu,, +(07—0)u, £F(x, t,u,)=0,  u.(0,)=u(m1)=0,

and then letting £ — 0. According to Theorem 1.8 in {1}, under the conditions
of Theorem 1 there is a C*(f)) solution u, of (1.5). If P, is the orthogonal
projection of L? onto N, we find from (1.5) (dropping the & in u,)

su,+P,F(x,t,u)=0.

We shall use the following simple form of this relation (see [4] and [16]): for
u=u,+u,, u,=p(t+x)—plt—x),

0= sp(s)+—1— I"[F(x, s—x, p(s)—p(s —2x)+ uy(x, s — x))
(1.6) 27 Jo

—F(x,s+x, p(s+2x)—p(s)+ u,(x, s + x))] dx.

For convenience we write the integral as
1 aw
—j [F(D)- F(ID) dx,
271' o

using (I) and (II) to denote the respective arguments.
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Our aim is to derive estimates for u, independent of &£ and let £ = 0, to
obtain a limit u which solves (1.1) and (1.2). In doing this we follow the setup
of DeSimon-~Torelli [4] which makes use of (1.6), rather than the method of

Rabinowitz in [22] which is set in the variational formulation of the problem
and makes use of special variations.

2. Proof of Theorem 1

We have to consider the cases + and — in (1.1). Since the arguments differ
only slightly we shall suppose that we have the + sign in (1.5):

2.1 eu,+ Au;+F(x, ,u)=0.

(a) We shall first establish a bound for the L? norm of F(x, ¢, u(x,1)).
From now on the letter C is used to denote various constants independent of
e. Taking L? scalar with u we find

(Auy, u)+(F(x, t,u), u) =0.

From the Fourier series representation formulas in the preceding section we
see easily that

3(Aug, u) +||Auy|Fz0.
On the other hand,
F(x, t, u) - (u—up)=|F(x, t, u)| fu—ug| Z|F(x, t, u)| |u|—|F(x, t, u)| |u|
and so
F(x, t, u) - uz|F(x, t, u)| |u| -2 |F(x, t, u)] |ug| -

Hence

L |F] |u| < (F(x, t, u), u)+2J|F(x, t, u)| |u,|

IIA

1 Aw P+ 2[ |F(x, t, u)| |u|

S HIFF+2 [ 7Gx 1 0] ol
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Therefore,

1
2 [ 1F10R1- =32 1P 6

and since y<3 we infer that
2.2) IFl=cC.

It now follows from (1.3) that |lullg +|u;lc»=C independent of & In
particular,

(2.3) p=max |u|=C.
(b) Next we wish to establish the estimate
(2.4) max ju,| = C.

Recall that
2w
uy(x, )= p(t+x)—p(t—x) and J p(t)dt=0.
0

Set M =max |p|; we shall derive an upper bound for M independent of &.
In (1.6), fix s at the point where |p(f)| takes its maximum. We may
suppose p(s)>0. Let

3={xe[0, n]] p(s)—p(s—2x)=3M}.

Since
0=J p(s—2x)dx=J +J = —M meas 3 +3M(7 —meas ),
0 b3 3¢

we find that meas 3 =1 Note that

p(s+2x)—p(s)+u,(x,s+x)=p
and consequently

F(ID=F(x,s+x,p)=vyp+C,
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so that
1 (=
_57;[) F(Ihz-C,.

Also

p(s)—p(s=2x)+u,(x,s—x)=—p
and so

F)zF(x,s—x,-p)=~vyp—C.
Hence

27 ), 2w )y 2w )s

1
éz—j F(x, s —x,3M—p) dx—3(yp+ C).
™ s

Using (1.6) we conclude that
J F(x,s—x,5M—p)dx=C,.
p)
In order to emphasize the dependence on & we write
J F(x,s,—x,5M,—p)dx=C,.
s

Arguing by contradiction suppose that M, — +o«; extracting a subsequ-
ence we may also assume s, —> §. It follows from Egorov’s lemma and the
assumption F(x, t, u)— +® as u—> +o, that

for all L>0, there are  and E <[0, 7] with meas E <3}

such that
F(x,5—x,0)=L for xef0,7\E.
Therefore,
' F(x,s, —x 8)=iL for xe[0,7]\E and nZ=N.
Write
& xeE x€E

=—(yp+Clm+iLlin for n large enough .
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This is impossible if we fix L so large that
HLa>C,+¢m(yp+C).
(c) Since we have a bound for max |ul, it follows that
max |F(x, t, u)| = C
and hence from the properties of A™!
|usler=C.

Thus we have established the following bounds independent of &:
(2.5) |uy. |t +max |u,, |=C.

(d) ProoF oF EXISTENCE IN THEOREM 1. We wish to pass to the limit as
¢ — 0. For a suitable sequence of values of & tending to zero we have u,,
converging uniformly to u, with u, € C*' and u,, converging weakly to u, in
L? with u,€ L™. We repeat an argument from [1], Section 1.3, to show that u
is a generalized solution of (1.1), (1.2).

For any £€ L? we have, by monotonicity of F,

(F(x’ t, us)_F(x, t §)7 u, —g)éo .
Thus
(_‘euZe ~Au1£ —F(x7 t7 g)’ U, —g)go .

Since A7! is a compact map: N* — N*, it follows that Au,, — Au,. Going to
the limit in the preceding inequality we obtain

(—Aul—F(x) L 5)1 u'_g)go -

We now use Minty’s trick: for ve L? and >0, set £ = u—7v. After dividing
by 7 we find

(Au;+F(x, t,u—1v), 1)=0.
Letting 7— 0 and using the fact that v is arbitrary in L? we conclude that
Au+F(x,t,u)=0.
3. Regularity

THEOREM 2. Let A =1. Assume Fe C*(QdXR) is periodic in t with period
27 and

(iv) F is strictly increasing in u for all (x,t)€ Q. Then every L™ generalized
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solution u of (1.1), (1.2) is continuous on ) (more precisely, there is a
continuous function on ) which coincides a.e. with u).
Assume in addition:

(v) Each connected component of the set {(x, t, u) | F,(x, t, u) = 0} admlts a
C” representation u = o(x, t).

Then every continuous solution u of (1.1), (1.2) belongs to C=(Q).

Remark. (v) holds in particular when F(x, t, u)= F(u)—f(x, t), and F(u)
is strictly increasing in u. It also holds of course if F, (x,t, u)>0.

Proof: Recall that since F(x,t u(x,t))e L™ we have u=u,;+u, with
u, € C*" and u,e L™,

uy(x, )= p(t+x)—p(t—x), rﬂp(t) dt=0
0
Since

P6) =5 | a5 5)= s, s + )] i,

it follows that pe L™,

(a) We first prove that p is continuous. For fixed h with |h|<3, set
p(t)=p(t+h)—p(t) and let M =M, =supess, |p(t)|. Fix s such that |p(s)|>
M(1-|h|); we may suppose that p(s)>0. We can also assume that (1.6) holds
at s and s+ h. Taking the difference we find, for E(x,t, r)=F(x, t, r+ u,(x, 1)),

=j"F(x,s+h—x, p(s+h)—p(s+h—2x))

—F(x,s—x, p(s+ h)— p(s + h—2x)) dx

+ J"F(x, s—x,p(s+ h)—p(s+h—2x))—F(x, s—x, p(s)—p(s—2x)) dx
0

- {F’(x,s+h+x,p(s+h+2x)—p(s+h))
J0

—F(x,s+x, p(s+h+2x)— p(s+h))} dx

[

- {E(x, s +x, p(s+h+2x)—p(s+h))—F(x, s +x, p(s+2x)~p(s))} dx

J0

=K, +K,-K;-K,.
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Clearly, |K,|= C|h|, |K;|=C |h| since F is C*!. On the other hand,
p\(s+h+2x)—-p(s+2x)§p(s+h)—p(s)+M1h|
and since F is iﬂcreasing in u we see that
F(x,s+x,p(s+h+2x)—p(s+h)=F(x, s +x, p(s +2x)— p(s)+ M |h|)
=F(x,s+x, p(s+2x)—p(s))+ C|n].

Thus K,=C |h| and consequently K,=C |h|. For real z define

#(z)= min [F(x, t, z+0)—F(x, 1 0],
(x,1)e)
[¢|=2N

where N =sup ess |p|. _
Clearly, ¢ is strictly increasing in z, Lipschitz continuous on bounded
intervals, and ¢(0)=0. Since

& (p(s)— p(s —2x)) = F(x, s — x, p(s + h)— p(s + h— 2x))
—F(x,s—x, p(s)—p(s—2x)),

we obtain by integration
["o01-ps—25p ax=cim.
0

As in the preceding section, let

S={xe[0, w]| p(s)— p(s —2x) = 3M}.
Since

O=J"ﬁ(s—2x) dx=j +j
0 s Js

=-Mmeas %+ (3EM— M |h|)(r—meas 3),

we see that meas %= 7w(1—2|h|)/(3—-2|h|).
Since p(s)—p(s—2x)=—M |h|, we also have

j $(3(s) - p(s—2) dx = C |h|
b
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and so .
dGM)=C |h|.

It follows that supess, |p(¢t+h)—p(t)]— 0 as h—>0—which implies that p
coincides a.e. with a continuous function (use for example mollifiers). As a
consequence F(x, t, u) is continuous and by the properties of A~ it follows
that u, e C*. _

(b) Assuming (v) we prove now that ue C™(}). As in (a), we set
F(x,t,r)=F(x, t,r+u,(x, 1)) so that now F is C! in (x,tr). Let M, =
sup, |p(t+ h)—p(t)| and set

®(x, s)= F(x, s — x, p(s)—p(s—2x))— F(x,s+x, p(s+2x)—p(s)),
V(x, s)= F(x, s —x, p(s)—p(s—2x))+ F(x, s +x, p(s +2x)—p(s)) .

Since u is a solution of (1.1), we have
(3.1) J ®(x,s)dx=0 for all s.
o

Let h>0 and 3h <x <m; consider
[®(x, s+ h)—D(x, $)]—[¥(x —3h, s) = ¥(x, 5)]
=[hF,(x, s —x, p(s)— p(s—2x))— hE(x, s + x, p(s + 2x) — p(s)) + o(h)
+F,(x, s—x, p(s) = p(s — 2x))((s) — p(s — 2x))
—F(x, s +x, p(s +2x)~ p())(B(s +2x) — p(s)) + M,z ]
+[3hE.(x, s~ x, p(s)~ p(s — 2x)) +3hF(x, s + x, p(s + 2x) — p(s))
—3hF,(x, s —x, p(s)~ p(s —2x)) +3hF(x, s +x, p(s +2x)— p(s)) + o(h)

+F,(x, s~ x, p(s)— p(s —2x))p(s — 2x)
+E,(x, s +x, p(s +2x)— p(s))p(s +2x) + Mg, ],

where g, —» 0 as h— 0 uniformly in x and s (o(h) is also uniform). After
some rearrangement we find

[®(x, s+ h)—D(x, s)] - [¥(x —3h, s)—¥(x, 5)]
=1hG(x, s)+ p(s)[F,(x, s — x, p(s)— p(s —2x)) + F,(x, s + x, p(s +2x)— p(s))]
+o(h)+ M,s,,
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where

G(x, 5)= E(x, s—x, p(s)— p(s —2x)) — F(x, s + x, p(s + 2x) — p(s))
+ f’x(x, s—x, p(s)—p(s—2x))+ Fx(x, s+x, p(s+2x)—p(s)).

Integrating in x on [3h, 7], and recalling (3.1), we obtain for all s
h/2 T L

—J' W(x, s) dx+J W(x, s) ds =%hj G(x, s) dx+p(s)H(s)+o(h)+M,e,,
0 w—h/2 0

where
H(s)= J’ﬁ[ﬁ,(x, s—x, p(s)— p(s —2x))+ E,(x, s — x, p(s + 2x) — p(s))] dx
o

(so that H=0).
Finally, we write

K2
j W(x, s) dx =3h¥(0, s)+o(h),
o

J" ¥(x, s) dx =3h¥(m, s)+o(h),

w—h/2
with

¥(0, s)=2F(0,s,0), W(m, s)=2F(m, s—m0).
Thus we have

p(s)H(s)=—hF(0, s, 0)+ hF(m, s —m, 0)
(3.2) -
—%hl G(x,s) dx+o(h)+M,sg, .

0

We now distinguish two cases:

Case (). H(s) vanishes for some 5 and in particular F,(x,5—x, p(3)—
p(5—2x)+ u,(x, §—x)) is identically zero for x €[0, w]. From hypothesis (v) it
follows that, for some C* function o(x, t),

p(E)—p(E—-2x)+u(x,5~x)=o(x,5§—x).

In this case the function u, is as smooth as u;. In particular u,€ C'. But then
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F(x,t,u)e C' and by the properties of A~ it follows that u,€ C?. Then
u,€ C? and so on. Thus ue C”.

Case (ii). H(s)=c,>0 forall s.
In this case we derive from (3.2) that M, = Ch and so pe C%'. Therefore
p is differentiable a.e. and we have for a.e. s

(3.3) p(s)H(s) = —F(0, s, 0) + F(m, s— m, 0)—% rG(x, 5) dx,

so that in fact p is C. Therefore u,e C*, and u, € C2. It follows that F is C?
and G, H are C'. Hence p is C* and p is C?, and so on. Thus ue C”.

4. Solutions with Other Periods

We now extend Theorems 1 and 2 in order to obtain solutions with period

a, b being coprime. We shall assume as before that F satisfies hypotheses (i),
(ii), (iii) but we shall require a different bound on the constant vy in (iii).
First, some remarks about the operator A =47—42 acting on functions
satisfying (1.2) and with period 27b/a in time. We need extensions of the
results cited on pages 3 and 4. Only brief sketches of their proofs will be
given.
1. N=ker A consists of functions of the form

u,=p(t+x)—p(t—x)

with p(t) having period 27 and period 2mb/a. Thus p(t) has period 2#/a and
we may suppose that

2n/a
j p(t)dt=0.

0
Then the range of A in L? is R(A),

R(A)=N+.
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This is most easily seen with the aid of Fourier series. If Au=f and

o _
u= Z Z U sin jxe™* W = Uy,
>0 K

f= Z Z fi sin jxe™
i>0 k
then

S ST

Thus N is spanned by functions of the form sin Akx cos Akt, sin Akx sin Akt
with k and Ak positive integers; also R(A)= N*. In particular we see that if
fe R(A), then the solution u, e N* of Au;=f is

4.1) A7'f=u, Z o /\ kzsm]xe')""
j>0

JEAK
We see furthermore that, for a fixed constant C,
(Au, u)= C X (2~ A2k?) Juy
(Au, Au)=C Y |j> = A2k luy 2.
Let a be the largest number such that

a(Au, u)+(Au, Au)=0 for all ueD(A),
that is

(4.2) o =min \7K*- ).

k>j/A
Also let @' be the largest number such that

—a'(Au, u)+(Au, Au)=0 for all ueD(A),

ie.,

(4.2) a'= mi(r)l (> —A%Kk?).
>

k<j/A
In case a=1, i.e., A =1/b, it is easy to verify that

2b+1
b*> ’

o =

With a, a’ so defined, our extensions of Theorems 1 and 2 are:
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TeEOREM 1'. Assume A = a/b and that F satisfies conditions (i), (ii), (iii)
with y<a or y<a' according to whether we have + or — in (1.1). Then there
exists a generalized solution of (1.1), (1.2),

u=u,+u,, . u; e N*, u,eN,
with u; € C*, u,e L™,

THEOREM 2'. Theorem 2 holds also if A =a/b and F is periodic of period
27/A in t.

2. We shall make use of a simple formula for the orthogonal projection
P, of L? onto N. If v(x, t)e L*(Q) (period T in t of course), then P,v=
p(t+x)—p(t—x) with, for 0=s5=27/a,

1 a—1 ™ r
(4.3) p(s)=m ’;0 L [v(x, s+27r£——x)—v(x, s+27r;+x)] dx.

In such terms we also give a different representation of u;=A~'f for
fe N* which is the analogue of formula (2.5) in Lovicavord [16]. One may
verify directly that the following is a particular solution of Au=f:

(4.4) u(x, t)=—i JMr j‘—“gf(g, T)drdé+r(t+ x)—r(t+27r—x)+c7r_x,

2w et T

where

1 b-1 w ft+2mm+£

r(t)=_—— mJ I f(§7 T) d’rdgs
2b m=0 0 Jt+2mm—¢
and
1 T T
C=?J- J &(§ 7y drds.
0 0

In particular the solution u, € N* of Au,=f is then given by

u;=u—P,u

with P, described in (4.3).
Using these explicit formulas one verifies easily that the properties (1.3),
(1.3, (1.3") of A™! cited earlier continue to hold.

3. Theorem 1.8 of [1] applies once again (with our respective conditions
y<a or y<a') to ensure the existence of a C* solution of (1.5):

:teuZS +(at2—ai)u€ iF(x’ t’ uE) = 0 2 uS(O’ t)= us(”’ t)= 0 .
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Again, we wish to obtain estimates for u, independent of ¢ and then let
€ — 0. The relation (writing u, as u)

euy+P,F(x, t,u)=0

now takes the form—the analogue of (1.6)—for u,=p{t+x)—p(t—x):

LA : ( )
= +— —x+27— —p(s— —x+27—
0=gp(s) Tma Z’oj [F X, s—X 21ra,p(s) p(s—2x)+ulx, s—x 27ra

0

4.
(4.5) —F(x, s+x+27TZr, p(s+2x)=p(s)+ “’(x’ s+x+2ﬂ£))] dx

= G[P, ul] .

The following is a direct extension of a resuit in DeSimon-Torelli [4] and
has the same proof:

LemMma 4.1. For £>0, and for u;e C(Q)) (and T-periodic in time) the
equation

Glp, u;1=0
has a unique continuous solution p(s). If u,e C*, then pe C*, k=0,1,---.

This is proved in the following manner: For u, fixed, one shows that the
map p — G[p, u,] is one-one, surjective, on the space of continuous functions
q(t) with period 2@/a and zero average. This is done by proving that the
image of G is open (using the implicit function theorem) and closed (using
estimates for the solution of G[p, u;]=q of the type we obtained earlier;
these are easy to derive in case & >>0). Regularity is then readily established.

With the aid of the properties of A™' discribed above, and (4.5), the
proofs of Theorems 1’, 2" just follow those of Theorems 1, 2. The expression
(4.5) is a bit more complicated than (1.6) but it is treated in the same way.

We shall consider Theorems 1’, 2’ as proved.

5. Existence of Nontrivial Solutions
Suppose
(5.1) F(x,t,u)=0.

Then u=0 is a solution of (1.1), (1.2) and Theorem 1’ does not ensure the
existence of any other solution. It is sometimes possible, under additional
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conditions, to prove that there are more. In this section we shall illustrate this
by treating some simple model problems. Here we follow some ideas from
Cronin [3] and Tavantzis [30]; these use degree theory and invoke an analysis
of the solutions near u=0. We shall assume for convenience that F satisfies
all the conditions of Theorems 1’ and 2’ including (iv) and (v). In addition we
suppose that

(vi) F,(x,t,0)= B, a positive constant:'.
Assume first
(5.2) B#j>—A%k* for all integers j>0, k.

For B lying in certain intervals we obtain nontrivial solutions for (1.1) with
the minus sign,

(5.3) u,—u,,—F(x, t, u)=0.

We shall explain later why the argument yields nothing in the case of the +
sign and we shall present a different result with the plus sign.

We obtained a solution of (5.3) as a limit, through a sequence of ¢ — 0, of
solutions of

(5.4) —eu,+Au—F(x, t,u;+u,)=0.

Our aim now is to show that (5.4) has a solution u, which is bounded away
from zero as ¢ — 0. Going to the limit as before we shall then obtain a
nontrivial solution. Rewrite (5.4) in the form

(5.5) ul_A_IPIF(x, t, u1+u2)=0,
(5.6) gUy+ Py F(x, t, u;+uy,)=0.

We shall first study this in the space of continuous functions u; € N*NC,
u,€ NN C (always satisfying the boundary and periodicity conditions). The
nonlinear operators in (5.5), (5.6) are then smooth operators, and we may
use the implicit function theorem to analyze the solutions near the origin.

LemMa 5.1. Assuming (5.2), there are positive numbers r, &, such that for
€ <g, the only continuous solution u=u,+u, of (5.5), (5.6) with

max |u,|+max |u,|=r,
is u=0.
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Proof: By the implicit function theorem we have only to verify that the
linearized operator at u;+u,=0, e=0:

—BA!
(uy, uz)_>{u1 B ul}
Bu,
is bijective. Since A™' is compact, this is the case provided ™' is not an
eigenvalue of A~'—which is assured by condition (5.2).

Next we wish to obtain nontrivial continuous solutions of (5.5), (5.6). By
Theorem 2’ the solutions are then automatically in C=(Q)). We shall rewrite
these equations. Using Lemma 4.1 for given u,€ N*NC there is a unique
solution u,€ NNC, u,(u;) of (5.6). Inserting this into (5.5) we obtain the
equation

(5.7 0= ul—A—lPI F(x, t, uy+ uy(u,))=u, - Kf{u,]

with K continuous and compact.
Since we have an a priori bound

(5.8) max |u;|=C independent of ¢

(obtained in the proof of Theorems 1' and 2'), we see that the Leray-
Schauder degree

v=deg(I-K |Ju|=C+1,0)

is defined. A look at the derivation of (5.8) shows that the same estimate also
holds if F is replaced by F, 0=r=1. Thus the degree v is also the degree
for I— 7K and it follows (taking v =0) that v=1.

We know that u =0 is an isolated solution of (5.7). If the Leray-Schauder
index of I—K at u=0 is different from one, we may infer that (5.7) and
hence (5.4), and consequently (5.3), have nontrivial solutions. We may
summarize this in

Lemma 5.2. Assume F(x,1,0)=0 and that F satisfies hypotheses (i)—(vi)
and (5.2). In N* N C assume that the Leray—Schauder index at the origin of the
linear operator

U= u;—BA 'u,

is different from one. Then, equation (5.3) possesses a nontrivial solution u
which belongs to C~({}).
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The Leray-Schauder index of I-BA™" is given by

(5.9) ind=(-1)°,

where

(5.10) o=Y n,.
p>1

Here we sum over all eigenvalues p>1 of BA™!, n, being the multiplicity of
M.

To see what Lemma 5.2 says let us compute the index for various values
of B. The eigenvalues of A™" are of the form

(F= A2k, j>0, k integers.
Thus if p>1 is an eigenvalue of BA™', we have
=BG A

Furthermore if k# 0, the contribution to the multiplicity of p corresponding
to j, k is even since we obtain a contribution from —k as well as from k.
Hence

(-)»=-1 if u=p/j* for some integer j,
and (—1)"=1 otherwise. Thus we find

ind {-—1 if the number of positive squares < g8 is odd,
ind =

1 otherwise .
Consequently we have

THEOREM 3. Assume F(x,t,0)=0 and that F satisfies hypotheses (i)—(vi)
and (5.2). If the number of squares less than B is odd, then (5.3) possesses a
nontrivial C* solution satisfying the boundary conditions and having period
2ab/a in time.

Remark. For the equation with the + sign, u,—u, +F(x,t,u)=0, the
preceding analysis gives no results since the index of I+ BA™" at the origin is
always 1.

We should also remark that in case F is independent of t our nontrivial
solution may also be independent of t. We have no way of excluding this,
somewhat trivial, solution.
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What happens if condition (5.2) is not satisfied? It may still be possible to
prove the existence of nontrivial solutions. Let us suppose that the set X of
pairs of integers (j> 0, k) such that
B — ]'2__ )‘2k2
is nonempty. Naturally it is finite. We wish to show under further conditions
on F that u, =0 is an isolated solution of (5.7) and that a nontrivial solution

of (5.3) exists. Suppose that the Taylor series of F with respect to u at u=0
takes the form

(5.11) F(x,t,t u)=Bu+a(x, hu"+---.

Denote the (finite-dimensional) null space of A—pBI by N;. We may then
decompose any u;€ N*NC into two components:

u,=u\+uj=Pu,+Plu,, uiLN,, ujeN,,
with P}, P} the corresponding orthogonal projections in L. In the following
| |o denotes maximum norm.
Suppose u, is a solution of (5.7) having small norm |u,|,. By the implicit

function theorem the solution u,(u;) near 0 depends smoothly on u, and if
we compute the Frechet derivative at the origin we find

(e +B) 7= 1(0) =0 .

Thus |uy(u;)|o= O(|u,|3) uniformly in £ for & small.
We rewrite (5.7) in the form

(5.7 0=ui—(A—BD 7 Pi[F(x, t, u, + uy(u,))— Bu]
=u,—K,[u,],
(5.7 0=Pilu—B7'F(x, t, u; + uy(u,))]
K, compact; we see furthermore from (5.7') that
lutlo=O(lu3lo) .
Hence from (5.7”)\we find that

(5.12) Ta(x, Huy" = O(luils) .
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Let us now assume

(vii) For every veN;, v#0,
alx, Hv]#0.

Under this assumption we see from (5.12) that the analogue of Lemma
5.1 holds, i.e., there are positive numbers p, £, such that for £ <g, the only
solution of (5.7) with max |u,|=<p is u, =0. Furthermore, if we deform [ ] in
(5.7) via [ ], 0=7=1, and deform u, via Tu, we find that the Leray-
Schauder index at the origin of I-K; is equal to the degree at the origin of
the finite-dimensional mapping

(5.13) uij— —Pila(x, )ui]l for |uf],=some small §>0.

Call this degree d,.

We have to compare d, with the degree d at the origin of the map I- K,
in a large ball. Since (5.7') and (5.7") are equivalent to (5.4), for which we
have a priori bounds for the solution, we infer that this degree of I—K, is
defined in some large ball. Furthermore the degree is the same for each map
I-K(1), 0=7=1, given by

ui— (A= BN Pil7F(x, t, uy+ uy(uy)) — Bu],

(I“Kl(T))[ul]={ u—+B" F(x, t, u;+ uy(u,))] .

For if u; = uj+uf is a solution of u; —K,(7)[u,;]=0, then it is a solution of
(A= B)u}— P{rF+Bu; =0,
(A~-Buij+Pi(Bu—F)=0.

Thus u = u,+ u,{(u,) is a solution of

Au,— 7P, F(x,t, u;+u,)=0,
gu, + TP, F(x, t,u, +u,) =0,

i.e., of (5.7), in which F has been replaced by 7F. Our a priori bounds hold
for this, independent of 7, and our assertion then follows.
Since
ut+(A-BD ' Bu,,
(1= Ky 0y = { 15+ (A 7D

1>
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we conclude that
d = degree of the linear map in H : [+ B8(A -~
=(-1)°,

p= Z n.,

n>1

where we sum over all eigenvalues u>1 of
-B(A-BD™" on HY,
and n, is the multiplicity of p. Thus p has the form

B

I R T

with
0<j2-A%*k*<B.

In case k>0, k and —k contribute an even number to p. So we need only
consider k=0. Thus (—1)"™=1 except:

(~hm=-1 if w=pIB~?)
for some positive integer j<g. Hence we find

—1 if the number of positive squares < $ is odd ,

1 otherwise.

(5.14) d= {
We now have

THEOREM 4. Assume F(x,0,0)=0 and that F satisfies hypotheses (i)—(vi),
with 3 nonempty, and also (5.11) and (vii). If the degree d, of the
finite-dimensional map (5.13) is different from d given by (5.14), then (5.3)
possesses a nontrivial C solution satisfying the boundary and periodicity
conditions.

ExamMpLE. Suppose B = 1. Then % consists of one element (1, 0), and the

space N; consists of functions of the form c sin x. In this case, condition (vii)
simply takes the form

T
(vii') o= j J a(x, t)sin"*' xdxdt#0,
0 40
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and we see that the degree d, of the map (5.13) is the same as that of the
mapping
c— —agc’.
Thus
0 ifriseven,
do=< 1 if ris odd and a,<0,
—1 if ris odd and ¢,>0.

Hence in this case we see that we have a nontrivial solution in each of the
following cases, assuming a,# 0:

(i) r is even,
(ii) r is odd and ay,>0.

We turn now to the equation with the plus sign:
(5.15) u,—u,+F(x, t,tu)y=0

and assume that F satisfies (i)—(vi) with 3' nonempty. Here %' is the set of
pairs of integers j>0, k such that g+j°—A*k®*=0. Assume also that F
satisfies (5.11) and (vii). In analogy with the preceding, we consider

u,1+(A + BI)—I[P’IF(xy ta u1+ u2(u1))— Bu] b

u; — Kolus}= [ Nu— B~ F(x, t, u; + uy(u,))] .

As before, the local index of I— K, equals d,, the degree of (5.13). A similar
calculation to that for d shows that the degree at the origin of I—- K, in a
large ball is one. Thus we obtain

THEOREM 5. Assume F(x,t,0)=0 and that F satisfies (i)—(vi) with X’
nonempty, and (5.11) and (vii). If the degree d, of (5.13) is different from one,
then (5.15) has a nontrivial C” solution satisfying the periodicity and boundary
conditions.

ExampLE. Suppose A =1, i.e., T=2m, and B =3. Then the null space of
A+ BI consists of functions of the form w = ¢, sin x sin 2¢+ ¢, sin x cos 2t.
Condition (vii) takes the form: if ¢3+¢c3>0, then ¢{>+c%* >0, where

T f2n
Cr1=._J J a(x, t)yw' sin x sin 2t dx dt,
0

0
c’2=—j
0

T 27w
j a(x, t)w" sin x cos 2t dx dt.
0
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Then dy,=degree at the origin of the map
(c1,¢), with ci+ci=1,-(ch,ch).

In particular if r is even and a = q(x, t) sin 2t or a = q(x, t) cos 2t, where ¢
never vanishes, we find d, =0 and thus (5.15) has a nontrivial solution.

Paul Rabinowitz has pointed out to us that one may also obtain the
existence of small nontrivial solutions with the aid of known bifurcation
theorems for equations coming from variational problems. Consider for
example the equation (5.15),

utz_uxx+F(x’ L, u)=0,

with F satisfying (i)~(vi) and B# A?k?—j? for all integers j=>0, k, but B close
to some Bo=A2k3— j3 for some integers j,> 0, ko. In this case, for u = u; +u,
near zero we may rewrite (5.15) in the form

Upe = Uy PP F (X, 8 Uy + uy(uy)) =0,

where u, is the unique solution near zero (obtained for instance with the aid
of the implicit function theorem) of P,F(x, t, u; + u,(u;)) = 0. This in turn may
be rewritten as

(5.16) Uy — Upee + PILF(X, 8, uy + uy(uy)) — Buy]= —Au,

with A = 8. We wish to find nontrivial solutions of this in case A =f. Let us
first permit A to vary in an interval near f3,.

Problem (5.16) may be expressed as a variational problem: u; is a
stationary point in H; N N* of the functional

T ar
j j B2~ u2) + P, G(x, 1, up)+iAu?] dx di.

0 JO

where

G(x, t, w)= ij(x, t, s — u,(s)) ds —3Bw?.
0

According to the theorem in Rabinowitz [25], if for A =8y, u,; =0 is an
isolated solution of (5.16—this will be the case, say, if F satisfies (5.11) and
(vii)—then, for some small § >0, for every A, on the interval I_: B,— 8 <A<
Bo or on the interval I, : B,<A <fB,+8, (5.16) has a nontrivial solution near

zero. So if B is in the appropriate interval we obtain a nontrivial solution of
(5.15).



FORCED VIBRATIONS FOR A NONLINEAR WAVE EQUATION 25

In general, for nonlinearities F of the kind considered in this paper with
F(x,1,0)=0, and having at most small linear growth as |u| — ®, one should
not always expect to have nontrivial solutions. For instance in the situation of
Theorem 1 consider the problem

u,—u,+F(x,t,u)=0 in Q,
u,t)=u(m t)=0, uis 2 periodicin t,

with F(x, t,0)=0, F strictly increasing in u and F, =+y<3. In this case we
have uniqueness, by Theorem 1.9 in [1], and so u=0 is the only solution.

6. Nonlinear Vibrations with Small Forcing

Consider a nonlinear wave equation of the form

6. u,—u,tgu)=f(x,t) on Q=(0,7)xO,27),
6.1
u(0, t)y=u(m, t)=0, and uis 27 periodicin t.

We assume that g(0)=0 and that the forcing term f is small, so that small
vibrations are ‘“‘expected.” It is therefore logical to impose conditions on g
only near u=0. This is the purpose of our next resuit.

Assume g:[—-L+L]—R is a continuous function satisfying:

(6.2) g is nondecreasing in u,

6.3 |g(u)| = v|u| for wue[~L,+L],

where y<3 or y<1 according to whether we have + or — in (6.1),
(6.4) g(—3L)<0<gGL).

THEOREM 6. Assume (6.2)-(6.4). Then, there is a 8 >0 (depending only on
g) such that, for each feL”(Q) with |f||L-<$, there exists a generalized
solution of (6.1) with ||ull.-= L. If f is smooth and if g is strictly increasing and
smooth, then every such solution u is smooth. If g is strictly increasing and
g'=yin[~L,+L]},with y<3 or y<1 (respectively), then the solution of (6.1)
is unique.

Remarks. 1. Most of the papers dealing with small perturbations are
concerned with equations of the form u,—u, +e(g(u)—f)=0, but in
Theorem 6 the nonlinear term g(u) is not required to be small—except for
the natural restriction (6.3). This is only required of the forcing term f.
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2. Theorem 6 implies the existence, uniqueness, and smoothness, of small
solutions for the equations

3 __
utt—uxx:tu _f
or
Uy~ Uy, +sinu=f

provided the term f is small.

In view of the uniqueness resuit (in the class of solutions satisfying
llullL-= L) we remark that nontrivial solutions of u, — u,, + u® = 0—which exist
by [26]—must satisfy [uf|.-= 1.

Proof: (a) Existence.
Extend g outside [~L, +L] by

vu—L)+g(L) for u=z=L

0= sl tor weet,

so that |g(u)|= y|u| for all ue R.
Theorem 1 implies the existence of a solution u of

(65) un_uxxig(u)=f
with boundary and periodicity conditions as in (6.1).

We shall verify now that if ||f]l <3, for 8 small enough, then |uf;-=L.
We consider only the + case in (6.5) (the — case is similar). Let uy(x, t) be

such that g(u,) = f. Multiplying (6.5) by u leads as in the proof of Theorem 1
to (integration is over {}):

[ @w-pus3iaur-3{igw-rr.

But, as is easily verified,

(8(uw)—u=|g(w)~ fl|u|-2|f|lup] forall ueR,

and so

[0 -fitul=3 [l -gr+2 1 bl
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Thus

1f 0 | [PORTSN O [P
~Jia-rr=3 e+ flgwo-ri1n+2 i1l
Hence
18(w)— flZ== C(fIZ=+Ifll.2) -
As in the proof of Theorem 1 we conclude that
p =il -= CUflle-+IAILD) -
Set
uy(x, t)=p(t+x)—p(t—x), I ﬂp(s) ds=0
0
I=p(s)—p(s—2x)+u(x,s—x),
II=p(s+2x)—p(s)+ u(x, s +x),

so that (6.5) leads to

66) 0= j [g(D)~ f(xs—x)]dx—zij [g(D)— f(x, s +x)] dx.

Set M =||p||l.- and fix a point s where |p| takes its maximum (for a rigorous
proof, since p need not be continuous, one should introduce eu, in (6.5) and
then pass to the limit as ¢—0). Assume p(s)>0.

We have II=p and by (6.6) we find

1 ki
(6.7) . L g =3yp +Ifll.-.

Denote by [6, 9] the largest interval on which g vanishes so that by (6.4) we
have —3L <9 =0 <1L. Fix k with 26/L <k <1 and set

2={xe[0,n]| p(s)—p(s—2x)=kM}.

Since

0=J"p(s—2x) dx=J‘Z +J;: = ~ M meas 3 +(1— k)M(w—meas 3),
0 <
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we see that meas 2 = ((1 — k)/(2— k))7r. Using the fact that IZ —p we find that

1 [~ 1 1
+ j B0 = L B+ 5 j o

=

1
oy g(kM—p) meas 3 —3vp.
We conclude from (6.7) that

(1-k)
22-k)

g(kM—p)= yp +||fll.-

and so kM—p=0+w(|fl.-), where w(r)—0 as r—0. Hence

20 2p

2
Jule-=lull-+ 2M = p 422+ 2242 .

Consequently |Jlull,-=L provided |f]|.~ is small enough.

(b) Smoothness and uniqueness. Smoothness follows from Theorem 2. For
the uniqueness we proceed as in [1] (Corollary 1.6). Assume u and @ are two
solutions of (6.1). We have

jA(u—m : <u—a>+j (g(u)— g(@)(u— @) =0
and so

1 j |g(u)— g(@)*= | (g(u)— g(@))(u— i)
Y

[SSEREN e

=

j |A(u—a)P =% I lg(u)— g (@)
Hence g(u)= g(i) and therefore u=1i.
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