FAMILIES OF FUNCTIONALS REPRESENTING SOBOLEV NORMS
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ABSTRACT. We obtain new characterizations of the Sobolev spaces W'?(RY) and the
bounded variation space BV (RY). The characterizations are in terms of the functionals
V7 (Bxplu]) where
Ex~/plul = {(x,y) eRY xRV :z £y, % > )\}

and the measure v, is given by dv,(z,y) = |z — y\”dexdy. We provide characterizations
which involve the L”*°-quasi-norms supy< A vy (Ex,y/p [u])/P and also exact formulas via
corresponding limit functionals, with the limit for A — oo when ~ > 0 and the limit for
A — 0" when v < 0. The results unify and substantially extend previous work by Nguyen
and by Brezis, Van Schaftingen and Yung. For p > 1 the characterizations hold for all
v # 0. For p = 1 the upper bounds for the L' quasi-norms fail in the range v € [~1,0);
moreover in this case the limit functionals represent the L' norm of the gradient for
C°-functions but not for generic W' '-functions. For this situation we provide new
counterexamples which are built on self-similar sets of dimension v+ 1. For v = 0 the
characterizations of Sobolev spaces fail; however we obtain a new formula for the Lipschitz
norm via the expressions vo(Ex o[u]).

1. INTRODUCTION

In this article, we are concerned with various ways in which we can recover the Sobolev
semi-norm || Vul|,»gny via positive non-convex functionals involving differences u(z) — u(y).

We begin by mentioning two relevant results already in the literature. A theorem of
H.-M. Nguyen [15] (see also [5,6]) states that for 1 < p < co and u in the inhomogeneous
Sobolev space W1P(RY),

: . #(p, N)
(1.1) lim Ap// o —y| 7N dady = 2N gy
AN M (@) um)l>x P Lr®Y)
with
QF(M)T(%
. Lo|P —_ 2 /7
(1.2) Ko N = [ el dw = e
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and e is any unit vector in RY. As shown in [5], (1.1) still holds for all u € C}(R") when
p = 1 but fails for general u € WLH(RY). The limit formula (1.1) may be compared to a
theorem of three of the authors [7], which states that for all u € C2°(RY) and 1 < p < oo,
one has

(1.3) lim A2V ({(z,y) € RN xRN : [u(z)—uly)| > Ne—y["F7}) = “( N)

A—00

||v ||Lp(]RN

where £2V denotes the Lebesgue measure on RY x RV, Our first result, namely Theorem 1.1
below, provides an extension of (1.1) and (1.3) that unifies the two statements. Before we
state the theorem, we introduce some notations that will be used throughout the paper.

First, for Lebesgue measurable subsets E of R?Y = RY x RN and v € R, we define

(1.4) // |z —y[ =N dz dy.

(z,y)eE
TH#Y

In particular, when v = N, vy is just the Lebesgue measure on R?Y. If 4 is a measurable

function on RY and b € R, we define, for (z,y) € RY x RN with z # y, a difference quotient

(15 Qo) = S,

moreover, we define, for A > 0, the superlevel set of Qpu at height A by
(1.6) Explu] = {(2,9) € RY x RY: o # y, [Quu(z,y)| > A}

We will denote by Wit (]RN ), p > 1 the homogeneous Sobolev space, i.e. the space of
LL (RN) functions for which the distributional gradient Vu belongs to LP(RY), with the
semi-norm |[ul|yj;1, = ||V 1p@ryy. The inhomogeneous Sobolev space W is the subspace
of WhP-functions u for which u € LP, and we set ||u|y1p = ||ulrs + ||Vulze. For p =1
we will also consider the space BV (RY) of functions of bounded variations, i.e. locally
integrable functions u for which the gradient Vu € M belongs to the space M of RN -valued
bounded Borel measures and we put |[ul| z = ||Vul|p; furthermore, let BV = BV N L.

In the dual formulation, with C! denoting the space of C! functions with compact support,
gy = sun{| [ udivto)] o € CLRY.RY), ol < 1}

For general background material on Sobolev spaces see [4], [21].

Theorem 1.1. Suppose N >1,1<p < oo, ye€ R\ {0}

(a) If v >0, then for all u € W'P(RY)

(1.7) Jim W (B fu) = SR
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(b) If either v <0, p>1orvy<—1,p=1 then for all u € Wl’p(RN)
#(p, N)
il

(¢) If p=1 and —1 < v < 0 then (1.8) remains true for all u € CHRN) but fails for
generic u € WHL(RN). However we still have for all u € WH(RV)

k(1,N)
7l

HVUHZJ(RN)-

(1'8) /1\1{‘% )‘pVW(E)\,'y/p[u]) =

(1.9) li{\n\i(r)lf vy (Ey 5 [u]) > [Vl L1 @ny-

Formula (1.1) is the special case of (1.8) with v = —p, and formula (1.3) is the special
case of (1.7) with v = N. Note that our result concerns functions in the homogeneous
Sobolev space W1P: we do not require u to be in LP.

Remarks. (i) The reader will note the resemblance of (1.8) and (1.7) and may wonder why in
(1.8), for v < 0, one is concerned with the limit as A \, 0 and in (1.7), for v > 0, one takes the
limit as A — co. In the proofs of these formulas one relates limits involving Av, (E} [u])'/P
to (the absolute value of) limits of directional difference quotients 6! (u(z + §0) — u(z))
with increment § = A™?/7, and in order to recover the directional derivative (6, Vu(z)) we
need to let § — 0, which suggests that we need to take A — 0o or A \, 0 depending on the
sign of «. For the calculations see the proofs of Lemma 3.2 and Lemma 3.3 below.

(ii) The failure of (1.8) for p = 1, v € [~1,0) and u € WHH(RYN) is generic in the sense
of Baire category. It may happen that limy\ g Avy(E) [u]) = oo. This phenomenon was
originally revealed when v = —1 by A. Ponce and is presented in [15], see also [5, Pathology 1].
For stronger statements and more information see Theorem 1.8. For v € (—1,0) we provide
new examples based on self-similarity considerations. For discussion of failure in the case
~v = 0 see Theorem 1.5 below. The special case of (1.9) for v = —1 was already established
in [5, Proposition 1].

When p = 1 we can also consider what happens if one allows functions in B'V(RN ) in
(1.7) and (1.8). For v = N in particular Poliakovsky [19] asked whether the limit formulas
remain valid in this generality (with ||Vu||;1 replaced by ||Vu||a). We provide a negative
answer:

Proposition 1.2. (i) The analogues of the limiting formulas (1.7) for v >0, p =1 and
(1.8) for v <0, p=1, with |Vul|sp on the right hand side, fail for suitable u € BV .

(ii) Specifically, let Q@ C RN be a bounded domain with smooth boundary and let u be
the characteristic function of Q. The limits imy_o Avy(E),[u]) for v > 0 and

limy 04 Avy (Ex4[u]) for v < —1 exist, but they are not equal to |y|~ k(1, N)||Vul pm.

For a more detailed discussion we refer to Section 3.6. See also Section 7.2 for a discussion
about some related open problems.



Motivated by [7], we will also be interested in what happens to the larger quantity
obtained by replacing the limits on the left hand side of (1.7) and (1.8) by supysq. This
will be formulated in terms of the Marcinkiewicz space LP*°(R?Y, 1.) (a.k.a. weak type LP)
defined by the condition
(1.10) [F]ipyoo(RQNM) = iu% Mo ({(z,y) € RN xRN ¢ |F(z,y)| > A\}) < oo,

>

As an immediate consequence of Theorem 1.1 we have for N > 1,1 < p < 0o, v # 0 and all
ue C(RY),

(111) [ny/pu]ll)/p,oo(R2N7y’y) 2 C(Napu ’Y)HVU“H?,P(RN)

where C'(N,p,~) is a positive constant depending only on N, p and ~. Moreover, the same
conclusion holds for all u € W'?(RY) when p > 1 with any v # 0, and when p = 1 with any
v ¢ [—1,0]. We shall show that the conditions in the last statement can in fact be relaxed,
see the inequalities (1.14) and (1.16) below. In addition we have the important upper
bounds for Q. ,u, extending the case v = N already dealt with in [7] for u € C2° (RM).
The result in [7] states that for every N > 1, there exists a constant C(N) such that

(1.12) [Qnypt) Lo @2 ) < CONIVUllT gy

for all w € C°(R¥) and all 1 < p < co. In light of Theorem 1.1, it is natural to ask whether
one can replace the limits on the left hand sides of (1.7) and (1.8) by sup,- and still obtain
a quantity that is comparable to || Vull}, (RN)" As suggested by Theorem 1.1 the answer to

our question is sensitive to the values of v and p.

Theorem 1.3. Suppose that N > 1, 1 <p < oo and v € R. Then the following hold.

(i) The inequality

(113) [ny/pu] Lp:oo(R2N 1) < C(Napary)nquLP(RN)
holds for all u € C2(RN) if and only if v # 0. In this case (1.13) extends to all
u € WHP(RY).

ii) Suppose that u € LL (RN) and uwe LP°(R2N 1)), Then u e WYP(RY) and we
loc v/p v
have the inequality

(1.14) [VullLo@yy < ONpoy[Qnptt] oo m2n 1)
There is a new phenomenon for p = 1, namely the upper bounds for @,u only hold for

the more restrictive range v € (—oo, —1) U (0, 00). Here it is also natural to replace 1!
with BV.

Theorem 1.4. Suppose that N > 1 and v € R. Then the following hold.
(i) The inequality

(115) [Q’yu] Lo (R2N 1)) < C(N7 ’Y) HVUHLl(RN)
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holds for all u € C°(RYN) if and only if v € [~1,0]. In this case (1.15) extends to all
ue WHY(RN), and, if IVl L1 @wny is replaced by ||Vul|a, to all u € BV (RM).

(ii) Suppose that u € LL (RN) and Q u € L»®(R*N v.). Then u € BV(RY) and we
have the inequality

(1.16) HVUHM < CN,w[Q’Yu]Ll’OO(RQN,VW)'

We note that the quantitative bounds (1.13) and (1.15) in Theorems 1.3 and 1.4 are crucial
tools for establishing the limiting relations for all W® functions in Theorem 1.1. Note that
there is no restriction on 7 in (1.14) and (1.16). The constants in the inequalities will be
quantified further later in the paper. In particular, C'(N,p,~) in (1.13) remains bounded as
p \ 1 only in the range v € (0,00) U (=00, —1) (cf. Theorem 2.2 and Proposition 6.1).

Historical comments. Some special cases of the above quantitative estimates have been
known. Estimate (1.13) for v = —p and 1 < p < oo was discovered independently by H.M.
Nguyen [15], and by A. Ponce and J. Van Schaftingen (unpublished communication to
H. Brezis and H.M. Nguyen), both relying on the Hardy-Littlewood maximal inequality.
A. Poliakovsky [19] recently proved generalizations of results in [7] to Sobolev spaces on
domains; moreover he obtained Theorems 1.3 and 1.4 in the special case v = N under the
additional assumption that v € LP. Other far-reaching generalizations to one-parameter
families of operators were obtained by O. Dominguez and M. Milman [10].

The case v = 0. We shall now return to the necessity of the assumption v ¢ [—1, 0] in parts
of Theorems 1.1, 1.3 and 1.4. When v = 0, the bounds for [Q,/pu]rp.ccren . ) fail in a
striking way. We begin by formulating a result illustrating this failure, which also gives a
characterization of the semi-norm in the Lipschitz space W1,

Theorem 1.5. Suppose N > 1, u is locally integrable on RY and Vu € L}OC(RN). Then
(117) HVuHLoo(RN) = mf{)\ >0: I/()(E)\yo[’UI]) < OO}

Indeed in Proposition 5.1 we shall prove the stronger statement that vo(Eyo[u]) = 0
for A > ||Vul|s, and vo(Exg[u]) = oo for A < ||[Vul|s. As an immediate consequence of
Theorem 1.5 we get

Corollary 1.6. Let u be locally integrable on RN . If Vu € LL (RY) and if vo(Ex[u]) is
finite for all A > 0, then u is almost everywhere equal to a constant function.

In view of other known results [3], [8] on how to recognize constant functions, a natural
question arises whether the hypothesis on the local integrability of Vu in the corollary could
be relaxed; one can ask whether the constancy conclusion holds for all locally integrable
functions satisfying vo(E)o[u]) < oo for all A > 0. However the following example shows
that such an extension fails (for details see Lemma 5.2).
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Example 1.7. Let Q C RY be a bounded Lipschitz domain and let u be the characteristic
function of Q. Then u € BV (RN)\ WLHRYN) and supy-o A vo(Exolu]) < oc.

More on counterexamples. We now make more explicit the exclusion of the parameters

€ [-1,0) in part (c) of Theorem 1.1 and in (1.15). We shall show in Section 6.2 that
for v € (—1,0) these negative results can be related to self-similar Cantor subsets of R, of
dimension 1 + 7.

Theorem 1.8. Suppose N > 1. Then the following hold.

(i) Let —1 < v < 0. There exists a C™® function v € W1 (RN), rapidly decreasing as
|x| — oo and such that

(1.18) )1\1{% Avy (B 4 [u]) = oo.

(ii) Let —1 <~ < 0. There exists a compactly supported u € WHL(RN) for which (1.18)
holds. The set
{u € WH(RY) : lim sup Avy (B 5 [u]) < o0}
AN
is meager in WHL(RN), d.e. of first category in the sense of Baire.
(iii) Let —1 <~y <0, N>2or —1<~<0, N=1. There exists a compactly supported
u € WHL(RY) such that vy (E)~[u]) = oo for all X > 0; moreover, the set

{u e WHRN) : vy (Ey,[u]) < oo for some A € (0,00)}

is meager in WH(RY).

The case N =1 = —~ plays a special role and is excluded in the strongest statement (iii)
since for all compactly supported u € W1 (R) one has v_1(Ex _;[u]) < oo for all A > 0 (cf.
Lemma 6.5 below). The proofs of existence of counterexamples are constructive and the
Baire category statements will be obtained as rather straightforward consequences of the
constructions.

QOutline of the paper.

In Section 2 we provide the upper bounds for [Q, /pu] Lpoo(R2N 1), 1€ the proof of in-
equalities (1.13) and (1.15) in Theorems 1.3 and 1.4. We first derive these for a dense
subclass, relying on covering lemmas, and then extend in Sections 2.3 and 2.4 to general
WP and BV-functions. In Section 3 we derive the limit formulas of Theorem 1.1; specif-
ically in Section 3.2 we prove the sharp lower bounds involving a lim inf \? VW(E>\77 plu])
for general functions in W'? and in Section 3.3 we obtain the sharp upper bounds for
lim sup \Pv,, (E)  /p[u]), under the assumption that u € C' is compactly supported. Then in
Section 3.4 we extend these limits to general WP functions. In Section 3.6 we show that the
limit formulas for W1 do not extend to general BV functions and prove Proposition 1.2.
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In Section 4 we prove the reverse inequalities (1.14) and (1.16) in Theorems 1.3 and 1.4.
In Section 5 we prove Theorem 1.5 on a characterization of the Lipschitz norm and also
discuss Example 1.7. In Section 6 we provide various constructions of counterexamples and
in particular prove Theorem 1.8. We discuss some further perspectives and open problems
in Section 7.

Acknowledgements. A.S. and P.-L.Y. would like to thank the Hausdorff Research Institute of
Mathematics and the organizers of the trimester program “Harmonic Analysis and Analytic
Number Theory” for a pleasant working environment in the summer of 2021. The research
was supported in part by NSF grants DMS-1764295, DMS-2054220 (A.S.) and by a Future
Fellowship FT200100399 from the Australian Research Council (P.-L.Y.).

2. BOUNDING [Q,, /pu]fp.0(R2N ) BY THE SOBOLEV NORM.
In this section we prove inequalities (1.13) and (1.15) in Theorems 1.3 and 1.4.

2.1. The bound (1.13) via the Hardy-Littlewood mazximal operator

Following [7], one can prove the result of Theorem 1.3 for p > 1 by an elementary
argument involving the Hardy-Littlewood maximal function M|Vu| of |Vu|; however the
behavior of the constants as p \, 1 will only be sharp in the range —1 <~ < 0.

Proposition 2.1. Let N > 1 and 1 < p < co. There exists a constant Cn such that for
all v # 0 and all u € WHP(RY),

Cny p P
p N p
(2.1) SUp Ay (B plt) < o (p_ 1) IVl o @y

Proof. We assume first that v € C' and that Vu is compactly supported. As in [7, Remark
2.3], one uses the Lusin-Lipschitz inequality

(2.2) “‘(T)j;(y" < CIM(|Vul) (@) + M(Vu))(y)]

and observes that (2.2) implies
Exqplul € {lz —y"? < 2007 M (|Vu])(2)} U {|z —y["? < 207 M(|Vul)(y)}.

As a consequence

(Bl <2 [ [ B~ dh da.
z J |y <2CATIM(|Vul) (2)]P

Direct computation of the inner integral (distinguishing the cases v > 0 and v < 0) yields

v (Explal) S CPy AP / M (Val) ()P de.
7 RN



Inequality (2.1) follows then from the standard maximal inequality || M f||} < [C(N)p']P|| f[15

for p > 1, see [21] (here p’ = p/(p — 1)). The extension to general W functions will be
taken up in Section 2.3. O

2.2. The case v € R\ [-1,0]

We shall prove the following more precise versions of the estimates (1.13) and (1.15) when
v ¢ [—1,0], with constants that stay bounded as p \ 1, indeed we cover all p € [1,00). We
denote by on_1 the surface area of the sphere S¥=1. In the proof of the following theorem
we will first establish the estimates for functions u € C*(R") whose gradient is compactly
supported. The extension to W and BV will be taken up in Section 2.3 and Section 2.4.

Theorem 2.2. There exists an absolute constant C > 0 such that for every N > 1, every
1 < p < oo, and every u € WHP(RY)

(a) if v > 0, then
57
(2.3 SUp NP (B plu]) < Coys [Vl s
A>0 v

(b) if vy < —1, then

2.4 sup M. (FE ul) <
4 g Branld) <

1
Iy + 1

Con-1

(1+ AR,

When p = 1 the above assertions hold for all w € BV (RN) provided that [Vull L1 @y s
replaced by ||Vul|m.

The proof of Theorem 2.2 relies on the following proposition, in which [z, y] € RY denotes
the closed line segment connecting two points z,y € RY.

Proposition 2.3. Let

@5 B = {wn) eRY xBYia 2y [ |flds> oyt

[z,y]

for f € C.(RN). There exists an absolute constant C > 0 such that for every N > 1 and
every f € C.(RN),

(i) if v > 0, then

_ 57
(2.6 [ e =al Y dedy < Cona Z leny
E(f) Y
(i) if v < —1, then
_ Con_1 1
(2.7) // |z —y|” Ndzdy < 1+ 1F Il mvy -
E(f) H\< W+H) LA®T)
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Indeed, to deduce Theorem 2.2 from Proposition 2.3 one argues as in the proof of (1.12)
in [7]; for u € CY(R) and 1 < p < oo, one has

p
ule) —ul)l? < [ [ vulas] < /[
for all z,y € RY, which implies that

VP ds|z — yP~!
[z,y Yl
EA,v/p[u] C E\P|Vul?, ).

)

Hence for u € CI(RN ) whose gradient is compactly supported, one establishes Theorem 2.2
by applying Proposition 2.3 with f := A™|Vu/P. The extension to u € WP will be taken
up in Section 2.3.

Proof of Proposition 2.3. As in the proof of [7, Proposition 2.2], using the method of
rotation, we only need to prove Proposition 2.3 for N = 1. Indeed,

1
// lz —y N dedy = / / // Ir — s|7"tdrds dz’ dw
E(f)'y) 2 SN71 wL E(fw,z//)/)

where for every w € S¥71 and every 2’ € w, fuw,2r is a function of one real variable defined
by
Jwow (t) = f(2' 4+ tw).

The innermost double integral can be estimated by the case N = 1 of Proposition 2.3, and

/ / / fuoar ()] At da’ dw = oy | fl vy
sv-1 J,L JRr

Thus from now on, we assume N =1 and f € C.(R).

If v > 0, the desired estimate (2.6) is the content of [7, Proposition 2.1]. On the other
hand, suppose now v < —1. Without loss of generality, assume f > 0 on R. In addition, we
may assume that f is not identically zero, for otherwise there is nothing to prove.

Let
EL(f,7) ={(z,y) € E(f,7): y <z}
Then by symmetry,

// jz —y[" " dedy =2 // |z — y|""" de dy,
E(f) Ei(f)

and it suffices to estimate the latter integral.

In what follows we will need to always keep in mind that in view of our assumption
v < —1 we have —(y+ 1) = |y| — 1 > 0. We will now use a simple stopping time argument
based on the fact that for all ¢ € R the continuous function

x = (x— c)_(“/H)/ f(s)ds, x=>c

increases from 0 to oo on [c, 00).



Assume that supp f C [a,b]. We construct a finite sequence of intervals I,..., [k, that
are disjoint up to end-points, that cover supp f = [a, b], and that satisfy

1
(2.8) |Ii‘(7+1)/ f=5 forl<i<K
I;
Indeed, we may take aj := a, and as > a1 to be the unique number for which
az
(a2 = a) 0" [T =12
ai

and set I := [a, ag]. If as < b, we may now repeat, and take I := [ag, as] where ag > ao
is the unique number for which (a3 — ap)~ (1 [ f =1/2. Note that the a;’s chosen as
such satisfy

(a1 —a;) 0 = o ||f||L1

so that a;41 —a; > (2||f||L1(R))1/(7+1). This shows that in finitely many steps, we would
reach ag 1 > b for some K > 1, with ax < b if 1 < K. Then we have our sequence of
disjoint (up to endpoints) intervals I, ..., Ix that cover [a,b] and satisfy (2.8). We also
write Iy :== (—00, a1 and Ix 41 = [ax+1, +00).

We now claim that I; x I; N E(f,v) = 0 for every 0 <i < K + 1. This being trivially
the case when i € {0, K + 1}, we consider the case i € {1,..., K}: any z,y € I; satisfy

o=y 00| [T g <o [ p =5 <
Y I; 2
It follows thus that
K+1
(29) E+(f77) = U E+(f7 fy) N ((a‘i7 —|—OO) X (—OO, al))
i=1

Furthermore, for i € {2,..., K}, if y < a; < x and  — y < min{|;|, |[;_1|}, then

T
o=y [l <min{iBl izl O ([ g [
Y I I;
< |Iz‘1|_(7+1)/ f+ |Ii|_(7+1)/ f< l-i- 1 L,
Iia I; 22

(again we used v < —1 so that —(v + 1) > 0 here), from which it follows that (z,y) &
E,(f,v). Combining this with a similar argument for i € {1, K + 1}, we get that if
10



(z,y) € Ex(f,7) N (@i, +00) X (=00, a;), then [z —y| = min{|Li], [l;1}, and thus

/ o =y dady
E+(f,’y)ﬂ(al,+oo) X(_Oo7ai)

oo pmin{a;,z—min{|L;|,|I;—1|}}
< / / lz —y[""tdydz
i —00

1 [o@)
= ||/ (max{z — a;, min{|L;|,|L;—1|}})7 dx
’7 a;

1 ( 1 ) 2 1
= —(1+ min{|L]|, |L;_1]}" < <1+ >/ f.
vl Iy + 1 - K] v+ 1) 1

(The computation of these integrals uses our assumption v+ 1 < 0.) Summing the estimates,
we get in view of (2.9)

4 1
ooy ety < (1 ) [ f
/E+(fﬁ) o] v +1[/) Jr

We have thus completed the proof of (2.7) under the assumption vy < —1 and N =1. O

2.3. Proof of Proposition 2.1 and Theorem 2.2 for general WP functions

We use a limiting argument, together with the following fact: if v € W'P(RVN), N > 1,
and 1 < p < oo, then there exists a Lebesgue measurable set X C R?V with £2V(X) =0,
so that for every (z,h) € R*V\ X, we have

1
(2.10) u(z+h) —u(z) = /0 (h, Vu(x + th)) dt.

Indeed, both sides are measurable functions of (z,h) € R*V, and if X is the set of
all (z,h) where the two sides are not equal, then X is a measurable subset of R?V,
and the assertion will follow from Fubini’s theorem if for every fixed h € RV, we have
LN{x e RY: (z,h) € X}) =0, i.e. (2.10) holds for £V almost every x. This follows since
for every ¢ € C°(RY), one has

/ [u(@ + h) = u(z)]¢(z) dz = / w(@)[p(z = h) = ¢(z)] dz
RN

RN

:_/ u(a )/ (h, V(a — th)) dtdm—/RN/ (hy Vu(e))pa — th) dt da

/RN/ (h, Vu(z + th)) dt ¢(x) dz

Now given u € Wl’p(RN ), there exists a sequence u, € C®(R") such that Vu, are
compactly supported, and

(2.11) IV (un — )| Lp @y — 0.
11



Indeed if N > 1 and p > 1, or if N = 1 and p > 1, then this follows from the density
of C®(RN) in WP(RN) as asserted in [12] (in this case one may choose u, € C°(RV)).
The density of C°(RY) in WP fails when N = p = 1 (again see [12]); the issue is that
if Vu is supported in a convex set in RN, N > 2, then u is constant in the complement
of the set, but this fails for V = 1 since the complement of a bounded interval has two
connected components. On the other hand, in the anomalous case N =1 and p =1, one
can choose an approximation of the identity to get a sequence v,, of C2° functions on R such
that [[v, — /[ L1(r) = 0. One can then take un(x) == [ va(t)dt, and (2.11) follows with

!, = v, being compactly supported (even though u, may not be compactly supported).

Let, for R > 1,

u

Kr={(z,y) e R*™ : |z] <R, |y < Rand R} < |z — y|}.
By monotone convergence it suffices to prove

”VUHE(RN).

(2.12) vy (Bxgplul N Kp) < C——7

with C' independent of R.

Under the assumptions of Proposition 2.1 and Theorem 2.2 on p and -+, since u, €
CX(RY), we already know

||Vun||ip(]RN)
AP '

Moreover, the sequence @, /,u, converges to Q/,u in LP(KR) as n — co. Indeed, using
(2.10) we may write

V’Y(Ek,v/p[un]) <

Qypu(z,y) = ! /01< 7Y T —t)y+ta:)>dt

e —yp/p |z —y|’

for L2V ae. (z,y) € R?Y and similarly for u, in place of u, which allows us to estimate

(//K |Q7/pun($,y) - QV/PU(xay”pdxdy)l/p

) 1

< R} / (/ / V(0 = w)((1 = )+ sy) " derdy) ” ds
0 lz[<R J|y|<R

< 2NP(QRYN/PRV/P||V (u,, — tnt1)|lp = 0.

By passing to a subsequence if necessary, we may assume that @), /,u, converges L3N a.e.
to Q/pu on Kp as n — oo. Thus

KgrnN EAG’/Z?[,LL] C Kgn ( U m E)m//p[uﬁ])

neNL>n
12



which implies

V’Y(KR N E)\,’Y/p[u]) < nhﬁnolo Vy <KR N n E)\,’Y/])[“’é]) < hnnilo%f V’Y(KR N E)x,v/p[un])

>n
V|7, HVUH »
< C'lim inf Lr(RY) < Lr(RY) .
n—00 AP AP

2.4. Proof of Theorem 2.2 for BV -functions

We choose a sequence p, € C2°(RY) with p, = 2"Vp(2") and [py p dz = 1 and set

Up = U * pp. Then u, € Wl’l(]RN ) and u, — u almost everywhere. This means if
Gp={(z,h) e RN xRN : |z| < L, L7 < |h| < L} then

Lh_I)I;O vy (Exylun) NGL) = vy(Exy[u] NGL),

by dominated convergence. Also

Vualli ey = sup | [ anlo) diviie) da| =

¢€C°°
lplloo<1
= sup ‘/ ) div(pn * ¢)(x dx‘ < || Vul| ag;
gz
llélloo<1

here we used [|pn * )l < ||@]loo for the last inequality. Combining these two limiting
identities with Theorem 2.2 we get the desired inequalities with E) ,[u] replaced by E ~[u]N
Gr. By monotone convergence we may finish the proof letting L — oo.

3. PROOF OF THEOREM 1.1

We extend and refine arguments from [5], [7] which are partially inspired by techniques
developed in [1].

3.1. A Lebesgue differentiation lemma

Our argument uses the following standard variant of the Lebesgue differentiation theorem.
For lack of a proper reference, a proof is provided for the convenience of the reader.

Lemma 3.1. Let u € WHY(RY) and let {6,} be a sequence of positive numbers with
lim,,—yo0 0, = 0. Then
lim u(x + oph) — u(z)

n—o00 On,

for almost every (z,h) € RN x RV,

= (h, Vu(z))

13



Proof. If u € C!' with compact support the limit relation clearly holds for all (z,h). We
shall below consider for each # € SV~ consider the maximal function

1 t
MyF (x) = sup / |F(x 4 r6)|dr
>0 t Jo
which is well defined for all 6, a measurable function on RV x S¥~! and satisfies a weak
type (1,1) inequality
LY({z e RN : My F(z) > a}) < 5a™ | F|;.

Let w € WHHRN) and Ay = {h € RN : 2=M < |p| < 2M}. Tt suffices to prove the limit
relation for almost every (z,h) € RY x Ay;. From (2.10) we get that for every n > 1,

w(@ +0,h) —u(x) 1 [onlhl N
5 = 5l /0 (h, Vu(:z:—i—rW))dr
for £2V almost every (z,h) € RY x Ays; as a result, there exist representatives of u, Vu
and a null set N € RY x Ay such that the identity holds for all (z,h) € N* and all n > 1.
It suffices to show that for every @ > 0, € > 0
(3.1)
1 5n|h‘
E2N<{(x,h) € RY x Ay : limsup )/ (h, Vu(z+rh)) dr— (h, Vu(x))‘ > a}) <e.
dnlh| Jo

n—oo

Let v € C} so that |V(v —u)||1 < ae/(12LN (Apr)). Let g = u — v. Since the asserted
limiting relation holds for v, we see that the expression on the left hand side of (3.1) is
dominated by

1
£2N<{(x, h) € RN x Ay : |Vg(z)| + sup
n>0 5n|h’

< 2N (Anr)a [ Vglln + /A LY ({z = My Vgl(x) > /2}) dh

On|h| N
/0 Vgl + v dr > a})

< 128N (Ap)a Vgl < e
since ||Vg|1 < ae/(12LN (Anr)). O

3.2. The lower bounds for liminf v, (Ey ,/plu])

We use Lemma 3.1 to establish lower bounds, relying on an idea in [5] where the case
v = —1 was considered.

Lemma 3.2. Let 1 < p < oo and u € WHP(RN). Then

(i) For~y >0
N
lim inf NPv (Ey 5 /plu]) > +(p. N)

A—00 "'y|
14
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(7i) For v <0

L K(p, N)
hg\n\j(r)lf)\puy(E/\ﬁ/p[u])Z ] [Vu ||Lp(RN

Proof. We write, for A > 0 and § > 0

P —\P y—N
Ny (Ey 5 plu]) = X //MHM ol |h| dhdx

[n| 1+ /P

= // |h[7~N dh dz,
|7"<”‘”‘”| u(e ‘ >APSV|h|Y

here we have changed variables replacing h by dh. Hence

(3:2)  Nuy(Exqplu // (700 (| "= Y[R dh e with 6 = AP/,
We now take a sequence {\,} of positive numbers, set d,, = An? /7 and note that

(3.3) lim §, = 0 if

n—o0

limy, 0o A, = 00 and v > 0,
limy,, oo A, = 0 and v < 0.

Also observe that
hnnilo%f ]l(|h|7,oo)(5n) > ]l(|h|—7,oo)(t) if nlgrolo Sy =t.
Now assume that A, — oo if ¥ > 0 and )\, — 07 if ¥ < 0 and stay with J, = )\;p/“’, a

sequence which converges to 0 in both cases. Use Fatou’s lemma in (3.2) and combine it
with Lemma 3.1 to get

hmlnf)\ PV (B, ~/plu //hmlnfﬂ A, oo)(|u(m+f§ }ILhI u(z) ‘P) W ~N dhde
+0nh)—u(x _
// (|h[7,00) ,}E{}J‘ 5] E [Py [p=N dh e

_ // ) RPN dhd = .
Iy <[ V(@)

We use polar coordinates h = rf and write the last expression as

Jy = // / r’~tdrdf dz

RN xSN=1 7 <|(0,Vu(zx))|P

p k(p, N)
|’Y| //RNst 1 6 Vu( )>| df dz ’ | ”V HLp RN

with the calculation valid in both cases v > 0 and v < 0. d
15




3.3. Upper bounds for limsup NPv+(E) ., jp[u]), for C} functions

We assume that u € C' is compactly supported and obtain the sharp upper bounds for
lim sup_, o APvy(Ey 4/plu]) when v > 0 and limsupy_,g \vy (E) , /p[u]) when v < 0.

Lemma 3.3. Suppose u € CL(RN) and 1 < p < co. Then the following hold.

(i) If v > 0 then
K(p, N)

lim sup Mvo (Ey , /plu]) < ] Vu HLp RN)"

A—00

(it) If v < O then

K(p, N)
lim sup NPv., (E <
A0 p ’Y( )\'y/p[ ]) = ‘7‘

(iii) The statement in part (i) continues to hold for u € C*(RN) whose gradient is compactly
supported.

IVullf gy

Remark 3.4. The subtlety in part (iii) above is only relevant in dimension N = 1, since
if N > 2, then any function in C'(R") with a compactly supported gradient is constant
outside a compact set.

Proof of Lemma 3.3. We distinguish the cases v > 0 and v < 0.

The case v > 0. We assume that Vu is compactly supported. To prove part (iii) (and thus
part (i)) assume

N 1/2
(3.4) A> L= H(; |0;ul ) HLOQ(RN
Then
(3.5) (2,9) € Exqpplu] = Mz —y[/P<L = |z—y| <L

Furthermore, if (z,y) € E) ,/p[u], then writing y = 2 + rw with 7 > 0 and w € SN—1

have

(3.6) MP < |Vu(z) - w| + p(r)  with p(r) == sup sup |Vu(z +h) — Vu(z)|;
’ z€RN |h|<r

, We

since Vu is uniformly continuous on RY we have p(r) \, 0 as r \, 0. This, together with
the first implication of (3.5), shows that

(3.7) M < |Vu(a) - w] + p((2P1).

Let B be a ball centered at the origin containing supp(Vu), and let B the expanded ball

with radius 1+rad(B). Then for ¢ B, we have Q- pu(z,y) = 0 for every y with |z —y| <1,
16



and (3.5) shows (z,y) ¢ E\/plu] for every y with |z —y| > 1, so E ,p[u] C B x RV,
Define, for z € B, w € SN, and A > 0

Rz, ) = (A (Vu(a) o] + o5

Then by (3.7),

R(z,w,\)
Ny (Ey o plu]) < A / / / 7 dr dw dz
SN

= / / |Vu ) - wl +ﬂ((§)p/w))pd“’dx'

Soh)

Letting A — oo we get

imsup AP (B plul) <07l ) [ [Vu(a)? do

A—00

and hence the assertion.

The case v < 0. We first note that if (z,y) € E) ,/p[u], then writing y = x + rw, we have
again (3.6).

Now let € > 0, and let () > 0 be such that p(r) < e for 0 < r < d(e). Let

' A =
ra(z,w,e) = mln{5(5)v (W> }

Note that r\(z,w,e) > 0 for A > 0. Also if (z,2 + rw) € E) ,/p[u] then r > ry(z,w,€);
indeed, either 7)(x,w, ) > §(e) already, or else ry(z,w,e) < d(¢) in which case (3.6) shows
P

na(,0.0) > (o) -

Finally let B be any ball in R containing the support of u, and let B be the double
ball. Then

hmsup)\ V(B plu] N N (B x RY)) <hmsup)\p// / 7t dr dw de
AN\ 0 SN—-1 (z,w,€)

= hmsup)\p/ / [ra(z, w,e)]” dwdx
ANO SN-1 \’Y|

= lim sup — ﬁ/ max{Ad()7, (|Vu(x) -w| + ¢)P} dwdx
oo [ JE Jsv-

:hly/é/SN1(\vu(x)-w|+e)pdwdx.

Since € > 0 was arbitrary we obtain

~ 1
(3.8) hr)r\l\sup)\ Uy (Exqplul 0 (B x RY)) < mn(p, MIVullf, gy
17



Since u = 0 in RN\ B, if (z,y) € By, jp[u] N (RN \ B) x RY) then y € B. Therefore
limsup MNvy (Ey - /p[u] N N (RN \ B) x RM)) <hmsup)\p/ / Nz =y N dedy = 0.
ANO ANO RN\ B
This finishes the proof of part (ii). O

In dimension N = 1, when v < —1, one can also weaken the hypothesis u € C!(R) in
Lemma 3.3 to u € C'(R) and v/ is compactly supported:

Lemma 3.5. Suppose u € C1(R), v is compactly supported, and 1 < p < oo. If y < —1

then ( )
) k(p, N
lim \Sup Ny (Exqypplul) < m (R o

Proof. Let supp(u’') C B := (-0, ). By (3.8) we have

1
hr;l\sup V’Y<E)\ 'y/p[ ] (_25726) X R) S m’%(z% l)Hu/HI[),p(R)'

Moreover, since u is constant on (3,00) and constant on (—oo, —f3), if (x,y) € E ,/p[u]
and x < —2f then y > —f, and if (z,y) € E, ﬁ//p[u} and x > 2/ then y < . Since v < —1,

Uy (Exq/plul 0 (RN (=28,28)) x
/25/ x—y)'~ 1dydm+/ 2/8/ y— )" dyde < cc.

lim sup \Pv, (Ey plu] 0 (R (=253,28)) x R) = 0. O
ANO

We conclude

3.4. Upper bounds for limsup \Pv.(E) 5 /p[u]), for general WP functions

Let N>1,1<p<ocandu€ Wl’p(RN). In light of Lemma 3.2, to prove the limiting
relations (1.7) and (1.8) in Theorem 1.1, we need only show that

K'/
(3.9) i sup AP (B ) < (| ‘ N Gl
if v > 0 and
k(p, N)
3.10 lim sup NPv~(E < Vu
(3.10) A\010 (B yplu]) < w I HLPRN

ify<Oandp>1,orvy < —1and p=1. Lemma 3.3(i)(ii) asserts that these desired

inequalities hold for functions in C}(RV). When N > 2 or p > 1, a general W1P(RN)

function can be approximated in Wl’p (RY) by functions in C}(RY): by [12], there exists a

sequence {uy,} in C°(RY) such that lim, oo ||V (u, — u)|| ppny = 0. If further v > 0, or
18



v<0and p>1,orvy<—1andp=1, then by parts (i) of Theorems 1.3 and 1.4 (proved
in Section 2), we have

(3.11) sup Ny (B ppltn —ul) < OF IV (un = w) 17, -

It follows that for every n and every § € (0, 1),
lim sup \Pv, (Ey /plu]) < liin sup Nvy (E1_s)x/p[tn]) + iup Nvoy (Espy pltin — u))

A—00

(3.12)

p
(p, ,p'va( U)HLP(]RN)
<

if ¥ > 0, and a similar inequality holds with limsup,_,., replaced by limsup,\ o if v <0,
p>1or~vy < —1,p=1. Letting first n — oo and then § — 0, we get the desired conclusions
(3.9) and (3.10) under the corresponding conditions on v and p.

It remains to tackle the case N = p =1, in which case we only need to prove (3.9) when
~v > 0 and (3.10) when v < —1. Using (2.11), we approximate u by finding a sequence {uy,}
in C*°(R) so that u;, are compactly supported for each n, and lim;,—, o [|u;, — o[ L1(r) = 0.
Since the desired inequalities hold for u,, in place of u by Lemma 3.3(iii) and Lemma 3.5,
and since part (i) of Theorem 1.4 applies to give (3.11) when v > 0 or v < —1, our earlier
argument in (3.12) can be repeated to yield (3.9) when v > 0 and (3.10) when v < —1.
This completes our proof of parts (a) and (b) of Theorem 1.1.

3.5. Conclusion of the proof of Theorem 1.1

In Section 3.4 we proved parts (a) and (b) of Theorem 1.1. The lower bound for the
liminf in part (c) has been established in Lemma 3.2(ii), and the limiting equality for
u € CHRY) when p =1 and —1 < < 0 follows by combining that with the upper bound
for the limsup in part (ii) of Lemma 3.3. The proof of the negative result in part (c) of the
theorem (generic failure for p = 1, —1 < < 0) will be given in Proposition 6.6 below. [

3.6. On limit formulas for B'V(R)-functions - The proof of Proposition 1.2

When p = 1, Poliakovsky [19] asked whether (1.7) still holds for u € BV (RV) instead
of Wl"l(RN ) if ¥ = N. More generally, one may wonder whether it is possible that for all
u € BV(RY), one has

_ &(1,N)
(3.13) Jim Ay (B 5 [u]) = m [Vul|pme when v > 0,
and
1,N
(3.14) Jim, Ay (Ex A [u]) = ”(|’ )||VU”M when v < 0.
7|

‘We show that this is not the case.
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First, when —1 < v < 0, Theorem 1.8(i) (proved in Proposition 6.3 below) shows that
even if u € WHH(RY), it may happen that limy o+ Avy (Ey[u]) = co. So (3.14) cannot
hold for all u € BV (RY) for such 7.

The following lemma provides examples of failure of (3.13) and (3.14) when v € R\ [—1, 0],
since |y + 1| # |y| unless v = —1/2:

Lemma 3.6. Suppose N > 1 and u = 1o where Q is any bounded domain in RN with
smooth boundary. Then u € BV (RY) and

. k(L N)
Jim vy (Byy[ul) = Py IVullm  for all vy > —1,
while
) k(1,N)
Jim Avy (Exy[u]) = P IVullpm  for all v < —1.

Proof. First consider the case N = 1. If u = 1jg o), then for every v € R\ {~1} and A > 0,
one has

2 1
(3.15) vy(Exyu]) = 2v,({(z,y) e R: 2 >0,y <0, |z — y|7(7+1) >\ = mxa

which follows from a change of variables s = x — y, t = = + y: when v > —1, one has
- o1
e 1 A 2 1
vy (B, [U])Z/ / dts7~ ds:2/ ¥ds = —— =
o 0 = 0 Y+1A

while when v < —1, one has

(0.9} S 1 (0.9] 2 1
E = dts? " ds=2 Tds = ——— .
AlBall) = [y [ et [ =

A similar calculation shows that if u =17, +---+1 1; is a sum of characteristic functions of
finitely many open intervals whose closures are pairwise disjoint, then

(3.16) Jim (B 5 [u]) = wiu”“l" g forall v > 1,
while

(3.17) Jim (B ) = o ey for all 3 < L
we also have

(3.18) ili% vy (Ey 4 u]) < |’Y‘2f‘1|HUI”M(R) forally €e R\ {—1}.

20



Now consider the case N > 2. Let € be a bounded domain in RY with smooth boundary
and u = 1. Then v € BV (RY) with ||Vul|pm = £V 71(052). The method of rotation shows

AUy (B [u] /SN 1 /L An (B [t o)) d2’ dw

where u, ./ (t) = u(z’ + tw) for w € S¥~! and 2/ € wt. (3.16), (3.18) and the dominated
convergence theorem allows one to show that

1
li E = — L ! for all —1
)\1_>m )\V'Y( A’Y[ ]) ‘,_)/+ 1‘ /%Nl /wl Huw@ ||M(R) dz’dw for a v > )

and using (3.17) in place of (3.16) we obtain the same conclusion with limy_,, replaced by
limy_,o+ if v < —1. It remains to observe that

(319) Lo L ey @0’ = (0. 3) [V

this equality holds by Fubini’s theorem if u = 1¢ is replaced by u. := u * p. where p. is a
suitable family of mollifiers, because the left hand side is then just

/ / /’uE 7'+ tw) ’dtdm'dw:/ / |w - Vue(x)| de dw
SN-1 J,L SN-1 JRN

which equals £(1, N)||Vue| 11 gy One then just need to let € — 0 to obtain (3.19). (See
also the 1ntegra1 geometrlc formula for the surface measure in [11, Chapters 2.10.15, 3.2.13
& 3.2.26], which extends the classical Crofton formula.) O

4. FROM WEAK TYPE BOUNDS ON QUOTIENTS TO WP AND BV

In this section we complete the proofs of Theorems 1.3 and 1.4 proving part (ii) of these
theorems. We use as a key tool the BBM formula discovered in [1] (see also [9] for additional
information for the BV case), in a way that is reminiscent of the proof of [15, Theorem
2], and we apply duality for Lorentz spaces to control the double integral arising in the
BBM formula. The BBM formula stated in [1] is quite flexible, involving a bounded smooth
domain  and a sequence of non-negative radial mollifiers py, (|z]) with [ pn(r)r¥ 1 dr =1
and lim,, oo f;o pr(r)rN =1 dr = 0 for every § > 0; we will apply it in the case when Q = Bp,
the ball of radius R centered at 0, and py(r) = sup(2R) ™ 5"Pr=NTsnP1g oo () where {s,,}
is a sequence of positive numbers tending to 0. As a result, we conclude that if R > 0,
1<p< oo, u€ LP(Br) and

p
liminfs// N( y)l dxdy < oo,
s—0+ BrxBng |:c— |N+p—sp
then for p = 1 we have u € BV (Bg) with IVl p(Br) being bounded by #(1, N) times the
above liminf, and for 1 < p < co we have u € W'?(Bg) and Vullpr () being bounded
by k(p, N)/p times the above liminf. The assumption u € LP(Bg) can easily be relaxed

to u € L'(Bg), via an observation of Stein as explained in [3, proof of Theorem 2]: if
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u € LY(Bg) and the above liminf is finite for some 1 < p < oo, then for any § > 0 and any

€ (0,0), we may consider u. := u * ¢ () where ¢.(z) ;= e Nep(c~1x) and ¢ € CX(By) is
non-negative and has integral 1. Then u. is C** on the closure of the ball Br_s, so the
above formulation of BBM applies, and || Vuc| (B, s) is uniformly bounded independent
of € € (0,9); indeed Jensen’s 1nequahty implies

_ p
Br_sXBpr_s "T— ’ p=sp BrXxBpr ’fE— | pmsp

for every e. This shows that a subsequence of {Vu.} converges weakly in LP(Bgr_s) to
the distributional gradient Vu on Br_s, and a desired bound on [|Vu| (s, ;) follows for
every 6 > 0.

Suppose now N > 1,1 <p<oo,y€ER,u€ L%OC(RN) and Q. /pu € Lp’oo(RzN,VV). Let

u(y)[P
4.1 A= li f dz dy.
(@1 wptimints [ Gy

Suppose A is finite. If p = 1, then the BBM formula above implies u € B'V(B r) for every
R > 0, with ||Vul|p(p,) < £(1,N)A independent of R; as a result, u € BV (RY), with
[Vul| prny < w(1, )A Similarly, if 1 < p < oo, the above BBM formula (applicable for

u € LlOC(RN)) implies u € WP(RY), with ||Vul| vy < (k(1,N)A/p)'/P.

It remains to prove that A < oco. By considering truncations of u we may assume
additionally that u € L>(R™); the reduction is based on the pointwise bound

u(x if |u(z)| < n,

el if |u(x)| > n.

Q'y/pun(wvy) < Q'y/pu(xay) where un(x) = {
Using the definition of weak derivative we see by a limiting argument that the conclusion
sup,, [|Vuy||p < C implies |Vull, < Cif p > 1 and sup,, ||[Vu,||pm < C implies ||[Vulp < C.

In order to establish our estimate for bounded functions we will use Lorentz duality in
the following form: if F', G are measurable functions on R?Y, then for any 1 < ¢ < oo, we
have

(4.2) //RNXRN F(z,y)G(z,y) dvy < ¢'[F]poce@en 1) [Glpeagen ..
1,1 _
where st = 1,

[Fl paco (g2 o) = sup Avy ({|F| > A})Y9 = sup t'/9F*(¢),
A>0 t>0

and
L o0 1/q/ o 1 o0 1/!]/ % dt
[G]Lq/,l(RgN ) = uq,({]G\ > A}) d\ = — TG (t)—;
WPy 0 q, 0 t
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here F*(t) := inf{s > 0: v, ({|F| > A}) < s} is the non-increasing rearrangement of F, and
similarly for G*(t) (see [13,22]). Indeed, (4.2) follows by noticing that

// F(2,4)G(z,y) dvy < / T F()GR () dt = / [ (e[ 6 )
RN xRN 0

0 t
which is clearly < q’[F]Lq,oo(Rzva)[G]Lqr,l(ng,w).
First we consider the case v > 0. For sufficiently small s > 0, define
s
1+7

6 =

so that # € (0,1) and p — sp =p(1 —0)(1 + %) — . Then for every R > 0,

i w4
BRXBR |.CU— |N+p P

// Qupulx.))" " ([u@) = u W) Lo, ) dv,
RNXRN

p(1-6) po
<51 @)™ e @ =

by (4.2). But
p(1-0)

(1-6)
(G0 P T

and

[lu(z) = u(y)[”’]

0
< (2||u||L°°(]RN))p [IBRXBR]L%J(]RN xRN vy)

= (2l[ull oo w3 )’ vy (Br x Br)’,

1
LY (BrxBpr,vy)

from which it follows that
—u(y)l” %) 0 0
< - oo P .
//B . |x z |N+p Gdwdy < 5 (@]l 0 @l (Br x Br)
Furthermore, since v > 0, we have
(BRXBR)<|BR|/ |h|N 7dh<00.

Recall § = —2+. Thus as s — 0", we have

1+p

: u(y)[?
hir—li]gps//BRxBR |5U - |N+P sp dz dy = ( ) [Q’y/p }pr(RzN vy) =00

Since this upper bound holds uniformly over all R > 0, this concludes the argument for the
case v > 0.
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Next we turn to the case v < 0. We then observe that for 0 < s < 1 and every R > 0,

// u(y)? dx dy
BrxBr \x— \N“’ P

://RNXRN Qv/pu(m,y)) e (’u(aj)_u(y)HﬂlU—3/‘17%]1151%“31?)17§ dury
<< (@)™ [(jute) ~ wthlle — 1)

1 .
L1737 (R2N b)) L5 (BrxBg,vy)

Again

[(Qv/pu)p(l_Q)}Lll 00 ’ - [QWPU] L(:;(I;ZN,VV)

and

(13) | (jute) - uwllx -y )"

2
]LS’I(BRXBR,VW)

< @lull gy [l =0

We will show that

4.4 limsup ||z — y|®?~7)2 <1- X
(4.4) meup [' vl }L%’I(BRXBR,VV) -~ p

when v < 0. We then see that

, — u(y)l < >
1 drdy <2
ISI,Ii)?)Eps//BRXBR |:I: - y|N+P sp {Q'y/p :|Lp°O(R2N vy)

which concludes the argument in this case since this bound is uniform in R > 0.

It remains to prove (4.4) when v < 0. Note that in this case p—~ > 0, so |z —y|®~7)3
(23)(1?-7)% on Br x Bgr. Thus

IN

. (2R)(p 735 s R
[l — /%] .~ v A(2.) € Br x Bps |l — y|®~% > A} da
0

If v <0, then

21
Ls> (BRXBR,V,Y

vy{(z,y) € BrxBRg: w—y| P2 > A} < |Bg| B> 2 |h|N 7 dh <
> S

WI

where on_1 is the surface area of S¥~!. Hence in this case,

. 1 s (QR)(P—’Y)% L
[z —yo5] < (on-alBals)” / AT dA
Y 0

Ls'Y(BrRxBp,vy)
1\2 .
= (1 - 7) (UN—1|BR|) " (2R)
p vl
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(Here we used 1= = —127 € (—1,0) whenever v < 0.) This proves (4.4) when v < 0.
Next, suppose v = 0. Thenp

X
2

(2R)"
_ |13 - e — ylP3 3
[’x y’ 2:|L%*1(BR><BR,1/.Y) /0 V(){(il],y) € Br x Bp: ‘il] y‘ 2 > )\}2 dX

(2R)P3 1 3
< BR/ ——dh dA
/0 (‘ | rw <n<2r MY )
(2R)P3 9 o RYPs s
:/ <|BR|lelog<( k) )) X
0 ps A
s [t 2 1\ 2
=yt [ (1Bploy-r210g(5)) ax
0 ps A

which shows (4.4) remains valid when v = 0 by the dominated convergence theorem. [

5. FINITENESS OF vg(E)o[u]) AND THE LIPSCHITZ NORM

In this section we prove Theorem 1.5 which we put in the following more precise form.

Proposition 5.1. Let u be locally integrable on RY and Vu € Li (RN). Then

loc

0 if A > ||V oo,

vo(Exolu]) = {oo if A < ||Vu|oo-

Proof. First assume Vu € L*® and A > ||[Vulle. Then for every h € RY we have
|u(z+h)—u(z)

T L < X for almost every # € RN, This immediately implies v (Exolu]) =0.
For the more substantial part assume A < || Vul|oc where ||Vu||o may be finite or infinite.
We need to show that vy(E)lu]) = co. We pick Ai, Ay such that

A< A <A < ||Vullso-

Let Bp = {z € RY : |z| < R} and assume that R > 1 is so large that ||Vulpe(p,) > A2
is not the zero distribution on Br. Let x € C2° such that x(z) =1 in a neighborhood of
Bsg and set 1, = xu, Then Vu, = Vu in the sense of LI(BQ r)- There is a measurable set
Fy C Bp of positive measure such that |Vu(z)| > A\g for all z € Fy.

Fix0<e<g1— % We now consider the set &, of all spherical balls S ¢ SV~! with

2

positive radius and the property that (01,62) > 1 — ¢ for all 61,602 € S. By pigeonholing
there exists a spherical ball S € &, and a Lebesgue measurable subset F' C Fj such that

LN(F) > 0 and |§Z§g| € S for all x € F. For the remainder of the argument we fix this

spherical ball S; we denote by o(S) its spherical measure.
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We first note that for |h| < 1 and for almost every |z| < R

u(@+h) —u(@)  uw(@+h)—u(x) /h 1 uo(x + sh)ds
(5.1) 1] a 1] B <Ihl’/o Ves(z + 5h) o).

Secondly since the translation operator is continuous in the strong operator topology of L'
we see that there exists g < 1 such that

LY(F)(M =)

10 for |w| < dp.

(52) ||Vuo( + QU) - VUOHLl(RN) <

In what follows we let § < dg and set

h
S(6,00) = {h € RN : 5 < || <o e s}.

Let
[u(@ + h) — u()|
A

so that (z,h) € & implies (z,2 + h) € E) o[u]. We then have by (5.1)

50:{(a;,h):weF,heS(5,50), >)\}

1
vo(Exolu]) > vo(&) = yo({(x,h) x € F, he S, 6), K'Z"/o Vuo(z + sh)ds)| > /\})

(5.3) > vo(&1) — 10(E2)
where

&1 ={(x,h) :z € F, h e S(4,0d), |<|—Z|,Vuo(:v))| > A}

& = {(z,h) 1z € F,h € S(3,60), /1 Vo (2 + sh) = Vo ()| ds > Ay = A}

0
Indeed, if (z,h) ¢ & U & then
1 1
|<%,Vuo(x))| < |<|hh|,/0 Vuo(x + sh)ds)| —i—/o |Vuo(x 4+ sh) — Vuo(z)| ds

which is then < Ay, so (z,h) ¢ &1, establishing & C & U &; and thus (5.3).
The set £ does not change if we replace u, by u in its definition. Since
(%,VU(J:)) > (1—¢)|Vu(x)| > (1—¢e)dg > A forz € F, % S
we get

A ()
() > [ do [ s T = N () (S) og(io/),
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Moreover, using (5.2) and Chebyshev’s inequality we see that

1
~ J5(5.60) Al — A B[N

LN(F)(A = AN)/10 dh LN(F)
< /5(5750) N = HY = 10 o(S)log(dg/9)

and hence putting pieces together we obtain for d < g

LY(F)
2

vo(Exolu]) > vo(€1) — vo(&2) > o (S) log(d0/d).

Here 0 < g was arbitrary and by letting 6 — 0 we conclude that vo(E) g[u]) = oc. O

We now give a more precise version of Example 1.7.

Lemma 5.2. Let Q C RY be a bounded domain with Lipschitz boundary and let u = 1q.
Then u € BV (RN)\ WHHRN) with

log(2/A) if A <1,

E < C
vo(Exolu]) < Ca x {)\1 if A > 1;

in particular we have supyo Avo(E)plu]) < 0o.

Proof. Let
E(r,A) ={(z,y) € Exolu]: r < [z —y[ < 2r}.

We begin with the observation that rA < 2 if vg(E(r, A)) > 0. Furthermore, if (z,y) € E(r, \)
for some y € RN, then x belongs to the 2r-neighborhood of Q. The Lebesgue measure
of such a neighborhood is O(r) if r < ¢ where rg is some positive constant depending on
Q (because the boundary of a bounded Lipschitz domain can be covered by finitely many
Lipschitz graphs, and the 2r-neighborhood of such graphs can be approximated by a union
of O(r) neighborhoods of suitable hyperplanes). Hence for r < ¢ we have vy(E(r,\)) < Cr
if r <2/X and vo(E(r,\)) =0if r > 2/A. As a result, if 2/\ < ry we get

w(Exou) < Y. w(E@,N) <A
JEL: 27<2/A
and if 2/X > o we get
d

wBo) < Y w(EQN) +2 / / W gr <14 log(x 7).
ez 2i<ro Q Jro<lae—yl<2/x [T — Y]
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6. WHEN THE UPPER BOUND (1.15) FAILS

In this section we make various constructions demonstrating the failure of (1.15) in the
range —1 < v < 0, and give the proof of Theorem 1.8. We first establish

Proposition 6.1. Suppose N > 1 and —1 < v < 0.

(i) For every m > 0, there exists u € C3°(RY) such that

(6.1) vy (Ery[u]) > m||Vaul| g gy,
(ii) There exists C = C'(N,v) > 0 and py = po(N,7) > 1 such that for all 1 < p < py,
p

(6.2) sup vy (B4 4 plu]) > C——.
weC®®N) K p—1
(IVullLp <1

6.1. Proof of Proposition 6.1: The case v = —1.

Here we may choose, for m > 1,
(6.3) Um = LB, %0y jm € C°(RY)

where 7y /p, (7) 1= 2mN p(2™Mx) for some non-negative, radially decreasing n € C°(B;) with
Jgx P =2. Then when 1 < p < oo and m < p’ = p/(p — 1) (which is no restriction on m if

= 1) we have | Vo, ||, < 2™/7" < 1, while By _y p[vn] 2 {|z < 1-27™,1427™ < |y| < 2},
and hence

vr(Eryjpltm]) > / / lz — )N dady
al<i—2-m Jipa-m<py<o
ZCN/ (1+27™— |:E|)_1 - (2- ]:c|)_1 dz > cﬁvm.
jej<1—2-m

This proves both (i) and (ii) of Proposition 6.1 in the case v = —1. O

6.2. The case —1 < v < 0: Ezxamples of Cantor-Lebesgue type on the real line.

We now discuss some examples related to self-similar Cantor sets of dimension 8 =1+ ~.
Recall the definition of v, @, in (1.4), (1.5) and observe the behavior under dilations:
(6.4) vy (tE) = "7 () .

We have

Lemma 6.2. Let —1 < v < 0. There exist constants ¢y > 0, Cy, > 0, and a sequence of
functions g, € C°(R) with gy (x) =0 for x <0 and gy (x) =1 for x > 1, such that for all
1<p<oo,

T -3)

(6.5) ghnllp < 4275
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and if m—1< W‘Tﬁl%, then

(6.6) vy ({(2,y) € 0,11 1Qy jpgm (2, 9)| > 1}) = m/C,.

Proof. For —1 < v < 0 let

1
(6.7) p=2 T
so that 0 < p < 1/2. We construct g,, such that its derivative is supported on the m—th
step of the construction of symmetric Cantor sets of dimension § =1+ = 10:;(%, with

an equal variation on each of its 2" components [14, ch. 8.1].

Let go € C*°(R) be such that 0 < go < 1, go(x) =0 for z < p and go(x) =1 for z > 1 —p.
Set for m € N,

Im+1(z) = %gm(%) + %gm(l - PTI)
Since p < 1/2, we have for p € [1, 00), ||g;n+1||ip(R) =2 X (2p)_pp\|g;n||§p(R) and thus

ﬂ(

1 ol
(7_1 +1

m _1
19l o) = 20) "™ bl oy = 2771 07 | gb || Loy -

Fix now 1 < p < oo, and for m € N, A > 0 define
Ay = vy ({(2,9) € 10,17 1 |Qy jpgm (@, )] > A})-

Our goal is to estimate A,, ;/4, which we do by deriving a recursive estimate for A, . We
have the decomposition

A = vy ({(2,y) €0, 1 Qypgmr1 (2, 9)] > A})
(68) + V’Y({(xay) S [1 — P 1]2 : ’Q'y/pgm-i-l(xay)‘ > )‘})
+ V’Y({(xay) S [O,p] X [1 - P 1] : ‘Qv/pgm-i-l(xvy” > )‘})

Using the definition of g1, (6.7) and (6.4), we compute the first term in the right-hand
side of (6.8) as

vy ({(z,y) €10, 0% : |Qygm+1(z,y)| > A})
(6.9) — o ({(pw,p2) : (w,2) € [0,17, Qs gm(w, 2)] > 2073 A})

= prHl 2. % =14
P’ vy ({(w, 2) €[0,1]7 1 |Qygm(w, 2)[ > 2 A}) = 3 Am.sx

[l
where s := 2p1+% = 27'0+D | and similarly the second term as
(610) V’Y({(xay) € [1 - P 1]2 : ’Q’ygm+l($7y)| > %}) = %Am,s)\'
Thus

Am—i—l,)\ > Am,s/\ + V’Y({(:an) € [Oap] X [1 - P 1] : |Q'y/pgm+1(x7y)| > A]’)?
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which iterates to give

Am,1/4 > AO,sm/4 + ZVW({(x7y) € [O,P] X [1 - P 1] : ’ny/pgj(xay)‘ > %Sm_j})'
j=1

We drop the first term, and note that as long as m — 1 < %r'lp%l, we have %sm_j < %
for all j =1,...,m. Moreover, for every = € [0, p?] x [1 — p?,1] and every j > 1, we have

gj(z) < 1/4 and g;(y) > 3/4, so [Q/p9;(x,y)| > 1. Thus we obtain the desired conclusion
Amija 2 mwy ([0, 7] x [1 = p*,1]) = m/C,.
g

6.3. Conclusion of the proof of Proposition 6.1.

We continue with the case —1 < < 0. Let n; € C2°(R) supported in (—1,2) such that
n(s) =1on (—1/2,3/2) and 0 < ni(s) <1 for all s € R.

We split = (z1,2') with 2/ € RV~ where the variable z’ should simply be dropped in
the case N = 1. Set n(z) = [T, m (z;) and define

(6.11) U (21, 7") = 1693 (21)1(2)

where g, is as in Lemma 6.2. Then u,, € C°(RY), and if 1 < p < oo and m —1 < 'Y‘Tﬂl%

we have ||[Vu,,||, S 1. Both parts of Proposition 6.1 will follow, if we can prove that under
the same hypotheses on p and m, we have

(6.12) vy (B pltim]) = c(N, 7)m — C(N, 7).
We aim to reduce to the one-dimensional situation in Lemma 6.2 and split
Im(Z1) — gm (Y1 nmx) —ny
Q/pum(z,y) = 160 () m(21) 1_7:1( ) + 169m(y1)L1£1) = In(z,y) + n(2,y)
[z -y |z —y[ TP
so that
VV(EIW/p[“m]) > // |z — ?/|7_N dz dy
wl»yle[ovl}

(6.13) > // lz —y["N dedy — // lz —y["~N dx dy.

z€[0,1]V 51 €[0,1] [T (,y)|>1
|z1—y1|>[z"—y/|
[ (2,9)|>2

Clearly if By is the ball in RY of radius 2 centered at the origin then

_
[ (2,y)] < enlz =yl 7 (I, (2) + 1p,(y))
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and it follows immediately (since —y > 0) that

|z —y["" N dzdy < |y|TTO(N)P.

[ (z,y)[>1

For the first term in (6.13), we prove a lower bound and estimate by integrating in ¢/’

J| e Vasay> J e

xe[ovl]vale[Ovl] IE[OJ}valE[O?l]
lz1=y11>]2" —y'| lz1—111>]2" =]
|Im (,y)[>2 169 (1)~ 160 (1)l 4
lzy—y1l P
1
> cN lz1 — 3177 day dys,
xlvyle[OJ]

1
|Q/pgm (x1,y1)1>7

but by Lemma 6.2 the last expression is bounded below for large m by c¢ym/C, under our
hypothesis on m. This concludes the proof of (6.12). O

For later purposes, note the inequality (6.13) (with p = 1) and the argument that follows
proved also that for all sufficiently large m > m(N, ), we have

(6.14) Vo (B1 o [um] 0 ([0,1] x RYTH2) > (N, v)m.

6.4. Examples related to Theorems 1.1 and 1.8

We now consider the limit (1.8) in the range —1 < v < 0 and provide counterexamples
for cases where v is no longer required to be a C2° function. The following proposition
covers part (i) of Theorem 1.8.

Proposition 6.3. Let —1 < v < 0. Let s — w(s) be any decreasing function on [0,00)
with w(0) <1 and w(s) > 0 for all s > 0. Then there exists a C™ function u € WH1(RY)
such that

(6.15) lu(z)| < Cw(|z|) for all z € RY
and
(6.16) )1\1{‘% Ay (B 4 [u]) = oo.

Proof. We consider the case —1 < v < 0. Let u,, € C°(R") be as in (6.11) and define

(617) fm(l') = um(fﬂl - 27 :‘C/)
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so that fp,(z) = 0if 21 ¢ [1,4]. Let, for n € N,
A

(6.18) R, =22, Ay = R, N u(Ryp1), m(n) >4 w(Rpi1) 0.

We also assume m(n) > m(N,~) so that by (6.14) in Section 6.3,

(6.19) vy ({(@,y) s 1,91 € [2,3],|Qy frnny) (@, 9)] > 1}) = (N, y)m(n)
for all n € N. Finally let
(6:20) ur) =3 S poio ()

Since || fmllyii1 < C, and w is bounded, it is easy to see that the sum converges in
WEHRY), and that wis in WHH(RY). Also, the supports of f,,,) (R, *+), namely [Ry, 4R,,] x
[~4R,, 4R,V 1, are disjoint as n varies, so clearly u € C®(RY). Since || fi ||z~ < C, we
have

ju(2)] < w(Rpi1) R,V In72 for [a] > Ry,
so |u(z)| < C'|z|~N*1w(|z|) for |z| > 2. In particular |u(z)| < Cw(|z]).

For A € ((n+1)72X\u41,n72\,] we estimate

_ A+l
Avy(Exy[u]) = (n+1) 2)‘n+1Vv(En*2>m,w[u]) 2 4>\+1 n" 2 A (En)

where &, = E,, -2y, [u|N([2Ry, 3R,] xRNV "1)2. Moreover, for (z,y) € ([2R,, 3R, xRN 71)2,

we have

u(x) - U(y) = RiL_Nn_Qw(Rn-H)(fm(n)(Rn_lx) - fm(n) (Rrjly))

| () (B ) = fon() (B, ') _ R
Rl — Raly[0) o(Ros1)
where the last equality follows from (6.18). Hence rescaling using (6.4) yields
(621) 072w (En) = n AR vy ({(2,y) s 2191 € (2,3, ]Q fingny (2, 9)] > 1)
> (N, y)m(n)( Buy1)n~
with ¢(N,v) > 0, by (6.19). Thus we have shown

SO

Q- u(z,y)| > n"2\, <= An =1

An
inf A, (Bxfu]) > e(N,7) 2t

Ry, ~2 > ¢(N,
AE((n+1)"2Ant1,m 2] AN, w(Rp+1)m(n)n=" = (N, v)n

where for the last inequality we have used our assumption (6.18) on m(n). The assertion
follows for —1 < v < 0.

Finally consider the case v = —1. We now choose vy, as in (6.3) and
(6.22) R, =2, M\, = R,V "Vw(R,11), m(n) >4 A M7
. n 9 n n n+ Y - )\n+1 W(Rn+1) .
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In analogy to (6.20) we now use

_ i CU(R»,H_l) x
(6.23) u(r) = nz::Z va(n)(an)
Since w is bounded it is immediate that u € WHH(RY) and also that |u(z)| < w(|z|).
We need to check that Av_j(Ex_1[u]) — oo as A — 0. If 2| < R,(1 — 2™™) and
ly| > Rp(1 +2™™), then

w(Rn+1) z . w(Rni1)
RV e R = PRy

so (z,y) € E,—2y, _1[u]. Hence we get

u(z) —u(y) > =202\, > 02\,

n72)\ny—1(En*2)\n,—1 [U]) Z n72)\n //x|<Rn(12m(n)) |x - y|717N d:l: dy
ly]> R (1427()

) N— —1-N

ly|> 142
> eym(n)w(Rpy1)n 2

(using (6.22) in the last inequality). This together with our assumption on m(n) imply that
If e ((n1)-22ns1,m220] AWV—1(Ex —1[u]) > cyn — 0o when n — oo, as desired. O
The next proposition is relevant for part (i) of Theorem 1.8.

Proposition 6.4. Suppose —1 < v < 0. Then there exists a compactly supported u €
WLHRN) such that u is C™ for x # 0,

C
(6.24) @ < N g2 1 e P
and
(6.25) )1\1{% Ay (B 4 [u]) = oo.

If in addition N > 2 or —1 < v < 0 there exists u with the above properties and
(6.26) vy (Ex~[u]) = oo for all X > 0.

Proof. Consider first the case —1 < v < 0. We choose for n € N

(6.27) R, =272" m(n) > 2%".
and with these choices of R, and m(n) and f,, as in (6.17) and (6.11) we define again
= 1 x
u(z) = nz::Q Wg_lfm(n)(ﬁn)-
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The sum converges in Wb to a function supported in [—4,4]Y. We have |u(z)| <
C22"(N=1n=2 for 0 < z; < 272"; moreover |2/| < |z1| on the support of w. This im-
plies |u(x)| < C'[|z|*~N log(1/|x|)]~2 for small z. Also, because of the choices of R, we see
that w is smooth away from 0.

Fix A > 0. Since lim,, oo Rg+7n2 = 0 we may choose ng such that
(6.28) ARNTIR2 <1, Vn > ng.

Now vy (Exy[u]) > vy (Exy[u] N ([2Rn, 3Ry x RN71)?) and again fy,n) (R, ') is supported
in R(n) = [Rn, 4R, x [-4R,,4R,]N~1. Hence by the same rescaling argument as in (6.21),
we obtain

vy (Baylul) = R0, ({(2,9): 21,91 € 2,3],1Qq finmy (,9)| > ARY T T0?}).

If n > ng then this gives
vy (Exylul) = Ry vy ({(2,9): 21,91 € [2,3], Qo frngny (,9)] > 1}) 2 e(N, 7)m(n) Ry

by (6.19). Since limy, oo m(n)RY+7 = oo by (6.27) we conclude v, (E) ~[u]) = oco.

For the case v = —1 and N > 2, define u as in (6.23) but with the choice of the parameters
R,, m(n) as in (6.27) to obtain a compactly supported u € Wil satisfying (6.24). We
now fix A > 0 and note that when N > 2 we have ARY ~'n? — 0 as n — co. The above
calculation gives v_1(Ey _1[u]) > ¢(N)m(n)RY~! provided that ARY~!n? < 1 and thus
the conclusion v_1(Ey _1[u]) = oc.

Finally, clearly (6.25) follows from (6.26), and the latter was proved if —1 < v < 0

or N > 2. It remains to consider the case N = 1, v+ = —1. We define u as in the
previous paragraph. The above calculation shows that v_i(E) _1[u]) > em(n) provided
that A < 1/n? which establishes (6.25) in this last case. O

The case N = 1, v = —1 plays a special role. The following lemma shows that the
conclusion (6.26) in Proposition 6.4 fails in this case.

Lemma 6.5. Let u € W (R) be compactly supported. Then v_1(Ex _1[u]) < oo for all
A>0.

Proof. Let u € WH(R) be compactly supported in [-R, R]. Then given any A € (0,1),

there exists §(A\) > 0 such that [, |u'| < A/2 for every interval I C R with length < 6()). As

a result, u is uniformly continuous on R, with sup,cp [u(z + h) —u(x)| < A/2 for |h| < §(N).
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Thus
0 dh
v_1(Ey—1u]) = 2/ / 2 dzx

h>0
|lu(z+h)—u(z)|>A

) |z|+R
/ / dn da:+/ / dg dz <4R(6(N\)'4+4. O
R\[-2R,2R] J|z|-R N

6.5. Generic failure in W', for the case —1 <y < 0.

Proposition 6.6. Let -1 <y <0, N>2o0r—-1<vy<0, N>1. Let
(6.29) V={feWHRN): v, (E\,[f]) < oo for some A > 0.}
Then V is of first category in WL (RN), in the sense of Baire.

Let

Up = {(z,y) e R*V : 2" <o —y[ <27},

Q= Ujmr—oUk-

For the proof of Proposition 6.6 we use an elementary estimate for the intersections
E)w[u] N Q.

Lemma 6.7. For ally € R, u € WHL(RN), £ > 0 and Q as in (6.30),

sup (B [u] N12) < OV, )0Vl
>

(6.30)

Proof. For u € C! we use the Lusin-Lipschitz inequality (2.2) to see that

)\// |z —y[ N dzdy
EA,,Y[u]ﬁUk

< CAP LN [z e RY - M(|Vu|)(z) > 2" A} < C(N, )| Vullx

by the Hardy-Littlewood maximal inequality. Now sum in 1 — ¢ < k < ¢. The extension to
general v € W1 is obtained as in the limiting argument of Section 2.3. g

Proof of Proposition 6.6. Let, for m € Nand j € Z
V(m,j) = {u € WHRYN) : v, (B, [u]) < m for all X > 27},
Since A > vy (E) [u]) is decreasing we see that V is contained in U,,>1 Ujez V(m, j). To

show that V is of first category in WH1(RY), we need to show that for every m € N, j € Z
the set V(m, j) is nowhere dense.

We first show that V(m, j) is closed in WLH(RY). Let u, € V(m, j) and u € WHH(RY)
such that limy, oo [|u — un|ly11@®yy = 0. It suffices to show that given ¢ > 0 we have
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vy(Exq[u]) < m+ e for all A > 2/. By the monotone convergence theorem, we have
limy o0 vy (Ex 4 [u] N Q) = vy (Ey4[u]), and it suffices to verify that

(6.31) Uy (ExA[u] N Q) <m +e for A > 27,
for all £ € N. Now let § > 0 such that (1 — )\ > 2/. Then
v (Banlil] 0 ) < vy (B _syslitn] 01 92) + v (st — a] 0.90)

and using that u, € V(m,j) together with (1 — §)A > 2/, and Lemma 6.7, we see that for
A > 2

146
027
Since ¢ > 0 was arbitrary and since ||V (up, —u)| 1@~y — 0 by assumption we obtain (6.31).

Uy (B4 u]l Q) <m 4 C(N, )l |V (upn, — )1

To show that the closed set V(m,j) is nowhere dense when —1 < 7 < 0 we need
to verify that for every u € V(m,j) and €1 > 0 there exists f € WL (RY) such that
|f — ullwri@yy < €1 and f ¢ V(m,j). To see this we use Proposition 6.4 according to
which there exists a compactly supported Wh! function f; for which v (E) ,[fo]) = oo for
all A > 0. It is then clear that f = u + %Hfo\]\c# satisfies || f — ul[y11 < e1/2 and also,

vy (Bxglf]) 2 v (Baao [ fig])) — va(Baglul) = o

[folly1,1
for every A\ > 27, for all j € Z. The proposition is proved. O
To include a result of generic failure of the limiting relation in the case N =1, v = —1
we give

Proposition 6.8. Let —1 < vy < 0. Let

W={feW"(R): limsupsup Rv,(Ex,[f]) < oo}
R—0 M>R

Then W is of first category in W', in the sense of Baire.

Proof. Clearly W C V where V is defined in (6.29). We define

Wm,j) = {ue WH(R): sup sup Rus(Bx[u]) <m)
0<R<2-7 A>R

and note that
(6.32) W C Ujz1 Umz1 W(m, j)

The arguments in the proof of Proposition 6.6 that was used to show that the sets V(m, j)
are closed in W11 (RM) also show that the sets W(m, j) are closed in W11 (R).

Let u € W(m,j), and let &1 > 0. By Proposition 6.4 there is fo € W1(R) such that
limy\ 0 A, (Ex [ fo]) = 0o. We may normalize so that || folly1.1r) = 1. Pick R € (0,277] so
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that Avy (E)[fo]) > 16m/e; for A <8R/ey. Let f = u+ (1/2)fo so that || f —ullyr1(m) <
€1/2. Moreover if A = 2R, then A > R and

Ruvy(Exy[f]) = Ry (Eaay [ fo]) — Ry (Exq[u])

= 880 (Bspye, o 1f0]) — Rvy(Bxqfu]) > $282 —m = m

and we see that f ¢ W(m,j). Thus we have shown that WW(m,j) is nowhere dense in
WLLR). By (6.32) the proof is concluded. O

7. PERSPECTIVES AND OPEN PROBLEMS

7.1. Subspaces of W't and BV and related spaces

The failure of the upper bounds for [Qyu]p1.002n .y for v € [-1,0) raises a number of
interesting questions. Consider the space B'V(fy) consisting of all BV functions satisfying

(7.1) [ull ) = [Ftve =+ 5D Aoy (B ) < o

and the corresponding subspace W11 () of W1,

Embeddings. We proved in this paper that for v ¢ [—1,0] we have BV (y) = BV and
Wl’l('y) = WhL. It is natural to ask how in the range —1 < v < 0 the proper subspaces
BV (v) and W'1(5) relate to other families of function spaces, in particular to the Hardy-
Sobolev space Ff’Q, another subspace of WhH.

Triangle inequalities. The spaces W1 () and BV (v) are defined via L1* -quasi-norms,
and the space L1 is not normable (unlike L»* for 1 < p < oo which is normable [13]).
However Theorem 1.4 tells us that W1 (y) and BV (y) are normable for v ¢ [—1,0]. Are
these spaces normable in the range v € [—1,0)7

Related quasi-norms. Consider for 0 < s <1

u(z) — ufy)

|x - y|1+s :|Lp7oo(R2N7V’Y)‘

el = [~

It is an obvious consequence of Theorem 1.3 that for s = 1 and fixed p > 1, these expressions
define equivalent (semi/quasi)-norms on Cg° as y varies over R\ {0}. It would be interesting
to find a more direct proof of this observation which does not involve the relation with W12.
We note that the equivalence for varying v breaks down for 0 < s < 1. This result, and
more about the spaces for which [|ul|(, ) < oo with 0 < s < 1, such as their connection to
Besov spaces and interpolation, can be found in [20].
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7.2. Other limit functionals

Our results, combined with the various developments presented in [5,6, 16, 18], suggest
several possible directions of research.

Can one prove a generalization of (1.14), (1.16) where the supremum is replaced by the
liminfy ;o when v > 0 and by a liminf,_,p+ when v < 0. More precisely, for 1 < p < oo is
there a positive constant C(N,~,p) such that for all u € L (RY)

(7.22) IVl < C(N, . p) i inf Xus (By o plul) if 5 > 0,
(7.2b) [Vully < OOV, p) i int N (Ba ) i 5 < 0.

in the sense that |Vu|lr = oo if u € Llloc \ Wwlp?

For p = 1 we can also ask: Is there a positive constant C(NN,7) such that for all
1 (N
u€ Lloc (R )’

(7.3a) |Vul|pm < C(N,7y) li)\n_l)iréf vy (Ey 4 [u]) if v > 0,
(7.3b) [Vullpm < C(N,7) lig\n\%{r}lf vy (Ey 4 [u]) if v <0,

in the sense that ||Vu|y = oo if u € LL .\ BV?

loc

Theorem 1.1 gives (7.2a) and (7.2b) if we additionally assume u € W'P(RY). It also
gives (7.3a) and (7.3b) if we additionally assume that « € WHH(RY). It would already be
interesting to establish (7.3a), (7.3b) for all BV functions.

When v = —1, p = 1, (7.3b) holds for all u € LL _(RY) as established in Nguyen
[17, Theorem 2] and Brezis-Nguyen [5, Section 3.4]. For 7 = —p, 1 < p < oo inequality
(7.2b) was proved in Bourgain—Nguyen [2]. For v = N, Poliakovsky [19] proved weaker
versions of (7.2a) and (7.3a) where the liminf is replaced by a lim sup.

7.3. I'-convergence

This is a far-reaching generalization of the questions raised in Section 7.2. For fixed p > 1
and v € R\ {0} consider the functionals

Dyfu] = NPvy(E) 4 pu]), A€ (0,00)

defined for all u € Llloc(RN ). It would be very interesting to study the I'-limit of ®) in
L (RY), in the sense of De Giorgi, as A — oo when v > 0, resp. as A \, 0 when v < 0.

loc

More specifically, if p > 1 define on Li (RY),

D, [u] =

)

o0 otherwise,
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and for p = 1 define

)

Do fu] = ¢|[Vullae  if uw e BV(RY)
ST ) oo otherwise.

A challenging question is whether there exists a constant ¢ = ¢(p,~v, N) > 0 such that
®), — @, . in the sense of I'-convergence, meaning

(1) whenever uy — u in Ll then liminf ®)[u,] > ®. .[u], and

(2) for each u € LL (RY) there exist (vy) with vy € L (RY), vy — w in LL_ and

loc loc

lim sup @5 [va] < Puc[u].

This question is especially meaningful in the case p = 1 where the pointwise limit behaves
somewhat pathologically. Indeed, recall that for p =1, —1 < v < 0 there is no universal
upper bound for ®,[u] in terms of ||Vu||z1. Also when p = 1 and v € R\ [-1,0] the
examples in Section 3.6 show that the pointwise limit in W' and on BV \ Wb may differ
(by a multiplicative constant). A remarkable result of Nguyen [16, 18] states that &y — ®, .
as A — 0, in the sense of ['-convergence, when p > 1, and v = —p for some appropriate
constant ¢ = ¢(p, N); see also Brezis-Nguyen [6] (note however that W'» and BV are
replaced in these papers by W'? and BV).

7.4. More general families of functionals

Consider a monotone nondecreasing function ¢ : [0,00) — [0,00) and set (inspired by

[5,6])
Uylu] == NP //R - w('ﬂfg yﬁ‘ff)l) |z —y[" N dz dy.

The family @, in Section 7.3 corresponds to ¢ = 1(; ). It is an interesting generalization
of the above problems to study the limit of ¥y as A N\, 0 when v < 0 and the limit of
Py as A — oo when v > 0, both in the sense of pointwise convergence or in the sense of
I’-convergence. A formal computation suggests that our Theorem 1.1 should go over modulo

a factor [° ;’;,(ﬂ ds (see [6]). We refer to [5] for a further discussion of applications.
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