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ABSTRACT. We establish the equivalence between the Sobolev semi-norm ||Vul| »
and a quantity obtained when replacing strong L? by weak LP in the Gagliardo
semi-norm |u|ys» computed at s = 1. As corollaries we derive alternative
estimates in some exceptional cases (involving W11) where the “anticipated”
fractional Sobolev and Gagliardo-Nirenberg inequalities fail.

1. INTRODUCTION

Fractional Sobolev spaces W*P (also called Slobodeskii spaces) play a major role
in many questions involving partial differential equations. On RY, N > 1, they are
associated with the Gagliardo semi-norm

ulz p
(1.1) ulpyep 1= // i N+sl| dzdy

where 0 < s < 1l and 1 < p < co. A well-known “drawback” of the Gagliardo
semi-norm is that one does not recover the Sobolev semi-norm ||Vu/||}, if one takes
s=11in (1.1). In fact, for every 1 < p < oo and every measurable function u

_ / [u@) —u@)” dy = o

N+p
x p—
LP(RNXRN)  RpNyRN ‘ y‘

u(z) —uy) |

1.2
1 z—y| >

unless u is a constant; see [5] and also [8,19,35].

One way to recover ||Vul|7, out of the Gagliardo semi-norms is to consider the
quantity (1 — s)|ulh,., with 0 < s < 1 and show that it converges as s 1 to
a multiple of ||Vul|[,. This is a special case of the BBM formula in Bourgain-
Brezis-Mironescu [6] (see also [8,18,39]), which furthermore enters (when p = 1
and wu is a characteristic function) in the study of “nonlocal minimal surfaces” and
“s-perimeters” (see e.g. [3,15,21]).
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The first goal of this paper is to propose an alternative route to repair this
“defect”, simply replacing the LP norm || - ||z» in (1.2) by the Marcinkiewicz MP
(i.e. weak LP) quasi-norm [-]p». The central result of the paper is Theorem 1.1
described below.

In a seemingly different direction, it is well-known that in some exceptional cases
the “anticipated” fractional Sobolev-type and Gagliardo—Nirenberg-type estimates
may fail (in particular when they involve ||[Vul[z1). A second goal of this paper is
to discuss a partial list of such failures (for a complete list see [10] and [11]) and
to present alternative (weaker) estimates where strong L? is replaced by weak LP.
As we are going to see they can all be derived as immediate consequences of
Theorem 1.1 applied with p = 1.

Here are precise statements.

1.1. Fizing a “defect” of the Gagliardo semi-norm | - |ys» when s =1

Theorem 1.1. For every N > 1, there exist constants ¢ = ¢(N) > 0 and C = C(N)
such that

13 IVl <[22

|z — y[%“ }MP(]RNX]RN)

< CHVUHIZ/P(RN)
for allu € C*(RY) and all 1 < p < oco.
Here MP(X,u) = L2 (X, p) = LP®(X,u), 1 < p < oo, is the Marcinkiewicz
(=weak LP) space modelled on LP(X, 1), defined by the condition
(1.4) e = s N u({z € X+ [f(2)] 2 A}) < o

(see for example [16, Chapter 5; 25, Section 1.1]). Throughout the paper, p is taken
to be the Lebesgue measure £2Y on X = RY x RY except in Section 4.

In fact, one can sharpen substantially the lower bound in (1.3).

Theorem 1.2. Let N > 1,1 <p < oo and u € C(RY). For A >0, let

(1.5) EA—{(a:,y)ERNxRN:x#y,Wg)\}.
o =yl
Then
. 1
(1'6) )\h_)r{.lo ApEQN(E/\) = Nk(p7 N)HVU’H}[?,P(RN)-
Here
(1.7) k(p,N) := / le - w|? dw,
SN-1
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and e is any unit vector in R¥.

The proof of the upper bound in (1.3) is presented in Section 2. It relies on the
Vitali covering lemma. The lower bound in (1.3) is a consequence of Theorem 1.2
whose proof is presented in Section 3. Some generalizations to weighted integrals
are given in Section 4.

The assertions in Theorems 1.1 and 1.2, which are stated for convenience when
u € C*(RY), suggest that similar conclusions hold under minimal regularity
assumptions on u, and that the Sobolev space W, 1 < p < 0o (respectively BV
when p = 1), can be identified with the space of measurable functions u satisfying
supy.o \PL*(E)) < oo, or just limsup,_, . L2 (E)) < co. Related issues are
discussed in Section 6.3. One should also be able to replace RY by domains 2 C RY,
etc. In another direction it would also be interesting to try to fix the “defect” of
the Gagliardo semi-norm | - |ys» when s = 0, using weak LP (the other strategy,
a la BBM, was successfully implemented in [29,30]). We will return to this circle
of ideas in a forthcoming paper. See also [1] for another possible characterization
of Sobolev norms in R¥.

1.2. Fuailure of a fractional Sobolev-type estimate

A typical fractional Sobolev-type estimate would assert that
(1.8) WEHRN) ¢ WeP(RY), with continuous injection,
for every N > 1 and every 0 < s < 1, where 1 < p < oo is defined by
1 1—s

(1.9) Fha i

This amounts to

U(I)‘—-%(y)
|z —yl» "

(1.10) <CIVull gy,  Yue CE(RY).

LP(RN xRN)

It turns out that (1.10) holds when N > 2 but fails when N = 1. (Estimate (1.10)
when N > 2 is due to Solonnikov [36]; see also [7, Appendix D] for a proof when
N = 2 which can be adapted to any N > 2 and [37, Corollary 8.2] for a proof based

on cancellation properties of gradients in endpoint estimates [4].) When N = 1,
(1.10) reads as

u(@) — uly)

(1.11) 3
|z —yl|»

< Cllu'l| 1 gy » Vu € C*(R),
LP(RXR)

which clearly fails for any p € [1,00). Indeed, take u = u,, a sequence of smooth
functions converging to the characteristic function 1; of a bounded interval I C R;

note that the right-hand side of (1.11) remains bounded while its left-hand side
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tends to infinity. When p = 1, the failure of (1.11) is even more dramatic: the
left-hand side is infinite for any measurable function u unless u is a constant, see
Bourgain—Brezis—Mironescu [5] (see also [8, 19, 35]).

One way to repair the defect in (1.10) when N = 1 consists of using again
weak LP instead of strong L”.

Corollary 1.3. There exists a constant C' such that for every 1 < p < oo,

(1.12) [“(“7)_“(3’)] <OlWlpg, VueCX(R).
’m - y’p MP(RxR)

Corollary 1.3 is an obvious consequence of Corollary 1.5 below (applied with
N = 1) since |Jul/zem®) < [|'||L1r). The proof of Corollary 1.5 is presented in
Section 5.

Remark 1.4. When p = 2 estimate (1.12) is originally due to Greco and Schiattarella
[26]. The conclusion of Corollary 1.3 is also valid when p = 1; this corresponds to
the upper bound in Theorem 1.1 with N =1 and p = 1.

1.3. Failure of some fractional Gagliardo-Nirenberg-type estimates

We first consider a Gagliardo-Nirenberg-type inequality involving W1 (RY) and
LPY(RYN) with N > 1 and 1 < p; < oo.

Let 0 € (0,1) and set

1 ) 1—-46 0
1.13) s=60-0+-(1-60)-1=1—-60 and —-—=—4+—-=—+(1-0).
(1.13) (1-0) == (1-0)
It is known that the estimate

u(z) — u(y)

(1.14) ‘U|WSaP(RN) = N,
[z —yl»

< OH“HLm (RN) ||VUHL1(RN
LP(RN xRN)

e holds for every 6 € (0,1) when 1 < p; < o0,
e fails for every 6 € (0,1) when p; = oo,

see e.g. Brezis—Mironescu [10] and the references therein.

We investigate here what happens when p; = oo and the “anticipated” inequality

u(z) — u(y) 1-1 1 0
(1.15) |1 < Cllull i IVl freny . Vue C2RY)
lz—yl 7 LP(RN xRN)

fails for every 1 < p < co. (The argument is the same as above for the failure of

(1.11).)
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Our main result in this direction is

Corollary 1.5. For every N > 1, there exists a constant C = C'(N) such that for
all 1 < p < o0,

1—-1 1 00
< Cllull o IVull ey, Yue CR(RY).

Nt1L ]
’93 - y’ P MP (RN xRN)

Note that the conclusion of Corollary 1.5 is also valid when p = 1; this corresponds
to the upper bound in Theorem 1.1 (applied with p = 1).

We now turn to another situation, also involving W', where the Gagliardo—
Nirenberg-type inequality fails. Let 0 < 51 < 1,1 < p; < oo and 0 < 0 < 1.
Set

1 6

(1.17) s=0s;+ (1 —0) and —=—4(1-0).
P DN
It is known that the estimate
u(z) — u(y)
(1.18) ’u‘W&P(RN) =T Eis < C’“‘Wﬁ P1(RN) HVUHLl (RN)
[z —y|» LP(RN xRN)

e holds for every 6 € (0,1) when s;p; < 1 (Cohen, Dahmen, Daubechies and
DeVore [17]),
e fails for every 6 € (0,1) when s;p; > 1 (Brezis and Mironescu [10]).

We investigate here what happens in the regime sy;p; > 1. Our main result in this
direction is

Corollary 1.6. For every N > 1, there exists a constant C' = C(N) such that for
any s1 € (0,1), p1 € (1,00) with s1p1 > 1 and for any 0 € (0,1), we have
(1.19)

[u(m) - u(y)]
|z —y|» MP(RN xRN)

where 0 < s <1 and 1 < p < 0o are defined by (1.17).

< C‘“’Wﬂ P1L(RN) HVUHU (RN) Vu € CSO(RN)

The proof of Corollary 1.6 is presented in Section 5. It might be interesting to
find out whether the space of measurable functions u for which the left hand side of
(1.19) is finite corresponds to some classical space such as Besov, Triebel-Lizorkin,
etc.

Another natural question is whether the above results can be improved within
the scale of Lorentz spaces LP?, which refine the Marcinkiewicz spaces MP = LP**°,

This is discussed in Sections 6 and 7.
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2. PROOF OF THEOREM 1.1

As already mentioned the lower bound part is a consequence of Theorem 1.2
whose proof is presented in Section 3. Therefore we concentrate here on the upper
bound. We shall present two arguments. The first one, based on an estimate of
the difference quotient by the maximal function of the gradient, is very short but
works only for 1 < p < oo and yields a constant C' which deteriorates as p ~\, 1.
The second one, based on the Vitali covering lemma, holds for all 1 < p < co. In
fact, most of the work deals with the case p = 1; the case 1 < p < 0o can easily be
reduced to the case p = 1.

2.1. An argument for the upper bound when 1 < p < oo
The main ingredient is the following so-called Lusin-Lipschitz inequality,

(2.1) fu(@) — uly)| < Cla — o (M|Vul(x) + M|Vul(y).

where M f denotes the Hardy—Littlewood maximal function of f; see [27, p. 404]
for a complete proof, and [2,14] for recent developments. Inequality (2.1) implies
that

(2.2) {(x,y)ERNX]RN : x#y,wz)\}

c {(:p,y) eRY xR ¢ [z —y|¥ <A (MIVul(a) +M|vu|(y))}
- {(a:,y) ERY xRN : |z —y|¥ < QCA_lMIVu](x)}
U {(x,y) eRY xRV . \x—y\% < QCAlM]Vu](y)}.

and thus that

AH?N<{@4DGHVVXRN: W“®‘”“”'2A}>gx7@%Nx/

o — g7 ! R
6
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For 1 < p < oo, the maximal function theorem then implies

{U(w) — ul(y)

| L < C(p, N)IVul| o @ny-
r—Y|r

MP(RN xRN)

O

Note that this proof breaks down when p = 1. The argument presented in the
next section relies on a different strategy, which is still valid when p = 1.

2.2. An argument for the upper bound valid for all 1 < p < oo

The key is the following proposition, which when v =1 and f = '/ gives the
desired upper bound for the p = 1 case of Theorem 1.1 in dimension N = 1.

Proposition 2.1. There exists a universal constant C such that for all v > 0 and
all f € C.(R), we have

_ 37
// lz —y[" " drdy < C—lfller(m)
E(f) v

/:f‘ > I:v—yl”“}-

Proof. Without loss of generality assume f is non-negative. Let X be the collection
of all non-trivial closed intervals I C R such that

(2.3) /1 £ ('3”)&

(Here an interval is said to be non-trivial if it has positive length, and we used |I| to
denote the length of the interval.) Then X is partially ordered by set inclusion. Let
Y be the set of all J € X that are maximal with respect to this partial ordering,
i.e. the set of all J € X that are not properly contained in any other interval in X.
The lengths of all intervals in X (and hence in Y') are bounded by 3| f ||1L/1(7+1) < 0.
Hence we may apply the Vitali covering lemma, and choose a subcollection Z of Y,
so that Z consists of a family of pairwise disjoint intervals { K’} from Y, and every
J €Y is contained in 5K for some K € Z. We claim that

(2.4) E(f.7) € U (65K) x (10K),

KeZ

where

B(f,7) = {(@y) eRxR:z £y,

where AK is the interval with the same center as K but A times the length.
Assuming this claim for the moment, we see that

(2.5) // |z —y|"Tdedy < // lz —y[" " tdzdy < ¢ > KT
E(f7) 5K x10K Y
7

Kez KeZ



(Here we used v > 0 to integrate in x and y.) But for each K € Z, we have K € X,
SO

|K|7+1 < 3’Y+1/ f.
N K
Plugging this back into (2.5), we obtain
_ FC HC
L e ol
E(f) Y Kez/K Y

the last inequality following from the disjointness of the different K € Z. This
completes the proof of the proposition, modulo the proof of the claim (2.4).

Before proving claim (2.4), we first show that every I € X is contained in some
JeY. Let I € X. Let X; be the set of all intervals in X that contains 1. All
intervals in X are contained in a fixed compact subset of R, because they all have

lengths bounded by 3|| f ||E/1(7+1). Hence the supremum of lengths of intervals from
X7 is finite. Let [ay,, b,] be a sequence of intervals in X; such that b, — a,, converges
to this supremum as n — oo. By passing to a subsequence, we may assume that
a, converges to some a € R and b, converges to some b € R. Then dominated
convergence shows that [a,b] € X7; also b — a = lim, (b, — a,) = suppcy, [I'].
Hence [a, b] is a maximal interval in X, i.e. [a,b] € J, and of course [a,b] contains
I. So [a,b] is the desired interval in J that contains I.

Going back to the proof of claim (2.4), let (z,y) ¢ Ugez(5K) x (10K). We need
to show that (x,y) ¢ E(f,v). We may assume = # y. We consider two cases.

Case 1. z ¢ 5K for all K € Z. Then x ¢ J for any J € Y. Hence from the above,
x ¢ I for any [ € X. In particular,

v 1
‘/ f’ = 37+1|I_Z|7+1
for any z € R, z # x. This shows that (z,z) ¢ E(f,v) for any z € R, z # z. In
particular, (z,y) ¢ E(f, 7).

Case 2. x € 5K for some K € Z. Then y ¢ 10K. Let’s write 5K = [a, b], so that
x € [a,b]. If y <z, then

b—y)=(b—2z)+(z—y) <5K|+ (v —y) <3(x—y),

x b
/fs/f<<’ - ') <o -y,
Yy )

the second inequality following by maximality of K and that K C [y,b]. On the
other hand, if y > z, then

(y—a)z(y—x)+(fv—a)8§(y—fc)+5\K\§3(y—x),

SO




SO

Y Yy _ y+1
[rs[r< (50 <-ar,

again using the maximality of K and that K C [a,y]. In either case, (z,y) & E(f,~).
This proves (2.4). O

To prove the upper bound in Theorem 1.1 when N > 1 or p > 1, Proposition 2.1
still proves to be useful. Via the method of rotation, it implies the following
proposition:

Proposition 2.2. For any positive integer N, there exists a constant C' = C(N)
such that for all F € C.(RY), we have

LN (B(F)) < C|[Fllgy)

[r=ma)
Yy

Here fxy F is the integral of F along the line segment in RN connecting x to y.

where
E(F):= {(x,y) eRY xRNz #y,

Proof. Again without loss of generality, we may assume that F' is non-negative. By
a change of variable,

ey = 2 ({a) e® By 20, [T R(e L)z )

:/RNﬁN({yGRN\{O}: /Oy|F(x+t|z|) dt > Iy|N“}) dz.

Using polar coordinates to evaluate the integrand, we get

,CQN / / / rN L dr dw de,
RN JSN-1J E(Fz,w)

E(F,z,w) :—{ (0,00): / F(I—I—tw)dtZrNH}.

0
We now use Fubini to interchange the integral over R and S¥~!. Then for each
w € SV we foliate RV as an orthogonal sum w* @ Rw, where w™ is the subspace
of all x € RY that is orthogonal to w. Hence

(2.7) LN(E / /// Nt dr dsda’ dw.
SN-1 Jwd E(F,2'+sw,w)

We now estimate the inner most double integral. For each fixed w € S¥~! and each
' € wt, let f, . € CZ(R) be a function of one variable defined by

Jow(t)=F(2' +tw), teR.
9

where



Then
E(F, 2’ + sw,w) = {7" € (0,00): / fou(s+1t)dt > TNH},
0

so change of variables again gives

1
(2.8) // Nl drds = // Ir —s|N"tdrds
R J E(F2'+sw,w) 2 E(f, 2 N)

where
,
/ f w,x’
S

as in Proposition 2.1 (the factor 1/2 accounts for the fact that in the integral on
the left hand side of (2.8) we are only working with those (s,r) € E(f, ., N) with
s < r). Appealing to Proposition 2.1 with v = N, we may now estimate the double
integral in the (7, s) variables on the right hand side of (2.7). We obtain

_C 3 c 3VsM
N(B(F / / / ! - Fl|;
L(E(F)) < 2 N Jows J foaw () dt dz’ dw =3 N 1] 21 vy,

the last equality holding because for every w € SV=1,

/ /fw@,(t)dtdx’:/ /F(x’+tw)dtdx’:||F||L1(RN). 0
wlt JR wlt JR

The upper bound in Theorem 1.1 follows easily from Proposition 2.2.

E(fw,m/aN) = {(S,T’) ceRxR:s 7é7”,

> ‘7, _ 8‘N+1}

Proof of Theorem 1.1, the upper bound. If u € C>®°(RY), then by Hélder’s inequal-

ity, for every 1 < p < o0,
T L T 1
[ 1w <le =y [ 1var]”
y y

u(z) —u(y)| <
(2.9) {(x,y) ERY xRN : 2 £y, Ju(z) = uly)] > )\}

so for A > 0,

o=yl T
z p
C {(fv,y) eRY xRY: z #y, / W;;' > |z — yINH}
Yy
Applying Proposition 2.2 to F' := |Vu|P/AP, we see that
() e BY xR gy, POZUOLS 3D < Cygun, o,
v —yl»™
with C' = C(N), as desired. O
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3. PROOF OF THEOREM 1.2

We now prove Theorem 1.2 and hence the lower bound in Theorem 1.1.

We will use the inequalities

(3.1) u(z) —u(y)| < Llz —y| Yo,y eRY
with L := [|[Vu| po myy and
(3.2) lu(z) — u(y) — Vu(z) - (z —y)| < Alz —y* Vo,y € RY

with A := Hv2u||L°°(]RN)-

Fix z € RY and a direction w € SV~!. For a large positive number )\, consider
the set Fy(x,w) consisting of all y € RY such that y — z is a positive multiple of w
and (z,y) € Ey. We will determine two numbers R = R(x,w,A) and R = R(x,w, \)
such that

{z+rw:re(0,R]} C Ex(z,w) C{z+rw:re(0,R]}
Using polar coordinates, we then deduce that
1
— R(z,w, )N dw < LY ({y cRY: (z,y) € E;})
N SN—I

< S R(z,w, ) dw.

SN-1

(3.3)

From (3.2) we have

lu(z) —u(y)| > [Vu(z) - (z —y)| = Ale — y|* > Mz —y['*

provided
(3.4) Ar 4+ MNP < | Vu(z) - wl
where 7 := |y — x| and w = - e SV-L.

2l €
Fix 0 > 0 arbitrarily small. Then by (3.4), the conditions
Ar < 6|Vu(z) -w| and MP < (1 —0)|Vu(z) - w|
imply that (x,y) € E\. Thus we can take R to be defined by
6N (1—=9)
N . i - oY .

R(z,w,\)" := min {AN|Vu(x) w|™, /\p |Vu(x) w|p}.

From (3.3) we have

)\pﬁQN(

A\PN
> — ]-Vu (z)-w#0 min {
RN JsNn—1

(@) - w|V, (1 = 6P| Vu(z) - w|p} dwdz,

11



and by monotone convergence,

1 =45
1iminf)\p£2N(EA)2( 0) / / [Vu(z) - w|’ dwdz.
A—00 N RN JsN-1

Since 0 > 0 is arbitrary, we conclude that

1
lim inf \?L*N(Ey) > Nk(p, N)/ |Vu(z)P dz
RN

A—00

where k(p, N) is defined by (1.7).

It remains to establish that

1
(3.5) limsup N LN (Ey) < Nk(p, N)/ |Vu(x)|P de.
A—00 RN

From (3.2) we have

u(z) —u(y)| < [Vu(z) - (z —y)| + Az — y/*
and thus if (z,y) € E) we obtain
(3.6) AP <\ Vu(z) - w| + Ar

where again r = |y — x| and w = ﬁ € S¥~1. On the other hand, if (z,y) € E),
we have from (3.1) that
(3.7) MNP <L
Inserting (3.7) into (3.6) yields

IN\P/N
(3.8) NP < V() - w] + A()\) |

In what follows we will consider only

(3.9) A> L.

Observe that if dist(z,suppu) > 1 then

(3.10) {y e RY: (z,y) € Ey\} = 0.

Indeed by (3.7) and (3.9) we have, for any (z,y) € E), that |x —y| < 1. So if

dist(x,suppu) > 1 and y € RY is such that (z,y) € E\, then y ¢ suppu, from
N

which it follows that Mz — y|» ™' < |u(x) — u(y)| = 0, i.e. z =y, which is a

contradiction since (z,z) ¢ E).

Using (3.8) and (3.10) we may take R to be defined by

p
/\113(|Vu(9€) cw| + A(f)p/N> if dist(z, suppu) <1

0 otherwise.
12

R(z,w, )N = {



Consequently from (3.3)

1 N\ P
)‘p‘CQN(EA) < N/ / 1dist(x,suppu)<1(|vu(l') . CL)| + A(%)p/ > dw dzx
RN JSN-1

which yields (3.5) by dominated convergence. O

Remark 3.1. It is instructive to compare Theorem 1.1 with a variant of the BBM
formula. Consider a family (p.) of radial mollifiers in the sense that

o0

(3.11)  p(r) >0, / p(r)yr¥tdr =1, and lim pe(r)yr¥tdr =0
0

e—0 5

for all § > 0. Then, for every 1 < p < oo and u € C>®°(RY),
|u(x) — uly)l” _ »
12 sup [[ I (= dady = k) Tl
where k(p, N) is defined in (1.7).
A proof of the upper bound in (3.12) may be found e.g. in [39], while the lower

bound is a consequence of the BBM formula, which asserts that (3.12) holds with
sup,-, replaced by lim._,. Choosing in particular p.(r) = ﬁNl(o oy (r) yields

|u(z) —u(y)]” k( N)
sup // dx dy Vull7,
e>0 eN le—y|<e ’x - y’p “ ||L (R™)"

A final comment concerning the upper bound in (3.12) is in order. It is standard
and straightforward (see e.g. [9, Proposition 9.3]) that

(3.13) / lulz + ) — u(z) de < \h\p/ Vu@)Pdz ¥p > 1,vh € RY,
RN RN
which implies that, for every m € L'(RY)

U p
gy [ I ) dedy < Il [Vl
X

Choosing m(z) = p.(|z|) where p. satisfies (3.11) yields

u
//]RN RN| |x—y|<p)| (e =y dedy < LYY 1)||VUHLP RN)

which misses, when N > 1, the best constant k(p, N) proper to radial p’s.

4. GENERALIZATIONS OF THEOREMS 1.1 AND 1.2 TO WEIGHTED INTEGRALS

Theorem 1.1 and Theorem 1.2 can be viewed as special cases of the following

results concerning weighted integrals.
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Theorem 4.1. For every N > 1, there exists a constant C' = C(N) such that for
ally>0,1<p<oo, ueCPRY) and X > 0,

(4.1) // |z —y[" N dedy < C*HVUHU RN)-
Ex/p

where
(42)  Evjpe={(ey) €RY xR : 0 £y, Ju(x) - u(y)] > Aw — y|i*1).

As a result, for any N > 1 and any v > 0, if p is the measure |z — y|" ™" dzdy
on RY x RY then for any u € C®°(RY) and any 1 < p < oo, the Marcinkiewicz
MP(RY x R, ;1) quasi-norm of the function |u(z) — u(y)|/|z — y|» ™" is bounded
by a multiple of ||Vu|z»®~). The case v = N of Theorem 4.1 is precisely the
upper bound in Theorem 1.1. The proof of Theorem 4.1 is similar to the proof of
the upper bound in Theorem 1.1, using instead of Proposition 2.2 the following
generalization of Propositions 2.1 and 2.2:

Proposition 4.2. For every N > 1, there exists a constant C = C(N) such that
for ally > 0 and all F € C.(RY),

_ 37
// z =y N dedy < C—||F||p@r),
E(Fyy) v

[z
Yy

The case N = 1 (respectively v = N) of Proposition 4.2 is precisely Proposi-
tion 2.1 (respectively 2.2). When N > 1 Proposition 4.2 can be deduced from
Proposition 2.1 via an argument similar to the proof of Proposition 2.2.

where

E(F,~) = {(x,y) eRY xRNz £y,

Next we have the following generalization of Theorem 1.2 with essentially the
same proof (the case v = N of Theorem 4.3 is precisely Theorem 1.2).

Theorem 4.3. Let N > 1, 7> 0,1 <p< oo and u € C(RY). Then

1
(4.3) lim AP // o =" dzdy = k(. N)|Vul v,
Ex Y/p

A——+o00

where E ., is defined in (4.2) and k(p, N) comes from (1.7).

Remark 4.4. There is a “family resemblance” between the above results and earlier
results of H.-M. Nguyen [31-33]; see also [12,13]. They assert in particular that for
all w € C°(RY) and p > 1,

dz dy 1
4.4 lim 67 = \Y%
( ) 51{:% //U(:r —u(y)|>d |$ - |N+p p ( )H UHLp ®)"



Note that (4.4) is analogous to (4.3) with v = —p, replacing v by |y| on the right
hand side and taking the limit as A \, 0 (instead of A\ — +00) on the left hand
side. We plan to return in the future to similar questions involving negative ~.

5. PROOFS OF COROLLARIES 1.5 AND 1.6

5.1. Proof of Corollary 1.5

Corollary 1.5 can be derived as an immediate consequence of (the upper bound
in) Theorem 1.1 (applied with p = 1) and the fact that

u(x) — u(y)| o fulw) — u(y)] AP
———+— > A implies > .
- P [ — gV 2l pe)p !

|z —

Hence
p—1
u(x) —u(y C
£2N<{(:v,y) c RN x RNV W > /\}> [ ||LOO(RN IV Ly,
T —yY| r

where C'= C/(N) is as in Theorem 1.1; note that (2p_1C)1/p can be dominated by
a constant depending only on N. This proves Corollary 1.5. U

For the enjoyment of the reader we also present an elementary qualitative
argument for Corollary 1.5 which does not make use of Theorem 1.1. It relies on
the following estimate occuring in [6]; unfortunately it yields a constant C' in (1.16)
which depends on p and N, and which deteriorates as p N\, 1. Note that (5.1) is a
straightforward consequence of the inequality

/ u(z + h) — u(z)| de < yhy/ V|,  VheRY, Vue C®(RY).
RN RN

Lemma 5.1. For every u € C’OO(RN) and p € LY(RY),

) ~ u(y)
s [ M e g dedy < oo, [ 1901

RN xRN

and in particular choosing p(z) = 13,0 (2)/12IN7°, 6 > 0, we obtain

(5.2) // |“ N+(1 M qedy < oV )?/N V.

(z,y)ERN xRN
lz—y|<r

We now define the set

(5.3) E\ = {(x,y)ERNx]RN : Wz/\}.

lz —y| >
15



Observe that
B\ C K) = {<x,y> eRY xRY : |z —y| < (2||u||Lw<RN>/A)M}~

Thus
1 fu(2) — uly)|

A ey

1p, <1k

which implies
1
£2N(E/\) S )\/ |U,(l‘) lJLvSl)| d dy
|z =yl »
It then follows by (5.2), with § := (N 4+ 1)(1 — 5) >0andr:= (2||u||Loo(RN)/A)NL+17
that

C(N) (2||v| foo g p—1
L Y

OJ

To conclude this subsection we mention another estimate in the spirit of Gagliardo—
Nirenberg interpolation between L> and W1, It is originally due to Figalli-Serra
[23, Lemma 3.1] when p = 2 and ¢ = oo, with roots in Figalli-Jerison [22, Lemma
2.1] (see also [24, Lemma 2.2 and Corollary 2.3] for a simpler proof and more
general version).

Corollary 5.2. Let N > 1,1 <p< oo and N < q < oo. There exists a constant
C = C(N,p,q) such that

Ju(z) —uly)|”
(5.5) // y‘N+1 dx dy

s IVul|
. Li(B
< C||u||1£oo(31)||vu||L1(Bl) (1 + logmaX{HuHL(;;), 1
> (B1

for every u € C*(By).
Here B; denotes the unit ball in RY.

Proof. We may always extend u to Bs with control of norms and assume that
||| oo (B,) = 1. By the Sobolev-Morrey embedding we have (since ¢ > V)
(5.6) \u(ac) —u(y)] < C’min{l, |z — y]aHVuHLq(Bl)}, for all z,y € By,

where @« = 1 — £. Thus

ru<x>—u<y>\Pscmin{1,rx YTVl Hulz) — uy))
16



and therefore

|u
(5.7) // Ifc— IN“ " dady

B1><Bl
+h) —u(z)]
<C/ dh mm 1 v [l [ulz dz.
] BVl ) T
Since
lu(x 4+ h) —w(z)|dz < |h|||Vullp(s,) < CIR|||VullLi(s,), forall h € By,
By

we conclude that

ulz dh
// Ix— |N+1 " dedy < CIVull sy Bmm{l A Vs, }W\/

Bl ><B1
2
N dr
::OWVumMBQAnmﬂlr<p1uvmuq&ﬁ

and the conclusion follows from a straightforward computation.

5.2. Proof of Corollary 1.6
Note that by (1.17),
u(z) —uly)| _ <|u(x) - U(y)l)e(IU(fr) - U(y)l)l“’.

oyl g\ eyl
Since
1 0
5.9 -=—4+(1-20),
(5.9 =410

by Hélder’s inequality for Lorentz spaces,

(510 [w<> %31
’:ZJ - y’ MP (RN xRN)
0 1-6
< ou/p | [u(z) — u(y)] [u(z) — u(y)|
= g o —
|z =y MPL(RN xRN M1(RN xRN)

Indeed, for any A > 0, we have

(B2 e Bt o (0 o



for any A > 0, and the £*¥-measure of the right hand side is bounded by

G ACH
A0 Ty

where G and H are shorthands for

u() — uly) 4 [lu@) — uty)
pr st ’ T e —y[N :
|z — y[m MP1(RN xRN) ML(RN xRN)

We take A so that A%+(1=0r — (%)pl (%)71, which in light of (5.9) says AT =
($)" (). Then

G AH _ AH (GNP (N2
AT orow T A TN ( ) ( ) v

G =

A

GrY gr(1-9)
>\ )

where we have used (5.9) again in the last equality to show that 1— i—f =pi-L4)=

PP
p(1 — 0). This yields 1

,C2N<{ |@|Liwz;|1§(+ys)! > /\})

ju(z) - u(y)\ra [ru@) - u@)r“)

N1 s |z — y| N+

|z —y|n

<

2
AP
MP1(RN xRN) M1L(RN xRN)

and (5.10) follows.

Going back to (5.10), we may make the first factor larger by replacing the M?!
quasi-norm with the L' norm, and bound the second factor by Theorem 1.1 applied
with p = 1. Thus the right hand side of (5.10) is

< C(N)|ullFyson @y [ Vel 2y
as desired. O

Remark 5.3. The proof of Corollary 1.6 works as well when s;p; < 1, but in this
case we have the better strong-type estimate (1.18) (which requires some work
[17]).

18



Remark 5.4. A weaker version of Corollary 1.6 can also be proved relying on
Lemma 5.1 instead of Theorem 1.1 by starting from the estimate

ﬁzN({WZ ( // |w— *2|dxdy

z,yeRN xRN

lz—y|<r
u(y)l™ dy dz
)\m T6|SB N+81p1 Yy ’

z,y€RN xRN
|lx—y|>r

where 3 := p(1 —0)(N(1 — p%) + 1 —s;), applying Lemma 5.1 and optimizing
the right-hand side with respect to r. With this method we obtain (1.19) with a
constant which (unfortunately!) deteriorates as 6 N\ 0.

6. OPTIMALITY OF THEOREM 1.1 AND COROLLARIES 1.3 AND 1.5 IN THE
LORENTZ SCALE

We now turn to refinements of the previous results in the scale of Lorentz spaces.
Recall that the Lorentz space LP4(X, u), with 1 < p < oo and 1 < ¢ < o0, is
characterized by (see for example [16, Chapter 6; 25, Section 1.4; 28; 40, Section
1.8]), when ¢ < oo

61 Ul =0 [ Vil € X 5 [50)] 2 ApEP < o0,

and when ¢ = oo by [f]Lp,OO(X#) = [f]Mp(XVM) < +o00.

Since LP>*° = MP, Theorem 1.1 and Corollaries 1.3, 1.5 and 1.6 can be restated
equivalently as Lorentz spaces estimates. One may wonder whether they can be
improved in the Lorentz scale. (Recall that for any fixed p the Lorentz spaces LP:?
increase as ¢ increases.) We will see below that Theorem 1.1 and Corollaries 1.3
and 1.5 cannot be improved in the Lorentz scale. On the other hand, improvement
for Corollary 1.6 is possible, and the details are presented in Section 7.

6.1. Optimality of Theorem 1.1

Obviously the lower bound in Theorem 1.1 cannot be improved since MP = LP»*°
is larger than any L™ space (for any fixed p). The upper bound in Theorem 1.1
also cannot be improved. This is a consequence of the following lemma.

Lemma 6.1. Assume that 1 < p < oo and 1 < q < oo. Then
(6.2) [M —00, YueC®RY), uzo0.

v —yl» ]LM(RNxRN)
19



Proof. Suppose that for some u € C>®(RY),

[u<x> — u(y)

~ < 0.
o=yl
Lr:a(RN xRN)

It follows immediately from definition (6.1) that

(6.3) liminf AP L2N [ { (z,y) € RY x RY :Bﬁfli%@QXZA =0,
A—o0 |x — y|?+1
and we deduce from Theorem 1.2 that |[Vul|, v, = 0, so that u = 0. O

6.2. Optimality of Corollaries 1.3 and 1.5

Corollaries 1.3 and 1.5 cannot be improved. This is a consequence of the following
lemma and its proof.

Lemma 6.2. Assume that 1 <p < oo. If

u(z) — uly) -5 > o
(6.4) [ < CHuHLoo(RN)HVUHLl(RN)a Vu € C(RY)

ES} ]
lz—y| » LP-a(RN xRN)

holds for some 1 < q < 00, then ¢ = .
Proof. We consider the case N = 1, the case N > 1 being similar. By an approxi-

mation argument, it follows that (6.4) holds for every u € BV (R) with compact
support. However, if u := 11}, we have

{(@,9) € (=1,0) x (0,1) : |o—y| < A7)
QE/\i:{(l',y)ERXR : ME)\},
|z —yl»
and thus, if A > 1,

c
L3(Ey) > R
Hence, if 1 < ¢ < o0,
q
u(x) —u o a dA a [ dA
[ Ry ey
|z =yl LP4(RxR) 0 L

which contradicts (6.4). O
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6.3. Further thoughts

The above proof of Lemma 6.1 suggests interesting directions of research. In
particular, one may wonder whether any measurable function u satisfying (6.3) for
some p > 1 must be a constant. Here is a partial answer related to property (1.2)
mentioned in the Introduction.

Proposition 6.3. Let 1 < p < oo. Ifu: RY — R is measurable and if

(6.5) lmJAH?N<{@;w<ERN><RN :““x)_“@”|zA}>::o,

A—00

v —y|» ™!

then u s constant.

Proof. Let Ex C RY x RY denote the set in the left-hand side of (6.5). First
observe that for each A\ > 0,

)‘ L/OOQN 1 2N
Al dedy < L(Ey)dt < ——————supt’L7 ().
I ( o ) s [ OB S G B

RN xRN

Hence, we have

(6.6) )\li_)rgo)\p’1 // (’x_y’ )|—)\) dedy =0.

RN xRN

We next use an argument similar to the one in [20,35] and [38, Proof of Proposition
5.1]. From the triangle inequality and change of variable, we obtain

ZV ( - +3| A) dz dy

RN xRN "
Ai, z+y A
//<|u = )dmdw//( y)"z)dxdy
RN xRN |z — y’ RN xRN 7= y| ’
_ oNe-1) (W(‘”)_va(y)‘ — QJZA) dzdy.
N4
RN xRN ]x—ylp i

Iterating (6.7), we have in view of (6.6),

Zy (Wuﬂ1§g”—A) dedy=0,  VA>0,

RN xRN |x——y

from which it follows that w is constant. O
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Here are natural questions related to Proposition 6.3:
Open Problem 1. Does the conclusion of Proposition 6.3 still hold when p = 17

Open Problem 2. Does the conclusion of Proposition 6.3 still hold if “lim” is
replaced by “liminf” in (6.5)7

7. IMPROVING COROLLARY 1.6 IN THE LORENTZ SCALE

Our main improvement of Corollary 1.6 is the following

Corollary 7.1. For every N > 1, p; € (1,00), 0 € (0,1) and q € [p1/0,00), there
exists a constant C' = C(N,p1,0,q) such that for all s; € (0,1) with s;p; > 1, we
have

0 1-6 0
] < C|U|WS17P1(RN)||vu||L1(]RN)v Vu € CZ(RY),
Lp-a(RN xRN)

where 0 < s <1 and 1 < p < oo are defined by (1.17).

Note that the choice ¢ = p is not admissible since p < B+. This is consistent with
the fact that (1.18) fails when s1p; > 1.

Proof of Corollary 7.1. We may use the same proof as Corollary 1.6: just note
that if ¢ > p;/0, then since (1.17) holds, Hoélder’s inequality for Lorentz spaces
[34, Theorem 3.4] give

[m(x) — u(y)|

N
|z —y|» e ]LM(RNxRN)

0 1-6
< [u(z) — u(y)| u(z) —u(y)|
~p1,0,q N N+1
jz — gyl |z =yl
LP1(RN xRN) M1(RN xRN)

in place of (5.10), and the conclusion follows from Theorem 1.1. O

The “optimality” of Corollary 7.1 follows from

Lemma 7.2. Fix N € N, s; € (0,1), p1 € (1,00) such that s1p; > 1 and 6 € (0,1).
Let 0 <s<1and1l<p< oo be defined by (1.17). If

{u@) — u(y)]
N
|z —y|» LP-a(RN xRN )

holds for some 1 < q < oo, then q > B

0 — 0o
< Clulyyerm [IVullfiany,  Vu € CE(RY)
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Proof of Lemma 7.2 when s;p; = 1. We concentrate on the case N = 1, the case
N > 1 being similar. Following [10, Proof of Lemma 4.1, Step 1], we define the
function

u(w) = ¢ (k(l] = 1/2)).
where ¢ € C'(R), ¢ =1 on (—oo, —1] and ¢ = 0 on [1,00]. We have as in [10]

1
(71 e <C and [kl yor gy < Cllog k)

Given A > 0, we have since sp =1,

{(;E,y) € [-1,1] x [-1,1] ; @) _f’“(sy)‘ > )\}

|z —y|»"
2 {(z,9) € (0,5 — {1 x|

Hence, there is ¢ > 0 such that if A\ < (k/4)%/P,

+ 1.1 ¢ |z =y §/\_p/2}.

c
L3(Ey) > R
It follows from (6.1) that

[uk@) — u(y)

(k/9*" . 4\
~ ] > (/ ) > (log k) .
215 )\
[z —y|» LP-a(RxR) !
By assumption and by (7.1), we have
(log k)+ < C(log k)7 ,

and it follows thus that ¢ > & O

Proof of Lemma 7.2 for siyp1 > 1. We concentrate on the case N = 1, the case
N > 1 being similar. We adapt the proof from [10, Proof of Lemma 4.1], where

functions wf are constructed and satisfy
(72) HwkH D = 17 11211—>S£p ‘w_ﬂwsppl([gJD S le/m
and
i gi/p
> —
(7.3) im sup |w \Wsp e

We improve (7.3) to cover the case ¢ # p in the Lorentz scale LP9.
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Given A > 0, we have

jwh(a) = wt )] y

{(:L’,y)E [0,1] x [0,1] : ]x—y]%J’S
O {(z,9) € [0,1] x [0,1] : [wi(x) — wi(y)| = A},

and thus if A < %, we have

£2<{(:U,y) €[0,1] % [0,1] : @) —wi )l A}) > ¢

j — y[p* a

for some constant ¢ > 0.

Next by the inductive definition of wf and by scaling, we have

£2<{($,y) € [0,1] x [0,1] : @) = vy )l 2)\}>

o =y
k wk €T —wk
zZ£2<{(:c,y)€I£><I£ ) 11@)' ZAD
=1 v =yl
1 wh_(x) —wh_ A
> 52({<x,y>e[o,u><[o,1] Sl Rl S — })
pE P
where « := Ti, since
1 1
~+s 2 -5 1(2
£ —1=—+4 p—l:(—l)
o pa « P\«

By induction, for each i € {1,...,7} and A < k%(%fl)/?), we have

c? x,yGO,le,l:|w§($)_w§(y)|2)\ >
({n e )

|$ _ y|%+s - k(ifl)(%fl) )

We finally estimate in view of (6.1)

B(a) _ i ka3 -1
(7.4) % () = wy(y) >3 B
e 2. [ =tz TG
‘x y‘p Lpﬂ([_lvl]x[_l?l]) =1 kopos /3 kp

The conclusion follows from the assumptions combined with the estimates (7.2)

and (7.4). O
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