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A N D  A P P L I C A T I O N S  

By 

JEAN BOURGAIN, HA'~M BREZIS AND PETRU MIRONESCU 

Dedicated to the memory of  T. Wolff 

1 I n t r o d u c t i o n  

This is a fol low-up o f  our  paper [3], where we establish that 

l i~(l  _ s) f~ fn  lf(x) - f(Y)lPd~ d p ~ -  yld-77;~p y ~ IIVSIIL~(.), 

for any p E [1, oo), where f~ is a smooth bounded domain in lRd,d > 1. 
On the other hand, if  0 < s < 1, p > 1 and sp < d, the Sobolev inequality for 

fractional Sobolev spaces (see, e.g., [1], Theorem 7.57 or [6], Sect ion 3.3) asserts 

that 

(2) 

where 

(3) 

P IIfll~..,~(.) > C(a,p,d)llf-ffllLq(n), 

1/q = l i p -  s/d. 

Here we use the standard semi-norm on W 8,p 

(4) II/'ll~v.,~.) = f .  f .  If(x) - .f(y)l'd~ d 
~-__ ~la-Zz;.~ y. 

When s = 1, the analogue o f  (2) is the classical Sobolev inequality 

(5) 

where 

IlVfll~.<n) - C(p, d)llf - ff l l~* (n), 

l/p" = l / p -  l id  
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and l <_p< d. 
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The behaviour of  the best constant C(p, d) in (5) as p $ d is known (see, e.g., [5], 

Section 7.7 and also Remark 1 below); more precisely, one has 

(6) P f p IlvfllLp(~) >- C(d)(d - p)p-11[f - f Ilip-(,)- 

Putting together (1), (4) and (6) suggests that (2) holds with 

(7) C(s,p, d) = C(d ) (d -  sp) p-1/(1 - s), 

for all s < 1, s close to 1 and sp < d. 
This is indeed our main result. For simplicity, we work with f~ = the unit cube 

Q i n R  d. 

T h e o r e m  1. Assume d >_ 1,p _> 1, 1/2 < s < 1 andsp  < 1. Then 

p 
Ill - f fllLq(O), fQ fQ If(x) - f (y) l  p ~ , (d - -  s p )  p - 1  

(8) ~-~la--~-~s p a~cay >_ C(d) 1 - s 

where q is given by (3) and C(d) depends only on d. 

As can be seen from (8), there are two phenomena that govern the behaviour of 

the constant in (8). As s $ 1 ,  the constant gets bigger; while as s $ d/p, the constant 

deteriorates. This explains why we consider several cases in the proof. 

As an application of  Theorem 1 wi th  p = 1 and f = XA, the characteristic 

function of  a measurable set A C Q, we easily obtain 

C o r o l l a r y  1. Forall 0 < e <_ 1/2, 

dxdy 
(9) , A I I C A I < ( C ( d ) e L S A I x - - ~ , _ r  d/(a-'+~) 

Note that in the special case d = 1, (9) takes the simple form 

clxdy ~ 1/e 
(,0) ,a, io l _< L i: 

for some absolute constant C*. Estimate (10) is sharp, as can be easily seen when 

A is an interval. 

The conclusion of  Corollary 1 is related to a result stated in [3] (Remark 4). 

There is, however, an important difference. In [3], the set A wasfixed (independent 

o f t ) ;  and the statement there provides a bound for IAI ICAI in terms of  the limit, as 

e ---r 0, of  the RHS in (9). The improved vers ion--which requires a more delicate 

argument- - i s  used in Section 7; we apply Corollary 1 (with d = 1) to give a proof 
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of  a result announced in [2] (Remark E. 1). Namely, on f~ = ( -  1, + 1), consider the 

function 

l 
0 for - l < x < 0 ,  

~o~(x) = 21rx/~ for 0 < x < ~f, 

(27r for (f < x < 1, 

where J = e - 1 / e , c  > 0 small. 

Set uE = e iv'. It is easy to check (by scaling) that 

I lu. l lH. /2  = Ilu. - l l l , l s =  _< C 

as e ---> 0 and consequently Ilu~llH(1-,)/~ < C as ~ -~ 0. On the other hand, a 

straightforward computation shows that II~0.1lH(X-.)/~ ~ e - 1 / 2 .  

The result announced in [2] asserts that any lifting r  of u,  blows up in H (1-~)/2 

(at least) in the same rate as ~,:  

T h e o r e m  2. Let ~be : f~ -> R be any measurable function such that ue = e i~b ' .  

Then 

I1r _> ~ - a / 2 .  e E (0, 1/2), 

for  some absolute constant c > O. 

R e m a r k  1. There are various versions of  the Sobolev inequality (5). All these 

forms hold with equivalent constants: 

F o r m  1. IIVf[IL,(Q) > AIlIZ --fQfltL,(O), f E WI'p(Q). 

F o r m  2. [[Vf[IL,,(Q) > A 2 H f -  fQfHL,(Q), for all Q-periodic functions 

: ~ w:;:(~.). 

F o r m  3. IIVflIL,(R") > AallfllLo(~d), f ~ C~~ 

F o r m  1 : 0  F o r m  2. Obvious with A2 = A1. 

F o r m  2 =~ F o r m  1. Any function f E WI'p(Q) can be extended by reflections 

to a periodic function on a larger cube Q), so that Form 2 implies Form 1 with 

A1 > CA2, and C depends only on d. 

F o r m  1 =~ F o r m  3. By scale invariance, Form 1 holds with the same 

constant A1 on the cube QR of  side R. Fix a function f E C ~ ( R  d) and let 

R > diam (Supp f ) .  We have 

[IV flIL~(QR) > Al[lf -- f QjIILq(QR), 

As R ~ cr we obtain Form 3 with A3 = A1. 
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F o r m  3 =~ F o r m  2. Given a smooth periodic function f on R d, let p be a 

smooth cut-off function with p = 1 on Q and p = 0 outside 2Q. Then 

and thus 

IIV(pf)IIL,(Ra) ~ AallpfllLq(Rd) 

A3HflILq(Q) <_ C(IIV flILp(Q) + IIfIILp(Q)), 

where C depends only on d. Replacing f by (f  - f o r )  and applying Poincar6's 

inequality (see, e.g., [5], Section 7.8) yields 

A31lf -- f fllLqtQ) ~-- CIIV/IIL.(Q)" 

The reader will check easily that the same considerations hold for the fractional 

Sobolev norms such as in (8). The proof of  the last implication (Form 3 ~ Form 

2) involves a Poincar6-type inequality. What we use here is the following 

F a c t .  Let 1 < p < oo, 1/2 < s < 1; then 

(l _ S) fQ fq lf(x)- f(Y)l" ,, Ix _ ~/[d+sp > c(d)ll/--fQfllL,,(O)" 

The proof  of  this fact is left to the reader. (It is an adaptation of  the argument in 

the beginning of  Section 5. In (3) of Section 5 one uses an obvious lower bound: 

(3) _> c ~ I}f=l}L, >cllf --frilL,,.) 
r 

For the convenience of  the reader, we have divided the proof of  Theorem 1 into 

several cases. The plan o f  the paper is the following. 

1. Introduction. 

2. Proof  of  Theorem 1 when p = 1 and d = 1. 

3. Proof  of  Theorem 1 when 19 = 1 and d _> 2. 

4. Square function inequalities. 

5. Proof  of  Theorem 1 when 1 < p < 2. 

6. Proof  of  Theorem 1 when p _> 2. 

7. Proof  of  Theorem 2. 

Appendix: Proof of  the square function inequality. 

2 P r o o f  o f  T h e o r e m  1 w h e n  p - -  1 a n d  d = 1 

For simplicity, we work with periodic functions of  period 2rr (for non-periodic 

functions, see Remark 1 in the Introduction). Al l  integrals, L p norms, etc., are 
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understood on the interval (0, 21r). We must prove that (with e = 1 - s) for all 

e C (0, 1/2], 

c~ ff If(x)  - f ( y ) l -  d (1) - ~ - y F ;  az v >_ IIf -- f fllL"~" 

Write the left side as 

1 
(2) ~ f ih---~llf- Allldh 

For I h l  ~ 2 -k ,  

H e  ~'~ 2k(2-~) ~1 h I l f - f h l l l d h .  
k_>0 l~2-k 

[If - fhlll ~ [[(f - fh) * FN~[[1 

-'~- ( Nk=2k-lOO'FN(x)= Z NNInleinx= F6jerkemel), 
Inf<N 

~_~ NkNklnl /(n)(einh -- 1)e inx , '~ 
In]<Nk 

This last equivalence is justified via a smooth truncation as in the following 

L e m m a  1. ~ l n l < N ] ( n ) (  einh -- 1)ei'~ll t > ~ ~lnl<Nnf(n)e in~]l  
1 for  Ihl < 100N" 

P r o o f .  Write 

o, n,e'n l  i,e,n. I n I ,n,N , o ~  1 z ~ - . . - e , o ~ - i  e'n" 

where 0 _< ~0 _< 1 is a smooth function with 

1 for Itl <_ 1, 

~o(t)= 0 for Itl>_2. 

We have from assumption 

and the second factor remains uniformly bounded. This may be seen by expanding 

y 1 
e%-~- ~ -, + O ( y ) 
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for IV[ < ~ and using standard multiplier bounds. 

(3) 

Set 

We now return to the proof of Theorem 1 (p = 1, d = 1). 

Substitution in (2) thus gives 

s k>OZ 2-r [n]<NkZ Nk.Nk- [nl n](n)einx 1" 

k0 = 10/E. 

For/Co < k < 2ko, minorate (using Lemma 1) 

mko -Inl 

Inl<N~o 

and therefore 

(4) 

Next write also 

Uko -['~t n/(n)r 
Inl<Nko 

[n[<Nko 

Nko = I,~J.h,~)e,,,~ I oo" ->1 Z 
0<[n[<Nk o 

r>l [ ~ ] _  [r_~] ]nl<Nk "N'--k 1 
2 t~--v-'~1 - -  t~t,,.~ J 

T>I hi<2 

Denote for each r by AT = {AT(n) : n E Z} the following multiplier 

j j ~ ~ ,  , . , , , ~ [  I" 

0 (.-i] 2[~.-~] 2 ~ 2[~] 
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Thus 

)~(n) = )~r(-n) and 

(This multiplier may 
N = 2[',-~-1,2[~], 2[r-l'-;-J.) 

Also 

(6) I Z 
[nl<2[ ~-'~1 

and 

be reconstructed 

r+l Tt / (n)einX 1 ] 2t, 1_ Inl 
V~- 1 > 

2 . J  

Z A~(n)ei'~ 1 < C. 

from F6jer kernels 

(7) 

Z 
r--1 vq-11 

2"-'g- < n < 2  e 

)~,,(n) n f (n)e in~ 1 

By construction, 
E ,k~(n) = 1 for Inl > 2 [1/el. 
r > l  

Using (4) together with the triangle inequality yields 

LHS in (1) > (3) + (8) > l ~-~](n)ein~ I 
n~O q' 

which proves the inequality. 

P roof  of  (8). Estimate 

~(n)e ~nx] < 
NI<[nI<N 2 q 

Z ]nl-l(signn)ein~] ~ ]nl(signn)[I(n)ein~]l' 
Na<lnl<N2 q Na<lnl<Nz 

( 9 )  (7)  ~ E Z / ~ r ( n ) / ( n ) e in~  q" 
r > l  r -1  -- 2--T" < n <2 e 

with the constant C independent of q. 
Applying (8) with 

q = I/e, [?(n) = )~r(n)f(n), 

we obtain the minoration 

We claim that for q > 2, 

(8) ~ ~)(n)e'n~ q <-- CN;1/q  Z Inl(sign n)[7(n)e'n~ 1' 
NI<InI<N2 NI<InI<N2 

[~-,] ^[ ~-~-] 
N 1 = 2  "--z-- , N 2 = 2  

FN with 

(5) ~> Z 2  -~ Z ~(~)(sign ~)1-1/(~)~'~1 
1" 

r_>l 2[ Y--~ ] < i n i < 2[ ~--.~-21 ] 
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where the first factor equals 

1 sin nx 
N1 < n < N a  q 

In~k lsin nxJll 

JI 1 
(10) < l + N l x l  q 

This proves (8) and completes the proof of Theorem 1 when p = 1 and d = 1. 

(assume N1, N2 powers of 2) 

3 P r o o f  o f  T h e o r e m  1 w h e n  p = 1 a n d  d _> 2 

We have to prove that 

/ f  I f ( x ) -  f(Y)l dxdy > C(d) l[ f (1) 
JJ I z  - y l  d + ,  - I s -  

where q = d/(d - s). We assume d = 2. The case d > 2 is similar. Write 

f f  If(x) dxdy f ]]f(x + h) - f(x - h)lhdh .f(y) l 

o_<k 

(2) > Z 2  k(d+') int Z f(n)(sinn'h)ein'z I 
- -  I h l l ' ~ 2 - k - l ~  n E Z  d ,1 

]ha[~2-k- lO 

Let ~ be a smooth function on R such that 0 < ~ _< 1 and 

{ :  f o r l t , < l ,  

~o(t) = for Itl > 2. 

As for d = 1, consider (radial) multipliers Ao and At, r > 1, 

Ao(n) = ~o(2-1/qnl), 

(3) At(n) = ~o(2-(~+a)/'lnl) - ~o(2-~/'lnl), 

where e = 1 - s and e E (0, 1/2). 

Hence 

(4) 

(5) 

(6) 

Z A , . ( n )  = 1, 

I[A~ IIM(L1 ,LI ) < C (multiplier norm), 

supp A0 C B(0,2a/e+a), 

supp A~ C B(0, 2~+(~+l)/e)\B(0, 2~/~). 

dhldh2. 
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Write 

(7) (2) = E + ~  Z 
1/e<k<2/e r>_l (rT1)/e<k<(r+2)/~ 

For 2/e > k > 1/e and Ihl < 2 -k- l~  (4) and (5) permit us to write 

~ ](n)e'~'~ sinn.h l >~ ] ~ Ao(n)](n)ei~ ~ sinn.h l 

and thus 

2k(a+l-e) 

(8) 

Similarly, for 

/ II~'(~176 R"h" 
Iha I,Ih=l,,~2 -u-lo 

~,~-.,~-~( Z~o(~)oif(o)~ '~.- + r~o(..i(o)o'= 1) 
=-.  (llo.. ( z  ~o(o>::.>.,-.-)II +,,o.,... ,,,3 
~ Z~o(,~)/('~) e'~ �9 

W1,1 

we have 
(9) 
2k(d+l-E) f 

Ihl[,lh2l,~,2-k-lo 

(r+l)/e < k < (r+2)/e, 

Since in the summation (7), each of the terms (8), (9) appear at least 1/e times, we 
have 

(10) e.(2) ~> ~Ao(n) ] (n )e  'n'x wl,, + ~ 2-r ~A'(n)](n)e`'~'xl wla" 

Write 
(2 - s)/2 ---- 1 - s + s/2. 

Then by H61der's inequality, 
(11) 
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By the Sobolev embedding theorem (d = 2), 

(12) Z ~('~)/(n)~'" ~1 ~ -< c Z ~(n)/(n) a~~ 
Wl,l" 

We estimate the last factor in (1 i). 
Recalling (6), we have 

2 l+(r+~)/~ > max(Inll, ]nzl) > 2 (r/')-~ 

if )~ (n) ~ 0, r > 1. 
Hence, with ~ as above, 

A~(n) = A~(n).(1 - ~)(2-(~-a)/ 'nl) + A,.(n).qa(2-(~'-x)/'nl).(1 - ~)(2-(r-1)/'n2); 

and thus 

<1 ~-~)~r(n)nlf(n)ein'~ l I ~-'~ 1 ( 1  -~)(2-~n')ein'xll 

+ [I ~Ar(n)n2f(n'ein'xl I] ~ lcp(2- '~Xnl  ) ( 1 -  ~)(2-"-ln2'ein'" [1 

(13) 

Since (1 - ~)(2-(~-~)/~nl) = 0 for Inll _< 2 (~-1)/~, one easily checks that 

tl~n ~l(1--~O)(2-(r-1)/enl}~inlxiII <,~ ~ 2-s <2 (r-2)/e. L~ ~>_(r-1)/~ 
Similarly, 

I~l(l_~p)(2-("-l)/~n,)e'n2.21 < 2-(.-2)/"" 
n2 L~2 

Thus (13) implies that 

Substitution of (12), (14) in (11) gives 

II 
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By (12), (15), 

~.(2) > II Z '~~  ~ ZJ~r(n)](n)ein'i 2/(2-s) 

>-lif-ffll2i(2-,) 
by (3). 

This proves (1) and completes the proof of Theorem 1 when p -- 1. 

4 Square function inequalities 

We present here some known inequalities used in the proof of Theorem 1 when 

p > 1. Let {A#f}#=l,2 .... be a Littlewood-Paley decomposition with A jr obtained 
from a Fourier multiplier of the form ~(2-#lnl) - ~(2-#+11nl) with 0 _< ~ _< 1 a 

smooth function satisfying ~(t) = I for it I < 1 and ta(t) = 0 for It[ > 2. 

Recall the square-function inequality for 1 < q < oo: 

1 2\1/211 C(q) / 2\1/211 
(1) C'(q) (XlAjfl) q<llfllq- < ( i'jfl) Iq" 
We also consider square-functions with respect to a martingale filtration. Denote 

by {Ej } the expectation operators with respect to a dyadic partition of [0, 1] ~ and 

(2) A#f = (E# - E#- l ) f  

the martingale differences. 

We use the square-function inequality 

_ 2, ~ i12 
(3) II/llq -< Cv'~ ~-'~IA.~$1 ) q, oo > q > 2, 

which is precise in terms of the behaviour of the constant for q -~ oo (see [4] and 

also the Appendix for a proof of (3)). 

R e m a r k  2. One should expect (3) also to hold if A~ is replaced by A# above, 

but we do not need this fact. 

We do require the following inequality later on. 

Let 

p < q  and s = d ( l / p - 1 / q ) > _ � 8 9  

Then, for q > 2, 

(4) 
]1,2 

Ilfi]q ~ C~/q (2ksilAkfnp)2 



88 J. BOURGAIN, H. BREZIS AND P. MIRONESCU 

Proof of (4). It follows from (3) that since q _> 2, 

\ 1/2 
2 (5) Ilfll, _< Cv~ )--~ll/XjYll,) �9 

3 

Write 

(6) 

k<j  k>j  

IIA~fllq ~ ~-'~ 2k-JlIAHIIq + )-'~ 2JSllAkfllp 
k~j  k>j  

~ 2k-J(2kSll'Xkfll,) + ~ 2(J--k)~(2k~llAkfllP" 
k<j  k>j  

Substitution of (6) in (5) gives 

,,fllq <_ Cv~{ (k<~j(j- k)24k-J(2k'[lAkfl[p)2) 1/2 

\ 1 / 2 ~  

§ } 
k>j  

( )"' (7) < Cv~ ~-~(2kSIIAkfllp) 2 
k 

5 P r o o f  o f  T h e o r e m  1 w h e n  1 < p < 2 

Write 

ff if(x)- f(y)lPdxdy ,... ~ 2k(d+ps) f ]lf(x + h ) -  f (x  - h)ll~dh 
F--y l  ~-z;;~ Jihl~,-.-lo k>O 

fib n.h)e in'x Pdh. 
k_>0 P 

Following the argument in Section 3 (formula (10)), we get again for 

(2) 

(3) 

s = d(1/p-  1/q), 1 - s = e 

e.(i) > Z (2-r I ~-'~Ar(n)](n)ein'x )" '  
7" n W 1  'p 

where the multipliers ,~ are defined as before. 
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C a s e  d = 1 

Define 

n 

Estimate then 

(6) 

Thus 

(7) 

Also, for fixed r, 

(8) ~_,(2k"llAkf,.llP) z 
k 

Ilfllq < ~'~ IIf~llq <_ c ~-~(2-~llf~llw~,~). 

Next apply inequality (4) of Section 4. Observe that 

IAkfl < ~ IAkf~l, 
T" 

where, by construction, there are, for fixed k, at most two nonvanishing terms. 

JlA~fll~ < ~ IIA,J~II~ �9 

4 - k ~  2 1 r 2 -- ~ IIAkf~llwl,~ < ~4- Ilfrllw,.~. 

Substituting (7), (8) in (4) of Section 4 gives 

r 1 ~/2 
(9) lifllq < CV/~t~(2k~l lAk , , l l~ , )  2] < C X / ~ [ ~ ( 2 - ' I I f ,  21"2 IIw'.~) j , 

which is the second estimate. 

We make two estimates. 
First write 

ne " ) ,  
2r/~ <lnl <2(r+l)/r 

which implies 

I 1 sinnx (4) Ilfrilq < Ilfrllwa.p 
2r/e<n<2(r+l)/, (1/p'+l/q) -1 

and, by estimate (10) in Section 2, 

(5) IIf,llq < 2 "<~+~)llf~llwl., = 2-~<1-~) l l f , . l lwl . ,  = 2 - " l l f , . l lw l . , .  
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Interpolation between (6) and (9) thus implies 

(10) Ilfllq < C(v/'~)2(1-1/P)[Z(2-"IIf,'IIw'.,')~']I/P. 
r 

Recalling (3) and also (2) (which implies that 1 - e = 1/p - 1/q < I/p, hence 

e > 1 - 1/p) we obtain 

(11) e.(1) > (1/q)p-lllfl[~, 

which gives the required inequality. 

C a s e  d > 1 

We distinguish two cases. 

C a s e  A: 0 < l ip  - l id  is not near 0. 

C a s e  B: l / p -  l id is near 0. 

Observe that case B may only happen for d = 2 and p near 2 (we assumed 

1 < p < 2 ) .  

Case A. 
Define ql by 

(12) 1 = d(1 /p -  l/q1), 

so that q < ql and ql is bounded from above by assumption. 

Thus we have the Sobolev inequality 

(13) Ilgllql -< cIIgllw,,p. 

Next, we make the obvious adjustment o f  the argument in Section 3, (1 1)-(15). 

Thus H~51der's inequality gives 

Ilfrllq < lift 1-0 o I1~1 II/~11~, (14) 

with 

1/q = (1 - O)/ql + O/p, hence 0 = 1 - s = e by (2), (12). 

Hence,  by (13), 

1 - - E  (15) Ilfrllq < cIIf,.llw,.,,llf,-II;. 
To estimate IIf~llp, proceed as in (13) o f  Section 3. Thus 

Ill,lip < ~ �88 - qo)(2-(r-1)/en)e inx IIf.llw,,p 
L~(T) 

(16) < 2-("-l)/~llfrllw,,p. 
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Substituting (16) in (15), we get 

(17) [ffrllq < 2-~[ff.llw: ~- 

Substituting (17) in (3) gives (since q is bounded by case A hypothesis) 

( ~  )1/2 1 :.(1) > E llfrll: --. ~ IAifrl 2 
r 3 

( )'I: ~> ~ Izx, f~l 2 r~3 

(z)1"12 (18) ,.,> IA,.fl 2 ,., 
3 

(the second inequality requires distinction of  the cases q > 2 and p < q < 2). 

Now (18) gives the required inequality. 

Case B. 
Thus d = 2 and p is near 2. 

Going back to (3) and applying (1), (4) of  Section 4, we obtain 

~.(1) ~ E ( 2 - r H f r [ [ w x , p )  p 

3 

e \ p/~ 

3 

> q-p/21]fll~ , (19) 

where 

(20) q-p l2  = ( l i p  - s l l F  I~ ~ (l - p s )  p - l ,  

which again gives the required inequality. 

6 P r o o f  o f  T h e o r e m  1 w h e n  p >_ 2 

From (3) in Section 5, we now get the minoration 

(1) E.(x) > )-'~(2"Jll,Xjfllp) p, 
J 

which we use to majorize Ilfllq. 
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We already have inequality (4) of Section 5; thus 

(2) Hf[lq <_ CV~( Z(2SJHAjf[Ip)2) 1/2 
j 

Our aim is to prove that 

. ~ 1/n 
(3) Ilfllq --< Cq 1-1/p )--~(2'allAyfllp)PJ 

5 / 

which will give the required inequality together with (1). 

Using interpolation for 2 < p < d/s, it clearly suffices to establish (3) for large 

values of  q. To prove (3), we assume 2 < p < 4 (other cases may be treated by 

adaption of  the argument presented below). Assume further (taking the previous 

comment into account) that 

(4) q > 2p. 

Again by interpolation, (3) will follow from (2) and the inequality 

(5) [[f[[q --< Cq ~4 ( X(2sJl[Ajf[[p)4)1/4 
2 

We use the notation from Section 4 and start from the martingale square function 

inequality (3) in Section 4; thus 

2 hl/2 
(6) [[fllq < Cv~II ( Z IF~jf ] ) [ q. 

Write 

k 
(putting Ak = 0 for k < 0). 

Writing 

= ~ I~Aa+~fl 
mEZ 

~/2 
< Z [~XJA.i+mf[2 (7) 17, f1')1/2- (j ) {, 

we estimate each summand. 

Fix m. Write 

(8) 

] (~j [~jAj+rnf[2) l/2 i =  I]( 3~. I~jAj+mf]2 )2[q/4 

- ~l+,,,f[ IA,i~A~2+,,,fl2llq/4 
jl <j2 
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and 

(9) 

Assume m < 0, 
Estimate 

II I~j,A~+,~fl2 IZXa~ma=+mfl211q/4 

2 < IlAj, Aj~+,,,fllq II(Ej, [IAj2Aj=+,.flq/2])U/qll~ 

_< 4d<j~-j,)O/~-U/q)IIAj, Aj,+mfllq ~ II (~, [IAj= Aj~+,JIP])1/Pllq~ 
~_~ 4 d(j2-jl)(1/p-2/q) 4 djl(1/p-l/q) llAj, Aj,+m/llq ~ IIAj=Aj=+~III 2. 

(10) II~jlAj,+,JIIq 5 2'~llAjl+mfllq ~ 2'~2d(a~+'~)(a/P-a/q)llmJl+mfllP, 
(11) II~j2Aj~+,,/llp < 2mllAj=+,jIb. 

Substitution of (10), (11) in (9) gives 

(12) 
4(1-d(~-~))~+ma-~,O,-~)[2d(~-~)(S'+"OIIAj~+m/llv] 2 [2d(~- ~)(S'+'n) II As~+~/llp]2 

where 
d ( 1 / p -  1/q) = s. 

Summing (12) for j l  < j2 and applying Cauchy-Schwarz implies for m < 0 

(8, .',) 
t>o - j 

(13) z ~'~-"m~ [ E(~'~,J ~,~ J',) '] �9 
J 

Assume next m > 0. 
Estimate 

IIXj, A~+~.fllq < 2d~,O/"-a/q)llA~,+JII ,, 

and 

(14) 

Summing over j l  < j2 implies that for m > 0, 

(15) (8) < 1 6 - " q  [ ~ .  (28JIIAjflIv)4] �9 

(9) < 4 d(j2-j~)(~-aq) 16dJ~(~-~)[[Aja+mf[I 2 IIAj~+~fll~ 

_< 16-'~'4-(J2-J~)~ 112s<J~+m) Aj~+rafll 2 ll2"(Ja+m)Aja+mfll~. 
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Summing (13), (15) in m implies that 

( m ~ <  0 r -i 1/4 
< ~>o Y~(2~J IIAjfIIp)4 

J 

To bound Ilfllq, apply (6), which introduces an additional ql/2-factor. 

establishes (5) and completes the argument and the proof of Theorem 1. 

7 P r o o f  o f  T h e o r e m  2 

This 

We make use of the following two lemmas 

L e m m a  2. Let I C R be an interval and let r : I -+ Z be any measurable 

function. Then there exists k E Z such that 

2 1/e 

}{x E 1; ~b(x)# k}, <_ 2(C 'E  fz f/'~b(x)-r xay)  

for  all e E (0, 1/2], where C* is the absolute constant in Corollary I (inequality 

(10) in Section 1). 

P r o o f  of  L e m m a  2. After scaling and shifting, we may assume that I = 

(-1,  +1). For each k E Z, set 

Ak = {x �9 I :  O(x) < k}. 

Note that Ak is nondecmasing, limk~-oo IAk] = 0, and limk~+o~ ]Akl = 2. Thus, 

there exists k �9 Z such that 

(1) ]Ak[ < 1 and [Ak+l[ > 1. 

Applying Corollary 1 with A = Ak and with A = Ak+l, we find (using (1)) 

Iakl < Iakl 1~4kl _< (C* e [ Ix - yl 2-* ] 
\ d A k  k 

(2) 

and 

(3) 

On the other hand, 

Ir  r > 1 

(fAL CA IAk+ll ICAk+ll < C* e Ix-yP-~]  I k+ll < 
k+l k+l 

for a.e. x E Ak, y E OAk 
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and 

Therefore,  

1r - r > 1 for a.e. x e Ak+l, y e cmk+l. 

[{x e I;  r  # k}l = IAkl + ICAk+xl 

_< 2(c* c ft f 'r - r 

L e m m a  3. I f  a > O, a < b < x, and A C (a, b) is measurable, then 

f((a dy fab-lal dy 
,b)\A (X : y)C~ ~ (X -- y)Vt ' 

similarly, if x < a < b, then 
dy ~b dy 

,b)\A (Y - -X)  a ~- -I-IAI (Y: 'X')  a" 

The proof  of  Lemma  3 is elementary and left to the reader. 

P r o o f  o f  T h e o r e m  2. Let  r  : f~ = ( - 1 ,  +1) ~ ~ be any measurable function 

such that u,  = e i'l'`. We have to prove that for  all e < 1/2, 

(4) > 

for  some absolute constant c to be determined. 

We argue by contradiction and assume that for  some e < 1/2, 

(5) < 

We reach a contradiction if  r/is less than some absolute constant. Set 

r = 1 ( r  _ 

so that tb : f~ ~ Z; recall that u, = e i~" and the function ~,  is defined by  

l 
0 for - l < x < 0 ,  

9e(x) = 2~rx/5 f o r 0 < x < 6 ,  

(2~r for  ~ < x < 1, 

where 6 = e - 1 / e .  

A straightforward computation (using the fact that r takes values in Z) shows 

that 

(6) Ir - r _< [r - r  for  a.e. x, y e ( - 1 ,  26/3) 
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and 

(7) ] r162  _< ]r162 fora.e,  x , y � 9  (5/3,1). 

Applying Lemma 2 with I = ( -1 ,25/3)  and I = (5/3, 1), together with (5), (7) and 
(8) yields the existence of g, m �9 Z such that 

I{~ �9 ( -1 ,  25/3); r r e}l _< 2(C%72) 1/~ 

and 
]{x �9 (x �9 6/3, 1); tb(x) ~ m}l _< 2(C*r/2) l/e- 

We choose ~ in such a way that 

4(C*r12) Ue < 5/3 

for example, 

(8) 

for e < 1/2, 

~12 < 1/4eC*. 

and 

r = ~ ( x )  for x e [(-1,0)\A] U [(5, 1)\B], 

A = {x �9 (-1,  0); r # O} 

B = {x �9 (5,1);r ~ 0}, 

with 

(11) ]A] < 5/6,]B] < 5/6. 

From (11) and the definition of ~0~, we have 

e ~  ' r162  > e I ~ d x ~  1 'r ~ - : y - ~  .axay _ -(-~--y--~ y 

> e  dx 
- , . \ .  

_> e f(_l,O)\AdX f(,L,)\ B 'x--- '~ --~'4~r'dy 

(9) 

Therefore, 

(10) 

where 

It follows that ~ = m. Without loss of generality (after adding a constant to r  
we may assume that 

~ = m = O .  



L I M I T I N G  E M B E D D I N G  T H E O R E M S  97 

Applying Lemma 3 and (5), we find 

L L i,i/3e (X) _ i~, (y)12 :-Ial ~1 471.2d, 
,7 ! > c Ix vl 2-" dxdy >_ ~ a z  Ix - yl 2-" 

- -  d --1 + I B I  

> E [ - '16  47r2dy 
- J - 1  +~/~ IU-v--F-" 47r2(1 - -  e - l )  + O(1) 

as e ~ 0. We obtain a contradiction for an appropriate choice of  rl. 

Appendix 

Proof of the square function i n e q u a l i t y  

Let {~'n}n=0,1,2 .... be refining finite partitions such that 

#Yn = K n, 

IQI = K - ~  if Q is an ~'n-atom. 

(If f~ = [0, 1] d, K = 2a.) 

Denote E~ the .Tn-expectation 

A n f  = E n f  - Evi-1 f 

Sf : (~_~IA,~fl2) I12 

f S f* = s u p l ~ f l  
a . e .  

Proposition 1. 

(1) mes ({Ill > AIISfll~}) < e -c~2 (A ___ 1), 

where c = c(K)  > 0 is a constant. 

Proposition 2 (good-  A inequal i t y ) .  

- c / e  2 

(2) mes ({f* > 2A, S f  < eA, s upE~_ l [ IA . f l ]  < eA}) < e 

( 0 < e  < 1). 

Proposition 3. 

(3) IIf*llq --- Cv~llSfllq f o r q  > 2. 

(we used the notation A n f  in Section 4), 

(the square function), 

(the maximal function). 

rues ({f* > )~}) 

We follow essentially [4]. 
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P r o o f  o f  P r o p o s i t i o n  1. One verifies that there is a constant A = A(K) such 

that if  ~ is Yn-measurable and E~_~ ~ = 0, then 

(4) 

Hence 

(5) 

]En_l[e ~-A~2] < 1. 

E,n_ 1 [e A'f-A(A'f)~] < 1 

and, writing Snf = ( ~ m < n  [Amf[2)UZ' we have 

f e~Y-a(s.:)2= f e~-l,-ar ] 

<_ J e ~-II-A(s"-ly)~ (by (5)) 

< 1 .  

Thus 

(6) f e ]-A($1)2 < 1. 
J 

Assume IISfll~o S 1. Applying (6) to t /(t  > 0 a parameter), we get 

f e t! e At2, mes({f  > )~}) e at2-t'~, < < 

so for appropriate choice of  t 

m e s ( { / >  )~}) < e -x~/4a. 

This proves (1). 

P r o o f  o f  P r o p o s i t i o n  2. This is a standard stopping time argument. 

Consider a collection of  maximal atoms {Q~,} c LJ.F', such thaf if  Q~, is an 

~'n-atom, then IE,,/I > a on  Q~. Thus Q,, N Qx~ = 0 for (~ ~ 8. Fix (~. From the 

maximality, 

(7) I~-a /I  ___ ;~ on Q~. 

Therefore, 

{f* > 2A, Sf < eA, supE~- l [ IAm/I ]  < (1/g)eA}NQa C 

{(f  - E , I )*  > (1 - e)A, SI < eA, supEm_l [IZx,,Yl] < (1/g)eA} A Qa = (8). 
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For m > n, denote Xm the indicator function of the set 

l = n + l  / 

n ~ { l~d  - ~ f l  -< (1 - c)A} -- (9). 

Thus 

n<_s 

X m  ~- E r n - 1  X m  

and 

g = E XmAmf  
r n > n  

is an {~',n : m > n}-martingale on Q,~. 

From the definition of  Xm, we have clearly 

(10) S(g) = xmlAmfl 2 
X , m )  n , ,  

and 

< EA + eA < tA 

Igl > ( 1 - r  

From Proposition 1 and (10), 

(11) 

hence 

(12) 

on the set (8). 

mes({x EQ~; Igl > ( 1 -  e)A})< e-=/~21Q~ I 

mes(8) < ~-~/"IQ~I. 

Summing (12) over a implies 

mes({f* > 2A,Sf < eA, supEm_l[lAmf[] < (1/K)eA}) 

< e -~  ~ IQ~I <- e-~/'2mes[f * > A], 

which is (2). 

Proof  of  Propos i t ion  3. 

= q / A q - l m e s ( { f  * > II/*11~ A})dA 

= 2 q q [  Aq-lmes({f * > 2A})dA 

(13) < 2r >_ eA}) + mes({supEn_l[lAnfH > (e/K)A}) 

+ e-~/~2mes({f* > A})] 

< (2/~)~(llSfll~, + K~ll sup~_~ [IA.fl]ll~) + 2%-~/~11f*11 ~. 
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Take 1/e ,-, v~ ,  so that the last term in (13) is at most  -12 If*llqq. Thus 

(14) IIf*llq < Cv~(llSfllq + II supEn_l [IAnfl]llq). 

Also, 

(15) 

[[supF, n-l[lAnfl][lq <_ ( Z l[~n-l[lAnfl]l[q) 1/q 
n 

1'' 

n 

S IlSfllq. 

Proposition 3 follows from (14) and (15)o 

A d d e d  in proof  

An alternative, more elementary, proof of Theorem 1 was given by V. Mazya 
and T. Shaposhnikova, On the Bourgain, Brezis and Mironescu theorem concerning 
limiting embeddings of fractional Sobolev spaces, J. Funct. Anal. (to appear). 
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