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Abstract. We are concerned with properties Hf/Q(Q; S') where( is the boundary of a domain
in R, To everyu € H'/2(2; S') we associate a distributidfi(u) which, in some sense,
describes the location and the topological degree of singularities ©he closureY” of
C>=(£; S*) in H'/? coincides with theu's such thatl'(u) = 0. Moreover, eveny € Y
admits a uniquémod. 2) lifting in H'/2 4+ W', We also discuss an application to the
3-d Ginzburg-Landau problent 2000 Académie des sciences/Editions scientifiques et
médicales Elsevier SAS

Sur la structure de I'espace de Sobol&l}/2 & valeurs dans le cercle

Résumé. On s'intéresse aux propriétés des fonctiondgé?(; S') ouQ est le bord d’'un domaine
deR®. A toutu € H/2(Q; S') on associe une distributiafi(u) qui décrit 'emplacement
et le degré topologique des singularités de La fermetureY de C*(©2; S') dans
H'/? coincide avec I'ensemble destels queT'(u) = 0. De plus, toutu € Y s’écrit de
maniére uniqugmod. 2) sous la formeu = ' avecy € H'/2 + W', On présente
aussi une application au probléme de Ginzburg—Landaw-eih 0 2000 Académie des
sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée

Soit G ¢ R3 un domaine borné régulier tel qée= dG soit simplement connexe. On s’intéresse aux
propriétés des fonctions d&'/?(Q; S!). Par analogie avec les résultats de [8] et [3], on associe a tout
u € HY2(Q; S') une distributioni’(v) qui agit surC!(2). Lorsqueu admet seulement un nombre fini de
singularitéqa;) de degréd;), on aT'(u) = 2w¥;d;0,,. On sait alors queup{(T'(u), ¥); [|¢||lLip < 1} est
la longueur de la connexion minimale (au sens de [8]) associée aux singularité®denontre que. € Y
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si et seulement §'(u) = 0 (ceci est 'analogu@l /2 d’un résultat de Bethuel [1] concernant les fonctions

deH!(B3; S?)). On prouve que toute fonctionc Y s’écrit (de maniére uniqueod. 27) sous la forme

u=e'? avecy € H/2(Q; R)+W'1(Q; R). De plus, on a l'estimatiofi | gi/2 wia < C(1+[|ull,2)-

La preuve de cette estimée utilise la théorie des paraproduits au sens de J.-M. Bony et Y. Meyer.
Enfin, on considére I'énergie de Ginzburg—Landaudéfinie par (11), ow. est une approximation de

g au sens de (10). On suppose gueY et on écrity = e*#° avecy, € H/2(Q; R) + WH1(Q; R). Alors

les minimiseurs:. de (11) convergent vers, = ¢'#, oU ¢ est la solution de (12).

Let G c R? be a smooth bounded domain with= G simply connected. We are concerned with the
properties of the space

HY2(Q; ') = {ue H/2(Q R?); |u|=1a.e. om2}.

Recall 6ee[5]) that there are functions iH'/2(Q; S') which cannot be written in the form = ¢** with
o € HY/2(Q; R). For example, we may assume that locally, near a poirf2.asay0, 2 is a discB; ; then
take

u(z,y) = (2,9)/ (& + )" onB. (1)

Recall also $ee[12]) that there are functions iH/2(Q2; S') which cannot be approximated in thg/?2-
norm by functions inC*(£2,S'). Consider, for example, again a functiarwhich is the same as in (1)
nearo.

It is therefore natural to introduce the classes

X = {ueH?(Q; S'); u=e" for somep € H/?(Q; R)}

and
1/2

Y =Ce® (Q; Sl)
Clearly, we have
XcYcHY?(q;8h).

Moreover, these inclusions are strict. Any functiore H'/2(Q; S!) which satisfies (1) does not belong
to Y. On the other hand the function

e2i7‘r/7’0‘ on Bl
= ! 2
u(z,y) {1 onQ\ By, @

with r = (22 +y?)'/2 and1/2 < a < 1, belongs taY’, but not toX (see[5]).

To every functionu € H/2(Q; R?) we associate a distributioll = T'(u) € D’ (Q; R). Whenu €
H'/2(Q; S') the distributionT () describes the location and the topological degree of its singularities.
Givenu € HY/2(Q; R?) andy € C1(Q; R) consider any/ € H'(G; R?) and any® € C*(G; R?) such

that

U|Q=u and (I)|Q=(p.
Set
H=2Uy AU.,U, AUy, Uy AU,);
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this H is independent of the choice of direct orthonormal basé’ifito compute derivatives) and >
(to computen-products). Next, consider

/GH V. 3)

It is not difficult to show éee[6]) that (3) is independent of the choice Gfand ®; it depends only on
andy. We may thus define the distributiéonl’(u) € D’'(Q; R) by:

T = [ 1.
e
If there is no ambiguity we will simply writd" instead ofl" ().
Whenu has a little more regularity we may also exprésm a simpler form.
LEMMA 1.—If u € H/2(Q; R?) nWH1(Q; R?) NL2(Q; R?), then
(T(u),p) = /Q(u ANUg)py — (WA Uy )z, Vo€ Cl(; R),

for any choice of local orthonormal coordinatés,y) on €2 such that(z,y,n) is direct, wheren is the
outward normal toG.

By analogy with the results of [8] and [3] we introduce, for every H'/2(Q; R?), the number

1
Lu)=5- sup (T(u),¢p),
2T Lecl(a: R
lellLip<1

where||¢||.ip refers to a given metric oft. There are three (equivalent) metrics@mvhich are of interest:

ds (z,y) = [z —yl,
dg(z,y) = the geodesic distance i@, and 4)

dq(z,y) = the geodesic distance if?.

Itis easy to see that
|L(u)| < Cllullfe, YueHY?(Q; R?) (5)
and
|L(w) = L(0)| < Cllu— vl ([ullz + [0]isz),  Yu,v e HY2(9; R2). (6)

Whenu takes its values i and has only a finite number of singularities there are very simple expression
for T'(u) and L(u):

LEMMA 2. —If w e HY2(Q; YN HL (@~ U} {a;}; S?), then

loc

k
T(u) =27 djba,,
j=1

whered; = deg(u,a;) and L(u) is the length of the minimal connection associated to the configuration
(a;,d;) and to the specific metric di (in the sense of8]; seealso[13]).
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Remark1. — Heredeg(u, a;) denotes the topological degreewfestricted to any small circle around
a;, positively oriented with respect to the outward normal. It is well defined using the degree theory f
maps inH/2(S*; S!) (see[7] and [10]).

We will also make use of a density result of T. Riviére which iskHé? analogue of a result of Bethuel
and Zheng [4] concerning! maps fromB? to S? (seealso a related result of Bethuel [2] in fractional
Sobolev spaces). L&t denote the class of maps Ii'/2(Q; S!) which areC> on Q2 except at a finite
number of points.

LEmMMA 3 (T. Riviére [19]). -The classR is dense iriH'/2(Q; S').

Still some further elementary facts abduandL:

LEMMA 4. —For everyu, v € H/?(Q; S') we have
T(uv) =T (u)+ T(v),
L(uv) < Cllu—vllgw2(lullayz + [vllay2),
L(uv) < L(u) + L(v).

Here, we have identifiefl? with C anduv denotes complex multiplication.
Using Lemmas 3 and 4 we may extend the representation formula of Lemma 2 to general functions
HY2(Q; S'):

THEOREM 1. —-Given anyu € H/2(Q; S') there are two sequences of poiif3) and (N;) in 2 such
that

> P = Ni| < 0, )

(T(u),¢) =2m Y (C(P) = ¢(N)). )
In addition, for any metrial in (4)

L(u)=1Inf Z d(Pi, Ni),

where the infimum is taken over all possible sequefiBgs (IV;) satisfying(7), (8). In case the distribution
T is a measuréof finite total masgthen

T(u)=27 Y d;ba,

finite

withd; € Z anda; € Q.

The last assertion in Theorem 1 is tHé/2-analogue of a result of Jerrard and Soner [15,$6élso
Hang and Lin [14]) concerning maps i1 (; S'). In Theorem 1, the last assertion can be derived from
the first assertion via a direct abstract argumseefmets [21]).

Maps inY can be characterized in terms of the distributitin

THEOREM 2 (T. Riviére [19]). Letu € H'/2(Q; S), thenT'(u) = 0 if and only ifu € Y.

This result is theH'/2-counterpart of a well-known result of Bethuel [1] characterizing the closure of
smooth maps i* (B?; S?) (seealso Demengel [11]).

As was mentioned earlier, functions n need not belong td¥, i.e., they need not have a lifting in
H'/2(Q; R). However we have:
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THEOREM 3. —For everyu € Y there existsp € H'/2(Q; R) + Wh1(Q; R), which is uniqugmodulo
2) such thatu = e*¢. Conversely, ifu € H'/2(Q; S!) can be written as: = ¢ with ¢ € HY/2 + Wh!
thenueY.

The existence is proved with the help of paraproducts (in the sense of J.-M. Bony and Y. Megf&)(
The heart of the matter is the estimate

lellm2qpwin <O+ [JullZz2), 9

which holds for smoothp. The uniqueness (modulbr) of ¢ is established as in [9]. Theorem 3 is still
valid for domaing2 C R", n > 2 (se€[6]).

Remark 2. — Using Theorem 3 and the basic estimate (9) one may prove that foreeet}/?(Q2; S')
there existsp € H'/2(Q; R) + BV(Q; R) such thatu = e'¢. Of course thisp is not unique, but there are
some “distinguished’s (see[6]).

The link between the Ginzburg—Landau energy and minimal connections has been first pointed out in
important work of T. Riviere [18]geealso [17] and [20]) in the case of boundary data with a finite number
of singularities. We are concerned here with a general boundary conglitioH /.

Giveng € H/2(Q; S') we may always approximate it by a sequepce C>°(£; R?) such that

||g€ _9HL2 < C\/g7 |VgellLe < 0/57 Hg»SHLOO <1, and (10)
g-—g inHYZ2,
Set
1 1
E. = Min —/ Vul? + — [ (lul>=1)% ueH'(G; R?) andu = g. on€ 5. (12)
2 G 482 el

THEOREM 4. -We have, as — 0,

E. =nL(g)log(1/e) +o(log(1/e)),

whereL(g) corresponds to the metrié; on ().

Finally, we study the convergence of minimizges ) of (11). If g € X we may writeg = e’#o with
wo € H/2(Q; R). A natural choice fog. is g. = e'¥< wherey, is ane-regularization ofy as in (10). In
this case it is easy to prove that

ue — u, =e¥  inHY(G),
wherey is the solution of
Ap=0 InG, p=pg onf. (12)
Wheng € Y we prove 6e€[6]):
THEOREM 5. —For everyg € Y write (as in Theoren3) g = e'#0 with ¢, € H'/2 + W11, Then(for any
choice ofg. satisfying(10))we have

Ue — uy =% InWHP(GQ)NC®(Q), Vp < 3/2,

wherey is defined in(12).

Remark 3. — We shall also present in [6] results concerning the convergencendieng € H/2(Q; S')
does not belong t&".
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! The distributionT'(u) and the corresponding numbEfw) were originally introduced, for a generalc HY2, by
the authors in 1996 and these concepts were presented in various lectures.
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