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1. INTRODUCTION

Hardy’s inequality for a bounded domain 2 = R" with Lipschitz bound-
ary asserts that

j |Vu|2>uj Wf6)?,  Yue HY(Q), (1.1)

where x4 is a positive constant and d(x) = dist(x, 02) (see e.g. [7]). The
best constant in (1.1), i.e.

. SQ |V“|2
Q)= inf ———,
m ue H)(Q) jg(”/5)2

depends on Q. For convex domains u(Q)=1/4 ([5, 6]), but there are
smooth bounded domains with u(Q2)<1/4 ([3, 4, 5]). Brezis and Marcus
[2, Theorem 1] studied the quantity

(12)

. Vul? — 2 o u?
J?= inf Jol Q=
* ue Hy(Q) SQ(M/(S)z

and showed that, for a C? bounded domain , there exists a finite constant
A* = 2*(Q) such that

VieR, (1.3)

—1/4 L < ¥,
{‘]i / > VA (14)

J,<1/4, VA> A%
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Moreover, the infimum in (1.3) is achieved if and only if 1> A* In [2]
they also studied the following generalization of (1.3):

Jo pIVul® =2 {o n(u/o)?

Ji=Jup,q.n)=inf ., VieR, (1.5)
* * ue H)(Q) fg (1(”/5)2
where p, g, n satisfy
p,qeCQ), and p,q¢>0 in Q,

_ (L.6)
neC%Q), and >0 in Q,7=0 on 0Q.

Under the normalization

max 11, (1.7)
@ p

it was proved that (1.4) remains valid in this more general setting, and that
the infimum in (1.5) is achieved if A > A* and it is not achieved if 1 < A*.
The question whether the infimum is achieved in the critical case A= A*
remained open.

Here we give an answer to this question (under slightly stronger assump-
tions on p, g, n than in (1.6)). Assume that p, ¢,  satisfy

p,ge CHQ) and p,g>0 in Q,
(18)

n € Lip(LQ2) and >0 in Q,7=0 on 0%.

We denote 2 =0Q and define the following quantity (possibly infinite)

(1.9)

do
I = '
(P, q) L 1—(q(0)/p(c))

Our main result is the following,

THEOREM 1. Assume the weight functions satisfy (1.8) and (1.7). Then,
for A= A% the infimum in (1.5) is achieved if and only if I(p, q) < co.

Remark 1.1. Note that in view of (1.7), the assumption p, g€ C*Q)
implies that for N=2 we always have I(p, ¢g)=o0 and therefore the
infimum is never achieved for 4= A*. Obviously the same assertion holds
for N=1.

The nonexistence part relies on the construction of a subsolution, follow-
ing the same strategy as in [2]. The proof of existence is new; it uses the
construction of a supersolution in H', in a neighborhood of the boundary,
which serves to control the behavior of a specific minimizing sequence.
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As mentioned above, if 2> 1* the infimum in (1.5) is achieved by some
function u, € H (). It can be easily seen (see [2]) that u, is unique under
the normalization:

w,>0 in @ and fu§=1. (1.10)
Q

In view of Theorem 1, this observation remains valid in the critical case
A= A%, provided that I(p, g) < co. Our next result describes the behavior of
u; as AN A* in either of the two cases: I(p, g) < oo and I(p, g) = 0. In fact,
the first case is used in the proof of Theorem 1.

THEOREM 2. (i) If I(p,q)< oo then u, — u;. strongly in H'(Q) as
ANAE,

(il) If I(p, q) = oo then, as A~A*, u, converges strongly in W' ?(Q),
Vpo€ll,2), to a function u, which is the unique positive solution (up to a
multiplicative constant) of

7%
—div(pvu)=§u+’;—2’7u in Q. (1.11)

Our last result shows how the existence or nonexistence of a minimizer
for =A% are reflected in the differentiability properties of J, at A*.

COROLLARY 1. The function J, is differentiable at A* if and only if
I(p, q) = 00. More precisely,

0 if I(p,q)= 0,

(J)y = { _ OQ ”Zf)/(jg ng*> if 1(p,q)< 0.

2. PROOF OF THEOREM 1

(1.12)

We first introduce some notations. For >0 we denote
Qp={xeQ;d(x)<p}, 2p={xeQ;d(x)=p}.
Since Q is of class C? there exists S, € (0, 1) such that for every xX€Qy

there exists a unique nearest point projection a(x) € 2. We first assume that
p=1 and we will show later how to treat the general case.
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For the nonexistence part we will argue by contradiction and rely on the
following Proposition which is a variant of Theorem 3 in [2]. Consider the
operator:

n
Luz—Au—452u+52u (2.1)

ProrosiTION 2.1.  Suppose that g satisfies (1.7) and (1.8) (with p=1)
and that

do

——= 0. (2.2)
L\/ [—q(o)

In addition, suppose that ne C(Q) and that || < CS, where C is a constant.

If 0<ue HY(Q) and satisfies

Lu=0 in Q (2.3)

then u=0.

The proof of Proposition 2.1 is by contradiction. Assuming u %0, then
u >0 in 2 by the maximum principle. In the next two lemmas we construct
a positive subsolution v (i.e. Lv <0) which is used as a lower bound for u.
In these lemmas we assume the assumptions of Proposition 2.1, except for
(2.2) which is not needed. We define the operators

s
Lu= —Au——qu—i-

17. 2.4
452 52 VSE(O, ] ( )

Note that in particular L, = L.

LeMMA 2.1. For any s€(0,1] and xe Q4 set v/(x) =3(x)%) with

= (1+/1=5q(a(x)) + 6(x))/2, (2.5)

which is well defined since maxs q=1. Then, there exists a constant C >0
such that

Lo, | <Cllogdl o~ in Q, Vse(0,1]. (2.6)

Proof. For simplicity we drop the indices and write v =v, and a=a,
All the following computations are performed in £, . Note first that

Vo
Vilogv=(logd) Va+ o —,

S (2.7)
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hence
2 log 0
z + 2 o8

2 __ 2 2
|V log v|* = (log 6)* |Va| +52 5

Va V6,
where we used the identity |Vd| = 1. Next,

Y|
A logv=70— |V log v|?,

so that
Av=uv(4log v+ |V logv|?).

Similarly,

40 A0 1

By (2.11) we get
2
Alogv=A[a(logd)] =a(4 logd) +5Voc A0 + (log 0) Ao

456 2
:“T_%+5Vav5+(log 9) Ao

Finally, plugging (2.8) and (2.12) into (2.10) yields
Av=o(a—1)0* 2+ [a A5 +2(1 +alog §) Va V6] 6%~ !
+ [(log 8) da+ (log 6)* |Va|?] 5~
Since by (2.5) a(l —a) =(sgoo —J)/4, we infer from (2.13) that

Lyoo=3%(sqoc—0—5q)0* > —[a 46 +2(1 +alog §) Va V6] 6>~ !
—[(log 8) da+ (log 5)? [Var|2] 6%+ no*—2.

Note that
Va=2%(1—sqoa+03)""*(Vé—sV(goa)),

which yields (since ¢ <1 on X))

C
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(2.8)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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In addition
Ao=—t(1—sqoa+3)"**|V5—s5V(qo0)|?
+3(1—sqoa+6)"Y446 —s4 (qo0))

gives

Combining (2.14), (2.15), (2.16) and using the fact that
lq(a(x)) —q(x)| < Co(x)
we obtain
|L,v| < C(6* " + [log 5| 6*~ %%+ |log 6> 5*~1).
Finally, since a > 1/2 it follows that
IL,0| < Cllogdl o,
where all the constants C are independent of s. |
LEmmA 2.2. Set

m=min{q(c);ceX} €(0,1]

(2.16)

(2.17)

(2.18)

and let oy be the unique root of ao(l —oag)=m/8 in (1/2,1). For any

se(1/2,1) let U;=v,+ 6™. Then, there exists € (0, o) such that
LU,<0 in Qp, Vse(1/2,1).

Proof. For < f, small enough we have

L 6% = oo 1 — 1) 002 — g 50! A6—§6“°‘2+175“0—2

8 16
So by (2.6) we infer that, if § is chosen small enough, then

LU,=Lv,+Lé* <L, +L &%

<C|log5|5*1—lﬁ65“"*2<0 on @,  Vse(l/2,1),

=<m q>a‘“0 2400 < — 0 5m2 in @

(2.19)

(2.20)
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Proof of Proposition 2.1. Without loss of generality we may assume
that # >0, because (2.3) remains valid if # is replaced by |7|. We argue by
contradiction and assume that % 0. Then by the maximum principle >0
in Q. We fix >0 as in Lemma 2.2. Note that for se(1/2, 1) the function
U, defined in Lemma 2.2 belongs to H'(Q p). Clearly there exists ¢ >0 such
that eU;<u on Xy, Vse(1/2,1). Since w, =eU,—u<0 on X we have
wit e Hy(2p). By (2.3) and (2.19) we have

Lw,<0 in Q. (2.21)

Testing (2.21) against w yields
[ w2 —-L w2+ L (wr)2<o. (2.22)
2 40
But, by a result of Brezis—Marcus [2, (4.11)] we have also
2
Lz/, Vi * | >j 45 (w*)2 (2.23)

Combining (2.22) and (2.23) gives w,;f =0 in Q,4, Vse(1/2, 1). Passing to
the limit as s — 1 we find

U=ev, on Qg (2.24)
with
v, 25(1+,/1—qca+6)/2. (2_25)

On the other hand we claim that
v
3‘¢L2(gﬂ). (2.26)

By (2.24) this implies that u/d ¢ L*(Q,) which, in view of the assumption
that u e H}(Q2), contradicts Hardy’s inequality (1.1).

In order to establish (2.26) note first that for some ¢ >0 we have (see
(14) in [2]):

[ i%j [ /= d do,
Qﬂ 5 Y0
Since
t
1— +1—/1— = <12
V1-4(o) V1-dlo) J1—q(o) +t+/1—q(0)
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it follows that

lﬂ/l—q(a)ﬁ—t—l

=t 1—g(o)+1t— l—q(a-)t 1—g(o)—1

> Vi 1=a@ =15 ¢ (VT=a@ =1 (with ¢y = (1/e)%*).

Hence
2
f —12 ff V14O =1 gt do
Q/f
V' 1—q(o)
—ccoj b da}ccoﬂj L.
1 —¢q(o) z/1—q(o)

Therefore (2.26) follows from (2.2). ||

Proof of Theorem 1, nonexistence part. Suppose I(p,q)=oc0 and

assume by contradiction that a minimizer u for (1.5) does exist. Then we
may assume u >0 in  and u solves

;\/*
—div(qu)—% —52’7u=0 in Q.

The function i = \/l;u satisfies the equation

a9 P (e VePY
4p 5>~ p o2 2p 4p* )

Therefore, by Proposition 2.1, u =0. Contradiction

For the existence part of Theorem 1 we need the following lemma

LemMa 2.3.  Assume that q, n satisfy the assumptions of Proposition 2.1,
except for (2.2). Set v =v, — 0™ with v, given in (2.25) and o, as defined in
Lemma 2.2. Then there exists € (0, o) such that v>0 in Qg U X5 and

_ q _
—Av—rézv—

Sly
<

>0  in Qp @ VA<A*+1 (227)

If, in addition,

(2.28)
then ve H'(Qp).
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Proof. By (2.20) and (2.6) we obtain

Sly

—Aﬁ—%ﬁ— 7=—0%"24+0(|logd| 61 =0, VASA® 41,

NE

for ¢ sufficiently small. This proves (2.27).
Next we can choose f < f§, such that

ocl(x)=(1+\/1—q(0(x))+5(x))/2<oc0 in QU
(implying 0>0 in Q5 U X}).
Finally we show that under the assumption (2.28) we have 1€ H 1(Q/g).

Clearly 6*e H' and thus it suffices to prove that v, e H'. Using (2.7) we
find

Vo
Vv, =v, Vlogv,=0*| (logd) Voc1+oc17 .
By (2.15) we get
Vo |2 < C[6*~ Ylog 6)* + 62~ 2] < Co*™ 2 (2.29)
From [2, (1.4)] we have for some ¢ >0
1 B
[ oo [ /Tt do
Qp ¢z V0

—lj BV I=a@
¢'r/1—4(o)

Combining (2.29)—(2.30) yields that v; € H'(Q,). |

do<oo,  (using (228)).  (2.30)

Proof of Theorem 1 when p =1, existence part. Recall that we assume
that (2.28) is satisfied. We fix a sequence {4,} such that 4, <A* +1 for all
n, and A, \A*. By [2, Theorem 1] we know that for every n, the infimum
U, =J,, <1/4 in (1.3) is achieved by a function v, € H(£2) which satisfies

A
,115,,2q v, + 5"2’7 v, in Q

v,>0 in Q.

—Av, =
(2.31)

We choose the normalization

j Vo, |2 = 1. (2.32)
Q
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Passing to a subsequence, we may assume that v, —u weakly in HY(Q),
v, > uae. in Q, and v, — u strongly in L*(Q) for some function u e Hy(Q).
We are going to prove that v, — u strongly in H'(Q). This implies that
u#0 and thus « is a minimizer for J;..

Note that for each >0 the function v, satisfies

—Av,=c,(x)v

n

in Q\Q, with |c,(x)] <—5.

Hence, by standard elliptic estimates, we also have

{v,} isboundedin L7

loc

(Q). (2.33)

Next we fix ;>0 satisfying the conclusion of Lemma 2.3. By (2.33) we
have, in particular, for some y >0

v, <yU on g, Vn, (2.34)
with ¢ as in Lemma 2.3. We next claim that

v, <0 on Qp, Vn. (2.35)
Note first that (2.27) gives

Anll . _ 1
52 (yo) = <4—un>

Subtracting (2.36) from (2.31) yields

Haq
5

—A(yv)

(yo) — (y)  in Qp. (2.36)

Sl

_ Haq Al _ 1 q . _ .
—A(Un—yv)—éz(Un—VU)—éz(Un—VU)<—<4—ﬂn>52(VU) in Q.
(237)

Set

(vn_yﬁ)+ on Qﬁla
w, =
"0 on Q\Qg.

Note that, by (2.34), w, € H(2). Testing (2.37) against w,, gives

2 M o Al o, (1 q ., -
L) [Vw,,| 52 we 52 wi < <4 ,u,,>LZ 62()/17) w,.  (2.38)

Since u, =J,,, the left hand side of (2.38) is nonnegative. Therefore w, =0
and (2.35) is proved.
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Since v, — u strongly in L*Q), (2.34) and the dominated convergence
theorem imply that

2 2
. qu qu
1 t=| —.
Jm | 7=l
Testing (2.31) against v,, gives
A
j |V0n|2:j %uﬁé%”ui. (2.39)
Q Q

The right hand side of (2.39) converges to |[q qu?/0®+ [q A*nu?/6* =
fo [Vul?, ie.

lim LZ |Vu,,|2:jg Va2,

and the strong convergence v, — u in H'(Q) follows. Finally note that we
actually proved the strong H'-convergence u, — u;+ as AN A* (and not

only of a subsequence). This follows from the simplicity of the eigenvalue
A* (as in [2, Remark 3.27]).

Remark 2.1. In the general case when p# 1 we argue as follows. Let
A> A* and let u, be a minimizer for J,(p, ¢, #). Then u, satisfies

J A
—div(p Vul)—?ful—gul=0 in Q

and hence i1, = \/1; u, satisfies

Joq . A < 4p IVp|2>~

—Aﬁl—ﬁui—pfézui— _2p 4p2 Mﬂ:O. (240)

This i, satisfies a similar equation to the one satisfied by u, in the case
p =1, except for the last term on the left hand side of (2.40). The argument
used in the existence proof of Theorem 1 can be easily adapted to cover
this case as well. |1

3. THE BEHAVIOR OF u; AND J, NEAR 2*

Proof of Theorem 2. Case (i) of Theorem 2 was actually proved in the
previous section, in the course of the proof of the existence part of
Theorem 1. We thus assume that I(p, g) = co. We shall also assume that
p=1; the general case follows from this case by the argument of
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Remark 2.1. We shall need the following lemma which can be proved by
the same argument as in Theorem 2.7 of [1] and Lemma 8§ of [5].

LemMa 3.1. Assume iie H}

10ce(25) N C(Qp)  and  ue Hy(2) N C(2y)
satisfy u>0 in Q4 and

Jor some B>0 and a(x) e Li5(Q2p). If u=u on X, then uz=u on Qp).
For a sequence 4, \A* consider the corresponding minimizers {u, } with
the same normalization as in (1.10), i.e.

u, >0 inQ and ju§n=1. (3.1)
Q

Since on Q\Qﬂ the function u, satisfies an equation of the form
—Au,, = ¢, (x) u,;, with |c,(x)| < C/B? we deduce from (3.1) and standard

elliptic estimates that {u;, } is bounded in L5 (). In particular, for some

7 >0 we have u, <yv on X4, where v and f are as in Lemma 2.3. Applying
Lemma 3.1 gives

Uy, <Yv in Qpp, Vn, (3.2)
which implies

u, (x) < Cd(x)"2 VxeQ, V. (3.3)

Next, fix xe 2, set r=0(x)/2 and consider on B, = B,;(0) (the unit ball
centered at the origin) the function &, (y) =u, (x +ry) which satisfies

—dii;, =c,(y)i,, in By, with [¢(y)<C
Using (3.3) and elliptic estimates we infer that
Vi, (0) < C(l1ds, | Loay) + |48y, | Logsy) < Cr'2,
which yields by rescaling

C

|Vu,(x)] SW’

Vx e, Vn. (3.4)

By (3.3) and (3.4) we get that

{u,, } is bounded in W'2(Q), Vp <2. (3.5)
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Consequently there exists a subsequence (still denoted by {u, }) such that

U, —u, weakly in = W§7(Q), Vp<2. (3.6)

n

Furthermore, from the Euler-Lagrange equation (2.31) for u, and
standard elliptic estimates we conclude that {u, } is bounded in W5 (Q)
for all r < oo. Therefore there exists a subsequence (which we still denote by

{u,,}) such that
Uy, = Uy, in Cj(Q). (3.7)

In addition, by (3.5) and Holder’s inequality,

sup | (u? +|Vu, |9)dx—>0 as f—0, Vg <2. (3.8)
{ n n

n Qp
Combining (3.7) and (3.8) we conclude that
Uy, — U, strongly in Wy 2(Q), Vp <2. (3.9)

In particular u,, —u, in L*Q) and consequently u, >0 ae. in Q and
u, #0 (see (1.10)). In addition, u, satisfies the equation obtained by
passing to the limit in the Euler—Lagrange equation (2.31) for u, , ie.,

q A*n

Therefore, by the maximum principle u, >0 in Q.

So far we established the convergence of a subsequence to the limit u,,.
Next we show that there exists a unique positive solution (up to a multi-
plicative constant) of (3.10). Clearly this implies the full convergence
u, > u, in W-7(Q) as A\ A*, thus completing the proof of Theorem 2.

Let w be a positive solution of (3.10). Choose >0 which satisfies both
the conclusions of Lemma 2.2 and Lemma 2.3. Clearly there exists y,>0
such that

w=y,Ug on Xy, Vse(1/2,1), (3.11)

with the family of subsolutions {U,} given by Lemma 2.2. Applying
Lemma 2.2 and Lemma 3.1 we conclude that

w=p U on Qp,,  Vse(1/2,1).
Sending s to 1 we infer that

W= o0 on Qpp, (3.12)
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with ¢ given in Lemma 2.3. On the other hand, passing to the limit in (3.2)
gives

Uy, <0 in Qgy. (3.13)

By (3.12), applied to w=u
some ¢y >0

«» combined with (3.13), we obtain that for

Col<u, <cg 0 in Qp,. (3.14)

By (3.12) and (3.14) there exists ¢ >0 such that w > cu, on Q. Set

¢ = inf .
xeQ Uy
We claim that w=c,u,. Indeed, if this is not true, then W=w —cu, is a
nontrivial nonnegative solution of (3.10). By the maximum principle w >0
in Q, hence by (3.12) applied to w=1, and (3.14) we get that there exists
¢, >0 such that Ww> c,u, in 2, which contradicts the definition of ¢;. |l

Proof of Corollary 1. Fix any two values A, v>A*. Then u, and u,
satisfy

qu,, nu,,

. (3.16)
—div(p Vu,)=J, qéuzv +v néu;.
Subtracting (3.15) from (3.16) yields that v =u, — u, satisfies
. v v u . Nu
—le(pVU)—JV%—V%=(JV—JA)%+(V—A)%. (3.17)

Testing (3.17) against u,, using integration by parts and (3.16), we obtain

JV_Jl_ _“Q(nuiuv/éz)
v—0 o (quu,/o?)

Letting v tend to /4 in (3.18) we infer that J, is differentiable at 4 and that

o ?/6?)
Lz (qui/éz)'

Assume first that I(p, ¢) = co. Then we must have lim,  ;« [ (qu3/0%) = o0.
Indeed, if not, then for a subsequence 4, \A*, {u, } is bounded in H'(Q),

(3.18)

J, = (3.19)
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and a further subsequence converges weakly to a minimizer of J,«, con-
tradicting Theorem 1. On the other hand, by (1.8) and (3.3) the numerator
is bounded. Thus passing to the limit in (3.19) yields J« =0 as claimed. If
I(p, q) < oo, then by (i) of Theorem 2 we have u; — u,;+ in H'(Q) as A\ A*.
This implies by (1.1) that also

tim [ 95 [
ANA* VO 52 Q 52 ’

so passing to the limit in (3.19) gives (1.12). |
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