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1. Introduction. In this paper we are concerned with the relations between the
existence of global, classical solutions of the evolution equation

u; — du = g(u) in (0, 00) x 2,
u=20 on 0%, ¢))
u(0) = uo in £,

and the existence of weak solutions of the stationary problem

—Au = in £2,
{ u=g(u) in @)

u=20 on 0%

Here, and throughout the paper, 2 C R” is asmooth, bounded domainand g : [0, c0) —
[0, co) is a C' convex, nondecreasing function. For some results, we will also assume
that there exists xg > 0 such that g(x¢) > 0 and

/xo gs) = 3)

Solutions « of (1) and (2) are always assumed to be nonnegative. The initial condition
ug is always assumed to be in L*°(2) and up > 0, so that a classical solution of (1)
exists on a maximal interval (0, T;,).

By a weak solution of (2), we mean the following.

Definition 1. A weak solution of (2) is a function ¥ € L'(§2), u > 0, such that

gw)s e LY(), (4)
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where § denotes the function distance to the boundary,

8(x) = dist (x, 9S2),

-—/ uA{:/g(u)g',
Q Q

for all ¢ € C2(S2) with ¢ = 0 on 3. (Note that the second integral makes sense since
[E(x)] < Cé(x) forall x € Q.)

Our first result is the following.

and

Theorem 1. Assume (3). If there exists a global, classical solution of (1) for some
up € L*(R2), ug > 0, then there exists a weak solution of (2).

Remark 1. Theorem 1 is quite surprising since we do not assume any bound (as ¢ — 00)
for the global solution u.

Remark 2. The existence of a global solution of (1) does not, in general, imply the
existence of a classical solution of (2). In many examples, the existence of a weak
solution of (2) implies the existence of a classical solution of (2). However, there are
situations where the stationary problem admits no classical solution, and still there exists
a global, classical solution of the evolution equation. See Theorem 2 and Remark 5.

An obvious consequence of Theorem 1 is the following:

Corollary 1. Assume (3). If there is no weak solution of (2), then for any initial value
ug € L*(2), ug = 0, the solution of (1) blows up in finite time.

Remark 3. There are very sharp results concerning the existence or nonexistence of
weak solutions of (2). See properties a) and d) below and Corollary 2.

There is a converse of Theorem 1, which does not require assumption (3).

Theorem 2. If there exists a weak solution w of (2), then for any ug € L*°(S2) with
0 < ug < w, the solution u of (1) with u(0) = uy is global.

Remark 4. If w is a classical solution of (2), then the existence of a global solution of (1)
follows immediately from the maximum principle. On the other hand, if w ¢ L*(2),
then the conclusion is far from obvious. Indeed, suppose that the solution blows up in
finite time T,,. Clearly u(z, x) < w(x) on (0, 7,,) x €, but this estimate in itself does
not prevent ||u(t)||.= from blowing up in finite time. It is well known that u(z, x) can
converge to a blow-up profile u(7,, x), which may be finite everywhere except at one
point (see e.g. Weissler [16]).

A basic ingredient in the proof of Theorem 2 consists in proving that some “pertur-
bations” of (2) have classical solutions if (2) has a weak solution. A typical result in

that direction is the following:
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Theorem 3. If there exists a weak solution w of (2), then, for every ¢ € (0, 1), there
exists a classical solution w, of

—Aw, = (1 — &)g(w,) in £,
{ w, =0 on 0%2.
Theorem 3 allows us to sharpen some well-known results concerning the problem
[ —Au = Ag(u) in £,

0

u=~0 on 9df2. ®)

Here we assume in addition that

g(0) >0 and g # g(0). ®
We recall that there exists 0 < A* < o¢ such that:

a) For every 0 < A < A* equation (8) has a minimal, positive classical solution
u()), which is the unique stable solution of (8); stability means that

Ai(—A —2g'(u(r))) > 0.
(There may exist, for some values of A € (0, A*), one or many other solutions,
which are all unstable.)
b) The map A — u(A) is increasing.
c) For A > A*, there is no classical solution of (2).

d) For A = A*, and if
g(u)
—— —

U u-—>o00

then there is a weak solution u* = )ltltl‘)ltl u(A) of (8).

For all these results, we refer to .M. Gel’fand ({7]), H.B. Keller and D.S. Cohen ([10]),
H.B. Keller and J. Keener ([11]), M.G. Crandall and P.H. Rabinowitz ([3]), H. Brezis
and L. Nirenberg ([2]).

Property d) is not absolutely standard; see Lemma 5.

Remark 5. The solution #* is sometimes a classical solution. For example when
g(u) = e“ and N < 9 or when g(u) = (1 + u)? and N < 10 (see F. Mignot and J.-
P. Puel, [14]). However, there are important cases where there is no classical solution
at A = A*—for example when € is the unit ball of RY with N > 10 and g(u) = €";in
this case A* = 2(N —2) and u*(x) = log(l—x'l-g) (see D.D. Joseph and T.S. Lundgren [8]).

The main novelty is:
Corollary 2. Assume (9).If > > A*, then there is no weak solution of (8).

This is an obvious consequence of Theorem 3 applied to the function Ag, and the
characterization of A*.

Remark 6. A result similar to Corollary 2 was obtained by Gallouét, Mignot and
Puel ([6]) in the case g(u) = €" (and for a stronger notion of weak solution).

Putting together Theorems 1, 2 and 3, we can now state the following.

00, (10)
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Corollary 3. Assume (3) and (9), and consider the (classical) solution u of

ur — Au = Ag(u) in ,
u=20 on 0%,
u@ =0 in Q.

If A < A*, then u is global. If A > A*, then u blows up in finite time.

Remark 7. It is somewhat surprising that one finds the same dividing line A* in the
stationary problem and in the evolution problem.

Starting with the celebrated papers of H. Fujita ({4, 5]), dealing with the case g(u) =
e, a number of authors have investigated the question of blow up in finite time or the
existence of a global solution for (11). A. Lacey ([12]) had established that the solution
of (11) blows up in finite time for A > A* under some additional assumption: either
u* € L*(Q2) or 2 is a ball. H. Bellout ([1]) had reached the same conclusion, with the
additional assumption that (ﬁ)” < 0. On the other hand, A Lacey and D. Tzanetis ([13])
proved that for A = A* the solution of (11) is global when  is a ball and uy < u*,
ug € L*(2) and uq is spherically symmetric (and also for general domains but under
various restrictive conditions).

2. Proof of Theorem 3. We begin with a lemma concerning the linear Laplace
equation.

Lemma 1. Given f € L'(R, 8(x)dx), there exists a unique v € L'(2) which is a weak

solution of A £ o
[ —Av = in )

v =0,

—vaAc=foc,

forall ¢ € C*(R) with ¢ = 0 on 3. Moreover,

in the sence that

lvlie < CllfllLv.se)dx)s

for some constant C independent of f. In addition, if f > 0 almost everywhere in <,
then v > 0 almost everywhere in 2.

Proof. The uniqueness is clear. Indeed, let v; and v; be two solutions of (12). Then

v = v| — v, satisfies
f vAZ =0,
Q

for all ¢ € C%(Q) with ¢ = 0 on 32. Given any ¢ € D(Q) let { be the solution of

; At =¢ inQ,
Slag = 0.
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/mp:O
Q

Since ¢ is arbitrary, we deduce that v = 0.
For the existence, we may assume that f > O (otherwise we write f = f, — f_).
Given an integer k > 0 set fi(x) = min{ f(x), k}, so that f; P fin LY(Q, 8(x)dx).
— 00

Let v, be the solution of

It follows that

‘ —~Avy = fr InL,

15
Vi =0 onof2. (15)

The sequence (v )x>p is clearly monotone nondecreasing. It is also a Cauchy sequence

in L'(R) since
[0 = [ - rox
Q Q

~Agp =1 1n§,
{o=0 onos2

where { is defined by
(16)

Hence

/ [og — v < C/ | fu — feld(x)dx.
Q Q

Passing to the limit in (15) (after multiplication by ¢), we obtain (13). Finally, taking
= {p in (13), we obtain

R27A =/ v =/ fo < ClfllLv@.s()dx)s
Q Q

and (14) follows. O

Our next lemma is a variant of Kato’s inequality (see [9]).
Lemma 2. Let f € L'(R2, 8(x)dx), and letu € LY(Q) be the weak solution of (12).
Let & € C2(R) be concave, with &' bounded and ®(0) = 0. Then

—AP(u) = ') f,

in the sense that

—f d(u)AL _>_/ ' (u) fe,
Q Q

forallt € C*(RQ), ¢ > 0, such that { = 0 on 382
Proof. Consider (f,)n>0 C D(R) such that f, ':—:o fin LY(R2, 8(x)dx). Let u, be the

solution of _
{—Au,, =f, in §2,

u, =0 on 0%.
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It follows from Lemma 1 that «, — u in L'(2). On the other hand we have

AD(uy) = D () Dity + O (un)|Vun|* < &' (up)Auy, = — @' () £,

Therefore,

-/ ¢(u,,)Acz[<l>’(un)fns“,
Q Q

for all £ € C%(Q), ¢ > 0 such that { = 0 on 32; and so the result follows easily by
letting n — oo. O

Lemma 3. Let W be a weak super-solution of (2), in the sense thatw € L' (), w > 0,
g(W)8 € L' (R2), where § is given by (5), and

= f BAL > f @)L,
Q Q

forall ¢ € C*(2), £ > O with ¢ = 0 on 3. Then there exists a weak solution w of (2)
with) < w < w.

Proof. We use a standard monotone iteration argument: define the sequence (w,)n>1

by
—Awpy) = g(w,) in Q,
Wpe =0 on 4%,
for n > 1, starting with w; = w. Itiseasy tocheckthat w = wy > w; > -+ > 0.

Indeed, it suffices to prove that w; > w, > 0, and the rest follows by induction, using
Lemma 1. We have

fg (w1 — wa)(~AL) = 0,

forall ¢ € C2(R), ¢ > 0 with { = 0 on 3S2. Given ¢ € D(RQ), ¢ > 0, let £, be the
solution of

—Af,=¢ in £,
(=0 on a%.

Taking ¢ = {, in (18), we obtain

f(w, —wy)p > 0.
Q

Since ¢ > 0 is arbitrary, we deduce that w, < w; almost everywhere in Q. On the other

hand, it follows from Lemma 1 that w, > 0.
Since the sequence (wy),>1 iS NOnincreasing, it converges to a limit u € LY(Q),
which is clearly a weak solution of (2). O

An essential ingredient in the proof of Theorem 3 is the following.
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Lemma 4. Assume g(0) > 0 and set

“ ds
h(u) = —_—,
w ./(; g(s)

forallu > 0. Let g be a C! positive function on [0, 00) such that g < gand g < g'.
Set
- “ g4
B = [ =
o &(s)

Ou) =h~" (h(u))

forallu = 0. Then
(i) ®(0) =0and0 < ®(u) <uforallu>0.
(ii) & is increasing, concave and ®'(u) < 1 forallu > 0.
(iii) Ifh(00) < 0o and g # g, then ®(00) < oo.

Proof. Properties (i) and (iii) are clear. We have

§@ew)

(1) = =——= > 0,

g()g (P )P’ (u) — g(P(u))g'(u)
o gw)?
Z(Dw)(E (P u)) — g' W)
g(u)?

Since 2’ (P (w)) < g'(®P(u)) < g’(u), it follows that ¥ is concave. Hence (ii). I
Proof of Theorem 3. If g(0) = 0, then 0 is a weak solution of (7), so we assume
g(0) > 0. We consider two cases.
j’ ®© ds
—_— < 0.
o &)

Case 1. Suppose
Let v = ®(w), with the notation of Lemma 4, where g = (1 — ¢)g. It follows from
Lemmas 2 and 4 that v € L®() is a super-solution of (7). The result follows from

Lemma 3.
Case 2. Suppose

/°° ds
—_— 0
o &(s)

Let § = (1 — €)g, and consider the function ® introduced in Lemma 4. Set

CD”(u) —

v = P(w).
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We have 0 < v; < w. We observe that by concavity of the function s () = 0" —g%,
’ w — v
h(w) < h(v)) + (w — v)h'(v1) = h(v) +
g(vr)
Since h(vy) = (1 — g)h(w), we deduce that
w— v "
< < < C(l
eg(v) < heo) = hew) S (I + w),

so that in particular, g(v,) € L'(£2). Now, we observe that by Lemma 2, v, is a weak
super-solution of the equation

—Auy =(1-¢e)g(u) in Q,
uy =0 on d
Therefore, it follows from Lemma 3 that there exists a weak solution «; of (19) such that

0 < u; < v,. In particular, we have 0 < g(u;) < g(v;) € L'(R), so that u; € L?(S),
for all p > 1 such that (see e.g. Stampacchia [15])

P<N_> (p<xif N=1, p<oo if N=2).

By the same construction, we find a solution u, of the equation

—Auy; =(1—¢)’guy) in Q,
u =0 on 0%,

such that 0 < u; < u; and g(u;) < C(1 + u;). In particular, g(uz) € LP(S2), for all
p > 1 satisfying (20). This implies that u; € L"(2), for all > 1 such that r < ﬁ
(r <o0if N =1,2,3,r < o0if N = 4). Byiteration, we find thatif k(N) = [N/2]+1,

then the solution u; of the equation

—Aug = (1 —e)gwy) in K,
u, =0 on 04%2,

belongs to L®(£2). Since ¢ € (0, 1) is arbitrary, this completes the proof. [

3. Proof of Theorem 1. We assume g(0) > 0, for otherwise w = 0 is a weak
solution of (2). Furthermore, we may also assume that ug = 0, sothatu > Oand u, > 0

forallr > 0.
Next, observe that g’ (1) —> +00 by (3), so that there exists a constant M > 0 such
U—>00
that |
g(s) — Ays = Eg(S) for s>=M,
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where 1, is the first eigenvalue of —A in Hj (). Let ¢ € C2(Q) with g3 = 0. It
follows from (1) that

d
d_f u(:)¢+/ u(t)(—Acp)=fg(u(t))<P-
t Jo Q Q

We first claim that
SUPf gwypr < (1 +A)M
Q

>0

where M is as in (22) and ¢, is the first eigenfunction of —A in Ho' (§2) such that
Jo @1 = 1. Indeed, taking ¢ = ¢, in (22), we find

d
Z__/ u(t)p +kfu(t)<pn =fg(u(t))<p1 Zg(f u(t)rpn)
t Ja Q Q 0

by Jensen’s inequality. If there exists 7o > O such that fQ u(ty)p) > M, then it follows

from (24) and (21) that
— t 7 > ..l. ( (t)qp )
dt Jo “Ben 28 /ﬂu !

for t > 1y, which is absurd by (3); and so

f u(t)p <M.
Q

for all # > 0. Integrating (24) on (¢, ¢ + 1) and since 4, > 0, we find

t+1 t+
f 2@t < / f g1 < f u(t + Dor + A f f ”
Q t Q Q t Q

=< (1 +}‘-1)M’

hence (23).
We next claim that there exists K such that

sup lu(®liy < K.

=0

Indeed, let &g be the solution of (16). Taking ¢ = o in (22) and integrating on (¢, t + 1),
we find

l+l 1+
f u(e) < f / e / (i — / u(t + )50 + f f 2,
Q t Q Q Q t Q

and (25) follows by applying (23).
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By monotone convergence, it follows from (25) and (23) that u(¢) has a limit w in
L'(R) and that g(u) converges to g(w) in L' (2, 8(x)dx), as t — 0. Let ¢ € C2(Q),
viaq = 0. Integrating (22) on (¢, t 4+ 1), we obtain

t+1 1+ t+1
[ f u«p] + / f u()(—Ag) = f f gu()p.
Q t t Q t Q

Letting t — oo, we find
/ w(-Ayp) = [ g(w)e.
Q Q

Therefore, w is a weak solution of (2). O

We now give an alternative proof of Theorem 1 in the spirit of the proof of Theorem 3.
It makes use of the following lemma.

Lemma 5. Assume (9), and let A* be the supremum of all . > 0 such that (8) has a
minimal, positive, classical solution u()). Then A* < oo. If furthermore (10) holds,
then limy 4y« u(X) = u* is a weak solution of (8) with A = A*.

Proof. We first observe that by (9) and convexity of g, there exists &€ > 0 such that
g(u) > €u, for all u > 0; and so

—Au(r) = Aeu(r).

Let A, be the first eigenvalue of — A in H (£2), and let ¢, be a corresponding eigenvector.
Multiplying (26) by ¢;, we see that Ae < A;; and so, A* < isl If (10) holds, then there
exists C such that g(u) > %Lu — C, for all u > 0. Multiplying (8) by ¢,, we obtain

A*
)»/ gu@)gr = A / u)gr < Tf(g(u(l))+C)fp1
Q Q Q
Letting A 1 1*, we deduce that

{‘{{1 /;2 gu))¢ < oo.

Multiplying now (8) by the solution ¢, of (16), we obtain

[ uy =1 [ g0 = e [ swane,

Q Q Q

so that #(A) is bounded in L!(2) by (27). Since u(A) is increasing in 2, it follows that
u(A) has a limit u* € L'(R) and that g(x(A)) converges to g(u*) in L'(Q,8(x)dx). It
follows easily that u* is a weak solution of (8) with A = A*. [
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Alternative proof of Theorem 1. We may assume as above that g(0) > 0 and ug = 0.
Given0 < ¢ < 1,let g = (1 — £)g and let ® be as in Lemma 4. Set v,.(¢t) = D (u(1)),
for all + > 0. It follows from Lemma 4 that there exists M, < oo such that
O<v. <M,
Furthermore, it follows from Lemmas 2 and 4 that

—Av, = (W) (—Lw) = ') (gw) —u) = (1 ~ &)g(ve) — (ve)r,

so that v, is a super-solution of the equation

OUe _ pug=(1—8)g(
at uE - £ g us)v
u, =0 on 0%,
u.(0) =

It now follows from (28) that the solution u. of (29) is global and bounded by M,. As
above, we deduce that w, = lim,_, o, u.(¢) a (classical) solution of the equation
{ —Aw, = (1 ~ &)g(w,) in £,
we=0 on 4%Q.

It follows (see property c) in the introduction) that A* > 1. By Lemma 5, (2) has a weak
solution. (]

4. Proof of Theorem 2. Since the hypotheses of Theorem 2 allow g to vanish at the
origin, we need a variant of Lemma 4 that applies to the case g(0) =

Lemma 6. Assume (3). There exist constants K > 0 and &9 > O such that for every
0 < & < &, there is a function ®, € C%([0, 00)), concave, increasing, with

P.(0) =0, (30)
0<®.(x)<x for x>0, 31
o +
1> @) > (g(Ps(x)) — K) for x>0,
g(x)

Moreover, sup,., ®:(x) < oo.

Proof. If g(0) > 0 we apply Lemma 4 with g(u) = g(u) — ¢ and the conclusions follow

with gg = g(0) and K = 1.
Therefore we may assume that g(O) = 0. Leta > 0 be the unique solution of

g(a) = 1. Set

* ds
H(x)=a+f —(—;for xX>a
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Since g(a) = 1, thereexists 0 < g9 < 1suchthat0 < ¢ < g((1 —¢)a), for0 < ¢ < &.
For such an ¢, let

o d
Hs(x)=a+/ Y for x> (l-e.
(1-s)a 8(8) — €
Note that H.((1 — €)a) = a = H(a). Moreover,
o0

; d
lim H.(x) > a +/ i > lim H(x).
e (1-e)a 8(85) — =00
Thus ¥,(x) = H;‘(H(x)), is well defined for x > a, V. (a) = (1 — ¢)a and
sup,., W:(x) < co. Furthermore, for x > a,

_ 8(W:(x)) — ¢

W (x) = 33
(x) 2(x) (33)

[

In addition, for x > a we have

8(x)8' (We ()W, (x) — (g(W(x)) — £)g'(x)

g(x)?
(al\f (v\Y — oMo’ (1 ()Y — o' f¥))
_ <0,
g(x)?
since ¥, (x) < x thus g'(W.(x)) < g'(x). We finally consider a concave function
&, € C%([0, 00)) such that ®.(x) = W, (x) for x > a, .(0) = 0, and &, (x) < 1 for
all x > 0. Such a function exists since

W (x) =

\lr ()
W, (a) < <
a

Clearly &, satisfies (30) and (31). We claim that (32) holds with K = + ag'(a).
Indeed, it follows from (33) that forx > a
e(d.(x)) — ¢ e(d.(x)) —-eK

B\ g(x)
so that (32) holds for x > a (since &, > 0). For x < a, we have

¥, (x) = ®,(a) = g((1 — £)a) — &.

D, (x) =

Furthermore, by convexity,
g((1 —¢g)a) > gla) —eag'(a) = —&(K —1);
and so, forx < a,
e K o K

>1-
g(a) g(x)
olxY — K p(d.(x)) —eK

>
g(x) g(x)
It follows that (32) is satisfied for x < a, which completes the proof. O

Px)=1—sK=1-
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Lemma 7. Let & be given by (5). For every 0 < T < 00, there exists ,(T) > 0 such
that if 0 < € < €), then the solution Z of the equation

Z,— NZ = —¢ in (0,00) x Q,
Z=0 on (0,00) x 312,
Z(0) =4,

satisfies Z > 0on [0, T} x Q.

Proof. Let (7T (1)),>0 be the heat semigroup with Dirichlet boundary condition, and
consider the solution ¢y of (16). We have

So =T () + fo T(s)lqds,

for all t > 0. Since T (t)¢y > 0, it follows that

t
f T(s)lgds < & =< C§, (35)
0
for all ¢+ > 0. On the other hand, we have

t
Z(t)=T(t)s — a/ T(s)lqds;
0
and so,
Z(t) > T(t)s —eCé.
Consider now cp, ¢; > 0 such that copy < & < c1¢1, where ¢; > 0 is the first
eigenfunction of —A in HJ (), associated to the eigenvalue A;. We have

C
T() = coT ()1 = Coe-)'"(p‘ > CTO'e—Mt‘S'
1

Therefore,

Z@t) > (g(-:-e""" —€C)8.

It follows that Z(t) > O on [0, T}, provided € < %e‘*'r O
1

Proof of Theorem 2. If (3) fails, then the solution of
6’ = g(6), 6(0) = lluollL=,

is global. Since 6(¢) is a super-solution of (1) and O is a sub-solution, it follows that all
the solutions of (1) are global.
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We now assume that (3) holds. Furthermore, we may assume
w ¢ L2(R), (36)
since otherwise u(f) < w by the maximum principle, and so u is global. We denote by
[0, T;») the maximal interval of existence of u, and we now proceed in five steps.

Step 1. We have u(t) < w for all t € [0, T,). (Note that if w were a smooth
solution of (2), this would follow from the maximum principle.) Fix T < T,,. Let
h(t,x) € D0, T) x 2), h = 0, and let ¢ be the solution of

=& —AL=h, {pa=0, ¢(T)=0.

We have in particular ¢ € C([0, T], C2(Q2) N Cy()). Multiplying (1) by ¢ and inte-
grating on (0, T') x €2, we find

T T
—/uo;(0)+f /uh=f fg(u)c.
Q 0 Q 0 Q

On the other hand,
T

/ /wc,—fwc(0)=o,

0 Ja Q
and

T T

—f /wAc=f /g(w)c.

0o Ja o Jo

Therefore,

T T
/ (4o — w)Z(0) + / / (4 — wyh = f f (g(u) — gW)E.
Q 0 Q 0 Q

Since ¢ > 0 and up — w < 0, this yields

T T T
f / (u — wh < f f () — gw))¢ < C f f W —wyte
0 Q 0 {uz>w} 0 Q

(Note that [lu|| L=0.7)x0) < 00, sothat gisLipschitzon [0, |[u|| L~0.7)xs].) Therefore,

/OT/Q(u—w)hSC(/"TL[(u—w)Jr]Z)%(forfgﬁ)%

On the other hand, .
(t) = f T(s — t)h(s)ds,
t
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where (T (t)),»0 is the heat semigroup with Dirichlet boundary condition, thus

T 2 T
uc(r)nizs( / Ilh(s)||des) B f / .
t 0 Q2
T p .
[Le<2l v
o Ja 2 Jo Ja

[ fomom (] o) ([ L)

Now we observe that (u — w)* € L®((0, T) x ), and we let h converge to (u — w)*
in L2((0, T) x §2) and be bounded in L®((0, T) x ). Since u —w € L'(R), we obtain

T CT T
— Nt e a2
fOL[(u w)]sﬁfoﬁz[(u wy* 12

It follows that u < w provided C2T? < 2. The result follows by iteration.
Step 2. There exist 0 < v < T,, and Cp, ¢p > 0 such that

Therefore,

and so,

u(r) < Cos,
and
u(t) < w —cpd.
Set vp = min{w, 1 + ug}. We have vy > ug and vy # ug by (36). In particular, there
exists a function y : [0, 00) — R such that y(¢) > 0 for ¢ > 0 and
T (t)(vo — uo) = v (1)8,

where 8 is defined by (5) and (T (£)),>0 is the heat semigroup with Dirichlet boundary
condition. Let v be the solution of (1) with the initial value v(0) = vy, and let {0, T)
be the maximal interval of existence of v. We have v > 0,and by Step 1, v < w. Let
2(t) = u(t) + T (t)(vo — ug) for0 <t < T. We have
z—bz=gm)<gk) in 0,T)xQ
z=0 on 0%,
z(0) = yg in €,

so that z < v by the maximum principle. Therefore,

u() < v(t) = T(r)(vo — up) < w—T(t)(vo — uo) < w —y ()
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forO <t <_T by 39). Fix0 < T < min{T, T,,}. u is bounded by some constant M
on [0, T] x £2, so that

u(ty < MT(0)1g + g(M) / T(s)1q ds.
0

There exists a function C : (0, c0) — R such that T(t)1q < C(2)é for t > 0, so that
we deduce from (35) that

u(t) < MC(1)8 + g(M)Cs,

forO <t < T. (37) and (38) now follow from (40) and (41).
Step 3. We may assume without loss of generality that

ug < Cod,
and
Ugp < w— 608,

where Cy, cg are as in Step 2. Indeed, we need only consider u(- + t) instead of u(-).
Step 4. Let &g and &, be as in Lemma 6, and set w; = ®,(w) for 0 < ¢ < . Then

wE € LOO(Q)r

and

[{("Awe) Zf(g(we)_gK)C
Q Q

forall{ € C 2(Q),¢ > 0on 2 and ¢jae = 0. Moreover, there exists 0 < &, < go such

that

uo < we — 6—208, (46)

43). Indeed, (44) and (45) follow from Lemmas 2
and 6. In order to prove (46), set

n = min{w, (Co + ¢9)8}, and n; = P(n).
Here, & is given by (5) and C is as in (42). It follows from (42) and (43) that
Ugp<n-— cod.

We claim that c

N1+ 38, (48)
for ¢ > 0 small enough. Note that it follows from (47) and (48) that ug < n; — %8 ,
and (46) follows since 7, < w, (since ®, is nondecreasing). Thus we need only
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prove (48). Note that 7. < n < M, where M = (Co + ¢0)||8)| ., and that &/ (x) — 1,
. !
uniformly on [0, M] by Lemma 6. Therefore, )

n—ne<n sup (1—®.(x)) < (Co+co)d sup (1 —d.(x)) < 2,
0<x<M 0<x<M 2

for £ small enough, and (48) follows.
Step S. Conclusion. Assume for the sake of contradiction that 7,, < 0o. Lete > 0
be small enough so that

C
Swe‘_Eo’a

(see Step 4), and so that the solution Z of the equation

Uo

Z,—0Z=—¢K in (0,T,) xS,
Z=0 on 39,
z(o)=5293 in Q,

is nonnegative on [0, 7,,] x Q (see Lemma 7; here, K is given by Lemma 6). Let v be
the solution of
v — Av=g(v]) - €K in (0,T) x L,
v=20 on 0%,
v(0) = w, in .
Let [0, S,,) be the maximal interval of existence of v. Set z(t) = Z(¢) + u(t) for
0<t<T,. Wehavez > u > 0 and
2 —Az=gu)—eK <g(z)—¢K on (0,7,) x L,
Zpe =0,

z(0)=uo+%°65we in Q

By the maximum principle, we have z < v on [0, min{T,,, S, }). In particular, v > 0
on [0, min{T,,, S.}); by the maximum principle and (45), v < w;. Since w, € L>(2),
this implies that T,, < S, = +00. Therefore, u < z < v < w, on [0, Tin), which is
absurd. O '
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