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Remarks on the Preceding Paper by M. Ben-Artzi
“Global Solutions of Two-Dimensional
Navier-Stokes and Euler Equations”

HaiM BREZIS

In the preceding paper, M. BEN-ARrTzI establishes an interesting existence and
uniqueness result for the two-dimensional Navier-Stokes equation with initial
vorticity in L. The purpose of this note is to show that one technical assumption
((1.19) in his notation) is not necessary for uniqueness. We follow the same notation
as in the preceding paper.

Theorem. Let &y e L1(IR?) and let 6(x, t) be a weak solution of (1.14)~(1.16). Then
0(,t) =8¢, Vt>0.

In other words the uniqueness part in Theorem B still holds without assumption
(1.19). The proof relies on the following

Lemma. Let K « L® L' be precompact in L*. Let pe (1, co] and let §(t, K) be
defined by (3.50). Then

(a) IS(@)&oll, < 0(t, K)e170P VE e K.

Proof of Lemma. Clearly &(t) = S(t)&, satisfies the integral equation (3.51) and
M(t) = supy <. <, T "M E(, 7)||, is continuous (since &, e L*NL'). Hence we

can repeat part of the proof of Theorem B (involving formulas (3.50)—(3.56)) to
derive (a).

Proof of Theorem. By the uniqueness part in Theorem B applied to the initial
condition 8(s), we know that
(b) S(H)6(s) =0(t +s) Vs>0, Vt=0.

(Note that lim,,q t[[0(t + 5)||, = 0 because 0 € C(IR+; L*).)
Applying the above Lemma with K = 6((0, 1]), which is precompact in L since
fe C(R,; L), we find 8(¢, K) such that (combining (a) and (b)),

(©) 16(t + s)||, < 6(t, K)e 1+ Vse(0,1].
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As s — 0in (c) (with ¢ > 0 being fixed), we obtain
10) ], < (e, K)e~1+0im,

In particular, lim,_ ¢ t| 8(t) ||, = 0, and we are reduced to the uniqueness condi-
tions in Theorem B.

Note added in proof. T. KATO has kindly informed me that he also had previously used con-
ditions similar to (1.19) to establish uniqueness, beginning with his paper [1] with H. FUIITA.
It seems that the observation made above, namely that assumption (1.19) is redundant for
uniqueness, also applies to several other papers of T. KATO, for example, [2].
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