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Abstract. Let 52 C R 2 be a smooth bounded simply connected domain. Consider the 
functional 

I f  1 j "  Ee(?~ ) = 2 IVUl 2 -}- ~ C  2 (]Ul 2 -- 1) 2 

on the class Hg I = {u E H1U?; C); u = g on 052} where g : 052 -+ C is a prescribed 
smooth map with !g{ = 1 on 0~'2 and deg(g, 052) = 0. Let % be a minimizer for 
E e on H 1. We prove that % --+ u 0 in C1'~(~) as e --+ 0, where u 0 is identified. 

Moreover 11% - u 0 l l z ~  <- Cc2" 

Mathematics Subject Classification." 35B25, 35B40, 35J55, 35J60 

1 Introduction 

Let 52 c R 2 be a smooth bounded simply connected domain. Consider the functional 

1 /  1 / 
E~(u)=  ~ IVu[ 2 + ~  (lul 2 - 1 )  2 (1) 

a9 f2 

which is defined for maps u E HI(~'); C). 
Functionals of this type are related to models introduced by Ginzburg-Landau in the 

study of phase transition problems occurring e.g., in superconductivity, superfluidity 
and XY-magnetism (see for example [5, 7, 9]). The order parameter has two degrees 
of freedom - so it may be described by a complex number u. 

We are concerned with the minimization of the functional E~ for a given boundary 
condition. More precisely let 

H i = {u C H1(52; C); u = g on 052}, 

where 9 : 052 --~ C is a prescribed smooth map with t9(x)t = 1 Vx C 052. 
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It is easy to see that 
Min E~(u) (2) 

uEH~ 

is achieved by some u~ which satisfies the Euler equation 

{ 1 
- A u ~  = j u e ( 1  - l u e ]  2) on 12, (3) 

u~ = g on 0s 

The maximum principle implies (see Proposition 2 below) that any solution ue of  (3) 
satisfies lu l l  _< 1 on /2 .  

Our purpose is to study the behaviour of  u~ as a --+ 0 and we shall always assume 
that 0 < e < 1. It turns out that the value d = deg(9, 0s (i.e., the Brouwer degree 
or winding number of  9 considered as a map from 012 into S l) plays a crucial role 
in the asymptotic analysis of t%. 

When d = 0 we shall prove here that u~ --~ u 0 in C1(~)  (and even in 6~kc(12) V/c) 
where u 0 is identified. 

When d r 0 the situation is much more delicate since f [Vu~[ 2 ~ +co .  In this 
s 

case one proves that a subsequence ur converges uniformly on compact sets of  s  
to some limit Uo; the singular set S consists of  exactly Idl points in s If  for instance 
d is positive at these points vortices of  degree one appear (see [1, 2]). 

In this paper we concentrate on the first case d = 0; the case d ~ 0 is studied in 
[2]. However, the results of  the present paper - and especially the ones in Sect. 3 - 
are very useful for the analysis of  the case d 7~ 0 (locally) away from the singularities. 

In what follows we assume 

deg(.q, 0s = 0.  (4) 

Since (4) holds there are smooth extensions of 9 from ~ into S 1. Let 

HgI(~, S 1) = {U C H1(12; s l ) ;  u = g on O n } .  

Consider the minimization problem 

Min f IVul 2. (5) 
uEH~(~;S 1) J 

fz 

Let u o be a minimizer for (5). By a classical result of  Morrey [6] (see also [4]) one 
knows that u o is smooth and satisfies 

- - A u  0 = u 0 [ V u 0 l  2 on ~ ,  

lu01 = 1 on 12, (6) 

u 0 9 on 012. 

There is a simple relation between problem (6) and harmonic functions which implies 
in particular that (6) has a unique solution. First, note that since 1-2 is simply connected 
and deg(g, 012) = 0 there is a smooth function ~0 : 0/2 ~ IR such that 

e ~v~ = g  on 0 ~ .  (7) 

We also denote by ~o o its harmonic extension in 12. 

L e m m a  1. We have u o = e i~~ in s 
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Proof .  Any map u C H i ( O ;  S 1) may be written as 

u = e i~' (8) 

for some function ~ C H1(s IR) [here we use again assumption (4) and the fact that 
s is simply connected]. We have 

IVul 2 = IV~] 2 (9) 

and 
A u  = e i ~ ( i A ~  - [V~] 2) 

= u ( i A ~  - IVul2). 

Thus, the equation - A u  = u l V u l  2 is equivalent to A~  = 0. 

Our main result is the following: 

Theorem 1. We have,  as  ~ --~ O, 

u e ~ u  0 in C1 '~(~)  V a < l ,  (10) 

IIA%HL~(O) _< C ,  (11) 

Ilu~ - ~0rJnoo<o> _< C c  2, 0 2 )  

and,  f o r  every  c o m p a c t  subse t  K C ~2 a n d  every  in teger  k,  

Ilu~ - u0llc~(K) _< C~:,kz 2, (13) 

1 --e21%e[2 IVu012 Ca(K) _< CK,kr 2. (14) 

R e m a r k  1. In general % does not  converge to u 0 in C2(~).  Indeed, on 0 0 ,  
I%1 = 191 = 1 and, by (2), A %  = 0; on the other hand Au 0 = -~01w012. Similarly 
(14) does not hold up to the boundary. 

R e m a r k  2. Combining (11), (12) and the interpolation inequality of Lemma A.2 (in 
the Appendix) we see that 

I I V %  - %)IIL~(O) --< C e .  (15) 

Section 2 is devoted to the proof of Theorem 1. In Sect. 3 we study a situation 
where g is not a fixed map but also depends on r More precisely we are given a 
family 9e : 0s ~ C such that 9~ --~ 9 uniformly on 0s with [g[ = 1 on 0s and 
deg(g, 0s = 0. Note that here we do not assume that [& [ = 1. Let % be a minimizer 
of  

Min E~. 
% 

Under appropriate assumptions on 9~ we prove (see Theorem 2 in Sect. 3) that 
u e ~ u o in H1(/2) and in C~c(s ). As was already mentioned this result plays 
an important role in [2]. 
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2 Proof of Theorem 1 

It is useful to start with some simple facts. 

Proposit ion 1. Let u~ be a minimizer f o r  (2). We have, as e ~ O, 

% ---+ u o strongly in H 1. 

Proof. Since u o E Hi(g?; S 1) we have 

1 / i V . e ] 2 q  - 1 / 12 1 /  ~ 2  (lUe -- 1)2 -< ~ IVUol 2" (16) 

Hence (%) is bounded in H 1 and thus 

% , ~ u  weakly in H 1. 

By (16) and lower semi-continuity we see that 

f lVul2 < f lVuo[ 2. (17) 

On the other hand, by (16), we also have 

/ (1  12 - 1) 2 < c c  2 

and therefore lul = 1 a.e. Hence u E H~U?; S ~) and in view of (17), u is a minimizer 

for (5), i.e., u = %. The strong H 1 convergence follows from the fact that 

/Iv  12  </IVUol 2 
The convergence of the full sequence is a consequence of a uniqueness of u o. 

Proposit ion 2. Let u~ be a solution of (3). Then I%1 <- 1 on ~2. 

Pro@ We have 

= % �9 A %  + I v % l  2 

1 2 12 = 71~1 (k**~ - 1 )  + IV%l 2 

Hence the function v = I% 12 - 1 satisfies 

- A v + a ( x ) v < O  on 

v = O  on 0~2 

2 2 
with a(x)  = j l % ]  -> O. By the maximum principle we conclude that v < 0 on s 
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Proposition 3. Let u~ be a minimizer for (2). Then 

On <_ C 
0~2 

where C depends only on 9 and f2. 

(18) 

Proof. Let V = (V1, V 2) be a smooth vector-field on f2 such that V = n = outward 
Ou~ 0% 

normal on 0D.  We multiply (3) by V -  Vu~ = V1~2- ~ + 1 / ~ 2 -  - . For simplicity we 
drop e. Note that c,J~ 1 ux 2 

On - ~ u~ (V . Vu)x . 
0s ~ i=1 

But since f [Vu~] 2 remains bounded as r -~ 0 we have 
s2 

s? s2 

= ~ Wi(lucc i 12)Xl q- V2(lu:v i 12)x2 -47 0 ( 1 )  

2 (u~i)2 § 0 ( 1 ) .  

Thus 

f A u ( V . V u ) =  f Ou 2 1 On - 2 f [vul2 + 0 ( 1 ) '  
0s OX2 

On the other hand 

2 u(1 - M2)(v. w,) = ~ (1 - M 2) ~ ~%(M2L~ E 2 ' 
J2 O i=1 

4e 2 l / = (1 - Mz) 2divV = 0(1)  by (16). 

D 

We conclude that 

/ Ou 2_~lVu12 1 Ou 2 Ou 2 

= f _ = 
Of 2 O~Q 

0 Ou Og 
where ~ denotes the tangential derivative. Since -- 07- 0T we see that the estimate 

in Proposition 3 holds. It is convenient to split the proof of  Theorem 1 into 2 parts: 
A. Interior estimates 
B. Estimates up to the boundary. 
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A. Interior estimates 

Step A.1." IV%[ < CK on every compact subset K c [2. 
E 

This follows directly from Lemma A. 1 in the Appendix and Proposition 2. 

Step A.2: [%[ --+ 1 uniformly on every compact subset K C [2. 
In view of (16) and the fact that % --+ u 0 in H 1 we see that 

1 f 12 j ([u e -- 1) 2---+0.  

f2 

Let x o E K and set a = ]%(Xo) [. By Step A.1 we have 

Thus 

and 

Since 

C 
luAx) l  ~ ~ + - 0  if Ix - x01 < 0 < 6 = dist(K,&Q). 

c 

C 
1 - [ % ( x ) [  > 1 - a - - - g  on B(Xo,~) 

C )2 CL 0 
(1 - ] u e ( x ) [ )  2 ~ 1 -- C~ 7 O provided --e  _< 1 - c~. 

we obtain, by (19), 

e 2 0 ( 1 ) =  

We choose 

Hence 

(1 -I%(x)12) 2 ~ (1 - I%(x) l )  2 

f (1 -1%12) 2 > 7r02(1 -c~ C0~e/2" 

B(xo,O) 

e(1 - c~) 
Q - - - -  < 6  (for e small). 

2C 

e2o(1) _> 
e2(1 - o~) 2 (1 - o~) 2 

4 C  2 4 

and therefore 
(1 -- O~) 4 ~ O(1) 

i.e., I% I -+ 1 uniformly on compact subsets of D. 

Step A.3: Set 

Then we have 

A~ = ~lV%l 2. 

1 4 2 
on f ) ,  

(19) 

(20) 

2 
where ]D2ue] 2 =  Z (  02ue )2  

i,j=l OXiOXj " 
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Proof. We have, dropping c, 

AA = ID2ul 2 § Z uxiA(ux~) 
i=1,2 

and then using the Euler equation (3) we find 

(lul 2 - 1 )  

A % ~  = ux~ e2 + _ u ( u  . %~ ) . 

Inserting this into (21) we see that 

Vu 2(lul2 - 1) zXA=ID~I ~+1 I ~ + ~ 0 * W )  ~. 

Thus 

AA > ID2~I 2 + IX7=12 Imul 
- I <  ' 

Since IA~I < v/-21D2u] we have 

-~XA + ID2ur 2 _< 2v2A ___ ID2~I 2 + 41~12. 

Step A.4: We have 

and 

(21) 

( V % )  is bounded in Llo ~ . (23) 

Given (5 > 0 (to be determined later) we may choose R sufficiently small so that 

f IV%[ 2 <~ /2, Vc Vx 0 c (24) 

B(xo,R) 

[such an integral is understood o n / 2  N B(xo, R)]; this can be achieved since % ---+ u 0 
strongly in Hi( (2)  by Proposition 1. 

Fix a point x 0 E /2 and set d = dist(Xo, 0/2). Let ~ be a smooth function with 
support in B(xo, r) with r = rain(d/2, R) such that ~ = 1 on B(xo, r/2). Multiplying 
(20) by C 2 we obtain 

1 i~2102%[ 2 < A f 4 2 * 2  [ (25) 
~2 g2 a2 

Since ]%[ ~ 1 uniformly on compact subsets of /2 (Step A.2) we have, for e 
sufficiently small, 

1 
lull_> ~ on B(xo, r). (26) 

Hence we have (because u~ is bounded in H l) 

f 421D2%12 _< C f ~IW*.I 4 + c. (27) 

a2 

(%) is bounded in Hf2oc (22) 
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Recall that Wl,l(f)) C L2(~Q) and that (see e.g., [8]) 

~2 <_ c IV~l + I~l v~ e wl, l(~).  (28) 
Y2 

Applying (28) with qD = ([Vu~[ 2 we are led to 

/ ~2[VU~I 4 C 1D2%1 + C < 

s 

(we use once more the fact that u~ is bounded in H1). By Cauchy-Schwarz and (24) 
we obtain 

, J ~2'VUe' 4 ~Cr 
o 

Hence if we choose ~5 sufficiently small we may absorb f ~2I~7Ue] 4 into the left-hand 
g2 

side of (27). We conclude that 

/ ~21D28e[2 < C.  

82 

This proves (22). 
From (22) and the Sobolev embedding we see that (Vu~) is bounded in L~oc(X2) 

for every q < oc. Going back to (20) we deduce that 

- A A ~  < f~ 

with f~ bounded in L~oc(f2) for every q < oc. This implies by standard elliptic theory 
that (A~) is bounded in Llo~ 

Step A.5." We have 

and 

1 
)5(1 - [u~[) is bounded in Llo ~ (29) 

Au~ is bounded in LloC~. 

We shall often use the following 

L e m m a  2. Let w(r) be the solution of 

3 
Then, for ~ < ~ R, 

Proof of Lemma 2. 
supersolution. 

- e2Acj +c~ = 0 on 

a; 1 on 

1 2 2 

w(r) < e ~ ( ~  - R  ) on 

(30) 

B(0, R), 
OB(O, R). 

B(o, R). 
! 2 2 

An easy computation shows that the function e 4Tg(~ - R  ) is a 
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Proof of Step A.5. We have 

~ al~12 - - ~1~12(1~12 - 1)+ IW~l 2. (31) 

Let K be a compact subset of  f2 and let d = dist(K, 022). Assume x 0 = 0 E K .  For 
6" sufficiently small we have 

I~1-> 1 /v~  on B(O,d/2).  

Thus we have, by Step A.4 and (31), 

zXlu~12+ ~2(1 -I, ,~l 2) _< c on B(O,d/2).  

Setting qo = 1 - lull 2 we find 

-6"2A~o + 7) < 6"2C on B(O,d/2). 

Applying Lemma 2 and the maximum principle we obtain that 

1 ( [  12 d2"~ 
~9 ~ 6"2C q- e 2ed Vx' 4 / .  

In particular 
d 

1 1 e s~ (32) 
7 ~(0) ~ C-}- 6" 2 

This proves (29) since the right-hand side in (32) remains bounded as e ~ 0. Finally, 
we use equation (3) and (29) to derive (30). 

B. Estimates up to the boundary 

Step B.I: Let u e be a solution of (3) then 

C 
I V % l _ < - -  on s 

E 

where C depends only on 9 and 22. 

Pro@ Write 

U e = V e ~ - W ~  

where v c is the solution of 

- Av e = ~2%(1 - ]Ue] 2) on 22, 
1 

% 0 on 0/2 

and w is the solution of 
- B w = 0  on f2, 

w 9 on Of 2. 

It follows from Lemma A.2 in the Appendix and Proposition 2 that 

ff 

(33) 
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Therefore 
C 

IlWsllL  _< IlvvsllL  + IIwLl o  <_ - + c .  

This yields (33). 

Step B.2: [% I --~ 1 uniformly on ~ .  
The proof is exactly the same as the proof of Step A.2. We allow here x 0 to be in 
and we use the fact that 

meas(s N B(xo, 6)) >- C~ 2, 

where C depends only on the smoothness of Of?. 

Step B.3: u s remains bounded in H2(/2). 
We already know (Step A.4) that (%) is bounded in HZoc(Y2); thus we have only to 
establish H 2 estimates near the boundary. Let x 0 E Of?. We drop the subcript e. 

For simplicity we first describe the proof when Of? is flat near x 0, i.e., 

N B(X0, d) = {(Xl,  x2); x 2 > 0} f"l B(Xo,  d) 

for some positive d. Let ( be a smooth function with support in B(xo, r) with 
r = rain(d, R) such that ( = 1 on B(Xo, r/2). Multiplying (20) by (2 we obtain 

1 _< 4 /  ~2 A 2 2 / (21D2ul2 V + f (2zaA 
S'2 g2 

(34) 

By Step B.2 I%1 --~ 1 uniformly on s and therefore we have, for e sufficiently small, 

1 
lusl on s (35) 

From (34) and (35) we obtain 

l/(21D2u12 < 4 / ~ 2 l V u l 4  f ~-2 Off. O~ 2 
Ox2-} -  f A+f(ZXCbA - ~ " 

f2 f2 [x 2 =0] [x 2 =0] a"2 

(36) 

The last two integrals on the right-hand side of (36) are bounded by Proposition 3 
and by (16). 

We claim that 

f ( 2 0 A  remains bounded. (37) 

Ix 2 =0] 

Proof of (37). We have 

0 1 0 
OX-- 2 A --  2 0 x  2 Ivul2 = (2LXlUXlX2 -~- ux2Ux2x2) 

z (Tj~XlUa~lX2 -- Ux2UXlXl ) 
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since Au = ~u(lul 2 - 1) = 0 on 0s Hence 

f ~20A 
0272 -- / ~2(gXlUXlX2 -- gxlxl~x2) 

[x2=O] [x2=O] 

= - 2  / Ux2(~2gXlml +r ) . 
[az2=Ol 

This remains bounded by Proposition 3. 
Thus we have shown that 

1 fo  _ 4 f f ~ 2 l V u l 4  + c .  t C21Daul2 < 
S2 D 

Using the same argument as in Step A.4 we conclude that 

f c2lO2ul <_ C. 
~2 

In the general case where ~ is not fiat near x o = 0 we introduce local coordinates 
which straighten the boundary. In the new coordinates the function u becomes a, 
defined in 

U : {(Xl, x2); X 2 > 0} n B(0 ,  d) .  

Choosing the change of coordinates (xl,  x2) ~ (xl, x 2 + h(xi)) where the graph of 
h represents locally 0g?, equation (3) becomes 

- L~2 = ~2 ~2(1 - l ~ I  2) o,1 

~2 = ~ on 

2O( ) 
where L = ~ a~5 i,j=l ~ and 

h p a l l  = 1, a12 ~ a21 

We use again 

g~ 

[x 2 = 0] n OU, 

a n = 1 + h n. 

2 
A =  IVgl 2 1 E ( % k ) ~  ' 

k=I 

(38) 

where V refers to the gradient in the n e w  (Xl, x2) coordinates. We now go over the 
same computation as in Step A.3, but for the operator L. For simplicity we omit the 
summation symbol and we write u instead of g. 

LA = a i j u ~  xx~k + uxk . L(%k ). (39) 

Differentiating the first equation in (38) with respect to x k we have 

-L(uxk) : (aij~kuxi)z j + ~u~k ( 1 -  lul ~) - -~u(u. uxk ) . (40) 
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Inserting this expression into (39) we obtain 

CA >_ ozlD2ul 2 + ~ l w l N ( M  2 - 1) - c I v < ( I v <  + ID2u]), 

where c~ denotes the ellipticity constant and C depends on Ila,y [Lc2. Therefore 

LA >_ 2lD2ul 2 -}- ~2 ]VUl2(lU[ 2 -  1 ) -  ClVul 2 

~ 2 l o e u l 2 -  1~72/,12~ - c l v u l  2. 

Since 

we have 

ILul <_ C(ID2ul + IVul) 

C iVul2(iD2u I + IW*I) + c l v u l  2 - L A +  21D2u] a < 

< 41D2~12 + c I v @  -4- c 

by Step B.2 and Young's inequality. 
Hence we find 

- L A +  4lD2u] 2 _< CIVul 4 -}- C.  

Therefore we are led to 

~ r _< 
u 

Finally we claim 

C / g21Vul4 + / g2LA 
U u 

(41) 

(42) 

(43) 

(44) 

/ ~2LA <_ C. (45) 

Proof of (45). We have 

U U [x2=O] [x2=O] 

-- f a22~2(A)x2-] - f g22(~2)x2 A . (46) 
[x 2 =0] [x 2 =0] 

All the integrals on the right-hand side of (46) are clearly bounded (since u is bounded 
in Hi(Y2) and by Proposition 3) except for f a22~2(A)x2 . To estimate this integral 

[x2=O] 
we write 

(A)x 2 =- uXluXlX 2 -1- UX2UX2X2, 

On [x 2 = 0] we have, by (38), Lu = 0 so that 

(a22Ux2)x 2 = --(all uxl )Xl -- (al2UXl )X 2 -- (a21Ux2)xl . 
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1 2 Using the fact that Uxlx2%2 = ~(uz2)z 1 we see by a simple computation that 

f a22~ZAx2 remains bounded (we make several integrations by parts in z 1 and 
[x2-01 
use Proposition 3). This completes the proof of (45). 

Finally we go back to (44) which yields, using (45), 

~ / (2192u12 ~_ C r q- C.  
u u 

As in the proof of Step A.4 we conclude that 

(2[D2ul < C.  

u 

Step B.4: Proof of (11). 

Proof. By Step B.2 we may assume that 

1 lu~l_~ on f?. 

Letting 
1 

= 7 (1 -I%12) 

we have, as in the proof of Step A.5, 

- 2e2A~  + r _< 41V%l 2 on C.  (47) 

Recall (by Step B.3 and Sobolev embedding) that (Vu~) is bounded in L~(f?) for 
every r < c~. Multiplying (47) by g?q-1 we see that, since ~ = 0 on Of?, 

/ ~ q  ~ 4 / ] V u e [ 2 ~  )q-I- 

f2 f2 

This yields 
II~IIL~ ~ 41tW~1122~ ~ Cq 

In view of (3) we conclude that 

IIA~IILq _< Cq for every q < oo. 

In particular (choosing any q > 2) we see that 

IIW~IIL~ --< C. 

Going back to (47) and using the maximum principle we find 

II~IIL~ <-- 411V~[l~  _< c .  

This yields (l l) since - -A% = %tb. 

Step B.5: Proof of(12). 
Since I%1 -> 1/2 on f? (for e sufficiently small) we may write 

U e = ~ee i ~  with L)~ = I~1. 

(48) 

(49) 
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Equation (3) becomes 

i.e., 

and 

~ A ~ e  + 2V~eVcpe = 0 

div(02~Vcpe) = 0 

1 
-z~o~ + o~lV~l ~ = ?5 ~(a - ~ ) .  

We already know by Step B.4 that 

[{o~ - l [ I L ~ ( m  _< Cg "2 . 

Write (51) as 

- A(r - ~o) = div((02e - 1)VT)~) on .Q, 

~ ~o 0 on 0 ~ ,  

(recall that A~o = 0). 
It follows from the elliptic estimates that 

I I ~  - ~011L~ -< clP(0~ - 1)v~ll,:,oo _< c ~  2 

by (53) and (48). Putting together (53) and (55) we obtain (12). 

Step B.6: For every integer k we have 

I IV~H% _< c 

and 

(50) 

(51) 

(52) 

(53) 

(54) 

(55) 

(56) 

(62) 

(63) 

-Acp~ = 2V0~vqoe on ~ .  
0c 

From (56), (61), (62) and elliptic estimates we deduce that 

" �9 ocl l~FIw, '~+2''~ < C  v p < o o .  

By (50) we have 

[IV~o~l[c~c _< C .  (61) 
In particular 

-~0~  = - ~ l V ~ l  2 + ~(1 + o~)x~. (59) 

The right hand side of (59) remains bounded in Cikoc by (56) and (57). Thus 

II~llwL+2,p _< c Vp < oo. (60) 

We write (52) as 

1 - & c~c 
_< C (57) 

The proof is by induction on k. When k = 0 these estimates have already been 
established (even globally on g?) - see (48) and (53). 
Set 

x~  = ~ ( 1  - 0~). (58) 
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Using (62) once more together with (60) and (63) we obtain 

II~tlw,2~,,, -< c vp < oo 

which implies by the Sobolev embedding 

Ilv~o~llc~21 _ c ,  (64) 

i.e., (56) holds with (k + 1) instead of k. From the definition of X~ and (59) we have 

e2AX~ = - 0 ~ t V ~ t  2 + qo~(1 + o~)X e . (65) 

By Lemma A.1 in the Appendix applied to DkX~ (where D k denotes any k m order 
derivative) we obtain 

k§ 2 IID X~llcoo(o,,) < CIiDkX~llc~<n,)(llDkX~llL~o(o,)+ IlakAX~HLoo<o,>) (66) 

(with ~ "  C f2' and ~ '  C f2). In view of (57) 

]lDk'X~ll~,~(a,) < c .  
Using (65), (56) and (57) we have 

Consequently, by (66), we are led to 

clID~+*X~IIL~ _< C 

i.e., 
]l~X~/ick+, < C. (67) 

We rewrite (65) as 

_e2AX ~ + 2X E = 3eZX2 _ 4 3 e X~ + Q~tV~]  2 - _g~. 

Note that 
llR~llc,~+, - c 

[this follows from (67), (61) and (64)]. 
Differentiating (68) at order (k + 1) we obtain 

-e2A(Dk+IXE) + 2Dk+IXs = Dk+lR, on g?'. 

On the other hand 

[]D~+lXellLo~(ory ) <_ C__ by (67). 
s 

Applying Lemma 2 we find 

IIDk+~X~IIL~(~,,) <_ C + ~ e  -d/4e , 

where d = dist (X2", &Ol). Consequently 

Iix~llq~o+, _< c 

i.e., (57) holds with (k -t- 1) instead of k. This completes the proof of Step B.6. 

(68) 

(70) 



138 F. Bethuel, M. Brezis, and F. H61ein 

Step B.7: Proof of(t3) and (14). 
Recall that AWo = 0. From (62) we deduce that 

a ( ~  - ~Oo) = 2_e~V V ~  
t)e 

Hence, by (55), (56) and (57) we have 

Therefore 

on X?. 

% - u o = Q~ei~ ~ - u o = ( ~  - 1)ei~ + e i ~  _ ei~O 

satisfies 

It~ - u011% -< C~ 2 

[by (57) and (72)]. This completes the proof of  (13). 
We now turn to the proof of  (14). Returning to (68) we write 

1 lVuol2 ) = ] V ~ I 2  _ IV~oI2 + S~, -c2A(X~ - ~lVuol2) + 2 (X ,  - -~ 

where S s = 3g2X 2 4 3 - e x2  + ( a  - 1)lv~o~? + �89 2) 

(note that [V%I = IVg~o[ since u o = e~O). 
Clearly 

{I~I I% <- Ce 2 

and 

(72) 

(73) 

l l ]v~ l  ~ -IV~o1211% ~ c~  2 

l lVuo[2) [by (56), (57) and (72)]. Applying once more Lemma 2 to co = Dk(X~ - -i 
we are led to 

1 [~7Uol2 
/ 

c~c ~1 + e2 j x~ - i < c~:  _1 _~/42~. 

This completes the proof of  (14). 

3 The case of a boundary condition depending on 

We now return to the minimization problem (2) but we allow g to depend on e. More 
precisely, we have a family of  boundary conditions g~ : OY2 --~ C and we consider 
the problem 

Min IVut z + (]ul 2 - 1) 2 (74) 
% ( o ; c )  2 ~ ,  " 

f2 

In what follows we denote by % any minimizer of  (74). 
We make the following assumptions 

Ii&llL~COfZ) -< 1, (75) 

ilg~ IIHl(0r;) -<- C (76) 
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and / (Ig l- 1) 2 -< CC2 (77) 

of  2 

that we do not assume that 9~ takes its values into $1). (note 
We also assume that 

g~ ---+ g uniformly on 0X? (78) 

so that, by (77), Igl = 1 and hence deg(g, 0X?) is well defined. We assume that 

As in Section 1 we write 

deg(9 , 0(2) = 0.  (79) 

g = e i~p~ o n  0.(2 

for some harmonic function ~0" 
Set 

U 0 : Ei~Po 

Our main result is the following 

Theorem 2. 

and 

in S?. 

Under the assumptions (75)-(79) we have, 

% --+ u o strongly in Hi ( f2 ) ,  (80) 

% --+ u o uniformly on ~ ,  (81) 

u ~ - + %  in C~c(~?) Vk (82) 

1 - lUe l  2 
~2 § IVuo] 2 in C~c(Y?) Vk. (83) 

We split the proof into 3 steps. 

Step 1. We have 

and 

% -+ u o strongly in H1((2) (80) 

~/(1~1 2 - 1) 2 --~ o .  

f2 

Proof. We use a special comparison function of the form 

V~ = ~]ee i~c 

where % is the solution of 

- e2A~7~ + %  = 1 on ~ ,  

% ]g~[ on 0~2, 

and ~b e is the solution of 

{ A~b~ = 0  on f2, 

r  on 0 D ,  

where ~ : 0~2 --+ R is defined by 

Eiqoz_ gc 
Ig~l 

( 8 4 )  

( 8 5 )  

(86) 

(87) 
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(this is always possible since deg(9~, &(2) = 0 for e sufficiently small). In view of 
(78) we may choose ~ such that ~ ---* 9~o uniformly on Of 2. We claim that 

and 

f [Vr/~l 2 < Ce 
X2 

(88) 

[the computation relies on (91), (76) and 
and we obtain 

C 2 / ' V ~ e [ 2 - } - / ' ( T ] e - -  1)2 ~ 

Y2 

Thus we have proved (88) and (89). 

We claim that 

/ 1 / 1 /  ]2 1 IW~l 2 q- (lUel 2 1) 2 < IV~de -I- CC 

S9 Y2 X2 

(77)]. Finally, we multiply (86) by (r/~ - 1) 

on 1%-1[ 
o o  

e2 0% 
~-n L2(a~) 1119~[ - 111L2(0~2) 

C6 "3 . 

(93) 

c~ ( % -  1) 2 _< Co. (89) 

Q 

Plvof of (88) and (89). Note that % is a minimizer for 

[V~]] 2 q- 7~ (T] --  1) 2 on  ig~l(~;R). 

f2 s 

We use as comparison function 

~e(Xl,  X2) : (IoOe(Xl)l -- 1)'7(322) -]- 1 

written in local coordinates assuming ~2 = {(xl, x2); x 2 > 0} near a boundary point, 
and 7 is a smooth function with small support near 0 with 7(0) = 1. Note that 

IV~I 2 + ~  (T7~-1) 2 < C  (90) 

O 

(here we use (76) and (77)). Hence 

f i f  IVrj~/2 + j (rj~ -- 1) 2 ~ C .  (91) 
Y2 g2 

Next, we multiply (86) - as in the proof of Proposition 3 - by V. V(r/e - 1). This 
yields 

f O~ c 2 < C (92) 
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Indeed, we use the fact that u~ is a minimizer for (74) and the comparison function 
v~ defined in (85). Note that 

c~ (Iv~l 2 --  1) 2 ---- ~ (77e --  1) 2 --< C E  

s2 D 

by (89). On the other hand 

f ,Vv~I2=f IV~7~I2+r l : IVr  2 _< Cc  + / , V ~ P ~ ]  2 

s s 

since r/~ < 1. This proves (93). 

Finally we observe that ~ --+ ~0 strongly in Hi(g2). Indeed ep~ is bounded in 

HI(OD) and ~ + ~0 uniformly on 0~Q imply that ~ --+ ~0 strongly in H1/2(0~). 
By (87) we deduce that ~ --+ ~0 strongly in H1(~2). 

From (93) we know that (u~) is bounded in H 1 and thus 

u ~  ~ u weakly in H 1 . 

By (93) and lower semi-continuity we see that 

Y2 Y2 (2 

On the other hand 

J (]Ue] 2 --  l )  2 ~ C c  2 

s 

and therefore ]u[ = 1 a.e. Hence u E H~(s S 1) and in view of  (94) u is a minimizer 

for (5), i.e., u = u 0. The strong convergence u~ -+ u 0 in H 1 follows from the fact 
that 

lim f lVu~12 <<_ f lVUol 2 ~--.o j 

and the uniqueness of u 0. Going back to (93) and using the strong convergence of 
u~ ~ u 0 in H 1 we obtain (84). This completes the proof of Step 1. 

Step 2: Proof of(81). 
Steps A.1 and A.2 in Sect. 2 hold without any modification and therefore ]u~ I --+ 1 

uniformly on every compact subset of  ~2. 
We shall now prove that 

[ u ~ 1 4  1 uniformly on ~ .  (95) 

We argue by contradiction, i.e., we assume that there are sequences r ~ 0, a n E Y2 
such that 

]u~(a~)[ < 1 -  5 (96) 

for some f > O. We may also assume that a n ---+ a and a C 0f2. We set u n = ucn 
and d n = dist (a~, 0~) .  

We claim that 

d~ ~ O. (97) 
~n 
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Proof of (97). Let G~ < t _ gd,~ be a sequence of positive numbers to be chosen later. 

By  Lemma A. 1 we know that 

]Vun(X)]  2 ~ C 1 + dist2( x, Of?) Vx C f?,  

where C is some universal constant. In particular we have 

[Vu~(x)' <- C(-~n + d~ ) Vx C B(a~,rn). 

Therefore 

lu,~(x)_u,~(%) i < C%.(l\sr~ + 1  ) 

and consequently 

'u,~(x)]<-'un(a~)]+C%(~+~) VxEB(a~,rn), 

Thus 

1 -[u~(x)[  Z a -  C%\e~ ~ 

We shall choose r n in such a way that 

8 -  C% + _>~. 

Hence 
8~ 

( 1 - l u l l 2 )  2 > -~ on B(a~,%). 

It follows that 

f __ 2 (1 - l u n l 2 )  2 > 4 7rrn' 

s 

On the other hand we know by (84) that 

(1  - =  v:20( t )  

f2 

and we deduce that 
rqe~, s, 0 ,  

We now choose r n so that all the requirements are satisfied, i.e., 

r,~ < 1 r n < ~ rr~ < 6 

d-~ - 2 '  e-~ - 4 Z ; '  d- 7 - 4-C" 

For example we take 

%. = rain ' 4 C  ' 4 C  J "  

Using (98) we see that (97) holds. 

(98) 
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Proof of (95) completed. We use a blow-up argument. 
Set 

vn(y) = u,~(d,~y + a,O, for y E G n = 4 - ( / 2  - an) .  

Modulo a rotation, we may always assume that 

Clearly v n satisfies 

and 

G n --+ G = ( -1 ,  +oo) x IR. 

- A v n =  v ~ ( 1 - 1 v n l  2) on Gn ,  (99) 

f IV .l = f IW,d 2 < c .  
G n  $2 

Passing to a subsequence, we may also assume that % -+ v uniformly on compact 
subsets of G where v satisfies 

A v = 0  in G [by (97) and (99)] 

and 

tVvi < +cx>. 

G 

Finally, we also see easily - since g~ --+ g uniformly on 0/2 - that 

v = g ( a )  on OG. 

It follows that v =_ 9(a) on G. On the other hand, v,~(0) = u,~(an), and thus 
]v,~(0) t <_ 1 - &  Hence Iv(0)] _< 1 - &  this contradicts the fact that Iv(0)] = ]9(a)] = 1. 
The proof of (95) is complete. 

Proof of(81). We write, as in Sect. 2, 

~z e = ~ e i~~ 
g 

We have just proved that ~ + 1 uniformly on ~ .  Next we write, using (51), 

- d iv (o2~V(~  - ~0)) = div((o2e - 1)V~0)- (100) 

The equation is uniformly elliptic since & --+ 1 uniformly on ~ .  It follows from 
elliptic estimates (see [10] or [3]) that 

]Iqo~ - ~0]]L~O(S~) _< C ( H ~  - ~ooliL~(Oga ) + I1(02~ - 1)v~0llLP(O)) 

with any p > 2. Note that ~0 E HU2(S2) (since g c H1(0/2)), and thus V~o E 
H1/2(~) C L4((2). We conclude that ~oe -+ ~0 uniformly on ~ and this completes 
the proof of  (81). 
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Step 3: Proof  of  (82) and (83) 
We follow the same argument as in Section 2 The proofs in Steps A.3, A.4, and 

A.5 are unchanged. They yield: 

u e is bounded in H2o (101) 

V% is bounded in Llo ~ (102) 

1 
)5( 1 - I % [ )  is bounded in Lio ~ (103) 

A% is bounded in Llo ~ (104) 

Next we prove that, for every integer k, 

PlV  llc c -< c (105) 

1 - L)e __< C .  (106) 
- - 7 -  c ck 

For k = 0, these estimates have already been established [see (102), (103)]. The 
induction argument presented in Step B.6 can be repeated without any modification. 
From (105) and (106) we deduce that 

9~--+qo 0 in C~koc (107) 

and 
~---~ 1 in Cikoc . (108) 

This implies that u~ = p~e i~  converges to u o in C~c, i.e., we have proved (82). 
The proof of (83) follows the same argument as the proof of (14) in Step B.7. 

We use again (73). We know that 

]V~I  2 -IV~OoJ 2 --+ 0 in C~r 

and 
S~---+O in C~c 

by (107), (106) and (108). On the other hand X e is bounded in C~c by (106). Applying 

once more Lemmma 2 to co = Dk(X~ - �89 2) we have that 

-  lVuol 2 0. 
C~c 

This completes the proof of (83). 

A p p e n d i x  

Some interpolation - type inequalities 

The following results are interpolation estimates in the spirit of the Gagliardo- 
Nirenberg inequalities (see e.g. [8]); they are presumably known to the experts but 
we present the proofs for the convenience of the reader. 
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L e m m a  A.1. Assume u satisfies 

- A u  = f 

Then 

/V~(x)l 2 -< C(IIf[IL~<.)II~IIL~<.) + 

on g) c N  N . 

1 
Vx E J2, (A.1) 

We now distinguish two cases: 

Case 1" 

We deduce that 

and thus (A.1) holds at x = 0. 

Case 2." 

II%IILO ~1/2 < d. 
IlfllL~ J -- 

In this case we apply (A.3) with 

A =  

1/2 1/2 
]Vu(0)I _< 2CIIfllL~ IlullL~ 

( ll llL ' '/2 > d 
hlfllL~] 

We now apply (A.3) with A = d and we find 

I W @ l  <_ c dIIIIIL~ + ?ll~tlL 

<C(llflt~r~ 1/2 d ) 

This yields (A.1) at z = 0. 

where C is some constant depending only on N.  

Proof. Assume for simplicity that 0 C /2 and set d = dist (0, 0~2). We shall prove 
that (A.1) holds at x = 0. Let 0 < ), _< d be a constant to be determined later. The 
function 

v(y) = u(~y) 

is defined on the ball B(0, 1) = B 1 since A < d and it satisfies 

- A v ( y ) = A 2 f ( A y )  in B 1. (A.2) 

It follows from standard elliptic estimates in/31 that 

IVv(O)I ~ C(/~211f(/~Y)IIL~(B1) + IIVlIL~(B1)), 
where C depends only on N.  In particular we have 

;~lW(O)l _< C(~211flIL~(~> + H~IIL~(~>)' (A.3) 
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Lemma A.2. Assume u satisfies 

- - A u = f  on ~QCR N 
u = 0 on Of?, (A.4) 

where Y2 is a smooth bounded domain. Then 

IlVull~<o> < CIIf[IL~<a)llUllz~<o>, (n.5) 
where C is a constant depending only on $2. 

Proof. From the elliptic theory we know that 

IlU[tr~(.) _< CFIflIL~(~). (A.6) 

On the other hand if K is a compact subset of f2 we may use (A.1) together with 
(A.6) to conclude that 

IlWll~<K> _< CKllflrL~(.)rl~llL~(~). (A.7) 

Therefore we have only to estimate Vat near the boundary. After a local change of 
coordinates near a boundary point x 0 equation (A.4) becomes 

-~-~ ,~-2-  a,j = f  on B ~ = { X E B R ; X N > O } ,  
i,j (A.8) 

u = 0  on B R A { X N = O } ,  

where aij(x) are smooth and uniformly elliptic coefficients (they depend only on Of?) 
and R may be fixed independent of x 0. 
Set 

v ( y ) = u ( A y + ~ )  in B +,  

where 0 < A < R /2  will be determined later and ~ is an arbitrary point on 
BR/2 N {YN = 0}. The function v satisfies 

0 Ov 
- ~ - ~ . ~ - - - ( a i j ( A y + ~ ) ~ - ( y ) ~ = ) ~ 2 f ( A y + ~ )  on B +, 

i,j oyj \ (YYi / 

v = O  on B I ~ { Y N  = 0 } ,  

Standard elliptic estimates in B1 + imply that 

IIVVlIL~(B?/2) <-- C()~21lf('\Y + ~>IIL~<Bt> + [I~I[L~(B,*)), (A.9) 

where C depends on the ellipticity constant of aij(Ay+ ~) and on Ha~j(),Y+,gllCl(BF). 
Since all these quantities are controlled independently of )~ and ~ when A _< R/2  and 
[~l <- R /2  we deduce that 

alIWlIL~<~+B+/2 ~ --< C('X211IIIL~(~)+ I[~IIL~(~))- (a.10) 

We distinguish two cases: 
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Case 1: 

Ilfllz ] - 2 "  

{ ~  1/2 
In this case we apply (A.10) with A = 

\ II/IIL ] 
This yields 

1/2 1/2 
IlVulIL~<+~;/2> --< CIIfllz~<o>ll~llL~<~>. 

Since ~ is arbitrary with I~1 -< R/2 we deduce that 

1/2 1/2 
]Vu(z)l _< cII/llL~<o> ~ L~<O) vz  = (x' ,xN) 

R A 
with S I  < 7  and O < x  N < ~ .  

Going back to u on ~2 we have proved that 

1/2 1/2 A 
IVu(x)l < CIIfllL~(f2)tlUllL~(f2) Vx E ~ with dist(x, OY?) < ~ ,  

where K is some large constant depending only on 
dist(x, Og?) > A/K we may apply (A.1) and conclude that 

K 2 
IW(x)l 2 < C(IIIIIL~<~>II~IIL~<.)+ ~-I1~11~<~>) 

C(1 2 = + K )llfllL~<~)lbllL~<a>. 

Y2. On the other hand if 

In both situations we see that (A.5) holds. 

Case 2: 
( ~  1/2 _ 

\IlfllL ] - 2" 
In this case we apply (A.10) with A = R / 2  and ~ = 0. This yields 

( ' ) IlVullL~<Bi/2> _< C RII/II/~<~> + ~ II~llz~<~> 

( 1 / 2  ,/2 1 ) 
<_ c 211flIL~<O>IblIL~<O) + ~lbllL~<~) 

_ /:111/2 1 / 2  
< CIl.,,z~<a)llullz~(o>. 

Going back to u on ~ we see that 

1/2 1/2 
IlVullz~<a> --< CIIfllL~<~>lbllL~<~> 

for some fixed neighbourhood U of  0g2. This completes the proof since we already 
have the interior estimate (A.7). 

Acknowledgements. Part of this work was done while the first author (F.B.) and the third author 
(F.H.) were visiting Rutgers University. They thank the Mathematics Department for its support and 
hospitality; their work was also partially supported by a Grant of the French Ministry of Research 
and Technology (MRT Grant 90S0315). 



148 F. Bethuel, M. Brezis, and F. H61ein 

References 

1. Bethuel, F., Brezis, H., H61ein, F.: Limite singuli~re pour la minimisation de fonctionnelles du 
type Ginzburg-Landau. C.R. Acad. Sci. Paris 314, 891-895 (1992) 

2. Bethuel, F., Brezis, H., H61ein, F.: Ginzburg-Landau vortices (to appear) 
3. Gilbarg, D., Trudinger, N.: Elliptic partial differential equations of second order. Berlin, 

Heidelberg, New York: Springer 1982 
4. H61ein, F.: R6gularit6 des applications faiblement harmoniques entre une surface et une sphere. 

C.R. Acad. Sci. Paris 311, 519-524 (1990) 
5. Kosterlitz, J.M., Thouless, D.J.: Two dimensional physics. In: Brewer, D.F. (ed.) Progress in 

low temperature physics, vol. VIIB. Amsterdam: North-Holland 1978 
6. Morrey, C.B.: The problem of Plateau on a Riemannian manifold. Ann. Math. 49, 807-851 

(1948); Morrey, C.B.: Multiple integrals in the calculus of variations. (Grundlehren math. Wiss., 
vol. 130) Berlin, Heidelberg, New York: Springer 1966 

7. Nelson, D.R.: Defect mediated phase transitions. In: Domb, C., Lebowitz, J.L. (eds) Phase 
transitions and critical phenomena, vol. 7. New York: Academic Press 1983 

8. Nirenberg, L.: On elliptic partial differential equations. Ann. Sc. Norm. Sup. Pisa 13, 116-162 
(1958) 

9. Saint-James, D., Sarrna, G., Thoma, E.J.: Type II superconductivity. New York: Pergamon Press 
1969 

10. Stampacchia, G.: Equations elliptiques du second ordre avec co6fficients discontinus. Presses de 
l'Universit6 de Montr6al 1966 


