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Abstract. Let £2 C R? be a smooth bounded simply connected domain. Consider the
functional ) )
— 2 2 2
B = [IVaf+ 5 [l =0
17 Q

on the class Hg1 = {u € HY(£2;C); u = g on 812} where g : 32 — C is a prescribed
smooth map with |g| = 1 on 042 and deg(g, 92) = 0. Let u_ be a minimizer for
E, on H. We prove that u, — uy in C*(£)) as ¢ — 0, where uj is identified.
Moreover [u, — ug|l foo < CE2.
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1 Introduction

Let 2 C R? be a smooth bounded simply connected domain. Consider the functional
1 2, 1 2 2
Ee(w) =5 / [Vul” + o) /(1“' - b )
Q 7] ,

which is defined for maps u € H'(£2;C).

Functionals of this type are related to models introduced by Ginzburg-lL.andau in the
study of phase transition problems occurring e.g., in superconductivity, superfluidity
and XY-magnetism (see for example [5, 7, 9]). The order parameter has two degrees
of freedom — so it may be described by a complex number .

We are concerned with the minimization of the functional E_ for a given boundary
condition. More precisely let

H) ={u€ H'(2;,C); u=gon 802},
where g : 32 — C is a prescribed smooth map with |g(z)| = 1 Vx &€ 942
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It is easy to see that

Min E_(u) 2)
uEH;

is achieved by some u, which satisfies the Euler equation

_ e
{ — Au, = 62ua(l |u|*) on 2, 3)

U, =g on Of2.

The maximum principle implies (see Proposition 2 below) that any solution v, of (3)
satisfies |u.| <1 on £2.

Our purpose is to study the behaviour of u_ as € — 0 and we shall always assume
that 0 < & < 1. It turns out that the value d = deg(g, 812) (i.e., the Brouwer degree
or winding number of g considered as a map from 842 into S!) plays a crucial role
in the asymptotic analysis of u,.

When d = 0 we shall prove here that u, — u in C'(£2) (and even in CF (2) Vk)
where u, is identified.

When d # 0 the situation is much more delicate since [ |Vu,|? — 4oco. In this

Q

case one proves that a subsequence u,converges uniformly on compact sets of NS
to some limit uy; the singular set S consists of exactly |d| points in {2. If for instance
d is positive at these points vortices of degree one appear (see [1, 2]).

In this paper we concentrate on the first case d = 0; the case d # 0 is studied in
[2]. However, the results of the present paper — and especially the ones in Sect. 3 —
are very useful for the analysis of the case d # 0 (locally) away from the singularities.

In what follows we assume

deg(g,012) = 0. @
Since (4) holds there are smooth extensions of g from 2 into S'. Let
H)(2:8") = {u e H'(2,5"); u=g on 802}

Consider the minimization problem

uEHé(Q;SI)

Min / |Vul®. 5
2

Let u, be a minimizer for (5). By a classical result of Morrey [6] (see also [4]) one
knows that v, is smooth and satisfies

lugl =1 on {2, (6)

There is a simple relation between problem (6) and harmonic functions which implies
in particular that (6) has a unique solution. First, note that since {2 is simply connected
and deg(g, 012) = 0 there is a smooth function ¢, : 82 — R such that

e =g on 90. N
We also denote by ¢, its harmonic extension in (2.

Lemma 1. We have u, = €' in (2.
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Proof. Any map u € H}(£2; S") may be written as
u=ev (8)

for some function ¢ € H'(£2;R) [here we use again assumption (4) and the fact that
{2 is simply connected]. We have

IVul? = [Vl ©)

and _
Au = e (iAp — [V|?)
= u(iAp — |Vul?).
Thus, the equation —Awu = u|Vul|? is equivalent to Ap = 0.
Our main result is the following:

Theorem 1. We have, as € — 0,

u, —uy in CY*() Va<l, (10)
HAUEHLOO(.Q) <C, (11)
[, — gl poo(y < Ce?, (12)

and, for every compact subset K C {2 and every integer k,
e — gl okery < CK,kEZa (13)

— |V < Cgpt’ a4

Ch(K)

1 - |u5]2
52

Remark 1. In general u, does not converge to u, in CX($2). Indeed, on 812,
lu.| = |g| = 1 and, by (2), Au_ = 0; on the other hand Au, = —u,|Vug|?. Similarly
(14) does not hold up to the boundary.

Remark 2. Combining (11), (12) and the interpolation inequality of Lemma A.2 (in
the Appendix) we see that

[V(u, —up)ll ooy < Ce .- (15

Section 2 is devoted to the proof of Theorem 1. In Sect. 3 we study a situation
where ¢ is not a fixed map but also depends on . More precisely we are given a
family g, : 062 — C such that g. — ¢ uniformly on 02 with |g| = 1 on 82 and
deg(g, 812) = 0. Note that here we do not assume that |g,| = 1. Let u_ be a minimizer
of

MinE, .
H;E

Under appropriate assumptions on g, we prove (see Theorem 2 in Sect. 3) that
u, — uy in H'($2) and in Cf (£2). As was already mentioned this result plays
an important role in [2].
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2 Proof of Theorem 1
It is useful to start with some simple facts.
Proposition 1. Let u, be a minimizer for (2). We have, as € — 0,
u, — uy strongly in I L

Proof. Since u € H;(.Q; S1y we have

1 2, 1 2 21 2
2 12 < =
2/|Vu5\ +4€2 /(}uel 1) < 2/|Vuo| . (16)

Hence (u,) is bounded in H' and thus

u,, — u weakly in H'.

By (16) and lower semi-continuity we see that

/ Vul? < / V|, a7

On the other hand, by (16), we also have
/(|u€|2 —1)? < Ce?

and therefore |u| = 1 a.e. Hence u € Hgl(ﬁ; S1y and in view of (17),  is a minimizer
for (5), i.e., u = u,. The strong [ 1 convergence follows from the fact that

/ IV < / V.

The convergence of the full sequence is a consequence of a uniqueness of .
Proposition 2. Let u_ be a solution of (3). Then |u_| < 1 on £2.
Proof. We have

u, - Au,_ + Vu,_|?

1
§A|us|2

1
Sl =1+ [V

1
Sl P = 1)

Hence the function v = |u_|?> — 1 satisfies

—Av+axv <0 on 2
v=0 on 0

2
with a(z) = = |u_|*> > 0. By the maximum principle we conclude that v < 0 on £2.
g2'*
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Proposition 3. Let «_ be a minimizer for (2). Then

Al
i onl —

where C depends only on g and (2.

(18)

Proof. Let V = (V|,V,) be a smooth vector-field on {2 such that V' = n = outward

normal on 8f2. We multiply 3) by V- Vu_ = V| —= Ou + Vzg
)

drop &. Note that 0z,

5 2
/Au(wvm):/}g% "/Z%(V'W)xi«
Q an o =1

But since [ |Vu,|* remains bounded as ¢ — 0 we have
2

simplicity we

2 2

i

—32 / Vidlug, Pz, + Vallug, )y, + O
2

- .;: /(umi)?‘ +0(1).
a0

/Au(V Vu) = /] /v 24 00).

On the other hand

1 1 :
5 [ut =P v = 5 [a-b Y v,
&~ }2 o =1

Thus

1
= ;;gi/(l —JuPPdivV = O0(1) by (16).
2

We conclude that
J 5] =519k = 3 /I | - |5 = ow
a0

0 . . . du 0 )
where — denotes the tangential derivative. Since — = 99 we see that the estimate

T T T

in Proposition 3 holds. It is convenient to split the proof of Theorem 1 into 2 parts:
A. Interior estimates
B. Estimates up to the boundary.
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A. Interior estimates

C
Step A.l: [Vu,| < TK on every compact subset K C f2.

This follows directly from Lemma A.1 in the Appendix and Proposition 2.

Step A.2: |u.| — 1 uniformly on every compact subset K C {2.
In view of (16) and the fact that u, — u, in H' we see that

Eiz/(|u5|2— 1Y —0.
02

Let 25 € K and set o = |u_(z)|. By Step A.1 we have

lu (z)] < a+ g—g if |z—xzy <o <6=dist(K,08).

Thus C
1—|u @) >1—a- zg on B(z,, 0)
and o 2 o
A — ju@))? > (1 —a— ?g> provided ?Q <1-a.
Since

(1 = u. @) 2 (1~ [u @)’
we obtain, by (19),

Con2
2o(1) = / - |uP? > Wgz(l —a- ?9) :
B(mO’g)
We choose )
0= 2 zg'a) < 6 (for £ small).
Hence 5 5 5
2 e(l—a)y (1 — o)
o)y > 7w 102 7
and therefore
(1 -t <o(l)
ie., |u,| — 1 uniformly on compact subsets of {2.
Step A3: Set
1
Aa = §|Vua|2
Then we have . A
2. 12 2
_AAE+§|D u|* < ‘UE|ZA6 on {2,
where |D?u_|* = ( Ou, )2
el = Ox.0x

(19)

(20
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Proof. We have, dropping &,
A=|D?uf + Z u, Alu, ) 2D
i=1,2
and then using the Euler equation (3) we find

2 _
Au :UM 2 u(u - Uy ).

Ly T 82
Inserting this into (21) we see that
21 2
AA = |D*uf + |Vu|2L2) + S(u- V.
€ €

Thus
Aul

AA > |D*uf* + |Vu |2|| T

Since |Au| < v/2|D?u| we have

2 1 AZ
~AA+ | D*uf? < 2fo| vl < S |Df + 4.
ul — 2 Jul
Step A4: We have
(u.) is bounded in H2, (22)
and
(Vu,) isboundedin L. (23)

Given 6 > 0 (to be determined later) we may choose R sufficiently small so that

Vu > <6 Vzo€ 2, Ve (24)
Bz, R)

[such an integral is understood on 2N B(zx,, R)]; this can be achieved since u, — u,
strongly in H'({2) by Proposition 1.

Fix a point 2, € {2 and set d = dist(x,, 862). Let ¢ be a smooth function with
support in B(z,, r) with r = min(d/2, R) such that { = 1 on B(z,, r/2). Multiplying
(20) by ¢? we obtain

/ C|D%u, | < 4 / —A2 / (ACHA, . (25)
2

Since |u,| — 1 uniformly on compact subsets of {2 (Step A.2) we have, for ¢
sufficiently small,

1
lu.| > 5 on Bz, 7). (26)
Hence we have (because u, is bounded in I 1y

/C2|D2u5|2 < C/C2|Vu5|4+6’. (27)
2 2
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Recall that WH1(£2) C L?(£2) and that (see e.g., [8])
1/2
( / s02> <c [ Vel +1el voewhi@. (28)
2 2

Applying (28) with ¢ = ¢|Vu_|* we are led to

2
[ervul < c( [¢vel |D2us|> e
0 2

(we use once more the fact that u, is bounded in I ). By Cauchy-Schwarz and (24)
we obtain

‘/C2|Vu5|4 < Cé/CZ\D2u€|2—|—C.
2 2

Hence if we choose § sufficiently small we may absorb [ (?|Vu_|* into the left-hand
Q2

side of (27). We conclude that
[z,
Q

This proves (22).
From (22) and the Sobolev embedding we see that (Vu,) is bounded in Lﬁ)C(Q)
for every ¢ < oo. Going back to (20) we deduce that

—-AA, < f.

with f, bounded in L{ (£2) for every ¢ < oc. This implies by standard elliptic theory
that (A,) is bounded in L2 (f2).

loc
Step A.5: We have

1 . . >0
22—(1 — |u.]) is bounded in Ly 29
and
Au, is bounded in L7, . (30)
We shall often use the following
Lemma 2. Let w(r) be the solution of
—2Aw+w=0 on BO,R),
w=1 on OBO,R).
3
Then, for € < 1 R,
L2 g2
wr) < =R on B, R).
. . L_?—R%» .
Proof of Lemma 2. An easy computation shows that the function e*Z is a

supersolution.
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Proof of Step A.5. We have

1 1
§A|u5|2 = 8_2|U’a|2(|us|2 - 1) + |vus|2'

(31
Let K be a compact subset of {2 and let d = dist(K, 042). Assume 2, = 0 € K. For
¢ sufficiently small we have

lu.| > 1/vV2 on B(0,d/2).
Thus we have, by Step A.4 and (31),

1
Alu '+ 50 - )< C on B(,d/2).
Setting ¢ =1 — [us\z we find

—*Ap+ ¢ <€C on B(0,d/2).
Applying Lemma 2 and the maximum principle we obtain that

2
o <eC+ eﬁg(mz_%).
In particular

1 [ e
S90S C+ e (32)

This proves (29) since the right-hand side in (32) remains bounded as € — 0. Finally,
we use equation (3) and (29) to derive (30).

B. Estimates up to the boundary

Step B.1: Let u, be a solution of (3) then

|Vu, | < on (2,

(33)
where C' depends only on g and f2.
Proof. Write

o Q

u, =v, +w,
where v, is the solution of

1
— Ay, = gus(l —|u ) on
v, =0 on 01
and w is the solution of

—Aw=0 on {2,
w=g on O0f2.

It follows from Lemma A.2 in the Appendix and Proposition 2 that

12,

C C
190 o0 < Zlleall e < 20l oo + 0] o0) <
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Therefore

o |Q

IVacllpeo < [Vl + [Vwlipeo < —+C.

This yields (33).

Step B2: |u_| — 1 uniformly on (2.
The proof is exactly the same as the proof of Step A.2. We allow here z, to be in [9]
and we use the fact that

meas(£2 N B(zy, 0)) > Co?,

where C' depends only on the smoothness of &2

Step B.3: u, remains bounded in H2({2).

We already know (Step A.4) that (u_) is bounded in HIZOC(,Q); thus we have only to

establish H? estimates near the boundary. Let z, € df2. We drop the subcript «.
For simplicity we first describe the proof when 02 is flat near z, i.c.,

2N B(zy, d) = {(x, z,); zy > 0} N B(xy, d)

for some positive d. Let ¢ be a smooth function with support in B(xzy,r) with
r = min(d, R) such that { = 1 on B(x,, r/2). Multiplying (20) by ¢? we obtain

Juf?

2
%/C2|D2u|2 <4 —C—Az—l—/ngA. (34)
2 I3 0

By Step B.2 |u.| — 1 uniformly on 2 and therefore we have, for ¢ sufficiently small,

lu, > = on £2. (35)

From (34) and (35) we obtain

1 0A a¢?
s e <a [ewu - [ ey [ 8 as faga. o
2 O, Oz,
2 i [2,=0] [x9=0] 2
The last two integrals on the right-hand side of (36) are bounded by Proposition 3
and by (16).
We claim that

0A
/ (>~ remains bounded. 37D

Oz,

[zy=0]

Proof of (37). We have
0 1 0 2
82, A= 2 5| VI = iy + )
= (U‘zluwlxz - uxzuzlml)
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1
since Ay = E—zu(fu|2 — 1) =0 on 9£2. Hence

9A
/ ng = / Cz(gzluzlxg - gﬁ?]&i‘luxz)
]

2
[zp=0] fzy=0
_ 2
~ 2 / s, (s 0+ CCo 92,
[zy=0}

This remains bounded by Proposition 3.
Thus we have shown that

1
5 /C2]D2u|2 < 4/C2|Vu\4 +C.
e 2
Using the same argument as in Step A.4 we conclude that

/<;2|D2u|2 <C.
?

In the general case where {2 is not flat near £, = 0 we introduce local coordinates
which straighten the boundary. In the new coordinates the function v becomes @
defined in

U={(z,z,); z, >0} N B0,d).

Choosing the change of coordinates (z,, z,) — (2, Z, + h(z;)) where the graph of
h represents locally 0f2, equation (3) becomes

NS <12
- L= = a(l —|aly on U, (38)
4=4g on [z, =0]NoU,

20 2
where L= Y 5;:;(&“ 8_332> and

i,7=1
_ - Y _ ”
ay=1, ap=ay="n, a;=1+hk"

We use again
1 1<
A= 5;‘&7«:.«,12 =3 > (i, )%
k=1

where V refers to the gradient in the new (z,, z,) coordinates. We now go over the
same computation as in Step A.3, but for the operator L. For simplicity we omit the
summation symbol and we write u instead of .

LA=a. u, =x + Uy, L(u,,). 39

13 TE{EL :chsk

Differentiating the first equation in (38) with respect to z;,, we have

1 2
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Inserting this expression into (39) we obtain
22, 1 2¢1,,|2 2
LA > o|D*ul” + ?{Vuj (u|* = 1) = C|Vul(|Vu| + |D?u)), 41)
where o denotes the ellipticity constant and C' depends on ||aij || ;2. Therefore

LA > S| + élvmz(}ulz _ 1= C|Vup

> %102 — (w2 opvap.
2 |ul
Since
|Lu| < C(D*u| + |Vul) (42)
we have

<

fap |V UD%ul 4 [V + GVl

—LA+ %|D2u]2 <
< %|D2u|2 +C|Vul* +C
by Step B.2 and Young’s inequality.
Hence we find
LAY %|D2u12 <C\vul*+C. 43)

Therefore we are led to

%/(2|D2u12 < c/<2|Vu|4+/g2LA. (44)
U U U

U/ ¢C’LA

Finally we claim

<C. (45)

Proof of (45). We have

/ CCLA = / ALY +2 / (€*)g, 0104 + / a4
U

U [CCQT—O] [1‘2=0]

- / anCi(A),, + / (P, A (46)

[z2=0] [zy=0]

All the integrals on the right-hand side of (46) are clearly bounded (since u is bounded
in H'(£2) and by Proposition 3) except for [ a,(*(A),,. To estimate this integral
[@o=0]
we write
(A, =u,_ u +u_ u

T2 T T I Ty TwpTy "

On [z, = 0] we have, by (38), Lu = 0 so that
2

(a22ux2)rz = _(alluxl)acl - (a12ux1)x2 - (a21u22)11 .
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Using the fact that v,  u = = %(u

ST we see by a simple computation that

2
xz)ml

f azzngzz remains bounded (we make several integrations by parts in z; and
f2=0]
use Proposition 3). This completes the proof of (45).

Finally we go back to (44) which yields, using (45),
%/gzmzuﬁ < C/<2|vu|4+c.
U U
As in the proof of Step A.4 we conclude that
/CZ[D2u|2 <C.
U

Step B4: Proof of (11).
Proof. By Step B.2 we may assume that

1
lu | > 5 on 2.

Letting
1
b= 50 ful)
we have, as in the proof of Step A.5,
—2e2Ap +4p < 4|Vu |* on C. (47)

Recall (by Step B.3 and Sobolev embedding) that (Vu,) is bounded in L"({2) for
every r < oo. Multiplying (47) by ¥9~! we see that, since v = 0 on 912,

!wq s4!|walzwl.

e < 4l Vu 7z < C, -

This yields

In view of (3) we conclude that
|Au |l < C, forevery g <oco.
In particular (choosing any ¢ > 2) we see that
[Vu, || < C. (48)
Going back to (47) and using the maximum principle we find
1] oo < 41V B < C.
This yields (11) since —Au, = u, 1.

Step B.5: Proof of (12).
Since |u,| > 1/2 on 2 (for € sufficiently small) we may write

u, = g% with o = |u_|. (49)

g
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Equation (3) becomes
0. 40, +2Vp Vo, =0

ie.,
div(e’Vp,) = 0

and .
_AQE + Q5|V905[2 = 8_2 Qs(l - Qg) .
We already know by Step B.4 that
loe = Ul oogo) < C€*.
Write (51) as
— Alp, — pp) = div((gZ — DVyp,) on 2,
SOE - (100 = 0 on 39,

(recall that Ay, = 0).
It follows from the elliptic estimates that

lpe = poll oo < Cli(e ~ DV, |10 < CE?
by (53) and (48). Putting together (53) and (55) we obtain (12).
Step B.6: For every integer k we have

IVelos <C

and
<C

1-o
52

ck

loc

(50)

(SH

(52)

(33)

(54)

(55)

(56)

(57

The proof is by induction on k. When k& = O these estimates have already been

established (even globally on {2) — see (48) and (53).
Set

1
XE = ;2'(1 - QE)

We write (52) as
~Ag, = —0.[Vp. [ + 0.1 + 0)X, .

The right hand side of (59) remains bounded in C{;C by (56) and (57). Thus

HQaHWIkH,p <C Vp<oo.

In particular
IVe.ligy, < C-

By (50) we have

—AQOE = ZVQQE V(pe on 2.

€

From (56), (61), (62) and elliptic estimates we deduce that

HSOEHVVI’H'Z,P < C Vp < 00.
oc

(58)

(59

(60)

(61)

(62)

(63)
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Using (62) once more together with (60) and (63) we obtain

H%HW&m,p <C Vp<oo

which implies by the Sobolev embedding
IVeelgrn < C, (64)
i.e., (56) holds with (k + 1) instead of k. From the definition of X, and (59) we have
EAX, = —0. |V |* + .1+ 00X, . (65)

By Lemma A.1 in the Appendix applied to D*X_ (where D* denotes any k™ order
derivative) we obtain

“DHIXEHZLOO(QH) < C“DszHLOO(Q’)(HDsz“LOO(Q’) + “DkAXsHLOO(Q')) (66)

(with 2 © 2" and @' € Q). In view of (57)
ID* X, || pooiny < €

Using (65), (56) and (57) we have

C

|D*AX, | ooy < 5
Consequently, by (66), we are led to
SHD}C.%‘IXeHLfO < C

i.e.,
leX,

ot £C. (67)

We rewrite (65) as
—?AX, +2X, =32 X2 - * X2 + 0. |Vy P =R, . (68)

Note that
”Rallcfé'c*‘l <C

[this follows from (67), (61) and (64)].
Differentiating (68) at order (k + 1) we obtain

—?ADM X))+ 2D X, = DR on . (70

On the other hand
C

HDk+IXE||L00((‘)Q/) S -E_ by (67).

Applying Lemma 2 we find
C _y/ae
HDk“Xsllem,,) <C+ ~¢ dfe

where d == dist (12”7, 852"). Consequently
1X,llgsn < €

i.e., (57) holds with (k + 1) instead of k. This completes the proof of Step B.6.
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Step B.7: Proof of (13) and (14).
Recall that Ay, = 0. From (62) we deduce that

v
— Ay, — ) =2 Q“-’ﬁ

Ve, on {2.

[

Hence, by (55), (56) and (57) we have
H@s - ‘/’0”()]7;3'1 < Ce*.

Therefore

u, — Uy = 0,€"%° —uy = (g, — 1)e'¥" + ¢'¥e — ¥¥0

satisfies
Hue - %“Cf;c < 052

[by (57) and (72)]. This completes the proof of (13).

We now turn to the proof of (14). Returning to (68) we write

(72)

1 1
—£2A (XE - §|Vu0|2> + 2<XE - 5{Vu0|2> = Vo = Ve +S., (73)

where S, = 3e2X2 — 4 X2 + (0, — )|V, [2 + 362 A Vg2
(note that |Vug| = [V, since uy = €*%0),
Clearly

1S.lleg, < 0=

and
196 = Vil oy, < C<°

[by (56), (57) and (72)]. Applying once more Lemma 2 to w = D*(X, — %]Vuolz)

we are led to
1
Xs - 'Z_IVU‘O'z

|

This completes the proof of (14).

loc

3 The case of a boundary condition depending on ¢

< Ce? (1 + }Ee"d/4s> .
& €

We now return to the minimization problem (2) but we allow g to depend on . More
precisely, we have a family of boundary conditions g, : 8f2 — C and we consider

the problem

1 1
Min <{ = Vu2+-——/u2—12 )
H;Em;m{z!' Prgm [

In what follows we denote by v, any minimizer of (74).
‘We make the following assumptions

19l pooany £ 1,
ﬂge”m(afz) <C

(74)

(75)
(76)
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and

/(|gs| —1)? < Ce? (77)
o1

(note that we do not assume that g, takes its values into S').
We also assume that
g. — ¢ uniformly on 012 (78)

so that, by (77), |g| = 1 and hence deg(g, 012) is well defined. We assume that
deg(g,802) = 0. (79)

As in Section 1 we write A
g=¢€%" on 01

for some harmonic function .
Set _
uy=€% in 2.
Our main result is the following

Theorem 2. Under the assumptions (75)—(79) we have,

u, — u, strongly in H'((2), (80)
u, — Uy uniformly on 2, (81)
u. —u, in CF(2) Vk (82)
and ) 5
;Jzue' — [V in CE() Yk (83)

We split the proof into 3 steps.

Step 1. We have
u, — U, strongly in H L) (80)

and

1
= /(|u€12 — 1% 0. (84)
]

Proof. We use a special comparison function of the form
v, = nee“!’6 , (85)

where 1), is the solution of

_ g2 _
{ eAn.+n.=1 on 12, (86)
n.=l|g.| on O£,
and 1, is the solution of
AY, =0 on {2, &7
Y, =9, on 02, &7)

where @, : 0§2 — R is defined by

673505 — 9.
lg.|
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(this is always possible since deg(g.,0f2) = 0 for ¢ sufficiently small). In view of
(78) we may choose ¢, such that v, — ¢, uniformly on 0f2. We claim that

/|vn512 < Ce (88)
2

and

1 2
?/(775—1) < Ce. (89)
1o’
Proof of (88) and (89). Note that 7, is a minimizer for
1
/IWI2 +3 /(17 —1* on Hj ({LR).
Q 0

We use as comparison function

(@1, %) = (|9.(z)| — Dy(zy) + 1

written in local coordinates assuming {2 = {(z;,z,); z, > 0} near a boundary point,
and ~ is a smooth function with small support near 0 with v(0) = 1. Note that

_ [
[vnpss fa-r<c ©0)
2 7
(here we use (76) and (77)). Hence
1
/ansr%E—z/(nfl)ZéC- ©1
2 2
Next, we multiply (86) — as in the proof of Proposition 3 — by V' - V(5 — 1). This
yields
/ n,
on
a0

fthe computation relies on (91), (76) and (77)]. Finally, we multiply (86) by (n, — 1)
and we obtain

2
<C 92)

on,
82/|V775‘2+/(”75* 1)2 §€2/< on ‘7]5 - 1[
7, 0 80
an
2 £
SENS el = Ul 200
on L2567 ‘ @
< Ce.

Thus we have proved (88) and (89).
We claim that

1 2 1 2 2 1 2
3 [19up+ o fqup-12 <5 [1v6ce. ©3)
19 02 2
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Indeed, we use the fact that u, is a minimizer for (74) and the comparison function
v, defined in (85). Note that

1 1
;/(lvslz~1)2= ?/(ni—l)zsce
2 7

by (89). On the other hand
[ved = [ 1P+ ivep <cer [ s
o} n

since 7. < 1. This proves (93).

Finally we observe that 1, — ¢, strongly in H'(£2). Indeed ¢, is bounded in
H'(892) and ¢, — ¢, uniformly on 0.2 imply that ¢, — ¢, strongly in H'/2(012).
By (87) we deduce that 1, — ¢, strongly in H!(£2).

From (93) we know that (u_) is bounded in H ! and thus

u, —u weakly in H L

By (93) and lower semi-continuity we see that

/\Vul2 s/\VsoOF:/IVuOIZ- (94)
2 2 2

/(|u5|2 —1)? < Cé?
0

On the other hand

and therefore |u| =1 a.e. Hence u € H ;(Q; Sy and in view of (94) u is a minimizer
for (5), i.e., u = ugy. The strong convergence u, — u, in H ! follows from the fact

that
tiy [ [Vuf < [ (Vuf
&—

and the uniqueness of u,. Going back to (93) and using the strong convergence of
u, — uy in H' we obtain (84). This completes the proof of Step 1.

Step 2: Proof of (81).

Steps A.1 and A.2 in Sect. 2 hold without any modification and therefore |u | — 1
uniformly on every compact subset of (2.

We shall now prove that

|u.| — 1 uniformly on 2. (95)

We argue by contradiction, i.e., we assume that there are sequences €,, — 0, a,, € {2
such that
lu., (@) <1—6 (96)

for some 6 > 0. We may also assume that a,, — a and a € 9(2. We set u,, = u
and d,, = dist(a,,, 092).
We claim that

En

- —0. 97)
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Proof of (97). Let v, < 1d bea sequence of positive numbers to be chosen later.

n — 2%n

By Lemma A.l we know that

1 1
— e Yz € §2,
€2 t dist%m,@!))) *

where (' is some universal constant. In particular we have

[V, (@) < c<

Vu, (x)] < C(——l— + ~(§-> Yz € B(a,,T,).
k¢ .
Therefore | .
[, (&) — v, {a,)] < Cr?%(w + —) Yz € Bla,,r,)
‘ 8% d‘}’b .

and consequently

0@ < )]+ Cra( =+ ) Vo€ Blar,

n 7

L —Ju,(x) > 6— C’rn(—;w + EZL) Vz € B(a,,,).
K ke

We shall choose r,, in such a way that

1 1 )
— —_—— >
Hence
§‘2
- iuniz)z > T on Bla,,T,)-

It follows that 2
/(1 ~ |uy|H* > Zwri.
2

On the other hand we know by (84) that

[ PP = oy
2

and we deduce that
s (98)

£
ko)

‘We now choose r,, so that all the requirements are satisfied, i.e.,

For example we take

Using (98} we see that (97} holds.
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Proof of (95) completed. We use a blow-up argument.
Set
1
v, =u,(d,y+a,), for y€G, 6 = E—(Q - a,).

k23

Modulo a rotation, we may always assume that
G, — G=(-1,+00) x R.

Clearly v,, satisfies

n

2
—Av, = (%) v,(1-|v,») on G, , 99)

n

and
J190.2= [1vu,p<c.
Gn 02

Passing to a subsequence, we may also assume that v,, — v uniformly on compact
subsets of G where v satisfies

Av=0 in G [by (97) and (99)]

and

/!VU|2 < +o0.
e

Finally, we also see easily — since g, — ¢ uniformly on 82 — that
v=g(a) on OG.
It follows that v = g(a) on G. On the other hand, v, (0) = wu,(a,), and thus

|v,, (0} < 1—6. Hence |v(0)] < 1—§; this contradicts the fact that |v(0)| = |g(a)| = 1.
The proof of (95) is complete.

Proof of (81). We write, as in Sect. 2,
u, = Qgei“’g )
We have just proved that g, — 1 uniformly on 2. Next we write, using (51),
— div(ez V(e — ¢p)) = div((ez — DVey) - (100)

The equation is uniformly elliptic since ¢, — 1 uniformly on 1. Tt follows from
elliptic estimates (see [10] or [3]) that

o, — ‘POHLO‘O(Q) <Clg. — %HLDO(&Q) + H(Qi - I)V%HLP(Q))

with any p > 2. Note that ¢, € H*2(£2) (since g € H'(32)), and thus Ve, €

HY?(2) ¢ L*(£2). We conclude that ¢, — ¢, uniformly on {2 and this completes
the proof of (81).
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Step 3: Proof of (82) and (83)
We follow the same argument as in Section 2 The proofs in Steps A.3, A.4, and
A.5 are unchanged. They yield:

u_ is bounded in HZ, (101)
Vu, is bounded in L)) (102)
1 . . 00
—8—2(1 —Ju_|) 1is bounded in LgY (103)
Au, is bounded in  Lg), (104)
Next we prove that, for every integer k,
IVl <C (105)
1—
& <C. (106)
&2 %
Clock

For & = 0, these estimates have already been established [see (102), (103)]. The
induction argument presented in Step B.6 can be repeated without any modification.
From (105) and (106) we deduce that

v, — i, in C (107)

and
o.—1 in CF. (108)

This implies that u_ = g_e*#¢ converges to u, in Cf_, i.e., we have proved (82).
The proof of (83) follows the same argument as the proof of (14) in Step B.7.

We use again (73). We know that
Ve P = Vg2 >0 in g

loc

and
S, -0 in CF

loc

by (107), (106) and (108). On the other hand X, is bounded in C’ff)c by (106). Applying
once more Lemmma 2 to w = D*(X, — 1|Vuq|?) we have that

1
HXE - E|vU012 — 0.

C[oc

This completes the proof of (83).

Appendix
Some interpolation — type inequalities
The following results are interpolation estimates in the spirit of the Gagliardo-

Nirenberg inequalities (see e.g. [8]); they are presumably known to the experts but
we present the proofs for the convenience of the reader.
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Lemma A.l. Assume v satisfies
—~Au=f on Q2CRN.
Then

V@) < CULf N Lo llull ooy HUH%,OC(Q)) vz e §2, (Al

1
+ _—
dist*(z, 092)
where C' is some constant depending only on N.

Proof. Assume for simplicity that 0 € {2 and set d = dist(0, 3§2). We shall prove
that (A.1) holds at = 0. Let 0 < A < d be a constant to be determined later. The
function

v(y) = u(Ay)
is defined on the ball B(0,1) = B, since A < d and it satisfies

—Av(y) = Nf(\y) in B,. (A2)

It follows from standard elliptic estimates in B, that

|Vu(0)] < C(A2||f(>\y)||Loo(Bl) + ||U|lL°°(Bl))7
where C depends only on N. In particular we have

A V()] < COfl ooy + l1ull poogay) - (A.3)

(i) "=

In this case we apply (A.3) with
- <lu||mo)”?
£l o0
IVu(0)] < 20| FIIY2 [ul /2
and thus (A.1) holds at z = 0.
ilu\lLoo)‘”
e >d.
<HfHL°°

Case 2:
We now apply (A.3) with A = d and we find

We now distinguish two cases:

Case 1:

We deduce that

90 < 0 (d e + hul

1
< O(IILE 2 + Gl )

This yields (A.1) at x = 0.
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Lemma A.2, Assume u satisfies

- - N
Au=f on NRCR A4
u=0 on 012,

where (2 is a smooth bounded domain. Then
“quzLOO(Q) < C||fHL°°(Q)||u||L0°(Q)7 (A.5)

where C' is a constant depending only on (2.

Proof. From the elliptic theory we know that

“U”LOO(Q) < CHf”LOO(.Q) . (A.6)

On the other hand if K is a compact subset of {2 we may use (A.1) together with
(A.6) to conclude that

||vu||2L°0(K) < Okl fll poocepllull ooy - (A7)

Therefore we have only to estimate Vu near the boundary. After a local change of
coordinates near a boundary point x; equation (A.4) becomes

— + :
Z@x (138x>—f on By ={z e Bg; zy >0}, A8)
u=0 on BpN{zy =0},

where a;;(z) are smooth and uniformly elliptic coefficients (they depend only on 92)
and R may be fixed independent of z,,.
Set

v(y) =uAy+¢& in Bf,

where 0 < A < R/2 will be determined later and £ is an arbitrary point on
Bgr/, N {yy = 0}. The function v satisfies

0 v
=Y 5000 +O5—@) ) = NfOy+& on B
i ayj dy;
v=0 on Blm{yN:O}v
Standard elliptic estimates in B imply that

HV’UHLOO(BT/Z) S C()‘ZHf(/\y + g)”LOO(BlJr) + H/UHLOO(B?'))a (A9)

where C depends on the ellipticity constant of a,;(Ay+£) and on Haij()\y—!-f)“cl(Bb.

Since all these quantities are controlled independently of A and £ when A < R/2 and
€] < R/2 we deduce that

MVullpoerny ) S OO ooy + lull o) (A.10)

We distinguish two cases:
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1/2
<|iu||Loo> P_R
11 Loo 2
. . oo 2
In this case we apply (A.10) with A = 17l .
LOO
This yields

Case 1:

1/2 1/2
IVallgooier 5 < Ol oyl ooy

Since £ is arbitrary with |£| < R/2 we deduce that

2 1/2
[Vu(z)| < C||f||}:/°°(m‘|u||L/00<Q) Ve = (z',2y)

S

R
with ;x’|§5 and oga:Ngz.

Going back to « on {2 we have proved that

A
IVu(@)| < ClIf | foonllull fooy Yo € 2 with dist(z, 802) < =

where K is some large constant depending only on f{2. On the other hand if
dist(z, 042) > A/ K we may apply (A.1) and conclude that

KZ
Vu@)* < C(Ifl poolltllzoe + 57wl

=C(1+ Kz)“f”LOO(Q)”uHLOO(Q)'

In both situations we see that (A.5) holds.

Case 2: P
1
(L=, 1.
[ f1l oo 2

In this case we apply (A.10) with A = R/2 and £ = 0. This yields

1
Vuleqog < O (Bl lioiar + e

1/2 1/2 1
< (A ol 20+ ol e

1/2 1/2
< Ol fll {2 Iull -

Going back to u on {2 we see that

1/2 1/2
IVl ooy < CIEI Y2 el ¥ 0

for some fixed neighbourhood U of df2. This completes the proof since we already
have the interior estimate (A.7).
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