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We prove that every minimizer on H'(2;S?) of the relaxed energy
j' |Vu|? + 8nAL(u), where 0< A< 1 and L(u) is the length of a minimal connection
connecting the singularities of u, is smooth except at a finite number of points.

€ 1991 Academic Press, Inc.

INTRODUCTION

Let 2 = R? be a smooth bounded domain. Set
HY(2;5%)={ue H(Q; R*); u(x)e S? ae.},

where S? is the unit sphere in R® Given a boundary data ¢: 92 — S* we
define
H!(2;8*)={ue H'(2; $?);u= @ on 6Q}.

If ue H,(£2; S?) is smooth except at a finite number of singularities in
Q and if moreover deg ¢ =0, then the length of a minimal ‘connection
connecting the singularities has been introduced in [BCL] and is given by

k
L(u) = Mln Z d(pi» na‘(i)),

i=1

where (p,, p2, .., pi) are the singularities of positive degree (counted
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146 BETHUEL AND BREZIS

according to their multiplicity), (n,, n,, .., n,) are the singularities of
negative degree, d is the geodesic distance in 2, and the minimum is taken
over all permutations of the integers {1, 2, .., k}. (Since deg ¢ o, =0 the
number of positive singularities is the same as the number of negative
singularities.)

For any ue HY$2; S?) the vector field D(u) defined as follows

Dluy=(uu, ANu,uu. A, uu, Au,)
plays an important role (see [BCL]). Set

R={ue H'(Q; S?); uis smooth except at a
finite number of singularities }

and
R,=Rn H;(Q; S2).

Recall (see [BZ]) that R is dense in H'(2;S?) and R, is dense in
H(£2; S?). If ue R (with singularities (a;)) then

div D(u)=4n Y deg(u, a,)é,,

If ue R, then (see [BCL])

1
Lw)=g7 sup_ {L) D(u).V¢ dx—L
VSl s L

(Jac )¢ do}. (1)
Q

Clearly this makes sense for any ue H },,(Q; S?) and we shall use formula
(1) as a definition of L for a general ue H(2; S*). By a result of [BBC],
L is continuous (and even locally Lipschitz) on H .

The functional

Fiu)=| Vul*+8miLw),  1e[0,1] (2)
Q
introduced in [BBC] has some remarkable properties. In particular, it is

weakly lower semicontinuous for the weak topology on H'. Thus

Min F,(u) is achieved (3)

ue H,

and we recall that minimizers of F, are (weakly) harmonic maps, i.c., they
are weak solutions of

—Au=u |Vu|? on Q.
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For A=0 it is known (see [SU1, SU2]) that mimizers of (3) are smooth
except at a finite number of points. Our main result asserts that this is still
true for 1€ [0, 1).

THEOREM 1. FEvery minimizer of F, is smooth on Q except at isolated
singularities.

For A=0 it is known (see [BCL]) that the singularities of minimizers
have a simple form; ie., if x, is a singularity then, for some rotation R,
u(x)~ £ R((x — x¢)/|x — x¢|) as x — x,. In particular all singularities have
degree + 1. This last property can be established for A small, but it is an
open problem for 4 large.

Unfortunately, our arguments do not give any information about the
nature of singularities when A=1. The case A=1 is very important
(because it corresponds to the relaxed energy; see [BBC]), and it would be
extremely interesting to decide whether minimizers of F, are smooth. Par-
tial regularity results for minimizers of F, have been obtained in [GMS2].

The proof of Theorem 1 is divided into several steps.

Step 1. Minimizers of F, satisfy a reverse Holder inequality.
Step 2. This is used to prove an “g-regularity lemma.”

Step 3. One concludes by a blow-up technique (similar to the one
used by [SU1]) that singularities are isolated.

1. A REVERSE HOLDER INEQUALITY

The usefulness of “reverse Holder inequality” was originally discovered
by Gehring. It has been extensively used to establish partial regularity (see,
¢.g., Giaquinta’s book [G] and references therein). We shall follow a
technique recently introduced by [HKL] in variational problems involving
S?-valued maps.

In what follows we fix A€[0,1) and some minimizer u of F, on
H.(£2; S%).

THEOREM 2. There exist constants q>2 and C (depending only on 1)

such that
1/2
(1) <c(
B, B

Jfor every ball B, such that B, < Q.

1/2
|Vu|2) )

2r

We shall use the following:
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LEMMA 1. Let B, be a ball contained in 2. Then

|
[ <t e,
B, -2 B,
Yve H'(B,; $?) such thatv=uondB,. (5)

Proof. Set

v on Br
W=
u on \B,.

Since we H (‘P we have

F(u) < Fy(w),

j Vu|? + 87AL(u) < j (V)2 + 8TAL(w)

0 Q

and therefore
J’ Vil 4 STAL(u) < | Vo] + 8rAL(w), (6)
8, B,

On the other hand,

L(x)=— sup {L D(u). V¢ dx — LQ (Jac )¢ da}

1
4n IR -R
IVl <1

and

Liw)=— sup {f D(w).vgdx—j (Jacm){da}.
H;Vflll_.gl @ o

=

It follows that

L(w)—L(u)si sup {J. (D(w)~D(u)).VCdx}
4 o

T QR
IVEllp =<1
—— sup {j (D(w)—D(u)).ngx}
4n ¢ B,
(A2 P!

1 2 2
< { J, aver+ v )}.
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Combining this with (6) we obtain

L, Vu|? — L' Vo2 < A UB Vul? + L, |Vu|2].

We also recall the following result of [HKL].

LEMMA 2. There is a universal constant C such that, for every &€ R?,

Min [ Vol < C IV rtll om0 = El 2o (M
ve H(B,;S?) J g,
v=wuondB,

For the proof we refer to [HKL, Appendix]. The idea is to consider the
usual harmonic extension # of u,,5 (with values in B®) and then some
appropriate radial projection of & on S

Proof of Theorem 2. Combining Lemma 1 and Lemma 2 we obtain
|| VU< LIV 2l oy = El )

We now follow the argument of [HKL, Theorem 4.1] to deduce that for
every 6 >0

2r

with p=6/5.
This implies, using Holder’s inequality, that

C 2
2 2, “
L, V|2 <26 Lh Vul + =5 (L |Vu|>
ie.,

3[3, Vu|? < 165 J[B Vul? + g (J[B |Vu|>

Fixing 6 <1/16 we may now apply this reverse-Holder inequality to
conclude the existence of a ¢ > 2 such that

l/q 1/2
( |Vu|"> sc(f |Vu|2> .
B, By,
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2. & REGULARITY
In what follows, we fix 2€[0,1) and some minimizer u of F; on
H (‘I,(Q; S2).

THEOREM 3. There is some €,> 0 (depending only on ) such that if

1 .
- J |Vu|2<e,  for some ball B,,
rs,

then u is smooth on B, , (and u is a minimizing harmonic map on B, in the
usual sense).

The proof relies on several lemmas.
Set for pe (0, 1)

W ={ceS’ |Pol<pu}

J: t
Wi ={oeS?|Pa|>puj,

where P: §2 — C denotes the stereographic projection. Note that, as u — 0,
area (W, )~my’.

LEMMA 3. Let G R? be a smooth bounded domain. There exists 6 >0
(depending only on Ae[0, 1) and not on G) such that if y:8G — S* and
Y(0G) < W then every ve H ,(G; S?) satisfying

| Vo< Min | (Vul*+8riL(2) (8)
G we Hy(G:S%) /G

is smooth on G.

Proof of Lemma 3. For ue (0, 1) (to be determined later) let

+ . ]
r={xeGulx)eW |

The proof is divided into three steps.
Step 1. We have

J" [Vo|? = 8n(1 — Cu?) L(v) 9)
.

u

for every ve H ,},(G; §?) with y(0G) < W, (C is some universal constant).

Proof of Step 1. By density (see [BZ]) we may always assume that
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has just a finite number of singularities. Following [ABL ], we have, using
Federer’s coarea formula,

j |Vu|2>2'f |D(u)|=2J‘ #'(v~ () do.
G; G; W;T

Forae. oce W, v~ (o) consists of curves connecting the singularities (and
possibly some closed loops). Note that there are no curves connecting the
singularities to ¥(dG)< W . Thus

H' o Yo)=L(v) for aegeW’

[

and consequently

j Vo] > 2(area W) L(v)
G+

M

> 8n(1 — Cu?)L(v).
Step 2. Suppose as above that ¢: G — W . Then

Min [ (VwlP<yd [ Vol 4| Vo (10)
G " n

we Hy(G:S?) G G,
for every ve H(‘,,(G; $?) and every u> \/5
Proof of Step 2. Fix a map &: S* - S? satisfying
&(SH W
®=Id onW,
Vo <1 on §?
Vo| <y on W,

To construct such a & one can, using sterographic projection, define
@.C—-C by

D(z)=z for |z| <p?
4
¢(:)=% for |z] = 12

It is clear that |[V&|<1 everywhere and |V®|<pu?/|z|? for |z{ > p2 In
particular |V®| < u? for |z| > p.
Given ve H,,, set

w=g@op
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so that we H1(G; S?) (since u>./3). We have

J. |Vw|2=J‘ |Vw|2+J‘ (V|2
G; G;:
<p? V|2 + IR
u L; Vol fq Vol
This proves Step 2.
Step 3. Proof of Lemma 3 Completed. Let v satisfy (8). By (10) we

have

L |Vo|? < p? J‘G+ IVUIZ+L

|Vo|? + 8rAL(v)
and thus

(=) [ | IVol?S8aL(o)

Combining this with Step 1 we have

87(1 — u?)(1 — Cu®) L(v) < 8mAL(v).

Now choose u >0 small enough so that
(1—p)(1—Cu?)>2

and then choose 0 < & < u? It follows that

L(v)=0.
Going back to (8) we see that v is a minimizing harmonic map. We may
now invoke [HKW] to conclude that v is smooth (since Y(0G) is
contained in a hemisphere). Alternatively, we may also invoke [SU1]
together with the fact that L(v)=0.

This concludes the proof of Lemma 3. With its help we are going to
prove Theorem 3.

Proof of Theorem 3. We split the proof in two steps.

Step 1. Let Bc Q be a ball such that
uope H' and u(@B)c Wy , (11)
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where § is defined in Lemma 3. Then

j Vo< min j1vu|2+8nALB(u),
B we HL(B:SY)
v=wuondhB

153

(12)

where L, denotes the length of a minimal connection connecting the
singularities of u in B (without connections to the boundary). Moreover u

is smooth in B.

Proof. Let u, be a minimizer for

min f |Vo|2.
veHi(B:SZ)
v=wuondB

By (11) and [HKW1, u, is smooth inside B. Set

. Uy on B
p =
u on Q\ B.

Since u is a minimizer for F; on H,(£2; S?) we have

[ 1V + 823 L) < [ Vw1 +8rAL(w)
Thus

L (Vul? + 87AL(u) < jB (Vg2 + 8AL(w).

On the other hand (using (1)),

L(W)—L(M)SL(M’,H),
where
t
Liw,u)=7- sup L (D(w)— D(u)).V¢

&2 - R
VeIl <1

1
= sup L [ D(uy) — D(u)].VL.

R-R
Vlle <1

But

J, Do) Ve =] (D(wo).m:.

(13)

(14)
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(Since uy(B)c W, by [HKW] and so we may approximate u, by a
sequence of smooth maps converging to u, in H'(B;S?) (and also in
H'(2B; §*)).) Therefore

1 . ) . ;
L[u‘.u):E sup {J_B(D(uo).n)g—lD(u).Vg}
R R é M
v, <1

=Lg(u) (15)

{(since = u, on ¢B).
Combining (13), (14), (15) we find

l‘ IVulzs[ |Vio|? + 8mAL (ut).
B v B

This completes the proof of Step I.
Step 2. Proof of Theorem 3 Completed. Suppose

1 -
—J [Vu|? < g,
r g,

for some ball B, = Q and some ¢, (to be determined later). By Theorem 2

we have
1 1 q'2
—_ q —
5 L: |Vud gC(rz so) .

Thus
J ; dp J‘ |Vu|? da < CrJ*‘fg(’i)’-'z
r.4 S/J
and hence there is some rye [r/4, r/2] such that
J [Vu|4 do < Cr? —t(gg"l’
Sry
that is,
1g .
(J [Vul? da) < Cridin-lgh?
Srg

By the Sobolev imbedding we conclude that

us,)=w,,
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where
u=Ced?.

We now choose &, such that Cel><d (6 given by Lemma 3). By Step 1
above (with B= B, ) we conclude that u is smooth in B, and thus in B, ,.
This concludes the proof of Theorem 3.

Remark 1. We may now assert that # (Z)=0, where Z is the

loc

singular set of u (as above u is a minimizer of F; on H,). Let

1
0(a) = lim sup—f [Vu|?
r—0 ¥ Y B a)

and

Z={aeQ;0(a)>0}.

Note that if aeQ\Z then u is smooth in a neighborhood of a (by
Theorem 3). Thus Z < Z. Since Z is obviously contained in Z we conclude
that Z = Z. Since ue H'(Q; S?) it follows by a standard covering argument
that #L (Z)=0. In fact, since ue W7 we conclude that s#};4Z)=0

toc loc loc

(see, e.g., [HKL]).

3. THE SINGULAR SET CONSISTS OF ISOLATED POINTS

We prove here that « has only isolated singularities by a variant of the
blow-up technique of [SU1, SU2]. Here we rely on a new monotonicity
formula of [GMS2]. Let Z be the complement of the largest open set on
which u is smooth.

THEOREM 4. Z consists of isolated points (in Q).

Step 1. A Monotonicity Formula

Recall that for a (standard) minimizing harmonic map « we have the
well-known monotonicity formula

d /1
—{=| [Vu*|=0.
0r<rj3|u|> 0

r

This is not true any more for minimizers of F, but we have a variant of this
formula due to Giaquinta, Modica, and Soucek [GMS2].
Let ueR, and let u be the one-dimensional Hausdorff measure
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uniformly distributed over a minimal connection (warning: the minimal
connection need not be unique, and so u is not uniquely determined by u).
Set

E(r)=j

B(x0)
d
=12
a(r) dl‘|: J‘Br(m)

where { is the unit vector tangent to the minimal connection at
v=(x—Xo)/|x — xol.

Using the formalism of currents (see [ GMS1]) these expressions make
sense for every ue H (‘p We have

|Vu|2+8n/1j du

Bt xy)

Ju

ar

J #8mi | LI (L) dp,
B,(xy)

LEMMA 4. For every minimizer of F, we have

d (1 E(r)) 2——loc(r).

a\r -
In particular (1/r) E(r) is nondecreasing in r.

This formula has been established by [GMS2] when 4 = 1, but the same
argument holds for any 1€ (0, 1).

Step 2. The Blow-Up

Let x, € be any point in £ and let ¥ be a minmizer of F, on H,,. For
simplicty we take x, =0 and we write Bz = Bg(0). By Lemma 4, (1/r)E(r)
remains bounded as r — 0 and so does (1/r) j 5, |Vu|2. Set

u (x) = u(ox), for xe B’

Then
f |Vua|2=lf Vu,’<C  as o—0. (16)
B g B,

Therefore
Uy, — U weakly in H'(B,).
We claim that

v
or
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Indeed we have, by Lemma 4

1 E(r)
<— E(o,) — lim

r—0

-0

as g,—0.
On the other hand

é’u

[P L”"iif

dr.

-2, 35

It follows that | 8, (1/r) |0u/or|* — 0. But

| 2 Lia
L,F Hon Z'[Bon; 6—3

and the claim follows. Therefore we have

X
o= () (17)

for some y € H'(S% S°). Following the strategy of [SU1, Part 4, Propo-
sition 4.6] we now prove that u; — v strongly in H'(B,). Since we have

~Au,=u,|Vu,|> onB,

9
or

and

[ wurr<c

B,

we deduce from standard elliptic estimates that Vi, is relatively compact in
L,,. (B,) and therefore for an appropriate subscquence we may assume that
Vu,,~ Vv ae. on B,. In order to conclude that Vu, — Vv in L? it suffices
to know that

fB IVu,9< C
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for some ¢ > 2. This is a consequence of Theorem 2. Indeed, we have by (4)

l 1y 1 . , 12 C
[TJ |Vu|4] <C<_3J |Vu|"> <-—,
g Y, 0 B, ag

ie.,
l de| q
—— | Vul<| Vule<c
g B, B,

Thus we have established that u, — ¥ strongly in H'.

Finally we show that the singularities of « are isolated (in any compact
subset of ). As in [SU1], we follow the dimension reduction argument of
Federer. Let (x,) be a subsequence of singularities such that x, —» x,=0,
x,/|x,| = 1€ S We choose g,=2|x,|. Note that u, has a singularity at
the point x,/(2 |x,|) = {/2. By Theorem 3, there is some ¢, such that

1
Vr, —

r JB,(x,.x(zmn N

IV, > > & (18)

(otherwise u, would be regular at x,/(2 |x,|)).
Since u, — y strongly in H', we may pass to the limit in (18) and
conclude that

1 .

J IVe|? =&, for every r. (19)
¥ <B,.(1:2)

Since v(x)=w(x/|x,|) the left-hand side in (16) is of the order of
§s2myu [Vry 12 This is impossible since y € H'(S?). This completes the
proof of Theorem 4.

4. BOUNDARY REGULARITY

Here we complete the proof of Theorem 1 by showing that every mini-
mizer of F, is smooth in some neighborhood-of 09. This follows essentially
the same pattern as above with the following modifications:

(a) Reverse Holder Inequality near 002

THEOREM 2'. There exist constants q>2 and C,, C, (depending only
on ) such that

lig 12
(f wae) se(f, 1vd) €Vl
Bxg)n 2 By txp)m 2

Jor any xy€ 062
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To prove Theorem 2’ we adapt an idea of Jost and Meier [JM ], namely
we use as testing function in the inequality

F;\(u) < F/l(w)
the map
w=1II(u—n(x)u—o)),

where ¢ is the usual harmonic extension of ¢, # is some appropriate cut-off
function with support in B, (as in [JM, Lemma 11}), and I7, is the radial
projection with vertex at some appropriate a (as in [HKL]). As in
Lemma ! of Section 1 we have

1+ 4 1+4

2 -~ ,2 -~ _ = 2
J, m <5 ] < (F5) ] 19 nt— g

We then proceed as in [JM] to derive the conclusion of Theorem 2'.
(b) e-Regularity

The counterpart of Theorem 3 is

THEOREM 3. There is some ¢, >0 (depending only on 1) and r, (depend-
ing only on @) such that if

f |Vul><e;,  for some r<r, and x,€0Q,
¥ YB(x0)n 2

then u is smooth on B,,(x,)NQ (and u is a minimizing harmonic map on
B,4(x0) N 2 in the usual sense).

The proof is essentially the same as the proof of Theorem 3, except that
ro is chosen so small that @(0Q N B,(x,)) W, for some suitable d,.

(c) Monotonicity Formula

Set E(r) and a(r) as in Section 4 (Step 1) except that B, is replaced by
B,(x,) N Q2 with x,€ Q. The counterpart of Lemma 4 is

LEmMA 4.

d (1 1
- (— E(r)) 2; a(r)—C

r

for some constant C depending only on |Vl L5002

580101 1-11
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The proof has the same ingredients as in [GMS2] together with
Lemma 1.3 of [SU2].

(d) Blow-Up and Conclusion

Let x,€0Q and let u be a minimizer of F, on H,. For simplicity assume
that @@ is flat near x, with outward normal (0,0, —1). Set

u,(x)=ul(ax)

for xe B} = {(x,, x,, x3)€ B*, x3=0}. As in Step 2 of Section 3, u,,—~v
weakly in H'(B®) and 0dv/ér=0. Therefore v(x)=y(x/|x|) for some
Y e H'(S ;S?). As above u,_ is bounded in LY(B> ) for some ¢>2 and
u, —»v strongly in H'(B). In particular ve W"4(B> ;5% and so
Y € W-9(S?% ; S7). On the other hand v is (weakly) harmonic and constant
on 8B N [x;=0]. Hence y is weakly harmonic from from S into $? and
¥ is constant on 0S% . Since e W"¥(S%) with ¢>2, it follows (by
bootstrap) that  is smooth on S°, . Using a result of [L] we deduce that
Y is constant on S° . Hence

jﬂ |Vu,|><e,  for o small enough,
B

1

f |Vu|*> <e, for r small enough.
VB xg)yn 2

By Theorem 3’ we conclude that u is smooth on B,.4(x,) N £2.

5. A VARIANT OF THE RELAXED ENERGY

Here we assume that @: 022 — S? is given and smooth but deg ¢ need not
be zero. We fix ve H (2; %) and we set

L(u,u)=4i sup {j D(u)—D(v)).VCdx}.

8 H;V:Cftzl:sﬂl @
{Note that L(u, v)= L(u) if deg ¢ =0 and v is smooth.) The functional
lD;,(u):f |Vu|® + 8aiL(y, v), 4e[0,1]

introduced in [BBC] is also weakly lower semicontinuous for the weak
topology on H' and minimizers of &, on H are weakly harmonic maps.
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THEOREM 5. Assume v is smooth on Q except at isolated singularities
then any minimizer u of @, is smooth except at isolated singularities.

Sketch of Proof. Let S be the singular set of ». Using the same
arguments as in the proof of Theorem 1 it is easy to see that on every com-
pact subset of Q\ S, u has only isolated singularities. [t could still happen
that singularities of # accumulate on S. This is excluded by a blow-up
analysis centered at a point on S.

Remark 2. We recall that in [BBC] we have proved that if deg ¢ #0
the minimizers of &,(u) are distinct for a sequence (4,). By Theorem 5
these minimizers are smooth except at isolated points. For example, if
¢(x)=x we find infinitely many distinct harmonic maps with isolated
singularities and such that u= ¢ on 3Q.
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