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Introduction

Let X be a real Banach space and let X* be its dual. The value of x* € X*

at x € X will be denoted by either (x*, &) or (x, x*). A subset of X X X* is

called monotone if for each pair [x;, x¥] € 4, i = 1, 2, we have

(2 — %), %, — %) 2 0.

A monotone set is said to be maximal monotone if it is not properly contained in
any other monotone set. Monotone sets are usually regarded as (graphs of)
multivalued monotone mappings from X to X*. Accordingly we shall use stand-
ard functional notation even when dealing with sets. Let A4 be a subset of
X x X* We define

A7 = {[}’*, x] : [xa_y*] € A}a Ax = {z*:[x, Z*] € A} s

D) = (rids # 2}, R(A) = U 4.

If o is real and B is a subset of X X X* we also define
ad = {[x: 0‘)’*]3[%)’*] EA}

and

A+ B = {[x,y* + z*]:[x,5*] €4 and [x, z*] € B}.
If C is a subset of X or X* we define

inf{|z|:zeC} if C# g,
+ if C=g.
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Let A and B be monotone sets in X x X*. 4 + B is clearly monotone.
However, if 4 and B are maximal monotone, then 4 + B is not necessarily
maximal monotone. 4 + B may even be void; this happens when D(4) N D(B)
= . The main problem in the perturbation theory of maximal mono-
tone sets is that of determining useful conditions under which the sum of two
(or more) maximal monotone sets (or just monotone sets} is maximal monotone.
Results in this direction have been established by Lescarret [9], Browder [4]
and Rockafellar [15]. A common feature of most of these results is the assump-
tion that at least one of the maximal monotone sets 4 or B has a domain with
non-empty interior. In many applications however (see e.g. the examples in
Section 3), the interior of the domains of the monotone sets, or operators, in-
volved is void and the previous results cannot be applied directly.

The purpose of this paper is to cobtain useful criteria for the case in which
neither D(A4) nor D(B) has a non-void interior. In Section 1 we present some
preliminaries. We start with a renorming theorem for reflexive Banach spaces
and continue with some convergence statements for monotone sets in Banach
spaces. Section 2 contains the main results. It begins with a theorem, Theorem
2.1, which is the main tool used in proving all subsequent assertions. Theorem
2.1 is also used to obtain a simple proof of the main theorem of Rockafellar
[15]. In Section 3 we give some examples of how the preceding results may
be used in the study of certain nonlinear partial differential equations.

1. Monotone Sets in a Reflexive Banach Space

Let X be a real reflexive Banach space. It is known (see E. Asplund [1])
that if X is reflexive then there is an equivalent norm on X such that X is
strictly convex under this norm and X * is strictly convex under the dual norm.
For our work we shall need a slightly stronger result:

TueoreM 1.1, Let X be a reflexive Banach space with norm || |. For every a > 1
there exists an equivalent norm | ||, on X such that

(1) || o 75 a strictly convex norm and its dual norm || |¥ is also strictly convex,
e L=2llisd b ed o B2l I*=d 7.

Proof: The proof of Theorem 1.1 follows, with minor changes, the argu-
ments of E. Asplund in [1]. By a theorem of J. Lindenstrauss [10], there exists
an equivalent norm | |x on X (respectively, | |x. on X*) which is strictly
convex. (Note that || |z and || |x. are not necessarily dual norms).

Let ¢ > 0 and define

Jox) = 4(Mx1P + e = 1%) x € X,

g () =3lrI* + e |rlks) yEX*,
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Choose ¢ small enough so that fi(x) < 4a? |x]|> and gf(y) = %a? ||yl *2, where

& is the conjugate function of gJ . Clearly there exists a ¢ > 0 such that g, <
Fo = (1 +C)gy. We consider the iteration procedure of [1]:

Cnp(x) = Inf 3 fu(x + ) — gulx — )

yEX

and obtain A(x) = lim f,(x) = lim g,(x). Since g¢(x) < h(x) < fo(x), we have
(1/2%) | x[* < h(x) < Jax|®. Let | [, = V2h(x). Bya theoremin [1], | |,
and || ||¥ are strictly convex norms (since f, and g¥ are strictly convex) and
they clearly satisfy (ii).

We shall henceforth assume that X is a real reflexive Banach space. The
norms || | in X and | [|* in X* will always be dual norms and if there is no
danger of confusion we shall omit the star from the norm || ||* in X* and de-
note both the norm in X and its dual norm in X* by | |.

Let F be the duality map of X, i.e., the subset of X X X* defined by

F={[x,s]:x e X, x* € X* and (x,#%) = [x] = [«*]2}.

If X and X* are strictly convex, then F is a single-valued function defined
on all of X. We shall write x* = F(x) if [x, x*] €F. In this case, it is easy
to check that F is one-to-one and onto. Moreover, the map F is strictly mono-
tone (i.e., (F(x) —F(y),x —y) >0 for x $ ), hemicontinuous (i.e., the
mapping ¢ (F(x + ty), z) is continuous in ¢ for x, y, z € X), maps bounded
sets into bounded sets and is coercive (i.e., (F{x), x)/[jx| > 0 as [x| — o0).

The duality map F clearly depends on the norm in X. If | |, is an equi-
valent norm on X, then we denote the duality map corresponding to || |,
by F, .

Let X and X* be strictly convex and let 4 be a monotone set in X X X*;
then it is well known (see e.g. Browder [4]) that 4 is maximal monotone if and
only if R(F 4+ A) = X*. The following lemma is related to this result and will
be needed later.

LemMa Y1, Let { | ||} be a family of strictly convex equivalent norms on X such
that their dual norms are also strictly convex. Let F, be the duality map corresponding to
the norm || \,. Let A be a monotone set in X X X*. If for every f* € X* and ue X
there exists an a for which the equation

(1.1) v* + F,(v) =f* + F,(u), {v, v*]veA s

has a solution v € X, then A ts maximal monotone.
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Proof: Letu € X, f* € X* be such that
(p* —f*, 0o —u) =0 for every [v,0¥]ed.

Solving equation (1.1) vields (F,(s) — F,(x), v — u) £ 0. But F, is strictly
monotone, and therefore » = . Using (l.1) again, we obtain »* = f*, i.e.,
[u,f*] €4 and 4 is maximal monotone.

Our next lemma is analogous to Lemma 1.2 in Brezis-Stampacchia [2].

Lemma 1.2, Let B be a maximal monotone set in X x X*. If [u,,v*] €B,
u, — u (weak convergence is denoted by —), v* —~ v* and either

(1.2) lim (4, — u,,0% —o%) 20,
LM aC
or
(1.3) lim (u, — u, 0¥ — %) <0,
n— o

then [u,v*] € B and (u, ,v%) — (u, v*).

Proof: We prove the lemma with the condition (1.2). From the monoton-
icity of B it follows that

(1.4) lim (u, — u, ,0% —ok) =0.
Let {n,} be a subsequence of {n} such that (u, ,s}) — L. From (1.4) we obtain

=l ; — * ok
0 =lim [hm (U, — Uy, 5 V5, vnk)]
n;—>®© k2 3md o]

= lim [(u, ,v)) — (4, , %) — (u,0}) + L]

= 2L — 2(u, v¥) .
Hence L = (u, v*) and therefore (since L is unique) (u,, o) — (u, v*). This

implies that (¥ — u, y* — v¥*) 2 0 for every [x,»*] €B, and [y, v*] € B now
follows from the maximality of B. The proof of the lemma with the condition
(1.3) is similar.

Let X and X* be reflexive and strictly convex and let B be a maximal
monotone set in X x X*. As a consequence of a theorem of Browder [4] the
equations

(1.5) Flx, —x) + 2« =0, [x,,x¥1 € B,
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have a unique solution [x; , xf] for every x € X and 4 > 0. We define
(1.6) x; =Jx, xeX,
(1.7) xF = B,x, reX,

for every x € X. We collect some elementary properties of J, and B, in the
following lemma.

Lemma 1.3, Let X and X* be strictly convex.

(a) B, is a (single-valued) monotone mapping of all of X into X*.

(b) B, and J, map bounded sets into bounded sets.

(c) B, (respectively J ;) is continuous from X with the strong topology to X* (respec-
tively X) with the weak topology.

(d) For every x € D(B), |B,x|| < |Bx| and, for every x € conv (D(B)), lim J,x
A0

= x.
(e If 4, —>0,x,—x, B, x, = y* and

lim (x, —x,,,B, x, — B, x,) S0,

7n,m—>0

then [x,y*] € B and

lim (x, —x,,,

B).,,xn - Blmxm) =0.

Proof: (a) B, is clearly defined on all of X and is single-valued. Moreover,
(Bu — Byo,u — v) = (Bu — Byo, J,u — J,0)
+ (B — Byp, (u — Jyu) — (v — J))
= (Byu — Bv, Ju — J,v)

+%(F(J,_u —u) —F(J,o— ), (Ju —u) — (J;o—10)

v

0,

and hence B, is monotone.
(b) Let [u, v*] € B. Multiplying (1.5) by J,x — u vyields

(F(Jyx = ), Jix — ) S A%, u — J3x)
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which implies that J, maps bounded sets into bounded sets and since F maps
bounded sets into bounded sets also B, has this property.

(c) Let x, > x, in X. Let u, =J;x,, v* = B,x,; then 4, and ¥ are
bounded (by (b)). We have F(u, — x,) + 40* = 0, and therefore

(F(un - xn) - F(um - xm)? (u'n - xn> - (um - xm)) + l(l): - Dfn s Uy — um)

= (F(un - xn) _F(um - xm)7x'm - xn) .
Since the right-hand side tends to zero as n,m — o0 and the two terms on the

left-hand side are non-negative we have

*

lm (v% — ¥ ju, —u,) =0

nyM-—wx

and

lim (F(un - xn) — F(“m — xm): (un - xn) - (um - xm)) =0.

Ny M—> 0

Let {n} beasubsequenceof {n} suchthat u, —u, ¥ — v* and F(u, — x,)
—qn* Then [u,v*]eB and F(u—x) + A* =0, by Lemma 1.2,
Consequently, uz = Ju, and »* = B,x, and therefore (since the limits are
unique) J,x, —J;x, and B,x, — B;x, and the proof of (c) is complete.

(d) Let [x,x*]€B and F(x; — x) + Axf = 0; then

F(xll—— x))

0= (x —x,,x* —xf) = (x—-x,.,x*+

= e g e

A

IIA

and thus

I — %]l

A

el = 1Bl = = [l

Since x* € Bx is arbitrary, ||B,x|| < |Bx|. Let [0, v*] € B, then
iz — x]? = (F{x; — %), x; — %)
(1.8) = (Flx, — ), 5, — 9) + (F(x, — %), 0 — )
S At o —x) + (Flxy, —x),v —x).

It follows from (1.8) that ||x;| is bounded as A — 0, therefore |F(x; — x)| is
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bounded. Let A, — 0 be a sequence such that F(x; ~ x)—; then (1.8)
implies
(1.9) lim [x;, = x> = (,v — %) for every veD(B),
and therefore also for every v & conv (D(B)). If x € conv (D(B)), (1.9) vields
x, — x which implies that x; —x. Moreover, a simple argument shows that
the convergence is uniform on compact subset of conv D(B).

(e) Since [J; x,,B, x,] € B, part (e) follows directly from Lemma 1.2
applied to u, = J, x, and v} = B, x,, noting that |B, x | £ M implies that
lw, = 2, = [J3, %5 — %,/ =0 as n — oo and that

lim (x, —x,,B, x, — B, x,}) =lim (u, —u,,B,x, — B, x,) =0.
n;M—s 0 Ny M—> O

The proof of Lemma 1.3 is complete.

Remarks. 1. If, in part (¢) of Lemma 1.3, X has the property that x, — x
together with |x,]] — [|x|| imply x, — x, then J, is strongly continuous from X
to X.

2. Lemma 1.3 part (d) clearly implies that if X is any reflexive Banach space
and B is maximal monotone in X X X*, then D(B) is convex. Moreover, if
X and X* are strictly convex and X satisfies the condition of Remark 1, then
D(B) is virtually convex in the sense of Rockafellar [16]. Thus Lemma 1.3 part

(d) provides us with a simple proof of the results of [16].

3. Rockafellar [16] considers for every »* € X* the equation
)'F(x}.)-l_x;.k =.y*9 [x}.axf]EBa

and then denotes: x¥ = P,(y*). He raises the question whether P, is con-
tinuous in some natural topologies. It is easy to see that P, is the operator J, :
X* — X* which corresponds to B~! (maximal monotone in X* X X). There-
fore by part (c), P, is continuous from X* with the strong topology to X* with
the weak topology. In addition, if X* has the property that y* —y, |y, |
~—> || ] imply y, ~>*, then P, is strongly continuous from X* to X*.

4. Let X and X* be strictly convex and let 4 and B be maximal monotone
sets In X X X*. According to Browder [4] (Theorem 2), 4 + B, is maximal

monotone for every 4 > 0.
Our last lemma is a generalization of Lemma 2.4 of Crandall-Pazy [6].

Lemma 1.4, Let X and X* be reflexive and strictly convex. Let {x,} < X and let
{r.} be a monotonic sequence of positive real numbers. Further, let

(x'n =~ Xm> 7"nF(xn) - rmF(xm)) —<_‘. 0.
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Then:

(i) If r,— oo, then ||x,| is non-increasing and x = w-lim x,, exists. More-

over, lim x| = [lx].
(i) If r,—0, then Yx,|| is non-decreasing. If {|x,l} s bounded, x = w-
lim x, exisis and |x]| = lim |jx, .

Proof: We have
Q(xn ~ Xm s rnF<xn) - rmF(xm)) = (rn e rm)(“anz - ”Mn“z)
(110) + rn(“xnllz - Q(xm >F(xn)) + “xmnz)
+ rm(”xn“2 - Q(xn >F(xm)) + “xmnz) .
The last two terms are non-negative; hence,
(?‘n - rm)(l}xnnz - “me2> _S_ 0 >

and the monotonicity of {|x,|} follows. Let us prove (i). Divide (1.10) by
7w + 7,, to find

2 2~ wal®)

rn+rm

(L) =2 (a2 = 205 » F(x2)) + 15l?)

o il = 20 Fls) + Ixal?) S0

Let |x,]| — L and assume F(x,)— 7. Fix m and let » — oo through {n,} in
(1.11). Since r, — + o0, we obtain

(L2 = N%ul®) + (L2 — 2(xp5 1) + [x,]%) =0 for every m.

Letting m — oo, we see that

lim (x, ,n) = L.

m— 0

Since ||| = L, |x,ll = L; this implies x,, —F-(y) and |n|| = L. The proof
of (ii) is similar.

We finish this section with some remarks on a special kind of maximal mono-
tone set in X X X*. Let f be a convex lower semi-continuous function from X
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into R U {4+ }. We assume that f is proper (i.e., not identically +c0). We
recall that the subdifferential

of (w) = {w*: w* e X* and f(v) = f(u) + (w*, v — u) for every v € X}

is a maximal monotone set (see e.g. [14]).

Note that if K is a non-void closed convex set in X and w, is the indicator
function of K (ie., pg(x) =0 for x e K and pg(x) = 4+ for x ¢ K), then
Y is a proper, convex and lower semi-continuous function. It follows that
Oy g 1s a maximal monotone set in X X X*. It is easy to verify that the domain
of Oy, is K and that w* € Op(u) if and only if (w*,u — v) = 0 for every
ve K.

2. Perturbation Theorems

We begin this section with a theorem which turns out to be very useful in
proving perturbation results. Let X be strictly convex with a strictly convex
dual X*. Let 4 and B be maximal monotone sets in X X X*. According to
the discussion in Section 1, 4 + B, is maximal monotone in X X X* and it
follows that the conditions

(2.1) Flxy) + 2 + By, = f*, (1,231 €4,
determine a unique x; € X for every f* € X*.

Tureorem 2.1. Lt X be strictly convex with a stricily convex dual X*. Let A and
B be maximal monotone sets in X X X*, and let x, be the solution of equation (2.1).
Then f* € R(F + A + B) if and only if ||B,x,| is bounded as 2 tends to zero.

Proof: Let f* € R(F + A + B). Then there exists an x € X such that
(2.2) Flx) +2f + x5 =f* , [xxf)ed,[rx}eB.
Let «x, be the solution of equation (2.1); then

0= (Flx;) = F(x), 5y —2) = (5] —af , %0 — %) + (5 — Byx;, %, — x)

S (xF — By, %, — %),

since A4 is monotone. Using

x, = Jx, + AF3(Byx,) ,
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we obtain

0

A

(x5 — Byx,, Jyx; — x) + (xF — Byx, , AF-1(B,x,))

A

(23 — Byx,, AFY(B,x)) ,

since B is monotone and B;x, € BJ,x. Thus, |Bx,|2 < (x} , F71(B,x,)) or
[1B;x,l = llx5, and the condition is necessary.

To prove that the condition is sufficient we show that the equation (2.2) has
a solution if ||Bx,|| is bounded. Let [x,, x}] € 4 and multiply equation (2.1)
by x;, — x. After rearrangement we obtain

fxall2 = (f*, 20 — x0) + (F(x3), x0) — (55, %3 — %) — (Bux,, x5 — xg)
= (f*x — xoj + (F(xy), 20) — (xg > x5 — xo) — (Byx,, %, — x¢)

= Glxl + G,

which implies that [lx,;]] < C? + 2C,, ie., [lx;]| is bounded. By our assump-
tion, |B,x,;|| < C and therefore in equation (2.1) we have ||xf|| < C. We choose
a sequence A, —0 such that x; —x,x; —xf,B,x, —=zx} and F(x;)
—> z* Using equation (2.1) for 4, and 4,, , we obtain

0= (F(xx,,) + xfn - (F<x1m) + xfm)a Xin Xym)
+ (Bllnx).n - Bz,,,x,{,,‘ s X3, T Xim)

since F 4+ A is monotone, the last equation implies

lim (B, x;, — B, x; ,x; —x,)=0
n,Mm—* ¢

and hence, by Lemma 1.3(e), [xy, xi] € B and

im (B %, — B3,%3,. %, —%,) = 0.

T, M 00

Consequently,

lim (F(xz,l) + x’i” - (F(x,'m) + x5 ), %, —x,)=0

m n m
nN,M— 0

and, since A is monotone,

lim (F(x;,) — F(x,,), %2, — %) =0

N,M—>©
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Therefore, by Lemma 1.2, z* = F(x,) and

: * * -
im (xf, — %3 ,%;, — %) =0,

nym—> o

which again by Lemma 1.2 implies that [x,,4%] € 4. Passing to the limit
through the sequence {1,} in equation (2.1), we obtain F(xy) + xf + x¥ = f*,
[%0, 271 €4, [xy, 53] €B, le., f*ER(F + A + B).

Remarks. 1. If f* e R(F + A + B), then there exist a unique ¥ € X and an
x* € (A + B)x such that f* = F(x) + x*. Let x* = 2} + x}, where x* € Ax
and x} € Bx. This decomposition of x* is in general not unique. We can choose
any x} in the non-void convex set Hx = Bx N (f — F(x) — Ax) and then take
the corresponding x} . If, however, the solution of (2.2) is obtained as in the
proof of Theorem 2.1, i.e., by a sequence of solutions of (2.1) for which x,,
F(x;), xf and B,x, converge weakly, then x} and xf are uniquely determined,
x} is the element of minimum norm in Hx and xf = f* — F(x) — x} . This
is a direct consequence of the first part of the proof of Theorem 2.1 in which
we took for x¥ any element in Hx and obtained |B x| = |x}].

2. In the sufficient part of Theorem 2.1, we obtained a solution of (2.2) by
considering a sequence of solutions of (2.1} with some special properties. Using
Remark 1, we shall show that, if f* e R(F + A 4+ B) and

Flxy) + 5 + Byx, =%, [x:,%] €4,

then x, — x,, F(x,) — F(xy), Bx; — &y and x¥ — xf, where x, is the unique
solution of equation (2.2), £F is the element of minimum norm in Hx, and xJ =
f* — F(xy) — % . Moreover, if X and X* are uniformly convex, then the
above weak limits are strong limits.

Proof: Any sequence 4, — 0 has a subsequence 1, such that x;. , F(} ),
xy. and B, x, converge weakly. As in the proof of Theorem 2.1, we then
have x;; — xo, F(x;.)) — F(x,), By x; — % (by Remark 1) and »} — xf =
f* — F(xo) — #F. Since the limits are uniquely determined and 1, was an
arbitrary sequence converging to zero, this implies x; — x4, F(x;) — F(x,),
Bx, — ¥ and «f — xf = f* — F(x,) — i} .

Assume now that X and X* are uniformly convex. Since B;x; — &F and
[%o, #F] € B, we have

151 < lim ||Byx,|l < lim By < 1551 5

therefore, lim {|B,x,|| = ||&¥|| and the uniform convexity of X* implies B,%, —
#F . Subtracting (2.1) from

Flxo) + o7 + & = f*
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and multiplying by x, — x, yields, after passing to the limit as 4 — 0,
lim (F(x;) — F(xo) % — %) £ 0,

which implies |x;|| — |%,] and we conclude that x, — xy and F(x;) — F(x,).
The proof is complete.
3. A direct proof of Remark 2 can be obtained using Lemma 1.4.

Using Theorem 2.1 we obtain an alternative proof of the following theorem
of Rockafellar [15].

TueOREM 2.2. Let X be a reflexive Banach space. Let A and B be maximal mono-
tone in X x X*. If int(D(4)) N D(B) # &, then A + B is maximal monotone in
X X X*

Proof: We choose in X and X* any strictly convex equivalent dual norms
(see Theorem 1.1). Clearly, we may assume without loss of generality that
0 €int(D(4)) N D(B) and 0 e A0, 0 € BO. This can be achieved by shifting
D(4), D(B) and R(4), R(B). Let f* be any element of X* and consider
the equation

(2.3) F(x)) + 2% + Byx, = f*, x¥ € dx;.

Since 4 and B are monotone, 0 € 40 and 0 € B0, we see by multiplying (2.3)
by x, that

(2.4) el = 1S *S
and
(2.5) (2 5 x3) = NS*I2.

Moreover, since 0 € int(D(4)), A4 is locally bounded at 0 (see e.g. Rockafellar
[15]). Hence there exist constants « > 0 and K > 0 such that if ||x|] < «,
then x € D(4) and if x* € |J Ax, then |x*|| < K.

[l <
For 1> 0, define z, = }aF2(x%)/x¥]. Since |z;| =tx<a, z,€
D(A4). Let [z,,z¥] € 4. Then [z} = K and we have

0= (s —zf,m—z) = (1, %) — (s z) — (2F, %) + (21, 20 5

therefore,

dallxfll = (F 5 2 = (65, x0) + (25 2) — (21, %))

S IR+ KGae + 1) -
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This implies that |xf| < C. Using this together with (2.3) and (2.4) we see

that ||B,x,|| £C and therefore, by Theorem 2.1, f* e R(F + 4 + B). Since

Sf* was arbitrary, R(F + 4 + B) = X* and A4 + B is maximal monotone.
We now turn to our main result.

TrEOREM 2.3.  Let X be a reflexive Banach space. Let A and B be maximal mono-
tone sets in X X X* such that

(i) D(4) < D(B),

(i1) |Bx| < k(llxl) |dx] + C(lix|l), where k(r) and C(r) are non-decreasing functions

of rand k(r) <1 for every r.
Then A + B is maximal monolone in X X X¥*.

Proof: Without loss of generality we may assume that 0 € D(4), 0 e 40
and 0 € BO. This can be achieved by shifting the domains and ranges of 4
and B.

Let {| |,} be the family of equivalent norms on X introduced in Theorem
I.1. In view of Lemma 1.1, 4 + B is maximal monotone if for every f* e X*
and u € X there exists an a such that

f*+F,(u)eR(F, + 4+ B).
To show that this is indeed the case, consider the equation
(2.6) Fo(n) + 23 + Bixy =f* + Fo(u) [x;, %}l €4d.

For every f* € X*, u € X and any fixed g, this equation has a unique solution
x; . If ||B%x,|, is bounded as A tends to zero, then f* + F,(u) e R(F, + 4 + B)
by Theorem 2.1. To prove the theorem it is therefore sufficient to show that,
for every f* € X* and u € X, there exists an a such that ||B%;,]|, is bounded as
A tends to zero. Multiplying (2.6) by x; yields

Ixalla = 1S *Ma + lulla = (IS *1 + N2l)

since B0 = 0. Let R = 2(|lf*| + [#||]) and choose a such that 1 <a <2
and £(R)a? < 1. Using equation (2.6) again, we obtain

a7t Ax;| = |xle 2 x5 le S 1 e + 1Bix:la + lulla + lix;l,
= 2a(ll £ ¥ + llul) + |Bx,l,
= 2a(|l/*) + llul) + a|Bx;l
= 2a{l f*) + lul) + ak(R) |4x,] + aC(R) .

(2.7)



136 H. BREZIS, M. G. CRANDALL AND A. PAZY

Thus |Ax;| = a%k(R) |Ax,] + C, which implies that |4x,| is bounded and there-
fore, by (2.7), |Bx;|, is bounded. Hence, [|Bix,|, is bounded and the proof is
complete.

Remarks. 1. If X and X* are uniformly convex, condition (ii) of Theorem
2.3 can be replaced by the following local condition:

(i1)" For every x € D(A) there exist a neighborhood V_ of x, a k, < 1 and a
constant C, such that

1Byl £k, [ +C, for every yeDA4) NV,

We do not know whether or not this is true in a general reflexive Banach space.

2. In the case that X is a Hilbert space (and the case of accretive operators
in Banach space), Theorem 2.3 was first proved by Crandall and Pazy [6].
For these cases, Kato [8] observed that condition (ii) of Theorem 2.3 can be
replaced by the local condition (ii)".

CoroLLARY 2.1, Let X be a reflexive Banach space. Let A be a maximal set in
X X X*, and let B be a single-valued monotone hemicontinuous operator with convex
domain D(B) in X. If D(A) < D(B) and

1Bull = &(llul) [du] + C(llul)) for every uweD(4),

where k(r) and C(r) are non-decreasing functions and k(r) < 1 for every r, then A + B
15 maximal monotone in X X X*.

Proof: Let B be a maximal monotone extension of B. Let K = D(B).
Clearly, |Bu| = ||Bull for every ue D(A) and D(B) > D(B) = D(A4). There-
fore, A + B is maximal monotone by Theorem 2.3. We shall prove that, for
every u € D(B),

(2.8) Bu < Bu + 0y, (u) .
Let u e D(B) and f€ Bu; then
(2.9) (Bv —f,v —u) =20 for every veD(B).

Let we D(B) and define 7, = (I — t)u + tw, 0 < ¢t = 1. Substituting », in
place of v in (2.9} yields

(f—Bv,,u—w)=0.
Letting ¢ tend to zero and using the hemicontinuity of B, we obtain

(f — Bu,u — w) =0
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for every w € D(B) and therefore also for every w € D(B) = K. Thus,
S — Bue Oyg(u) <> fe€ Bu + Oyg(u)

and (2.8) is proved. From (2.8) it follows that 4 + B < 4 + B + Oy . But
A=A4+4 oyg, since D(4) < K and A4 is maximal monotone. Therefore,
A + B < A + B which implies 4 + B = A + B and hence 4 + B is maximal

monotone.
3. Applications

In this section we give three simple examples in which the previous theory is
applied to partial differential equations. Our main interest is in the technique
used to solve the problems rather than in the specific results. We denote by €
a bounded domain in R" with smooth boundary 99, and by H™(Q), H;*(2) the

usual Sobolev spaces.

ExampLe 1. Let 8 € R X R be a maximal monotone set in R X R such that
0eD(B). Let V(x) e L?(Q), p = 2, and V(x) = 0 a.e. in Q.

THEOREM 3.1.  Let p > 4n; then for every f € L*(Q) there exists a unique solution
u € H2(Q) of the equation

fe(—Au+ Blu) + Vu) in Q,

3.1
3. u=0 on o).

More precisely, there exists a g € L*(Q) such that g(x) € P(u(x)) a.e. in Q and the
equation

—Au+g+TVu=f in Q,
(3.1)’
©=20 on 0Q.

is satisfied.

To prove Theorem 3.1, let X = X* = L2*(Q) and let || | be the LZ(2)
norm. We introduce the following operators:

B = {{u,v] : u, v € L2(Q) and v(x) € f(u(x)) a.e. in Q}.

Clearly § is maximal monotone in X X X*. There is no loss of generality in
assuming that 0 € $(0) and we shall henceforth assume this.

Let D(A) = H2(Q) N HYQ) ND(B) and let Au= —Au + Bu) for ue
D(4). Using Theorem 2.1, we shall show that A is maximal monotone. It is
well known (see e.g. Nirenberg [13]) that —A with domain H%(Q) N Hy(Q) is
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maximal monotone in L2(Q) x L%(C)). Hence the equation

—Duy + Igz(“x) +u,=f in Q,

3.2
(32 u, =0 on 0Q ,

has a solution u, € H}(Q) N HL(Q). Multiplying (3.2) by 8,(u,), integrating
over Q and noting that f§,(z,) u, = 0 a.e. in Q and that

_ LM‘ B(w) dx 2 0

(since f; = (B), and B, is a monotone Lipschitz function), we obtain
(3.3) 1B: ) = 111 -
Therefore (by Theorem 2.1), the equation
fe(=Au+ Bu) + u) in Q,
u=0 on 00,

has a solution. Since f e L?(Q) is arbitrary, 4 is maximal monotone. More-
over, for any fe€ Au we have (see [13])

lul oy = CllAu]] = C|f]| for every ueD(4),
and therefore,
(3.4) lull goqy = ClAu] for every ueD(4).

Let D(B) = {u:u € L*(Q) such that Vu € L?(Q)}. Since V = 0, B is mono-

tone. It is maximal monotone, since the equation
u+ AVu = f, A>0,
has the solution u = f/(1 + AV) which is in L%(Q) for every fe L?Q).

We now use Theorem 2.3 to show that A 4+ B is maximal monotone. We
start by showing that D(4) < D(B). For this it is sufficient to show that H2(Q) <

D(B). Consider
2/ 1/
2k =f V2u? dx §(f Vz”’/z) ’ (f uz") ) ,
Q fel Q
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where 1/g + 2/p =1, i.e., ¢ = p/(p — 2). Thus,

(8.5) |Bull =) Vi zray 12l p2aq) -

But p > in implies 1/2¢ > § — 2/n and, therefore, by Sobolev’s theorem,
H2(Q) < L*(Q). Moreover, the embedding is compact. This implies that
H?(Q) © D(B) and that for every & > 0 there exists a constant C(¢) such
that

lull Laaer = & Null gz + G (e)llu]l -
Using this estimate together with (3.4) and (3.5) we see that
[1Bull = eC |Vl oy |[du] + C(e) 1V Loy ull -

Choosing & so small that £C | V|| »q) < 1, we obtain the estimate which is needed
in Theorem 2.3, and hence 4 4+ B is maximal monotone.

To complete the proof note that 4 4+ B is also coercive and, therefore,
R(A + B) = X* = L¥Q).

Theorem 3.1, together with the results of Crandall and Pazy [6], yields the
following corollary.

CororLrary 3.1.  Let  and V be the same as in Theorem 3.1 and let

ug € H2(Q) N HYQ) N D(B).
Then the equation

Ou
ot
(3.6) u(x,1) =0 on 0Q x (0, + ),

Oe— — Au 4+ Bu) + Vu n Q x (0, 4 ),

u(x, 0) = ug(x) in Q,

has a unique solution u(x,t) € C(0, + co; LAQ)) such that

u(x, t) € HYQ) N HY(Q) N D(B)

Sfor every fixed t 2 0 and Ju[dt € LT (0, + o0; L2(Q)).
Remark. 1t can be shown that 0u/0t € L3(0, + oo; Hy(£2)).

ExampLE 2. Let p ,p, € H¥Q) satisfy v, < y, in Q and »; =0 S g, on
9Q. The set

K={:0vel®Q),y, Sv=vy, ae on Q}
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is clearly a closed convex subset of L?(€2). Let Py be the projection on K in
L2(Q). For every u in L2(£)) we have

]

N

(3.7) Pru=u+ (yy —u)t — (v —pa) 7,

where rt = max (r, 0).
Let V(x) e L*(Q), p = 2, and V(x) = 0 a.e. in  and consider the following

problem: Given any fe L3Q), find a function u € H2(Q) N HH{Q) N K such
that

(3.8) f(f—}— Au— Vu)y(u —v)de Z 0 for every vek.
Q

This elliptic inequality is equivalent to the problem

fe—Au+ Opglu) + Vu,
ue H}Q) N HYQ),

(3.9)

where g is the indicator function of the convex set K.

TueoreM 3.2.  The elliptic inequality (3.8) has a unique solution u € H*(Q) N
HYQ) N K for every fe L) provided that p > in.

To prove Theorem 3.2, let X = X* = L?(Q)) and let || | be the L2(Q)) norm.
We introduce the operators: A, with domain D(A4) = H?*(Q) N H;(Q) N K,
defined by 4 = —Au + 0yy(¢) and B, multiplication by F(x), as in Example
1. From the results of [2] it follows that 4 is maximal monotone. Nevertheless,
we give here a direct proof of this result which seems to be simpler and is based
on Theorem 2.1. Using Theorem 2.3 we conclude that A 4+ B is maximal
monotone. Finally we note that 4 + B is also coercive and, therefore,
R(4 + B) = L2(Q). We start with a lemma.

Lemma 3.1.  Let L be a linear operator, L : H3(Q) — L*(€), such that
fLw cwtde 2 0
Q
Jor every w € H2(Q) which satisfies w = 0 on 0Q. Then

f Lv- (v — Pyv)de Z —Cg |lv — Pro|
0

for every v € HY(Q) and Cye = |Lpy]| + Ll
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Proof: We have
| R 2 R N
Q Q

ELL%- (0 — py)tdx —LL%(% — o)Tdx

v

= Lol (v — )Tl — 1 Lyull 1 (yy — 0)7|

Z — (Ll + 1Lysll) llo — Pgol ,
since (2 — o) *[|* + [[(yy — 0)*[? = |o — Prolf®.
We now prove that 4 is maximal monotone. For f given in L2(Q), consider

the equation

—Au; + (0 Vi) +uy =1 in Q,

(3.10)
u, =0 on 0Q .

It is easy to verify that
1
(0 wg)w = 7 (v — Pgv) for every ovelL?Q).
Multiplying equation (3.10} by (0 wg),u; and integrating over ) yields
1 .
7 Q(_A“), + ;) (uy — Pguy) dx + (0 p) sl = 2 Qf' (0 pr) s dx .

Using Lemma 3.1 with L = —A + I, we obtain

ll(o ve)allt — Cx (o vl S NS (o Vi) atall s

and hence

(3.11) 1B pa) all = 1SN+ Crc -

By Theorem 2.1 we conclude that fe R(I + A) and, since f was arbitrary,
A is maximal monotone.
From equations (3.10) and (3.11) we have

h=Au, + wll =201 + Cx ;
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passing to the limit as 4 — O we obtain
(3.12) [—Au+ul 22|fI + Cx -

Let € D(4) and ge Av; then ¢ + v € —Au + v 4 Oy (v) and therefore, by
(3.12),

[—Av + ol =2 gl + 2ol +Cyx
from which we conclude that
(313) Nollgue S €' I—Av + o < C(el + ol +1) for every e D().

From this point the proof proceeds exactly as the proof of Example 1. Equation
(3.13) replaces equation (3.4) and after a simple computation we obtain D(4) <
D(B) and

(Bu| < kjAu| + C (Jul]) for every ue D(A),

where £ < 1.
Using the results of [6] in conjunction with Theorem 3.2 we obtain

CoRroOLLARY 3.2.  Assume that the conditions of Theorem 3.2 are satisfied. Let
ug € H2(Q) N HYQ) N K. Then the parabolic inequality

Au—Vu—@(u—v)dxgo or every veEK,
(3.14) Q ot J 7

“(0) = u,
kas a unique solution u € C(0, + co; L)) such that u(x, t) € H*}(Q) N H}(Q) N K
for every £ = 0 and duf0t € L*(0, + c0; L3(2)).
Remarks. 1. Tt can be shown that du/0t € L2(0, T; H}(€)).

2. Weak solutions of (3.8) and (3.14) could be obtained using the results of
Browder [5], Hartman and Stampacchia [7] and Lions-Stampacchia [12].

ExampLe 3. Let ¥  be a reflexive Banach space, 2# be a Hilbert space
and let
VAR S

where the embedding is dense and continuous. Let £ be a closed convex set
in ¥ and 0 € 4. We denote by ( , ) the scalar product in 5 and in the
duality ¥", ¥ *. Let X = L?(0, T; ¥"), p = 2, and X* = L?(0, T; ¥ *) with
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I/p + 1/p" =1 and let
K={ueX ult)eA ae. on (0, 7)}.

Treorem 3.3. Let B: K NCO, T; #)-—>X* be a single-valued monotone
hemicontinuous and coercive operator such that

1Bull x+ = bulllell x) NelEgzoy + Salliul)

(3.15
Jor every ue K NCO, T; ),

with o < 2, ¢, and ¢, non-decreasing functions. Then for every fe X* there exists
a uec K NCO, T, ) such that u(0) = 0 (respectively u(0) = u(T)) which is a
solution of

T dv
(3.16) f(f——Bu——,v—u)dt§0
0 dt

Sor every v € K with dvjdt € X*, v(0) = 0 (respectively v(0) = o(T)).

To prove Theorem 3.3 we show that the operators 4 and B defined below
satisfy the conditions of Corollary 2.1. Let 4 be defined as follows: ge Au if
and only if u € K, g € X* and

T do
g——,v—u)dt<0
0 dt

for every v € K with dvjdt € X*, v(0) = 0 (respectively v(0) = o(T)). It follows
from a result of Brezis [3] that 4 is maximal monotone. Moreover, if u € D(4),

then u € C(0, T; ), u(0) = O (respectively u(0) = «(T)) and
el oy = Cyldulxo lulx + Gy uf)%,  for every ueD(4).
Using (3.15) we then have, for every u € D(4),
1Bull’e = (Cy [Aul xullull x + Gy llull3)* by (lul x) + balllu] x)
< CEP 1Al ull 4 pllinl x) S e ldulxe + Co(llulx)
(& can be chosen arbitrarily small since « < 2). Thus the conditions of Corollary

2.1 are satisfied and hence 4 4+ B is maximal monotone. Finally since 0 € A0
and B is coercive, A + B is coercive and R(4 + B) = X*.

Remark. Theorem 3.3 includes as a particular case the result of Lions [11].
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