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1. Introduction

Consider the Cauchy problem

u—Au+u> =0 on RV¥x(0,00) (.n
u>0 on RVx(0,00) (1.2)
u(x,0) =cdé(x) on RV, (1.3)

where N = 1, ¢ > 0 is a constant and d(x) denotes the Dirac mass at the origin.

A result of BrRezis and FRIEDMAN [6] asserts that if 1 << p << (N + 2)/N,
then for every ¢ > 0 there exists a unique! solution #, of (1.1)-(1.3). When
p = (N -+ 2)/N there is no solution of (1.1)-(1.3) and in fact any solution u of
(1.1) such that =0 on RNx(0,c0) and

lim [ ulx, 1) z(x)dx =0  Vye CPRN\ {0
RN

must vanish identically. Therefore we deal only with the case p << (N + 2)/N.

The function u.(x,t) is smooth in R¥x [0, c0) except at the point (0, 0).
Near (0, 0) the singular behaviour of #, is essentially like that of cE, where E(x, t)
is the fundamental solution of the heat equation, that is

x12

E(x, t) == W e &
In particular it can be shown that
u. = cE,

11%1 [ lulx, £) — cE(x, )| dx =0
RN

1 The solution is unique, even without prescribing any condition at infinity (see
Brezis [5]).
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and, more precisely, as is shown in the Appendix,
|u(x, t) — cE(x,t)| < Ct'E(x,t) VxcRFN, >0,

for some constants C >0 and » =% N{l + (2/N) — p} > 0.
In this paper we establish that there exists a function W/{(x, t), which satisfies
(1.1), (1.2) and

W is smooth in R" x [0, c0) except at (0, 0) (1.4)
W(x,0)=0 for all xcR"\ {0}, (1.5)

and W is more singular that E at (0, 0).
We look for a function W of the form

| x|

1
Wix, t) = tm:—nf(tﬁ) . (1.6)

It is readily verified that W satisfies (1.1), (1.2), (1.4) and (1.5) if and only if f(x)
satisfies

N—1 1
() S s = =0 0 (1)

S>>0 and fis smooth on [0, c0) (1.8)
2
f0)=0 and nlilg 7P=1 f(3) = 0. (1.9

Our main result is the following:

Theorem. If 1 << p <1+ (2/N), then there is a unique function f satisfying
(1.7), (1.8) and (1.9). In addition the asymptotic behaviour of f as v — oo is given

by
~in? a—N 1 1
Sy = e TN = (s = M) (x = D)5+ o (5]}
where oo = 2/(p — 1) and A is a certain positive constant.

One sees easily that the singularity of 7 at (0, 0) is stronger than the singularity
of E. Note for example that
E(Q, t) = (4mt)~N2,
while

1
W, 1) =t 2~ f(0)

and 1/(p — 1) > N/2 because p << (N + 2)/N. Also observe that for any
& > 0 there exists a constant K, > 0 such that
_.Ke
IWC Dllpoegy>g =€ ' as td0,
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and
f Wi(x, t)dx = c,t™7,
BN
where
1 N
r=p=127°

and ¢, >0 is a certain constant.
It follows in particular that

1%1 [ W(x, t)dx = o0
rN

and lrig)l W(-, t) does not exist, even in the weak sense of distributions (in 2'(R")).

There is a certain analogy with a nonlinear elliptic problem. It is known that
for each constant ¢ > 0 the problem

{—Au 4+ u=c6 onRN (1.10)
u>0 onR¥ 1.11)

has a unique solution u, if p << N/(N — 2) (no restriction on p if N =1 or 2)
and that no solution exists if p = N/(N — 2). The function u, is smooth in
RY \ {0}, and near the origin the singular behaviour of u, is essentially like that
of cE, where E is the fundamental solution of —A:

1 .
W Doy [z N2
Eo=1y,
i?zlog H if N=2,

where w, is the area of the surface of the unit ball.
On the other hand if p << N/(N — 2) there exists a function W(x) which satisfies

—AW+ WP=0 on RN\ {0} (1.12)
W>0 and W is smooth on RV \ {0} (1.13)
W is more singular than E at 0.

In fact, W is given explicitly by

W) = e(p, N) | x| 720D

for some appropriate positive constant ¢(p, N). In addition one knows that:

(i) W coincides with the (increasing) limit of u, as ¢ ¢ co.
(ii) The functions (¥.) and W are the only functions satisfying (1.12) and (1.13).
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(iii) The functions (4.) and W provide a complete classification of the local beha-
viour near x = 0 of any function u satisfying

{ —Au+w=0 in Q\{0 (1.14)
u>0 and u is smooth in 2\ {0}, (1.15)

where 2 is a neighbourhood of x =0 in RV,

More precisely, if u satisfies (1.14), (1.15) then either u is smooth at x = 0,
or u~cE asx—0 for some constant ¢ > 0,
or u~W asx—0.

For all these properties we refer the reader to [4, 7, 8, 9, 15]. We believe that
similar results hold for (1.1), (1.2).!

The plan of the paper is the following. In section 2 we formulate Problem
(1.7)~(1.9) in the phase plane and in the subsequent three sections we establish
the existence of a solution of (1.7)—(1.9) by means of a shooting argument. We
refer to a solution of (1.7)-(1.9) as a fast orbit.

The proof also demonstrates the existence of a one-parameter family of func-
tions which satisfy (1.7), (1.8) and the boundary conditions

f©@=0, floo)=0,

but which do not satisfy (1.9). In fact they satisfy the boundary conditions
2

=0 and lim 57— 1f() = A> 0.
17—)00

We refer to these solutions as the slow orbits. Their existence (for any given
A > 0) has been established earlier by KaMmiN and PELETIER [11] in connection
with an investigation of the large time behaviour of solutions of (1.1).

In section 6 we analyze the asymptotic behaviour as 7 — oo of both the fast
and slow orbits. Using the results of section 6, we prove in section 7 that there
exists at most one fast orbit, and thus, at most one solution of (1.7)-(1.9).

Finally we mention a study of HARAUX and WEISSLER [10] of solutions W of
the form (1.6) of the equation

u,—Au—u? =0 on RVx (0, c0)
u>0 on R¥x(0,00).

They are led to an equation similar to (1.7) in which however the nonlinear term
has a different sign (—f7 is replaced +-f*). Their methods and conclusion are
quite different from ours *.

* After the manuscript was completed, we received two preprints from WEISSLER
[16, 17]. In [16] he extend his analysis with HARAUX [10]. and in [17] he proves the
existence of a solution f of Problem (1.7)-(1.8)~(1.9) when p < 1 4 (2/N). The asymp-

-1
totic behaviour of f(n) as 5 — oo is shown to be O(e 8 '7277(1_”)/2) . See also [20]
and [22].
1 Thus has been established in KAMIN-PELETIER [18] and L. OswALD [19].



The Heat Equation with Absorption 189
2. Preliminaries

We consider the problem

" (N_l x) X =0, Vx>0 2.1
Wt |\t +gu =0, x>0, 2.1

(A) u>0 Vx=0,
#(0)=0, uoo)=0 2.2)

in which « > 0 and p > 1. Problem (1.7)—(1.8)-(1.9) is a special case of Prob-
lem A, in which « = 2/(p — 1) and the behaviour of u(x) as x— oo is further
prescribed to be o(x~%). Note that

< N2 >N

—_—= .

p N o

In this section, and the next three sections we shall prove that there exists a solu-

tion u of Problem A such that u(x) = o(x™%) as x— oo.

Theorem 1. Suppose p > 1 and o> N. Then there exists a solution of
Problem A with the property

llglo x*u(x) = 0. 2.3)

The proof of this theorem is based on a shooting argument in the phase plane.
Thus, we write equation (2.1) as a first order system

u=v

(B)

X

o= — (ot 3) o —sw,

where

&
Jfw) = Fu— . 2.9)

This system has two critical points: (0, 0) and (4, 0), where A4 = (x/2)"/®~D,
For each y € [0, 4], let (u(x, y), v(x, ¥)) be the solution of (B) which satisfies

(0, »), v(0, y)) = (v, 0).

It was shown in [13] that this solution is well defined and twice continuously
differentiable in some interval [0, x,], xo > 0, and that

i u'(x,y)
m =
x—>0 X

1
u’'0,y) = — Wf(y)- (2.5)

We wish to prove that there exists a number y,€ (0, 4) such that u(x, y,)
exists and is positive for all x = 0, and satisfies (2.3). The proof is broken up
in a number of steps. We first prove in section 3, that if o is sufficiently close to
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A, then u(x,7) >0 for x = 0. We shall see that this implies that u(x,y) -0
as x — oco. Then, in section 4, we discuss the rates at which u(x, y) may approach
zero and finally, in section 5, we complete the proof of Theorem 1, showing that

yo = inf{y € (0, A): u(x,y) >0 for all x=0}>0

and that u(x, y,) has the asymptotic behaviour prescribed in (2.3).

3. Global Behaviour in the Phase Plane

We begin with some notation. For 1> 0, let
S ={wv):0=u=s4,v=0}
Z,={uv)EL :v=—Au
4= {u, )L v=—luj,
and for ¢ >0 we define
Ay ={u, €L, v) — (4, 0] <.

A

/ﬁ
ke

——4
(=

Ag

Fig. 1. The sets &, £;, ¢, and «,.

Lemma 1. For every y € (0, A) there exists a number x, >0 such that
(u(x, p), v(x, YY) €L  for 0 < x = xo.

If (u(x, p), v(x, y)) ever leaves & it must do so through the half line {,v):u=0,
v< 0.

Proof. The existence of a number x, > 0 follows from (2.5). If (u(x, ), v(x, »))
leaves & it cannot do so through the top or the right side of & because on those
sides the vector field determined by (B) points into & for all x >0, and not
through the corners since they are equilibrium points.

Thus, for any y € (0, A), (4, v) enters &, and we now need to find conditions
on y which ensure that it does not leave it.
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Lemma 2, For any >0 there exists a &, > 0 such that &, is positively
invariant for x = &;. That is, if (ug, Vo) € L3, Xo = & and (u(x), v(x)) is the
solution of (B) which satisfies (u(x,), v(xo)) = (o, Vo), then (u(x), v(x))€ &L, for
all x = x,.

Proof. We shall show that, given 12> 0, there exists a £, >0 such that
if x> &;, then the vector field determined by (B) points into #,, except at the
critical points (0, 0) and (4, 0).

On the top (v = 0):

, N—1 «x
v:_( ~ +7)u—f(u)<0 for all x>0,

while on the right side (x = 4),
W =v<0 forall x>0.

Thus, on the top and on the right side, the vector field points into &, for all
x> 0. On J, we must prove that v'fu’ << —A1 for x sufficiently large. This is true
because on /;:

Z_l,z_(N—l X) f@) _(N-;1 x)Jf%__upT_i

v

x 2

N—1 X * 5
<—(T+7)+ﬂ<_

if x> &, where & = 24+ (x/A).

Lemma 3. Given &,¢> 0, there exists a 6 > 0 such that if y€ (4 — 6, A)
then (u(x,y), v(x,y)) € A, for all x€|[0,§].

Proof. Note that (u(x, A), v(x, A)) = (4, 0) for all x = 0. Thus, the result
follows from Lemma 1 and the continuous dependence on initial data.

Lemma 4. Given 4 > 0, there exists a 6, >0 such that if v€ (4 — 6;, A),
then (u(x,y), v(x,y)) €&, for all x = 0.

Proof. Choose ¢ so small that &/, C .Z,. By Lemma 2, ¥, is positively in-
variant for x = £, and by Lemma 3 it is possible to choose a §; > 0 so that
if ye(d — 6;, 4), then (u(x,y), v(x, y) € L, &, for 0 = x < & Thus for
y € (A — 0;, A) the solution does not leave &, for any x = 0.

Lemma 4 implies that if y is sufficiently close to 4, then u(x,y) > 0 for all
x = 0. We shall see in the next lemma that this implies that wu(x,y)— 0 as
X —> OO,

Lemma 5. Suppose that for some y € (0, A), u(x,y) >0 for all x = 0. Then
Jim u(x,y) = 0.
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Proof. By Lemma 1, u'(x,y) = v(x,y) <0, whence u(x,y) is decreasing

and bounded below. Therefore
u st lim u(x,y) exists.

Suppose u > 0. Then

4 (o )W = 0> @ <0 as xoo.

x 2
Hence there exist numbers ¢ >0 and x, > 0 such that

N—1

rr x ’
u —l—(——{—?)u < —¢ for x> x,.

x
Write

N—-1 x
a(x)=—x—+—2—

and

w(x) = exp { fx a(s) ds}.

X0

Then, setting u(x) = u(x, »), (3.1) can be written as
(W) &' (x))" < —ew(x),

which yields, upon integration from x, to x

w(x) 1'(x) < u'(xp) — & fx w(s) ds < —e fx w(s)ds.

Hence
fx w(s) ds
u'(x) < —¢ xo_w(:g)— .
Note that
. x{ w(s) ds . w(x)
Jim =5 = lim 2(%)
2 w(x) w(x) — Z0) w(x)
. a(x)\*
- i {1 9]

=1.

(3.1)

(3.2)
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Using this in (3.2) we conclude that

u'(x) < — for x large,

& €
2am T Zx
which implies that u(x) > —oo as x—>oo. This contradicts the assumption
that u(x) >0 for all x = 0.

It remains to prove that there exists a y € (0, 4) for which u(x,y) > 0 for

all x =0 and, in addition, x*u(x,y)—0 as x—oco. Before doing this we
investigate the behaviour of solutions near the origin in the phase plane.

4. Local Behaviour near (0, 0)
For convenience we write (u(x, y), v(x, p)) = (u(x), v(x)).

Lemma 6. Assume that u(x) >0 for all x = 0. Then

v(x .
xgglo;@ exists in [—o0, 0].

Proof. Lemma 1, together with the assumption that u(x) > 0 for all x > 0,
implies that v(x) << 0 for all x > 0. Let

N1

@.1)

Suppose that 1, §=4, and fix A; so that A; << A; << 4,. Then there exists a

sequence (x;) such that x, —~oco as k-—>oo and
()
e | for all k= 1.
u(xy) : -

Choose k* so that xge=§&,. Then (u(xy), v(xs)) € Z;,, and hence, by
Lemma 2, (u(x), v(x)) € &,, for all x = x,+. This is impossible by (4.1) and
the fact that —A4, << —A1;.

Lemma 7. Suppose u(x) >0 for all x=0. Then
v(x) . v(x)

either }L“;;(}‘) =0 or xllgloﬁx—) = —00

Proof. Let us assume that
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Then, by Lemma 6,

L ;mz;((z)) exists in (—oo, 0].
By I’Hépital’s rule
L lim e
ST CERE e
=—ilimx—— ,zgmi,‘ﬁiii +3er1% w0

&
= —1lim x — —.
2 xso0 2L

This is impossible unless L = 0.

5. Proof of Theorem 1

Define the set

S = {ye 0, 4):u(x,7)>0 forall x>0 and lim ug 7))

= 0} (5.1
and let
Yo = inf S. 5.2

We assert that the solution u(x, y,) has the desired asymptotic behaviour as
x — 00,

Lemma 8. S is nonempty.

Proof. By Lemma 4, if y € (0, 4) is sufficiently close to 4, then u(x,y) >0
and lim o(x, y)/u(x, ) &= —oo. This means, by Lemma 7, that lgrgo v(x, v)/
u(x,y) = 0 and thus that y¢€ S.

Lemma 9. S is open.

Proof. Let y*<€ S. Then, given any A > 0 there exists a x; > 0 such that

o(x, 7*)
u(x, y*)

Define x* = 2 max {£5, x;} and

Bg = {(ua U): ” (ua U) - u((x*, 7*)’ v(x*, 7*))” < Q}

> —2 for x> x;.
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Choose ¢ so small that B, C %,;. This s possible because (u(x*, y*), v(x*, y*)) C
2, C &, By continuous dependence of the solution on initial data, there exists
an &> 0 such that

ly — p*| < &= (ulx*,p), v(x*,y)) € B,.

Clearly, u(x,y) >0 when |y —p*| <& because for x¢ [0, x*], u(x,y)=
u(x*,v) >0 and for x > x*, u(x, y) € L.
Hence

i o, )’)2 —2A> —o0
x> 00 u(x )

which implies, by Lemma 7, that

im ux,y)
xroou(X, y)

Thus (y* — e, y*+ ) CS.
Lemma 10. If x> N, then y, > 0.
Proof. Choose y€ (0,7,), where y, = {(x — N)/2}'/®~D, We shall show

that u(x) = u(x,y) vanishes for some x> 0.
Suppose to the contrary that u(x) > 0 for all x = 0. Then

N—1 x\ , o
u” + —2—u+7u——u”=0 for 0 =< x < oo,
or, when we multiply by x¥~1,
GV Y + 1 XN+ -—x “ly XNy =0 for 0= x < 0.

If we integrate over (0, x), and integrate by parts, we find that

Nl (x) + L xNu(x) = sNlu(s) ds +- fx sV luP(s) ds. (5.3)
6

Since u(x) > 0 it follows from Lemma 1 that #'(x) << 0 for all x > 0. There-
fore

[ sV () ds < Pt [ sV hu(s) ds,
0 0
and hence, by (5.3),
N (x) 4+ 1 xNu(x) < —» f sV ly(s) ds, 5.9

where v = y/~1 — 9?~1 > 0. Therefore
W)+ txu(x) <0 for x>0
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which implies that
u(x) < ye ¥ for x> 0. (5.5)
Now let x->o0 in (5.4). Then, in view of (5.5),

limsup xV~1/(x) < —v [ sV lu(s) ds ¥ 26,
X=r 00 0

Hence, there exists a number R, > 0 such that

N W (x) < —6 for x> Ry,
or

w(x) < —o6x!"¥  for x > R,. (5.6)

Choose R > R,, and integrate (5.6) over (x, R), x > R,. If N <=2 this yields
d

u(x) > u(R) + 2_——TV(R2—N — XZ_N). (.7

If N <2, the right hand side of (5.7) becomes unbounded if R — oo, which
is of course impossible, and if N > 2, (5.7) yields, in the limit as R oo:

u(x) > 5 x>~¥  for x> R
N-—-2 o

This is incompatible with the earlier estimate (5.5). Finally, if N = 2 we obtain,
instead of (5.7),

R
u(x) > u(R) + 9 log7
which yields a contradiction again when we let R — oo.
Remark. It follows from the proof of Lemma 10 that if & > N, then

oc-—N)—l—

»—1

702(

In the last lemma of this section we shall show that the function u(x, y,) is a
positive solution of Problem A, which has the asymptotic behaviour, as x — oo,
prescribed in (2.3). Thus, Lemma 11 completes the proof of Theorem 1.

Lemma 11. The function u(x, y,) has the properties

(i) u(x, o) >0 for all x =0,
(ii) for each 2> 0 there exists a constant C; > 0 such that

u(x,yo) = Cie ™  for x=0.
Proof. (i) Choose {3} C S such that yo = lim y,. Then, for all x =0,

u(x, yo) = lim u(x, y¢) = 0. ER))
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Suppose that u(x,, y,) = 0 for some x, = 0. Then by uniqueness #'(x,, y,) < 0
whence there must exist a d > 0 such that

u(x, o) <0 for xq << x << x4 + 6.

This is impossible because of (5.8).
(ii) Since yo¢ S, it follows from Lemma 7 that

; v(x, ¥o) _
x>0 u(X, ¥o)

Hence, for any 4 > 0 there exists a number R; > 0 such that

u’(xs ‘}/0) <

< -2 forx=R
u(x, yo) = =

and hence

ux,yo) < Cye™™ for x = R,
lRl'

where C, = u(R;, y,) €

Corollary 12, lin;no x“u(x, yo) = 0.

6. Behaviour as ¥ — oo
Recall from Lemma 7 that if u(x,y) > 0 for x large, then

o(x,y) _
o ulx,y)

either  lim olx, ) =
x> u(x, y)

—00 or

We shall say that u(x, ) is a fast orbit if the limit is —oo. If the limit is zero we
shall say that u(x, y) is a slow orbit. In this section we determine the asymptotic
behaviour of both the fast and the slow orbits. This analysis will be used in
the next section when we prove that the fast orbit is unique.

The estimates are all obtained by a very elementary method, the main tool
being ’Hopital’s rule. The power of this method was first observed by SERRIN

[14].

1. Fast orbits. Let (u(x), v(x)) = (u(x, p), v(x,y)) where u(x, y) is a fast orbit.

Lemma 13. lim o) =
x~00 Xu(x)

—1.
Proof. By Lemma 11, xu(x)— 0 as x— oo, and

, N—-1 x 2
v +(—x—+7)v=0(e x)
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for any 2> 0. Hence v(x) >0 as x—oo. Therefore, using ’'Hopital’s rule
and the fact that u(x)/v(x) -0 as x—oco we obtain

u(x) . v'(x)
ety xu(x) fadd xu'(x) + u(x)

(N—l 1) X ot
- x —|—2v—2u—|—u

- xlin% xv+ u
N-—-1 &6 U © et u
_1,_x2 _%_Ev “ v
= ln T u -k
14 ——
x v
Define the function
E(x) = xv(x) + 3 x2u(x). 6.1)
E(x)
Lemma 14, lim —— = x — N.
5% U(x)

Proof. Note that, by I’'Hdpital’s rule,
(O - c)
o u(x) e o)’

if the second limit exists. However, an elementary computation shows that

—e-m+ (=54 1+ w) 62)

whence, by Lemma 13

imZ® g (=2 i) maen
G ELR

Define the function

G(x) = x*E(x) — (« — N) x2u. (6.3)

Lemma 15. 11 # =2(x — N) (& — 2).

Proof. By Lemmas 11 and 13, G(x) >0 as x->oo. Thus by I’Hopital’s
rule

Gx) . G
xll»oo u(x) xlin;lo v(x) (64)
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if the second limit exists. But

G 2xu(E E’
Tl (x— 207 (o —
> > {u (x N)} + x { > (x N)}, (6.5)
whence, by Lemma 14
. Gx) . (E
e ) (6.

——(a—N)zz—a+(1—%)ﬁ+x—: w1
& xu XU
=(1-3) e+ F) + T
6.7
v X Xu ( )
—e- 9 (H+1) T L

Thus, by (6.4), (6.6) and (6.7), and Lemmas 13 and 14
G(x)

E xu
anc;lou(x) (2—oc)llm— —-—2(oc—N)(oc—2)

The following theorem describes the asymptotic behaviour of the fast orbit
as x— oo.

Theorem 2. Let u be a positive solution of Problem A, which corresponds to
a fast orbit. Then there exists a constant A >0 such that

u(x) =Ae_*"zx"‘_N{l — (& — N)(x — 2)%—}- 0 (;12-)} as x— oo,

Proof. By Lemma 15,

S(( )) 2 — N)(x — 2) + &(x),

where &(x) -0 as x-—oco. Hence, recalling the definition (6.3) of G,

E
M AN — )+ D,

or, in view of the definition (6.1) of E:

l;g)) +——-+2(a—N)(o¢—2)—3+@.
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Integration from x =1 to x> 1 yields

u(x) N 1 x
log—=—1(x*— 1D+ logx* " — (6« — N)(x — 2) (——2—- 1) + f s73¢(s) ds,

u(l) X 1
whence

2 1 1
u(x) = Ae ¥ x”‘_N{l —(x — N)(x — 2)? +o0 (F): as x— oo,

where

A = u(l) exp {% +(— N)(«—2) + lf°° s73¢(s) ds}.

2. Slow orbits. Let (u(x), v(x)) = (u(x, »), o(x, 7)), where u(x,y) is a slow
orbit.

. xv(x)
Lemma 16. lim = —
<0 (i)

Proof. Set z = v/u. Then, using the differential equation (2.1) for u, we find
that

43z = — =+ o), (6.8)

where

! z(x) — z4(x).

o) = 1) — —

Because u is a slow orbit, z(x) >0 as x— oo, and hence g(x) - 0 as x— oo,
Multiply (6.8) by ¢*** and integrate over (0, x). This yields, after dividing
by e again and remembering that u(0) =y > 0 and »(0) = u’(0) = 0,

2(x) = —e ¥ fx {-;— — g(s)} et ds. (6.9)

¢
By I’Hbpital’s rule,

f {% B Q(S)} et ds {% — e(x)} et

. 0 .
lim = lim = x.

X 00 1 X—>00 1
3x2 1x2
x (% xz)

Using this in (6.9) we finally obtain

lim xz(x) = —«.

X=> 00
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Corollary 17. For every ¢ > 0 there exists a constant K, >0 such that

ux) £ Kx 9 for x=0.

Proof. By Lemma 16,
u'(x)

o

LA |

e — [+ )],

where £(x) - 0 as x—oo. The result now follows upon integration.

Lemma 18. Suppose that
2
lim xP~Tu(x) =L  exists. (6.10)

X 00

Then
}Lrglo xHxz(x) + o} = —20(x — N + 2) + 2077,

Proof. Write, using (6.9),

X

_ 12 _ §s? e
f{Z g(s)}e ds+xe

0

xHxz(x) + o} = o g
Thus, by I’Hdpital’s rule,
[
o) —
ILnolo x*{xz(x) + o} = ILné\o =% = —20 + 2 llglo x%0(x).
22 X

Recall that

o) = w10 — L2 — 220

Hence, by Lemma 16 and (6.10),
lim XHxz(x) + o} = —20(x — N + 2) + 2LP71,

We now consider two cases:

2 2

I.p>14— and H.1<p=E1+—.

o o
2
CaseI.p>1+-;.

2
Lemma 19. If p > 1+ ot then

x]gglo xHxz(x) + «} = —20(x — N + 2). 6.11)
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Proof. By Corollary 17, given ¢ > 0 there exists a constant K, > 0 such
that
X2 (x) < KPIx2- 0D,

Because p > 1 4 (2/x) and thus (p — 1)« > 2, it is possible to choose ¢ > 0
so that (p — 1) (« — &) > 2. Therefore

L7 = lim ¥’ 1(x) = 0.

X—> 00

The assertion now follows from Lemma 18.
In the following theorem we translate (6.11) in terms of the behaviour of
u(x) as x-—> oo,

Theorem 3. Suppose that p > 1 + (2/x). Let u be a solution of Problem A,
which corresponds to a slow orbit. Then there exists a constant A >0 such that

1 1
u(x)ZAx—a{l + o(x — N+ 2)';5+o(—)] as x— oo,

x2

Proof. By Lemma 19,

u'(x) _ & 20— N+ 2)
ux  x %

[l + e()],

where e(x) — 0 as x> oco. The proof is completed as in the proof of Theorem 2.
2 N . .
CaseIl. l<p=1+ - We begin with a preliminary estimate.

Lemma 20. Suppose 1 <<p =14 (2/x). Then for any k <<o(p — 1)
lim x*{xz(x) + o} = 0. |

Proof. As in the proof of Lemma 18, we write

- g i — ’ 152 i Ix2
Of{z Q(s)}e ds + < ¢
Hxz(x) + o} = Tk e

X

and deduce by means of I’'Hopital’s rule

o — =

Ix* —(l+hx

ik — 2}1}{}0 xro(x)

if the last limit exists.
By Lemma 16, z(x) ~ —&/x as x— oo, whence, since k << 2,

xlgg xXz2(x) = 0
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and

X—> 00 X

lim x* {N_ lz(x)} =0.

By assumption, k << x(p — 1), so that it is pbssible to choose &> 0 so small
that kK < (x — ¢)(p — 1), and hence, by Corollary 17,
uP~l(x) < KxF~@=9¢=D  for all x=>0

for some constant K, > 0. Therefore,

lim xXuP~l(x) = 0,
as well, and we have shown that
xll)ngo x*o(x) = 0.
This completes the proof.

Lemma 21. Suppose 1 <p <1+ (2/x) and k << x(p — 1). Then there exists
a constant A >0 such that '

u(x) = Ax™°[1 —}—‘ o(x™®] as x— oco.
Proof. By Lemma 20,

u'(x) o aEx)

u(x) T x XkFI?

where &(x) >0 as x-—>oco. The result now follows upon integration.

Corollary 22, If 1 <p =1 + (2/x), then
lengo xXulx)y=A exists.

We are now ready to prove the desired asymptotic estimate when 1 < p <

1+ /%)

Theorem 4. Suppose 1 <p =1 F—I— (2/x). Let u be a solution of Problem A,
which corresponds to a slow orbit. Then there exists a constant A > 0 such that
B

u(x) = Ax“"{l + m

x4 o(x“"‘("_l))} as x — oo,

where

' 2
20(x — N + 2) — 247! ifp=1—!—7
_B:

2
| —24771 fp<il+4—.
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Proof. We proceed as in the proof of Lemma 20. Setting k = a(p — 1) we
find that

lim H{xz(x) + o} =2 lim xFo(x) — 20 lim xk—2
= ZXILrgl0 Xur " (x) — 2N — l)xljglo 7 1z(x)
—2 lim xk2%(x) — 2a lim xk—2
Note that p <1 4 (2/«) implies k < 2. Thus, by Lemma 20, we have
xll»ngo xz(z) = —o,
it follows that
)}ilgloxk{xz(x) +oa} =241 —2x(x —N+2) ifk=2

and
xlin; X{xz(x) + o} = 24771 if k<2,
Thus
u'(x & B
% =~ — gl + el

where &(x) > 0 as x — oo. Proceeding as in the proof of Theorem 2, we obtain
the desired asymptotic estimate.

Remark 1. We see from Theorems 2, 3 and 4 that the first two terms in the
asymptotic expansion of u(x) for the fast orbit, and also for the slow orbit if
p> 1+ (2/x), are not affected by the nonlinear term, but that for the slow
orbit the second one is if 1 <<p =14 (2/x).

Remark 2. It is interesting to observe that the asymptotic behaviour of solu-
tions of the linear equation corresponding to (2.1),

. N—1 x\ , ot —0 6.12
u +(T+—2-)u+2u— (6.12)

can be obtained by transforming this equation to a standard form. We set

N @
ux) =x 2e %p(t), and x*=4t.

Then, in terms of the new variables we obtain
% 2
o (—ar 2 )y = (613

in which
#=%Qx—N), p=%}{N-2).
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Equation (6.13) is Whittaker’s equation [1, p. 505]. One solution is given by the
function

() = e ¥ 114 U(a, b, 1), (6.14)
where

N—o N
a=1+u—x= 5> b=1+2‘u=7

and
1
Ua, b, t) = ‘ﬁlt‘“‘l —a(l +a— b)_t_ + O(t‘z): as t—> o0,

The other solution is given by
y(t) = e ¥ 4% M(a, b, 1) (6.15)
in which

1
M(a, b, t) = €,e't°® {1 +b—-—a(— a)T + O(t—z)} as t— oo,

Here ¥, and ¥, are appropriate constants.

Returning to the original variables # and x, we find that the first solution
(6.14) yields the asymptotic expansion for the fast orbit corresponding to the
one given in Theorem 2, and the second solution (6.15), the asymptotic expansion
for the slow orbit, corresponding to the one derived in Theorem 3 (p > 1 4 (2/x)).

7. Uniqueness

In this section we shall prove that the solution « of Problem A whose existence
was asserted in Theorem 1 is also unique.

Theorem 5. Suppose p > 1 and « > N. Then there exists at most one solu-
tion of Problem A which has the property

an;lo x*u(x) = 0.
In other words we shall prove that the fast orbit is unique.

Proof. We exploit the concavity of the function
f “ ,
) = Su—u.

It is well known that in many instances the concavity of the nonlinearity implies
the uniqueness of positive solutions. (See for instance KRASNOSELSKI [12] chap-
ters 6 and 7 and BERESTYCKI [2]).
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Here we use a device inspired by an argument of BENGURIA, Brezis and Lies
([3] Lemmas 4 and 11). See also [21].
Suppose that #; and u, are positive solutions of Problem A and

lir{.lox"‘ui(x) =0 i=1,2.
We know by Corollary 17, Theorem 2 and Lemma 13 that
u(x) = e *M*x* N1 4 O(x?)] as x—>oo

and
ue)
wx)
Set K(x) = x¥~1e¥/%, If we multiply the equation for u; by K/u; and sub-
tract the resulting expressions, we obtain

(Kul,)l . (Kué)l + K{f(ul) _f(uz)} —0.

U U U L]

x[—% +0o(1)] as x—oo.

Now multiply this equation by u — u% and integrate over (0, R). This yields

R u(R) flw)  fw) |
K ){ul(R) u2<R)}{”%(R’ AR} ¥ f e (G L

2 wju Quuy | uu
_ f{( ,~ﬂ+ 2 )+( U ”“2‘2)}de.
U U uy
The integral on the right hand side may be written as

R N2 N2
f {(u; — uluz) 4 (uﬁ - uzul) ;de > 0.
0 Uy u

1

Therefore we obtain

f"{f(ul) )

}( —w)Kdx=o0(l) as R—>oo.
ul Uy

0

On the other hand the function u — SW)/u is decreasing on (0, c0) and thus

lf (uy) f (up)

U

- <o

almost everywhere on the set {x > 0: u;(x) = u,(x)}. As we let R tend to infinity
we see that u; = u,.
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Appendix

Here we give an estimate for the difference between the solution u of the
problem

u—Au + 1" =0 on R¥x(0, o)
u>0 on RYx(0, o)
u(x,0) = ad(x) on RV

in which a&R*, and the function qF, where E is the fundamental solution of
the heat operator (0/0t) — A:

|x]2

E(x, I)IWQ —4—’.

Proposition. Suppose 1 <<p <1+ (2/N) and a> 0. Then there exists a
constant C, which only depends on p and N, such that
|u(x, ) — aE(x, t)| < Ca’P’E(x,t) for x€RM, t>0
in which
N (N +2

Proof. By the maximum principle we have

u(x,t) < aE(x,t) for xeRY, t>0. (A1)
On the other hand,

u(-? t) = S(t) (ad) — Oft S(t — s) uP(, ) ds,

where S(t) denotes the semigroup generated by 4, that is S(t) ¢ = E(, 1) * ¢,
where * denotes the convolution product and ¢ is some initial function.
We deduce from (Al) that

a’f t
uf(x, t) < aPE’(x, t) = C, NG—DR E (x, ?) ,

where C, = (4m) N¢~D2p~N2_ Hence, using the semigroup property, we
obtain

! s ds
[u(x, t) — aE(x, t)l = Clapof‘ S(it—1s)S (?) d(x) m

(A2)
, ! s s ds
= Ca 0fS t—— %) ~e=m >
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where p’ is defined by (1/p') + (1/p) = 1. But

IA

~Nj2 |x|2
(o)
V4

s (t — pi) 8(x) = {4n (; — %)i‘g o)

when 0 < s <t Using this in (A2) we find that

dn \-N S
|u(x, t) — aE(x, t)| < Cia? (7 t) 2o ¥ f NGO
d

in which the integral exists because p < 1 + (2/N). Thus

lu(x, t) — aE(x,t)| < Ca’t’E(x, 1),

where » is given in the Proposition and C = (4)~NP-1iZy=1,

10.

11.

12.
13.

14.
15.
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