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Introduction. ‘

"~ In the present paper, we study a proper.ty of the Sobolav space w;'p(n)
for an arbitrary d.omain_ 2 in IRN which plays a very useful xole in the
study of singular sccond order elliptic (and parabolie equations), singular
either because ~f a st.rong nonl‘ineafil:y or because of singularities in the
cbefficiénts. |

In an ea;lier paper [ 1] the authors proved the following resvlt.
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Let £ be an open set in .'RN o Agsume T € u"l(n) N LIOC(Q)

and u € H;(ﬂ) are such that

T(x)u(x) » g(x} a.e. on

with g€ Ll(ﬂ).. Then T.u € LI(Q) and

'< T,u> = I T(x).u(x) dx

whecz < .,. > denotes the scalar product in the duality of H-l with Hl .

We extend this result here and in particular, replace the

assumption " T € L]l.oc(ﬂ) " by "T is a measure " ,

We indicate some open probleums and describe various examples.
We thank Professor J. Dieudonné for ?roviding us with the example

quoted in § 3 .

We note also that the result of [ 1 ] has been applied to the study
of the essential self-adjointness of Schrddinger operators with singular

- potentials in [2] .



§ 1 - PRELIMINARIES. ON .CAPACITIES

We briefly recall the definition and some properties of capacities .
let QC (RN be an (arbitrary) open set and let 1 < p <« . The

Sobolev space Wlo’p'(ﬂ) is the closure of &(R) for the norm

Tu Ilpl = )% ( [p%u|P ax .
wO'P(n) o] <1
. : Iyoon
Its dual space is W Lp (2) and the scalar product in the duality

- U ’
w >p > W‘l)’p is denoted by <.,.>.

For a compact subset K C IRN we set ,

cap K = Inf {lla IP ;ee D@ ,0 > 0 on B
o #2 | on K
~and for an arbitrary set A C !RN we set

cap A = Sup{cap K, KCA, K cempact} .

When p = 2 this coincides with the usual definition of capacities
(see [ 41]).

We recall (see [ 4]) that if u € D(Q) is a Cauchy sequence
in w;’p(sz) , then there is a subsequence u which converges for

all x€ Q , except for a set of zero capacity. Hence every function

uEWl
o

*P(q) is defined pointwise except for a set of zero capacity.
let MY(RN) denote the space of all regular Borel measures on
. ) + . .
(not necessarily bounded measures) ; M, () consists of nonnegative

measures.

We shall use the following

IEMMA 1. ([31).  Assume w€ W *P'(@) NON(R). Let ACQ be such
that cap A=-0 . Then A is w-measurable and |ij|(A) =0

'(|u|(A) denotes the measure of A with respect to [u]).
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§ 2 - THE MAIN RESULT
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Let u € ‘n@+(ﬂ) be such that :

(1) for every ACQ with cap A= 0, then |u|(A) =0 .

1

Let f £, oo £ €L (Q ; u) and consider the measures

1’ 72 k loc
T, = f.u 1€i<k.
i i :
Assume 4
’ : —1,p' : .
T, €W P (@) 1<i<k.

Let u , vy ,eee, u €WOR(R).
| {

b

THEOREM 1. Suppose that for some g € LI(Q 3 W) we have

k
f.u =i£l fiui > g H - a.e.

(note that each w, is defined u - ase.)

Then f.ue Ll ; and
"k -
< T,u> = z < Ti’ui > = I f.u dp
. i=]
Remarks. .

1) Choosing u to be the Lebesgue n-measure, we find exactly the
result of [1 ].

‘ o,
«eo T, are given in W Lp Q) NMU(Q) and

2) Assume Tl’TZ Kk

| k
set u = 2 ITil .

i=1
It follows from Lemma 1 , that y satisfies (1).

On the other hand, since Ti is absolutely continuous with respect

to u we can write

s me N e e oL e e



3 . l . .
T'i = fiu with fi € Lloc(Q 3 u)
¢

and Theorem | may be applied.

Somz open problems.

1) Let W‘z)’p(ﬂ)' denote the closure of 2D(Q) for the norm

fullP = ¥ j [D%u|P .
la] <2
~2,p' . - : ~2,p' 1
Let W denote its dual space. Assume T € W N Lloc(ﬂ)
and Jet u GV‘W(Z,’p(Q) be such that

T.u >g a.e. on 9 with gE€ Ll(ﬂ)

~ Does it follow that T.u € Ll and < T,u> = f Tu dx ?

2) Assume TeW P @ N1l (2, uew P
loc ’ o

" are such that

< T,qu> >0 vV redD, ()

Does it follow that T(x)u(x) » 0 a.e. ?

Proof of Theorem 1 .

We use an extension of the technique developed in [ 1 ] .Assume first,
in addition to the assumptions of Theorem 1 that for each i , Supp u, is a
compact subset of § and that lui(x)l < M a.e. (for Lebesgue measure) .
Then the conclusion of Theorem 1 holds.

Indeed let 1;e denote a sequence of mollifiers and let u. = ce * u .
As € » 0, u, *u in [w;’p]k and ue(x) + u(x) for all x

" except for a set of zero capacity ; in particular us(x) + u(x) p - a.e.
On the other hand we have

<.T,ue > = I (f.ue) dy .

R R - i e e S e . - . . . .
%m“_‘_.g.—-.-',.‘.»m.‘.,,- T s — - = tan > ™y




It follows from the dominated convergence theorem that

< Ty,u > = I fiu dy .
In the general case let vn € [2)(9)]1‘ be a sequence‘ such that
v, *u in [wl,p(g)]k s V() + u(x) for all x€ q ,
except for a set of zero capacity and so vp(x) =+ u(x) u - a.e.
Set

1)1/2

,Xn - (l“l2+ %12?'1/2 Min' {(IUI2+;2' ‘ __;]; , (IVn|2+ _11;2_) 1/2 _ Bl'}

’

so that 0 <-An~< 1 and set
wL = Aju

(here |+| denotes the euclidean norm on le).
\

Clearly: Iwn(x)l < Ivn(x)l and in particular

Supp Wt C Supp v, « We ’deduce frOI.n the first step that
(2) < T,wn > = f (f.wn)du

I'lexﬁ, by the Lemma in [1 ], we have

ow v
n : Ju n
Iax.l <3 MaX{Iax. ’ Iax.l} *
i i i
It follows that LA weakly in [W‘l)’p(n)]k and in pacticular
<Tyw > +<T,u>.
n
On the other hand v, *u pointwise, except on a set of zero
capacity ; thus. wn>+ u u - a.e.

Also

(3) fow = N(EW > Ag > - |g|  u- ae.

We deduce from Fatou's Lemma (2) and (3) that f.u € LI(Q ; W) and

o [ (fow)dy < < T,u>

Finally, since lf.wn| < |£.u] we conclude using the dominated convergence

Theorem that
. < T,u > =[f.udu'

4
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§ 3 - EXAMPLES.

Exanple 1. (Dieudonng) ~ Let @ =R ; there exists some T € H | (R) N C"(R)

and some u € H](IR) n Cw(tR) such that T.u ¢ Ll(IR).

Choose T(x) =4 ( sin(e ))’ u(x) = __:7;2_ .

dx l+x

It is easy to check that T.u ¢ Ll using the fact that

f+°l-9—q_s_-e_ﬂ_exdx=fw‘£.o—s_-§—l- dt = =
- 0

Ty (]+x2)2 (H’llog..tl'z)z

o C w3 . -1, 3
Example 2. .Q-[R ;5 there exists some T € H (lR)nLloc(tR)

and some u € H](fR ). such that T.u ¢ Lloc(IRB).

Choose T(x) ='—'[COS( —)C(r)] > U(X) = '—IE z(x) (r = lx])
*
vhere a < 2 , B<i'and a+Bg>2,
t€ D@ with z(r) =1 for Irl <1 .
. -1, 3 1 3 . .
It is clear that TEH (R”) , and that T € Lloc(jR ) since o <2 .

Also u€ B'®Y) provided B << and finally T.ug L!([x] < 1)

2
g-2
since f | sin( —)l a+| _18_ r? dr = % Il | sin t] £ dt=w
r ,

provided a + 8 > 2 .
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