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ON HYPERGEOMETRIC DUALITY CONJECTURE

LEV BORISOV AND ZENGRUI HAN

ABSTRACT. We give an explicit formula for the duality, previously con-
jectured by Horja and Borisov, of two systems of GKZ hypergeometric
PDEs. We prove that in the appropriate limit this duality can be identi-
fied with the inverse of the Euler characteristics pairing on cohomology
of certain toric Deligne-Mumford stacks, by way of I'-series cohomology
valued solutions to the equations.
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1. INTRODUCTION

Let C be a finite rational polyhedral cone in a lattice N = Z™%N_ We
assume that all ray generators of C' lie on a primitive hyperplane deg(-) =1
where deg : N — Z is a linear function. This data encodes an affine toric
variety X = Spec C[NY N CV], with the hyperplane condition equivalent to
X being Gorenstein, i.e. having trivial dualizing sheaf.

Let {v;}?" be a set of n lattice points in C' which includes all of its ray
generators, with deg(v;) = 1 for all . One can construct crepant resolutions
Py — X by looking at subdivisions ¥ of C' based on triangulations that
involve some of the points v;. Typically, Py is a smooth Deligne-Mumford
stack rather than a smooth variety, with the rare exception of when all cones
in ¥ are unimodular.

A particular case of Kawamata-Orlov K — D conjecture asserts that
the derived categories of coherent sheaves on Py are independent of the
choice of ¥. In fact, it is expected that there is an isotrivial family of tri-
angulated categories which interpolates between the categories in question.
This rather mysterious family is well understood at the level of complexified
Grothendieck K-groups. Namely, these should correspond to solutions of
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a certain version of the Gel’fand-Kapranov-Zelevinsky system of hypergeo-
metric PDEs. In fact, due to non-compactness of X and Py, there are two
such systems, denoted by bbGKZ(C,0) and bbGKZ(C*,0), conjecturally
dual to each other [1]. In the appropriate limit that corresponds to the
triangulation Y, solutions to these systems can be identified with usual and
compactly supported orbifold cohomology of Ps. by means of two special I'-
series. In this paper we settle positively the duality conjecture of [1]. In fact,
our duality formula is simple enough to hope that it may provide hints as to
how one could try to construct the aforementioned triangulated categories.

We will now set up the notations and review the better-behaved GKZ
hypergeometric systems.

Definition 1.1. Consider the system of partial differential equations on
the collection of functions {®.(z1,...,x,)} in complex variables x1, ..., z,,
indexed by the lattice points in C"

n

aiq)c = ¢C-i-via Z(;uy U2>x282q>c + (/L, C>q)c =0
i=1

for all pw € NV, ¢ € C and i = 1,...,n. We denote this system by
bbGKZ(C,0). Similarly by considering lattice points in the interior C° only,
we can define bbGKZ(C*?,0).

This system gives a holonomic system of PDEs. It follows from the general
theory of holonomic D-modules that its rank (i.e., the dimension of the
solution space) is finite. For more background on this, we refer to [9]. In
contrast to the usual GKZ system where rank jumps may occur at non-
generic parameters (see [10]), it is proved in [3] that the better-behaved
GKZ systems always have the expected rank which is equal to the normalized
volume of the convex hull of ray generators of the cone C.

It has been previously conjectured in [1] that the systems bbGKZ(C,0)
and bbGKZ(C®,0) are dual to each other, in the sense that there is a pairing
(-,-) between solutions ® = (®.) and ¥ = (V) thereof in the form

<q>7 \Ij> = ch,d(x)q%\l’da
c,d

where p. 4 are polynomials in x, with only finitely many of them nonzero.
This pairing should be constant in x and could be viewed as the duality
of the local systems of solutions. A nontrivial example of this duality has
been verified in [1I] and the rk(N) = 2 case has been settled affirmatively
in [2]. Moreover, in certain regions of x that roughly correspond to the
complexified Kéhler cones of Py, one can construct solutions of bbGKZ(C, 0)
and bbGKZ(C®,0) with values in certain cohomology or K-theory groups
of Py;. Then it was conjectured in [1] that the above pairing should give (up
to a constant) the inverse of a certain Euler characteristic pairing on these
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spaces. In this paper we are able to verify both statements and thus prove
Conjecture 7.3 of [1] in full generality.

Specifically, the following formula provides the pairing in question. Let
v € C° be an element in general position. For a subset I C {1,...,n} of
size tkN we consider the cone o7 =) ..; R>ov;. We define the coefficients
§eaq for c+d =y as

€t = (—1)dee(©) " if dimo; = rk N and both ¢+ ev and d — v € 7§
edl = 0, otherwise.

el

Here the condition has to hold for all sufficiently small € > 0. As usual,
we denote by Vol; the absolute value of the determinant of the matrix of
coefficients of v;, i € I in a basis of N (i.e., the normalized volume of I).
We can now formulate the first result of this paper.

Theorem [2.4] For any pair of solutions (®.) and (¥4) of bbGKZ(C,0) and
bbGKZ(C®,0) respectively, the pairing

(®,9) = Loar Vol <H x> D,y

e,d,I iel
is a constant.

As was mentioned before, for a regular triangulation X there is a descrip-
tion of solutions to bbGKZ(C,0) and bbGKZ(C*®,0) in terms of the Gamma
series I' = (I'c) and I'° = (') with values in certain orbifold cohomology
spaces H and H¢ associated to Py, considered in [1]. Then the second main
result of the paper is the following.

Theorem [4.2] The constant pairing (I','°) is equal up to a constant factor
to the inverse of the Euler characteristic pairing x(—,—) : H ® H® — C.

The paper is organized as follows. In Section[2]lwe prove the above Theo-
rem[2.4] In Section[3]we introduce the spaces H and H¢, the solutions I' and
I'® with values in them and compute the pairing of Theorem on them.
We also calculate the asymptotic behavior of the series and their pairing
in the large Kahler limit, which is used in the next section. In Section [4]
we prove that this pairing is the inverse of the Euler characteristic pairing
between H and H€. This, in particular, implies that the pairing of Theorem
[2.4] is nondegenerate. Finally, in Section [5] we explain some easy extensions
of our results and state some open questions.

2. PAIRING OF SOLUTIONS

The goal of this section is to define a pairing between the solution spaces
of the better-behaved GKZ systems associated to C' and C°. We first study
a particular class of pairings and find a sufficient condition to make it give a
constant for any pair of solutions of better-behaved GKZ systems. Then we
provide a special example of this pairing, inspired by the fan displacement
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formula for the resolution of the diagonal in toric varieties, due to Fulton
and Sturmfels [6].

To state the first main result of this section, we first introduce some
notations. Suppose J is a subset of {1,2,...,n} with |J| =rkN + 1. We
will call such subset spanning if {v;,i € J} spans Ng over R. For a spanning
set J there is a unique (up to multiplication by a constant factor) linear
relation among the vectors {v;}ics

Z a;v; = 0.

ieJ
We introduce sgn : J — {0, 41} by sgn(j) being —1, 0 or 1 if a; is negative,
zero or positive, respectively. This gives a decomposition J = Jy LI J_ LI Jy

of the spanning set J. Note that while sgn depends on the choice of scaling
of the above linear relation, the expressions sgn(ji) sgn(jz) are well-defined.

The following lemma will be used later in this section. For a subset
I C{1,...,n} of size tk N we denote by Vol; the normalized volume of the
convex hull of the origin and v;,7 € I.

Lemma 2.1. Let I C {1,...,n} be such that {v;,7 € I} form a basis of
Ng. Suppose that I contains 1 and consider j ¢ I. Consider the spanning
set J = TU{j}. Let u denote the unique linear function that takes value
Vol; on vy and 0 on v;,7 € I'\ 1. Then p(v;) = —sgn(1) sgn(j)Vol p\; for the
sgn defined for J.

Proof. Up to sign, we can think of the linear function p as taking a wedge
product with A;ep\jv;. Thus, p(v;) = £Vol 71 and we just need to determine
the sign. Since {v;,i € I} form a basis, the coefficient a; in the relation
Zie ja;v; = 0 is nonzero and we may consider it to be 1, which ensures
sgn(j) = 1. We apply p to D>,y a;v; = 0 to get a;Voly + p(v;) = 0. This
implies that a; and p(v;) have opposite signs, and the definition of sgn(1)
finishes the argument. O

Motivated by our previous work [2], we will look at pairings (-, -) that only
have monomial terms z; = [[;c; #; for subsets I of {1,--- ,n} of size rk N.
The following proposition provides a sufficient condition on the pairing being
a constant.

Proposition 2.2. Let {{. 4} be a collection of complex numbers for all
ceC,decC°IC{l,.. . ,n}suchthat c+d =), ;v; and |I| = rkN.
Suppose that

0= Z Sgll(j) (Sc—vj,d,J\jX(C —vj € C) + gc,d—vj,J\jX(d —v; € CO))
JjeJ

holds for all ¢ € C, d € C° and all spanning subsets J C {1,2,...,n} with
|J| = 1k N+ 1 and > ,.;v; = ¢+ d. Here x denotes the characteristic
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function (1 if the statement is true and 0 if it is false). Then

<(I)7\IJ>: Z Z gc,d,IVOlIxI(I)c\I’d

|I|=rk N c+d=v;
is a constant for any pair of solutions (®, ¥).

Proof. Without loss of generality, it suffices to show that 9;(®,¥) = 0. We
compute it as follows

O <q>7 \Ij> = Z gc,d,IV011$I(q)c+vl Vg + q>c\de+v1)
m:drk N,
e (2.1)
+ Y &earVolizp 0.0y

1€1,|I|=rk N,
ct+d=vy

and now use relations on ® and ¥ to manipulate the second sum. For each
term, let u be the linear function given by

p(v) = v A (Ajen1v;)
under the standard identification of A™ Nz = R where we choose the order
of {v; : j € I\1} in the wedge product such that p(vi) = Vols is positive.
Note that p(v;) =0 for all j € I\ 1.

We use u(c) + pu(d) = p(Y ;c;vi) = Volr and add appropriate multiples
of equations for ®. and ¥, with this u to get

D UgVoly = — Y () (Petn; Vo + PeWays,).
JEINL
Thus, (2.1) can be rewritten as

O <(I)7 \II> = Z Ec,d,IVOIIxI(q)c—l—vl Vg + q>c\Ild+v1)

|I|=rk N,
c+d=vrg

= Y Cearn)rn (Rer, Vo + DBy,

1€l,|I|=rk N, j¢I\1
ct+d=vy

= Z ed 1 Volyzy(Peyy, Vg + Py, )

1¢I,|I|=rk N,
ct+d=vy

- Z ch,d,lu(vj)xhaj ((I)C-H)j \Ild + (I)cqld—l—vj)

1€1,|I|=rk N, j¢I
ct+d=vy

where we canceled the terms with 1 € [ in the first sum with j = 1 in the
second sum. Here I1_,; = I\{1} U {j}. Note that p depends on the set I.
Let us now compute the coefficient at x;®;¥; in the above expression.

This coefficient gets contributions from the first sum with I = I and from
the second sum with I = T U1\ j. We observe that I has size rk N and
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does not contain 1. Also note that if Vol; = 0, then the coefficient is zero.
Indeed, in the second sum, y(vj) = +Voly,_, .. Finally, we must have

é+d=vy, J={1}UI.

We look at the set J which we know to be spanning, since it contains I. By
Lemma [2.1] we see that u(v;) = sgn(1)sgn(j)Vol;. Therefore, the first line
contributes

5é—vl,d,fV01fX(é —v€C)+ 5@762_1,1jV01jX(d —v € C°)
and the second line contributes
Z sgn(1) sgn(j)gé_%d’]\j Vol x(¢ —v; € O)
FEI\L
+ Z sgn(1) sgn(j)féﬁz_vj’(]\j\folfx(cz— vj € C°).
je\1

We observe that if sgn(l) = 0, then {v;,i € J \ 1} do not span Ng, so
Vol; = 0 and the statement trivially holds. Thus we can introduce sgn(1)?
into the first term to have the coefficient at x;®:¥ ; equal

Sgn(l) VOlf Z Sgn(j) <€é_vj7d7j\jx(é — ;€ )+ 5@762_%.7]\]')((62 S C°)>7
jeJ
and the claim follows. O

Remark 2.3. After some sign changes, one can rephrase the condition of
Proposition 2.2] as d¢ = 0 for an appropriate element ¢ € C[C] ® C[C°] ®
A™N (@, Ce;) with the differential

d=Y []®1® (aA)+Y 18] @ (¢;n)
i=1 Jj=1

on ¢ € Cl[C1®@C[C°l®@A* (@ ,Ce;). We do not pursue this direction further
in the paper.

Now we give an explicit formula of the pairing (—, —) between solutions
of the better-behaved GKZ systems bbGKZ(C,0) and bbGKZ(C®,0). We
prove that (®, W) is a constant for any pair of solutions ® and ¥ by using
Proposition [2:2]

Fix a choice of a generic vector v € C°. For a set I of size tkN we consider
the cone o7 = 3,7 R>ov;. We define the coefficients & 41 for ¢ +d = vy as

€t = (—1)dee(©) " if dimo; = rk N and both ¢+ ev and d — v € 7§
edl = 0, otherwise.
(2.2)

Here the condition has to hold for all sufficiently small € > 0. It is clear that
£ is well-defined as long as the vector v is chosen sufficiently generic. Note
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that & 47 # 0 implies that both ¢ and d lie in the maximum-dimensional
cone o7 (but not necessarily in its interior).

We are now ready to tackle the main result of this section.

Theorem 2.4. For any pair of solutions (®.) and (¥4) of bbGKZ(C,0) and
bbGKZ(C*®,0) respectively, the pairing

<(I)7 \II> = Z gc,d,I Vol; <H xz) o ¥y

c,d, I i€l

is a constant.

Proof. We prove this theorem by showing that these coefficients &. 4 1 satisfy
the conditions in Proposition [2.2] namely

0= Z ey d, g s80(f)x (¢ —vj € C) + ch,d—vj,J\j sgn(j)x (d —v; € C°)
JjeJ JjeJ

for all spanning subsets J C {1,2,--- ,n} with |J| = rk N + 1, and all
ceC,deC®withc+d=7) ;v

We first observe that the conditions ¢ —v; € C and d — v; € C° in the
equations above are redundant. Indeed, to ensure that . . 4 .7\; # 0 we
must have ¢ —v; +ev € Uf}\j, which implies that ¢ —v; € 05; € C. For
the second term, to ensure that . 4, s\; # 0 we must have d —v; —ev €
o € C° (since J\j is a maximal cone), which implies d € C°. Thus, it
suffices to consider the equations

0= Z gc—vj,d,J\j Sgn(j) + Z gc,d—vj,J\j Sgn(j) (23)
jeJpu- jeJud_
for ¢ defined in (2.2). The nonzero terms occur for the indices j such that
both ¢ —v; +ev and d — v lie in ag\j, or both ¢+ ¢ev and d — v; — ev lie in
ag\j.
We consider the equation in the variables a;

Z a;v; = ¢+ ev.

ied
The solution set to this equation is an affine line l.4¢, in the space RrEN+1
A contribution to the first term of (2.3) happens when there is a point on
letev With a; = 1 and all other g; lie in (0,1) due to the definition of the

coefficient £. Similarly, a contribution to the second term happens for a; = 0
and all other a; lie in (0,1).

Recall from Lemma 2.1]that we have a decomposition J = J; U J_ U Jp.
For i € Jy, the value of a; on the line [, is constant. Since v is generic, we
may assume it to be non-integer. Thus, it either prohibits any contributions
to (2.3) (if a; & (0,1)) or provides no restrictions. Therefore, we may now
assume that the latter happens for all 7 € Jj.
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The key idea of the proof is to consider the line segments
Si =letev N{0 < a; < 1}

on leqey for all ¢ € Jy U J_. The nonzero contributions to happen
exactly for the endpoints of a line segment \S; that lie strictly inside all other
segments. The assumption that v is generic implies that the endpoints of
different S; do not coincide. Indeed, if it were the case, then ¢ + ev would
lie in a shift of the span of rkN — 1 of v-s by a lattice element, and we may
assure that this does not happen. Consider now S = (¢ T S;. If S is
empty then there are no contribution, since this point would not lie in the
interior of other S;. So it suffices to consider the case when S is a segment
[p,q]. Tt is clear that the only points that could contribute to (2.3) are p
and ¢. In particular, there are at most two nonzero terms in (2.3). We will
show that they always cancel each other.

We also note that the orientation of the segment S; (i.e., the direction in
which the parameter a; increases) on the line l.4, is determined by sgn(i),
since the vector along the line is given by the nontrivial linear relation on
Ui kes. 1f both p and ¢ are the a; = 1 and a; = 1 ends of the segments S;
and Sj, then the segments must have opposite orientations on .4, (since
they both should point towards the other point). This means that sgn(i) =
—sgn(j) and the two terms of (2.3)) cancel. Similarly, they cancel if p and ¢
are the a; = 0 and a; = 0 ends of S; and 5.

Now suppose that p and ¢ correspond to a; = 0 and a; = 1 ends of
S; and S; (in this case it is possible to have ¢ = j). In this case the two
segments must have the same orientation, and then the factor (—1)%€¢ in
the definition of £ ensures that the two terms cancel each other. O

Remark 2.5. As v varies, we get a finite number of different formulas for
the pairing. It is also possible to take a more uniform choice of the pairing
by integrating over v of degree 1 (ignoring the contributions of measure zero
set of nongeneric v). However, there does not appear to be any advantage
in doing so. We will later see that the pairing is in fact independent of the
choice of v.

3. PAIRING OF THE GAMMA SERIES

In this section we compute the pairing from the previous one on the
cohomology-valued solutions to the better-behaved GKZ systems provided
by the I series. We will show in the next section that the result is the dual of
the intersection pairing which provides the proof of Conjecture 7.3 from [1].

We consider a regular triangulation 3 of the cone C whose vertices are
among these vectors {v;}"; and its corresponding toric Deligne-Mumford
stack Py.

Remark 3.1. It will be convenient for us to abuse notation and denote
by I both a subset of {1,...,n} and the corresponding cone ), ; R>qu;.
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Similarly, ¥ denotes both a simplicial complex on {1,...,n} and the corre-
sponding simplicial fan in Ng which refines C' and its faces.

Definition 3.2. For each cone o € ¥ we define Box(o) to be the set of
lattice points y which can be written as v = ., viv; with 0 <+; < 1. We
denote the union of all Box (o) by Box(X). To each element v € Box(X) we
associate a twisted sector of Py, corresponding to the minimal cone o(7) in
Y. containing . We define the dual of a twisted sector v = Y v;v; by

7 =Y 1=y

7i#0

or equivalently, the unique element in Box(o(y)) that satisfies

vV =~y mod ZZUZ-
€0
Remark 3.3. The dual of v = 0 is itself. Clearly, we have o(v) = o(v)
and (7V)Y =1.

Twisted sectors are themselves smooth toric DM stacks and the following
propositions describe a Stanley-Reisner type presentation of the spaces of
cohomology and cohomology with compact support of their coarse moduli
spaces, see [1].

Proposition 3.4. As usual, Star(o(v)) denotes the set of cones in ¥ that
contain o(7y). Cohomology space H of the twisted sector v is naturally iso-
morphic to the quotient of the polynomial ring C[D; : i € Star(o(y))\o(7)]
by the ideal generated by the relations

HDj’ J & Star(o(y)), and Z w(vi) Dy, € Ann(v;, i € o(y)).
jeJ i€Star(a(v))\o(7)

We can also view H, as a module over the polynomial ring C[Dy, ..., D,] by
declaring D; = 0 for ¢ ¢ Star(o()) and solving (uniquely) for D;,i € o(v)
to satisfy the linear relations Y ;- | p(v;)D; =0 for all p € NV.

Proposition 3.5. Cohomology space with compact support HY (viewed as
a module over H.) is generated by Fy for I € Star(o(v)) such that o7 C C°
with relations
D;Fy — Frygy for i ¢ I,1U{i} € Star(o(7))
and D;Fy for i ¢ I,1U{i} & Star(o(v))

Similarly, it is given a structure of a module over C[Dy, ..., D,].

Definition 3.6. The orbifold cohomology H of the smooth toric DM stack
Py, is defined as the direct sum 697 H,, over all twisted sectors. Similarly,
the orbifold cohomology with compact support H¢ is defined as @v HS. We
denote by 1, the generator of H,.
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There is a natural perfect pairing between H and H¢ called Fuler charac-
teristic pairing. Its origin is the eponymous pairing on certain Grothendick
K-groups, which is then translated to the cohomology via the Chern char-
acter, see [1]. We will not be using the original definition, but rather the
following formula for the Euler characteristic pairing, which is proved in |2].

Proposition 3.7. The Euler characteristic pairing x : H ® H¢ — C on the
toric DM stack Py is given by

x(a,b) = x(®a, Byby) Z ]Box ‘/ Td(y")aibyv

Here % : H — H is the duality map given by (1 ,Y) =1,v and (D;)* = — D,
and Td(7) is the Todd class of the twisted sector « which is defined as

[Liestar o(v)\o(y) Pi ‘
HiEStar o(y)(l - e_Di)

The linear function |: HY — C takes values ﬁ on each generator Fry,
I

Td(v) =

where Vol; denotes the volume of the cone &7 in the quotient fan /o (7).
It takes value zero on all elements of Hf of lower degree.

Let ¥ be a regular (=projective) subdivision of C' based on some of the v;.
Let v; be the real numbers such that ¥ reads off the lower boundary of the
convex hull of the origin and {(v;,;),1 < < n}in Ng@®R. We assume that
1; are generic so this convex hull is simplicial. We denote by 1 the strictly
convex piecewise linear function on C' whose graph is the aforementioned
lower boundary. It takes values i; on all v; which generate rays in > and
has lower values than v; on other v;. Its key property is that for any finite
collection w; € C and «; € R there holds

TZJ(Z a;w;) < Z a;h(w;)

with equality if and only if there exists a cone in ¥ which contains all of the
w; .

Recall from [1] the following solution to the equations bbGKZ(C,0) with
values in H = (P, H,. We define

Pc(xlw"? @ZH 1+Z+Dl

Y €L, 27r1)

l +27r1
(3.1)

where the direct sum is taken over tw1sted sectors y =) . jca(y) ViV and the
set L, is the set of solutions to >_"" | ljv; = —¢ with [; —; € Z for all .
The numerator is defined by picking a branch of log(z;).

We will first prove that for each ¢ € C N N the series for I' converges
absolutely and uniformly on compacts for x such that the (—log|z;|) are
in an appropriate shift of the cone of values on v; of convex Y-piecewise
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linear functions. The proof was skipped in [1] because it is essentially the
same as that in [4], but we will present it here, both for completeness and
to facilitate arguments about the asymptotic behavior of I'..

Proposition 3.8. We denote by Cx; the cone of the secondary fan that
corresponds to X, i.e. the cone of (1);) € R™ that give rise to X. For each

¢ € CNN there exists ¢ € R™ such that the series (3.I)) converges absolutely
and uniformly on compacts in the region of C"

{(—=log|z1],...,—log|zn|) € ¥+ Cx, arg(x) € (—m,m)"}. (3.2)

Proof. An immediate observation is that we can ignore the factor

n n

ii' D, logx;
| | xfﬂ'l = I | e 2w
i=1 i=1

because it does not depend on [ and is bounded on compacts in the region
(3.2).

It suffices to understand what happens for a fixed . Note that while the
summation takes place over an affine lattice L., the nonzero contributions
only occur for (I,...,l,) such that the set

I() = {i,l; € Zeo} Uo(y)

is a cone o in X, because each [; € Z.y contributes a factor D; due to a
pole of I' at a nonpositive integer. Consequently, it suffices to bound the
summation over the subset L., , of L., with the additional property that
the above defined I(1) is a subset of some fixed maximum-dimensional cone
o of ¥ that contains o(v). For any such | € L., we have

Z (—li)’Uz’ = Z li’Ui +c.

i,1;<0 i,1;>0

Let us denote by 1 the X-piecewise linear convex function that corresponds
to (—1; — log|z;|) by the assumption on x. Since the v; on the left hand
side of the above equation lie in o € %, we have

D () (=i = log |zil) = (D (—lvi) < Y Lp(wi) + ¢b(c)

3,1;<0 i,l;<0 i,;>0
= 3 L~ — log i) + ¥(0)
i,1;>0

and therefore
Z lilog |2 < — Z Lithi +1(c). (3.3)
i=1 i=1

This leads to an upper bound

l;
i=1

< V(€)= Xt it (3.4)
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Crucially, since all v; have degree 1, we see that ) . l; = —degc. Thus,
we can apply the key estimate of |4 Lemma A.4] which states that for any
d > 0 and any collection of real numbers a;,b; for i = 1,...,n with

> ail <6, ) bl <6

there exists a constant A such that
I
ey I(a; +1ib;) | —
By the Cauchy’s formula for partial derivatives, this implies an upper bound
of the form Aj(As)Zi=1lkl on the coefficients on all monomials in D; of
bounded degree of the function
n

=1 1+l +27r1)

(4n)2=i=1 lail,

Together with (3.4)), we conclude that in any Euclidean norm on H the
absolute value of each term of the series is bounded by

‘ < Ay ( Ag) (A2)Zz 1llilg Z?:MMZH'

n
i
o 1+l +

(3.5)

We observe that the set L., is the set of lattice points in a shift
of a (lower-dimensional) polyhedral cone C, in R™ given by the equality
>, liv; = 0 and inequalities I; > 0 for all ¢ ¢ 0. We may assume ¥ to give
a strictly X-convex function. It then follows that for any ray generator [ of

C, there holds
> L > 0.

Indeed, by convexity for 12) for any [ € C; we have the inequality ), lmﬁi >0

(the proof is the same as that of (3:3)) which holds even if ¢ is deformed
slightly, so it can only be equality for [ = 0. As a consequence, there is a

constant r such that
Solul <> L)
i=1 i

on Cy.

Therefore, we can replace zﬁ by a large enough multiple of itself and use
to get on any compact subset of the region (3.2)

n l;
‘Hx—ZD <A4e A5Zz 1
L1414+ 22)

=1 2mi
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for some As > 0. Since the number of terms in L., , with Z?:lluﬂi €
[m, m+1) is bounded by a polynomial in m, we get the desired convergence.
O

There is a similarly defined I'-series solution I'° of bbGKZ(C®,0), with
values in H® = . HY. We define

D

(e, @ZH 1+l+2m <HD )

Y l€LcH =1 €0

where o is the set of ¢ with [; € Z .

Proposition 3.9. The series I'° converges uniformly on compacts in the
region (3.2) for an appropriate choice of 1.

Proof. The idea of the proof are the same as that of Proposition [3.8] and we
leave the details to the reader. O

Our next goal is to understand the asymptotic behavior of

Lt %00y, ¥ gy

for real t — +00. We can assume z; to be generic nonzero complex numbers,
so that for large enough ¢ we fall within the range of convergence of I'.

For each ¢ we consider the minimum cone o(c) of ¥ that contains c¢. We
have ¢ = 3¢ () cjvj. It defines a twisted sector v(c) = 3¢, {citvs.
We also consider the dual twisted sector vV (c) = > jeo(e) > ¢z(1 = {cj v
There is a special element

—c= Z(—ci)vi (3.6)
iel
in Lc,'y\/(c)-
Lemma 3.10. As t — 400, we have for c € C N N and v # vY(c) the v
summand of T, (t~% gy, ... t=%n)z,) is o(t¥(©)). For v = vV (c) we have

_Ci

D0, .. — 960 T[ R Oomaivtontond) [T — 40 (1 4 o(1)).
i=1 Z=1F Ci t )

2mi

Proof. Let v = ZjEJ('y) v;vj. Let (I;) be an element of L. .. The contribu-

tion to [o(t~¥(xy,...) is only nonzero if the set of i for which l; € Zg
together with o(7) is a cone in X. Consequently, ¢ for which /; are negative
lie in a cone of Y. Therefore,

D) = 0O (<lv) = dle+ Y lvi) < Y lip(vi) + (o),

1;<0 1;<0 ;>0 ;>0
(3.7)
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which implies

=D li(wi) < ¢(o). (3.8)

i=1

Now notice that the equality in holds if and only if the minimal cone
of > 7. ~o(—li)vi is a cone in 3 which contains ¢ and all v; with /; > 0. This
cone would then contain ¢ and all v; for which I; # 0. This means that
l; = —c;, which implies that v = vV (c). This gives the claimed asymptotic
contribution.

It is not enough to bound the asymptotic behavior of each individual term
as t — oo, one also needs to ensure that the rest of the terms together do
not contribute to anything larger than o(td’(c)). This follows either from the
estimates of Proposition [3.8] or simply from the fact that we have absolute
convergence at x and then all other terms decay faster. Indeed, if we have
an absolutely convergent series .., a; and then consider ) ;. ,a;t* with
ap — «a; larger than some positive €, then as t — oo we have

> ait® = agt™(1+ o(1))

i>0

because
‘ E aitai_ao St_a E |al|
i>0 i>0

We can apply it to our situation since (/;) are in a countable set and there
exists € > 0 so that for all other terms the inequality (3.8) is strict by at

least €. The logarithmic terms [, (¢~ W)y, )5” can be absorbed by a slight
change of €. (]

We can state a similar result for I'°. For d € C° we consider the element

of Ldm/\/(d)
—d = Z (—dz)vl
i€o(d)
Lemma 3.11. As t — 400, we have for c € C NN and v # 7Y (d) the v
summand of TS (t~¥® gy, ... =¥z, ) is o(t¥(D)). For v = vV (d) we have

n

n
D.
I‘d(t—¢(vl)$1, . ) — tilf(d) ez—ﬂ’i(logml (vi) logt)
1 Hr

_di

d +27r1)

I D7 | Fowy(1 +0(1)).

i€o(d)

Proof. The proof is analogous to that of Lemma [3.10] and is left to the
reader. O
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Now we use this information about the asymptotic behavior of I' and I'°
to compute the constant (I',T'°) = ZQdJ €c.a.1 Volr (Hiel $Z) I'c ® I'y where
¢ are defined in Theorem [2.4]

As in Section [2] let I be a subset of {1,...,n} of size rkN, which may
or may not be a cone in ¥. Let ¢ and d be such that ¢ +d = >, ;v; and
c+ev,d—ev € ) . Rsov; for small € > 0. The following observation is
key.

Proposition 3.12. Under the above assumptions on ¢, d, I we have

n

: = (Vi) .. —tp(v1) o (i—1h(v1) —
tligloo -_1(t xi)Te(t x1,...)Tg(t Z1,...)=0

unless v(d) = v"(c) and I contains o(y(c)).

Proof. Since ¢ and d are contained in ), ; R>ov; and ¢+ d = vy, we have

c= Zaivi, d= Z(l — a;)v;

iel i€l

with «; € [0,1]. Convexity of ¢ implies that

Y(c) < Zaiwm), P(d) < Z(l — a;)(v;) (3.9)

which leads to ¢(c) +¢(d) — >_,; ¢ (v;) < 0, so we can use Propositions[3.10]
and [3.11] to see that the leading power of ¢ is nonpositive. In fact, it is
negative, unless the inequalities in (3.9) are equalities, which means that
the subset of I for which «; > 0 is a cone in ¥, and similarly for the subset
of a; < 1. This implies the claim. O

Proposition 3.13. If v(c) = v, v(d) = v = > ,c; 7ivi, then we define I,
to be the subset of I such that the coefficients ¢; of ¢ are equal to 1 and
similarly for I;. The asymptotic behavior as t — oo is
& 1
—(vi) . —(v1) o4=¥(v1) _
T et s G 1) = 000) + Gy
1=

n

) - DIC = He%(logxi—w(vi)logt)
HiEo’(’y) P(’YZ + 2_7:1) HiGStar(o(v))\o(y) F(l + 2_7:1) i=1

iy ﬁ Di (log 2;—ap(vr) log )
icoty D0 =7+ 2011 PO+ 200y
i€o(y) Vi 2mi ieStar(o(y))\o(v) 2mi/ =1

in Hy,® HS, .

Proof. The proof of Proposition[3.12]shows that the only contribution other
than o(1) can come from the terms that give better than o(t¥(¢)) and o(t¥(?)
contributions to the asymptotic behavior of ®. and ®4. So by Propositions
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[3.10land [3.11] the only contributions come from elements of L. v and Lg

given by
—c= Z(—ci)vi, —d= Z(c, -

el el

For i € o(7y) we note that ; =1 —¢; if ¢; € (0,1). For i € I. we use

1 _ D
Pl—ci+52%) T(z5) TO+3%)
and similarly for ¢ € I, and the result follows. O

Now we recall that (I', I'°) is constant.

Corollary 3.14. The constant pairing (I', I'°) lies in p, Hy ® HSy and is
given by

d

v

D F
(271'1rkN@ Z fcd[VOlI(Qm)\U( N2 o Ll

v ceC,deC”® v
|[I|l=rk N

vAvhere lAX/ = [Lico( P(vi + Diy [iestar(o()oq T+ Di) and similarly for
I'yv. There also holds for each k

0=@ ¥ toarVolm)r (D28 ) o L

Y ceC,deC® Fﬁ/ F,Yv
|I|=rk N
F
+@ Z €c.d.1 Volr( 27?1)|U('Y)| < Ald),
Y ceC,deC® nyv
[I|=rk N

Proof. Proposition [3.13] gives the asymptotic behavior of (I',T'°) as a poly-
nomial in log z;. However, we also know it is a constant by Theorem [2.4]
The first statement of the proposition is reading off the constant term of
the polynomial and the second statement is reading off the coefficient by
log .. O

4. EULER CHARACTERISTIC PAIRING

Now we are ready to prove that the pairing of Gamma series (I',I'°) is
inverse to the Euler characteristic pairing on Py. Before we state the main
theorem of this section, we have the following useful observation, which is an
orbifold analog of the relationship between the I'-class and the Todd class
of a smooth manifold. Recall that x is the duality map on H defined in
Proposition [3.7]

Lemma 4.1. (fﬂ,)*fw = (2771)\0(7)\( )degv Td(yY).
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Proof. We can expand (f,y)*fyv as

D; D; D;
I( — )" T(1 - —) - I'l+—)T(1+ —
I1 %+ W=+ - I (14 5T+ o)
i€o(y) i€Star(o(v))\o(7)
D; D; D;
I'(y 1-— — . 'l ——)I'(1 + —).
=11 A -vits) - 11 (- T+ 55
i€ () ieStar(a(y))\o(v)
We use the identity T'(2)['(1 — z) = — fi‘;:zz to rewrite the first product as
i ) 1
(—2mi) e eXicot) ™Wig™3 Licor Di H 1 _ e2mivi—D; -
i€o ()
For the second product, we use I'(1 — 5= )['(1 + 55) = fe— to rewrite it as
-3 Zz ar(o o D; L
e~ 2 LicStar(o(v)\o(7) | H — o
i€Star(a(7))\o(7)

Putting the two formulas together, we get

SR . gV —L3 NLiestaro(m)\oty) D
(T,) Tv = (2mi) 7 (—1)de87” o2 Liestar(o( Ds -
! ! 1eStar(o (7)) 1—e P

= (2mi)le (=1 )dogv Td(y")
where we used ZieStar(o(«,)) D;=>" D;=0. O]

Now we can state and prove the main theorem of this section. Recall that
we defined the pairing (-, -) on solutions of the better-behaved GKZ systems.
When we apply it to I' and I'°, we get a constant element of H ® H€.

Theorem 4.2. The constant pairing (I', I'°) is equal up to a constant factor
to the inverse of the Euler characteristic pairing x(—,—) : H ® H® — C.

Proof. It’s clear that we can consider each twisted sector individually. For
a fixed v, the statement is equivalent to the assertion that

Fr,\ D
> &ear Vol (2m)7 My <P, Jd) L _p

ceC.,deC® ) Ty
[I|=rk N

holds for all classes P € H,. Since the class f,y is invertible in H., dividing
by it induces an automorphism on the cohomology, hence it suffices to prove

P F D P
Y EearVolr(2m) "™y <A—, A"d> = (4.1)
c€C,deC® L, ') Iy I,
|[I|l=rk N

for all P. We prove this by induction on the degree of P.
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The base case deg P = 0 corresponds to P = 1,. Since

1, F
x| =5 =] =0
L, Ty

unless |I;| = rkN — |o ()|, the equation becomes

e L F 1
Z &V ytury Lalo() VOllduU(v)@m)l “ix <Ai Id) ===
[ Ly|=rk N—[o(~) Ly Ty Iy T
(4.2)

Then by definition of y and Lemmal[4.1] we have

ot - / Td(y ffd
F’Y’F’YV ‘BOX ’ I‘ﬁ/v
Td v

‘BOX o / (7%)

\Box )| / (27i)lo(y )degV

B ( deg“/
~ (2mi)le(y \VOIE\BOX( a(y))]

here Vol denotes the volume of the cone o7, in the quotient fan X Jo (7).
Note that we have

Voly,La(y) = VOlE | Box (o (7))]
hence becomes

Vv
Z (_1)degﬂy g’yv,’Y+vld7~’dUU(’Y) =1
[Tal=rk N—[o(7)]

If we perturb vV by ev, then it will fall in the interior of exactly one maximal
cone in Y, and the corresponding coeflicient £ is the only nonzero term in
the sum above (recall the definition of & 47 in Theorem [2.4)), which is equal
to

(e (-1t — 1

So the base case is proved.

Now we assume the equality (ZI) holds for all classes of degree less than
m. Since the cohomology H, is generated as an algebra by classes Dy, it
suffices to prove the identity

DyP F
> &ear Vol (2mi) oDy (# Ald> Dy, = DyP
ceC,deC® r, r

|I|=rk N
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for each D P where P € H,, is of degree m — 1. Since D}, is skew-symmetric
with respect to the y pairing, the above statement can be rewritten as

P D.F,
DpP=— > &arVol(2m)l o™y <A—, i Id)DIC.
ceC,deC® Ly Dy
|[I|l=rk N

On the other hand, we can multiply the induction assumption for P by Dy
to get

P F
> &ear Voly(2mi)le ™y <A—, #) Dy Dy, = Dy P.

ceC,deC® v
|I|=rk N

Compare these two identities. It suffices to show

Dy, F
0= Z &e,d,1 Volg <Dk' f1°) a

ceC,deC® Y Loy
[I|=rk N
(4.3)
D F
+ Y EearVolr ey <Dk‘ Ald>
c€C,deC® Ly %
[I|=rk N
which follows from Corollary [3.14] O

Remark 4.3. Theorem [4.2]implies, in particular, that the pairing of The-
orem [2.4] is nondegenerate and is independent of v. We are not aware of a
direct proof of this fact.

We conclude this section by an explanation of our motivation behind the
definition of the coefficients &. 41 in Theorem [2.4] This definition is inspired
by the following fan displacement resolution of diagonal formula of Fulton-
Sturmfels [6].

Proposition 4.4. Let X be the toric variety corresponds to a complete fan
3l in a lattice IV, denote the diagonal embedding X < X x X by §. Let
o € Y be any cone and v a generic point in /N, then the diagonal class
decomposes as

BV ()] = D mG, 4 - V(1) x V(r2)]

01,02

where mg, ;. = [N : Ny, +Ny,| and the sum is over all cones 01,02 € X with

codim 1 + codim o3 = codim o and ¢ C o1, 09 such that (v + o1) Noy # 0.

Note that the coefficient mg, , is exactly the volume Vol,, s, of the cone
spanned by o1 and o9. This formula cannot be applied to our case directly,
since the toric varieties they worked with are complete while ours are not.
Nevertheless we have the following relationship between the definition of
&c,4,1 and the conditions occurred in Fulton-Sturmfels formula.
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Proposition 4.5. Let ¢,d € o7 and v be a generic point in C°. Then both
c+ev and d — ev lies in o} for all sufficiently small € > 0 if and only if

(v+ao(e))No(d) #0
where o(c) denotes the minimal cone of ¥ that contains c.

Proof. Assume both c+¢ev and d — v lies in 07. Then we can write c+ev =
> icr sivi where all s; € (0,1). Recall that I = o(c)Uo(d) = I.UIzUo(v(c)),
this equation can be rewritten into the form v = v — vy, where v1 € o(c) and
vy € o(d), which is equivalent to the second statement. The other direction
can be proved similarly. O

Remark 4.6. We believe our methods should allow one to give a new proof
of the Fulton-Sturmfels formula, which could be done by restricting our
results to the twisted sectors that are compact. We do not go into details
further in this paper.

5. EXTENSIONS AND OPEN QUESTIONS

There is a more general version of the better-behaved GKZ systems which
includes a parameter S € N¢, with 8 = 0 case being the one we considered
so far. Namely, the torus homogeneity equations of Definition [T.1] read

n

Z(#) U2>x282q)c + </L, Cc— ﬁ>(I)C =0

i=1
and similarly for V4. Much of what we did in this paper is applicable to the
pair of better behaved GKZ systems with parameters +3. For instance, we
readily observe that our argument in Section [2] goes through for arbitrary
parameter [ to give a pairing between spaces of solutions to bbGKZ(C, )
and bbGKZ(C°, —p5).

We would like to see what happens in the limit given by a regular sub-
division ¥ for a generic 5. While there are certain versions of H and H¢
considered in [8] it will be easier for our purposes to simply write Vol(A)
linearly independent solutions given by I'-series, essentially along the lines
of the solutions of the original GKZ paper [7].

Let X be a regular subdivision of C. For each maximum-dimensional cone
o we consider Vol(o) linearly independent solutions in the large Kéhler limit
of Py, in bijection with the elements v of N/}, Zwv;. Namely, we define
the set L. 3 C C" by

n
Z livi=p —
i=1

and the properties [; € Z for all i € o and c+2i€al v; = —y mod Y . Zvj.
Then for each v we define a solution 77 of bbGKZ(C, j3) by
n lZ

17 (x1,x) = Y [ 5 111

l€Lc 05 =1 i)
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We define I'-series solutions ¥7? to bbGKZ(C®, —f) in the same way by

n l;
Wz, x) = Z Hﬁ

leLd,'y,o;fﬁ =1

Note that in the case of generic 8 every solution of bbGKZ(C®, —f) can be
uniquely extended to solutions of bbGKZ(C,—f). It is not hard to show
that these ®. and ¥, converge uniformly on compacts in the region (3.2)
for an appropriate choice of zﬁ Moreover, as o and ~ vary, we get bases
of the space of solutions, with linear independence assured by them lying
in different eigenspaces of the monodromy operators for small loops around
Xr; = 0.

Monodromy considerations imply that for the pairing (-,-) of Section [2]
we have ($79, 077"} = 0 unless ¢ = 0’ and v = —y' mod 3_,, Zv;. In the
latter case, the constant contribution will happen for [; + 1} = 0 for i & I
and l; + 1 = —1 for i € I. If any of [;,I; is a negative integer, then the
corresponding term vanishes, due to a pole of I', so we may assume that
they are nonnegative for i & o, which then implies that

I=0;l;+1l,=—1,forico; l;=1,=0fori¢go.

This implies that ¢ = —y mod > .. Zv; and d = v mod )

We claim that for any ~ there exists exactly one pair (¢, d) in o satisfying
this constraint and .4, # 0. The definition of the coefficients & of the
pairing implies that we must also have ¢ +d = >, v; with ¢ 4 ev and
d — €v in the corresponding cone Zieo R>ov; for all small € > 0. We can
write 5, v and ~ uniquely as

B=Y B, v= s, 7= it

i€o st 7

ico ico Liv;-

with ; € [0,1). It is then easy to see that . 4, is nonzero if and only if

c= > A-vvi+ > v,

{i:yi#0} {i7:=0,5;<0}
1= 3 aws ¥ o
{271750} {Z’YZ:O,S»L>0}

Thus for 7; # 0 we have [; = 8; — 1+, I} = —f; — ;. For 7, = 0 and
si > 0 we have [; = §;, Il = —1 — 3; and for 7; = 0 and s; < 0 we have
li = =1+ B, l; = —p;. In particular,

deg(c) = —deg(y) + kN — #{i:7; =0,s; > 0}.
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Therefore the pairing is given by

Y0 =70\ — (_1)\deg(c)
(@17 W=T0) = (=1) Vol(o) [ -
7 #0

1
(Bi + 7)1 = Bi — i)

1 1
H L1+ 8)T (=) H INGHINC D)

7:=0,5;>0 ~;=0,5;<0
e27ri(5i +7i) — 1

— (_1)deg(c) . -
== Vol(o) H 27ri emi(Bi+i)
Vi

e2m(Bi+1) _ 1 e2mifi _q

I siemm I 5565

¥:=0,5;>0 ~;=0,5;<0
deg(c
_ (_1)(2g())rk\j\?l(0') e—ﬂiziea(ﬁi-l-%’) H e7ri H(e27ri(ﬁi+“{i) _ 1)
1

v:=0,5;>0 €0

_ Vol(o) o deg(8)—2ri deg () H(l _ 2Bty

- \rkN
(271-1)1” 1€0

_ e—widcg(ﬁ)vol(g) H(l o 627"1(52'4‘%)).
(Qﬂ-i)rkN '
1€0
Remark 5.1. An immediate consequence of the above calculation is that
the pairing (-, -) is non-degenerate for a generic 3.

Further directions. We conclude this section by stating some open
problems related to our construction, in no particular order.

e Is the pairing of this paper nondegenerate for all 37 We know this
to be the case for 8 = 0 and B generic, and it seems likely to be
always true.

e We would like to settle the analytic continuation conjecture of [1] to
extend the main result of [4] to the better-behaved GKZ systems.
One consequence of Theorem [4.2]is that it should be enough to just
work with the usual K-theory and the compactly supported version
should follow from duality.

e What is the HMS counterpart of our pairing from the point of view
of Fukaya-Seidel categories for the mirror potential? Our formula for
the pairing is quite simple, so presumably so should be the mirror
version of it. We refer to [5], [11] for background.

e Solutions to bbGKZ systems come with a lattice structure inherited
from the K-theory of Py, (it is independent of ). Can this structure
be locally defined outside of the region of convergence of any I'-series?
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