Math 251 Section C3 Exam #3 Summer 2020

Math 251: Multivariable Calculus, Exam #3
Instructor: Blair Seidler

1. Let C be the helix parametrized by #(t) = (2sint,2cost, /5 t) for 0 <t < 5r.

(a) Find the length of C.

(b) Calculate /xyz ds.
c

(c) Let F = (1,22,0). Calculate /ﬁ~dF
c

Solution:
(a) F’(t) — (2cost, —2sint, V/5)
ds = |7/ (t)|| dt = \/4cos2t+4sm t+5dt = 3dt
length(C /1 ds = / 3dt =157
(b) f(7(t) 2811175)(2 cost)(\/g t) = 4v/5 tsint cost = 2v/5 ¢ sin 2t
5 5m
/xyz ds = / FE®)) 17 (@) dt = / (2V/5 tsin 2t)(3 dt) = 6\/3/ tsin 2t dt
0 0

1 1
Integrating by parts gives | tsin2t dt = —§tcos 2t + 1 sin 2t + C, so

/nyz ds = 6v/5 [Sirft - “02821 :ﬂ =65 [(0 - 5”2(1>> (0 0)} — 15V57

(c) F(F(t)) = (1,4sin?¢, 0)

) ()
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2. (20 pts| Let D be the part of the first quadrant shaded in the diagram.

This region is bounded on the left and right by the curves y — 22> = 1 and y — 22 = —5, and
on the top and bottom by the lines x 4+ 2y = 8 and x + 2y = 4.

(a) Find a rectangle R in the wv-plane and a map G such that G(R) = D. You may give
either G or G, but you must indicate which one your answer represents.

(b) Calculate Jac(G). You may give your answer in terms of z and y or in terms of v and v

(c) Use a change of variables to calculate / / (4z + 1)e” T da dy.
D

Solution:

(a) Set uw = x + 2y and v = x? — y. This will map the rectangle R = [4,8] x [—1,5] in the
uv-plane to D. Note that this is really an inverse map because we have u, v in terms of x,y.
G a,y) = (z +2y,2° —y)

S S 171 S I S R
(b) Jac(G™) = B _1' =—1—4x
-1

Therefore Jac(G) = -

erefore Jac(G) Jac(G™1) 4z +1
(c) Si in the first quadrant, — <0, so |Jac(G)] !
C ce e are e S adra. SO acC =

mce we are 1n rst qu rn,4w+1 , ir 1

5 8
1
dx + )" ot do dy = dr + 1D)e" gy d
//(x—l— Je x dy /1/4(x+ Je 4$+1uv
D

Next, we note that 22 +x +y = u + v, so

5 8
//(4:6 + 1)e” Y dg dy = / / e dudv = (e’ —e ) (® —et) = —e? — e 4¢P
~1J4
D
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3. Let F = (e siny, e” cosy — cos(22), 2yz sin(22)).
(a) Calculate div(F).
(b) Calculate curl(F).

)
(c) Is F conservative? Why or why not?
)

(d) If your answer to (c) is yes, find a potential for F'.

Solution:

(a) div(F) =V - F = 9 + 9 + LAY (e”siny, e” cosy — cos(2?), 2yzsin(z?))
oxr Oy 0z ’ ’

_ 9 T : 9 T 2 9 : 2

= %( siny) + ay(e cosy — cos(z?)) + aZ(Qyzsm(z ))

= e¥siny + (—e”siny) + (2ysin(2?) + 4yz? cos(2?)) = 2y sin(2?) + 4y2* cos(z?)

Sl =
Q) >
Sl 5

(b) curl(F) =V x F =

dy
e“siny e®cosy — cos(2?) 2yzsi

=

(=)

— (2zsin(2%) — 2zsin(2?))i — (0 — 0)j + (¢* cosy — e* cosy)k = 0

(c) Yes. Exponential, trigonometric, and polynomial functions are all continuous on R3, so
the domain of F'is all of R® which is simply connected. Since the domain is simply connected
and curl(F) = 0, F' is conservative.

(d) Let f be a potential for F, i.e. Vf = F.
fo=€¥siny, so f =e"siny + g(y, 2)

e” cosy — cos(z?) = f, = e"cosy + gy, s0 g, = —cos(2?) and g(y, z) = —y cos(z?) + h(z)
Updating: f = e*siny — ycos(2?) + h(z)

2yzsin(2?) = f, = 2yzsin(z?) + 1/(z), so h'(z) = 0 and h(z) = C

Updating: f = e*siny — ycos(z?) + C
So f(z,y,z) = e®siny — y cos(z?) is a potential for F.
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4. [18 pts| Let F = (322y, 23 — 2yz, —y2).
Let C; be the ellipse parametrized by 7} = (2cost,5sint,3), 0 < ¢ < 2.
t\ t
Let Cy be the curve parametrized by 75 = <2 cos (%) )55 21In(t + 1)>, 0<t<5.

(a) Calculate/ F - dr,.
Cy

(b) Calculate/ F - d,.
Co

Solution:
First, we note that

i j k )
cul(F)=VxF=| 2 o 21 =(=2y—(-2y)i—(0—0)j+ (32* — 32°)k =0
3%y 2% —2yz —v?

The domain of F is all of R3 which is simply connected, so F is conservative.

By inspection, we see that if f(z,y,z) = 23y — y?z, then Vf = (3a2y, 2® — 2yz, —y?) = F.
Therefore f(z,y,z) = 2%y — y*z is a potential for F.

(a) C; is a simple closed curve, and F is conservative. Therefore / F-diy=0

(b) Since F' is conservative, / F - d is path-independent.
Ca
7 (0) = (2,0,0) and 7(5) = (—v/2,5,21n6).

/C Fdiy = f(72(5)) — f(7(0)) = F(—v/3,5,2106) — £(2,0,0)

= (—10v2 —501In6) — (0) = —10v/2 — 50In 6
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5. Let S be the surface 22 + 3* = 16 — z for z > 0.

(a) Parametrize the surface with a mapping G(r, ).

(b) Compute T., Ty, N, orienting S with upward-pointing normal.
(¢) Find the surface area of S.

(d) Calculate the flux of F' = (0,0, 3z) across S.

Solution:

(a) Rewriting the equation of the paraboloid in cylindrical coordinates, 2 = 16 — r%. So
the vertex of the paraboloid is at (0,0,16). Since z > 0, we must have r € [0,4]. The
parametrization is therefore:

G(r,0) = (rcosf,rsinf, 16 —r?), r € [0,4], 0 € [0, 27).

- . o 0G :
(b) T, = 5 = (cosf,sinf, —2r) and Ty = 0= (—rsinf,rcosd,0)

i j k

N(r0) =T, xTy=| cosf  sinf —2r|=(2r*cosd,2r’sin,r)
—rsinf rcosf 0

Since r > 0, this normal points upward, and § is oriented correctly.

(c) HNH = V4rtcos? 0 + 4risin® 0 + 12 = VAt + 72 = 147 + 1

2w 4 2 4
area(S)—/“N“dS—/ / rvVr2+1dr d9—/ d@/ rvr? + ldr
S o Jo 0 0

— o 1-g(4r2+1)3/2 4=5(653’/2—1)
8 3 6

0

— —

(d) F- N =1(0,0,48 — 3r?) - (2r* cos 0, 2r* sin 0, r) = 48 — 3r®

. . 2 4_’ . 2 4
/F-dS:/ /F-Ndrd@z/ /487“—3r3d7"d0
S 0 0 0 0
4
=27 (247“2 — 27”4)

= 2m(384 — 192) = 3847
0




