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Introduction: Definitions

Random walk - a random process that consists of random
steps on some mathematical space e.g. Z

Electric network - an interconnection of electric components

We only care about resistors
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A Random Walk

Consider a random walk over the set [0, N ] ∩ Z

Suppose a drunk man walks along a street with N blocks,
arranged as follows

Escape probability - the probability of never going to the bar
(origin) i.e. going home before going to the bar
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Recurrence Relation

Let p(x) be the solution

1 p(0) = 0

2 p(N) = 1

3 p(x) = 1
2p(x− 1) + 1

2p(x− 1) (Law of Total Probability)

Uniqueness theorem can be proved
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Similar Problem ?!

Want to find voltage at each node v(x)

Ohm’s Law & Kirchoff’s Laws

v(x) =
1

2
v(x− 1) +

1

2
v(x+ 1)

Uniqueness theorem

Escape probability is inverse of effective resistance
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More Dimensions

E is escape, P is police

What is the probability of escape before a policeman is
encountered?
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More Recurrences

Averaging principle from Law of Total Probability

f(a, b) =
1

4
f(a+1, b)+

1

4
f(a−1, b)+

1

4
f(a, b+1)+

1

4
f(a, b−1)
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Electric Analogue

Using Ohm’s and Kirchoff’s Laws, the voltage at each point
v(a, b) is

v(a, b) =
1

4
v(a+1, b)+

1

4
v(a−1, b)+

1

4
v(a, b+1)+

1

4
v(a, b−1)
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Lattices and Infinite Random Walks

Zd is an infinite d-dimensional lattice

Let 0 be the origin or where the random walk started

We want to find escape probability i.e. never returning to 0

Recurrent - escape probability is 0

Transient - escape probability is nonzero

Type problem - determining whether or not a random walk is
transient or recurrent
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Electric Analogue (1D)

1D is trivial
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Rayleigh’s Monotonicity Law

Right is lower resistance than left
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2D Random Walk

Add up all the branches in parallel
1

4
+

1

12
+

1

20
· · · =

∑ 1

8n+ 4
∼

∑ 1

n
= ∞
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Higher Dimensions

Reff ∼
∞∫
a

dr

rd−1

Integral diverges only for d = 1, 2
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Why This is Useful

Simplifies calculations greatly!
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