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Abstract
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1 Introduction

1.1 Notation

For n a nonnegative integer, we define the following symbols:

a:= (aj,as,...,a,), (n-vector of symbolic nonnegative integers)
X = (X1, T, ..., Tp), (n-vector of indeterminants)
0:=(0,0,...,0), (n-dimensional zero vector)

e, = (0,0,...,0,1,0,0,...,0),
(the n-vector with 1 in the kth position and 0 elsewhere)
on(@) i =ay +as+ -+ ay,
(first elementary symmetric polynomial in 7 indeterminants)

n—1
(A;q)n = I (1 = Ag), (rising g-factorial)
i=0
;i \ Y i\ %
F.(x;a) := H (1 — ) ( — J) (Dyson product)
1<Si<j<n L Li
Fa(xsa;q) =[] (xiq;Q> (ﬁ;q> 7 (¢-Dyson product)
1Si<jgn NI g N

and let [Y]Z denote the coefficient of Y in the expression Z, thus e.g.

[2%9%])(3 + 52°y* — 6xy) = 5,
[1](3 + 52°y* — 62y) = [2°y°](3 + ba’y® — 6ay) = 3,
[29°](3 + 5%y — 6xy) = 0.

1.2 Background

F. J. Dyson [5, p. 152, Conjecture C| conjectured that the constant term

z—])a is the multinomial

k3

in the Laurent polynomial J[;<;<;<, (1 — —f%)aﬂ (1 —
== J
coefficient; i.e.

Dyson’s conjecture Forn € Z,,

on(a)!

1F,(x;a) = —2n\&°
LFu(x;2) aglag! - a

(1.1)
Dyson’s conjecture (1.1) was first proved independently by J. Gunson [9] and
K. Wilson [17]. Later I. J. Good [8] supplied the most compact and elegant
proof.



G. E. Andrews [1, p. 216] extended (1.1) to a g-analog:

Andrews’ ¢-Dyson conjecture Forn € Z,,

ag) — (¢ Do (a)
1Fax;2:9) (4 Q)ar (€ Das (€ Q) (12)

The first proof of (1.2) was given by D. Zeilberger and D. M. Bressoud [20].
Recently, another proof was given by I. M. Gessel and G. Xin [7].

In [14], together with Zeilberger, I showed that with the aid of our Maple/Mathematica
packages GoodDyson, the computer can, subject only to limitations of time and
memory capacity, conjecture a closed form expression for

[x’{lx? . '.CEZ"]Fn(X; a),

and automatically supply a proof for any fized positive integer n and fized
vector b = (b1, by, ..., by).

1.3 Theorems and Conjectures

The results of [14] are extended here to generic n for certain vectors b, and a
corresponding g-analog is conjectured for each. I made heavy use of Maple in
forming these conjectures. I will prove

Theorem 1.1 Let r and s be fized integers with 1 S r # s < n and n = 2.
Then

[xr/ws]Fn(X;a)=—< o ) (@)t (1.3)

l+o,(a) —as ) arlag!-- - ay!

and provide a conjecture for its g-analog:

Conjecture 1.2 (g-analog of Theorem 1.1) Let r and s be fixed integers
with1 <r#s<nandn=2. Then

1— g ) (¢ D)o (a)
qtron@=a ) (q5q)ay (¢ Dz (6 Da”

[$T/x3]fn(X, a,; q) — _qL(T,s) (1 —

where

14+on(a) = >p_, ak ifr <s
Lir.s) = 1 (a) = Xk ak, if
22;54-1 ag, Zf?” > 8.



Remark 1.3 Notice that the right hand side of Eq. (1.3) is independent of r,
the subscript of the variable which appears to a positive power. In other words,
(1. /x5 Fy(x; @) is the same for all k # s. This can be explained by the fact that
the only factors contributing to the x/xs term in the expansion of F,(x;a)

are .
-7)
i=1
itk

which s clearly invariant under any permutation of the subscripts of the x;.

The analogous phenomenon occurs in Theorems 1.4 and 1.6 as well.

Next, we have

Theorem 1.4 Let r, s, and t be distinct fixed integers with 1 < r,s,t < n
and n = 3. Then

asat((l + on(a)) + (14 0n(a) — a —at)> . (a)]
(14 o0,(a) —as —ar)(1 + op(a) —as)(1 + o,(a) — ap) | arlag!---a,!’

[ ”“"3 ] Fi(x;a) =

Lsy

and the following conjecture for its g-analog:

Conjecture 1.5 (¢g-analog of Theorem 1.4) Letr, s, andt be distinct fized
integers with 1 < r,s,t < n and n = 3. Without loss of generality we may
assume that s < t. Then

(1 o qas)(l o qat)((l o q1+an(a)) T qM(r,s,t)(l . ql—l—an(a)—as—at))
(1 _ q1+an(a)fasfat)<1 _ q1+0'n(a)fas)(1 _ q1+o'n(a)fat)

3312” s
[ Falx;a;q) = ¢"*
Tt

((J; Q)Un(a)

G D (6 Dz (@ D

where
2+20,(a) — 2% ar + X ak, if T < s <t
L(r,s,t) =S 1+o,(a) — i ar + 250 L ar, ifs<r<t,
222;1“ ar + ZZ_:ISH ag, ifs<t<r,
and

ag, ifr<s<tors<t<r
M(r, s, t) = ’ ’
as, if s <r <t

Finally, we have



Theorem 1.6 Letr, s, t, and u be distinct fized integers with 1 < r,s,t,u S n
and n 2 4. Then

atau<(1+an(a)) + (1 + o,(a) —at—au)> on(a)!
(14+o0,(a) —ar —a,) (1 +o,(a) —ap) (1 + op(a) —ay) | arlag! -+ -a,!

Ty

F,.(x;a) =
|:£Ut$u:| ( )
Conjecture 1.7 (g-analog of Theorem 1.6) Let r, s, t and u be distinct
fized integers with 1 < r,s,t,u < n and n = 4. Without loss of generality we
may assume that r < s andt < u. Then

(1 o qat)(l o qau) ((1 . ql—l—an(a)) 4 qM(r,s,t,u)(l - q1+an(a)—at—au))

T,
rds fn X: a; _ L(r,s,t,u)
[xtxu:| ( q) q (1 _q1+an(a)fatfau)(1 _q1+an(a)fat)(1 _q1+crn(a)fau)
% (Q;Q)Un(a)
(40 (G Vg -+ (6 Dar”
where
2+ 20,(a) — 25 ap + it a + S0 Hlak, ifr<s<t<u,
1+0n() Zk rak+2k t+1flk, ifr<t<s<u,
1+on(a)— i tay+255- t+1ak—i—zk t+1ak+22k uHak, ifr<t<u<s,
L(r, s, t,u) =
1+o,(a)— ktak—f—z ak+22k t+1ak, ift<r<s<u,
P t+1ak+zz;u+1ak, ft<r<u<s,
P @+ T @+ 2200 ift<u<r<s,
and
Ay ifr<s<t<uorr<t<u<sort<u<r<s,
M(r,s,t,u) =4 1+op(a)ifr<t<s<uort<r<u<s,
at, ift<r<s<u.

Remark 1.8 Certain special cases of Conjectures 1.2, 1.5, and 1.7 have been
proved by John Stembridge [15, p. 347, Cor. 7.4]. Stembridge proved that in
the case where a = (a,a,...,a), and bypq1 = byyo = -+ = byr = —1, forp
and T satisfying 0 S p<nand1 <7 <n—p,

b1,.b2 bn Ca- _ T _bi+bo+---+b,+am (q; q)(m(qa; qa>7(q; qa>p+o
aPta? x| Fa(xsa q) = (—1)7q P
s Il )= (¢:0)1(q; ¢")n

(1.4)
wherem = o1+ Y0 (i—1)b; — > 77" by_iy1. Conjectures 1.2, 1.5, and 1.7
do indeed agree with (1.4) where they overlap, which, of course, provides some

evidence in favor of the conjectures.



The theorems will be proved in §2. Special cases of the conjectured g-analogs
will be discussed in some detail in §3, followed by some concluding remarks in
84.

2 Generalized Good Proofs

2.1 Good’s proof of Dyson’s conjecture

It will be instructive to review the proof of (1.1) due to Good [8] presented in a
way that will make it easy to see how it naturally generalizes to the variations
of Dyson’s conjecture under consideration here. The proof divides neatly into
three parts: recurrence, initial condition, and boundary conditions. Let

cn(@) = [y ey o] Fa(x ).

Thus Dyson’s conjecture is the assertion that

0 on(a)!
a1:Ag: -+ Ap:
2.1.1 Recurrence
For ay,as, ..., a, > 0, we have, by Lagrange interpolation,

F.(x;a) =) F,(x;a—e). (2.1)

NE

B
Il
—

Thus the same recurrence must hold term by term when (2.1) is expanded,
and in particular the recurrence must hold for the constant term, so we have

n

cn(@) =Y cy(a—ex). (R)

bl
—_

2.1.2 Initial Condition

It is easily verified that



2.1.8 Boundary Conditions

For k fixed and 1 £ k < n,

Fo(x;{ay,ag,...,a5-1,0,ax11,...an))
" (x; —
:Fn_1(<l'1,{['2,...,I'k_l,l'k+1,...,$n>;<CL1,...7ak_1,ak+1,...an>) H(lxalk)
v
(2.2)

Notice that we have segregated the factors involving z; (those in braces) from

those which are independent of x;. Find the Taylor expansion of H?Zl(“;%

i#k i
about xj, = 0. Extract the coefficient of z from both sides of (2.2) to obtain

[xZ}Fn(Xa <a17 Agy ..., Qk—1, 07 Af4-15 - - - an))
= P;? X an1(<9€17 T2y s Th—1y Tht1y - - - 733'n>; <a1, ey A1, Q415 - - - an>)7
(2.3)
where
pp = (2.4)
i=1 ;'
ik

In the case of Dyson’s original conjecture, we have P? =1 for all k& and n.

Apply the constant term operator to both sides of (2.3) to obtain

Aay, ag,. .., a5-1,0,p41,...,0,)) =2 ({ay,ag, ..., 051,041, ..0n))
(B)
fork=1,2,....n.
Finally, since (R), (I), and (B) uniquely determine ¢?(a), and the multino-
mial coefficient o,(a)!/ai!---a,! also satisfies (R), (I), and (B), the result
follows. O

2.2 Proof of Theorem 1.1

Theorem 1.1 asserts that if b = e, — e,

Pla) = — (1 . Unas ) (@) (2.5)

— las! - -q..!
s (2. n-
(a) —as ) arlas!---a



2.2.1 Recurrence

It was already noted that by Lagrange interpolation, for a1, as,...,a, > 0, we
have
Fu(x;a) =Y F,(x;a—ey). (2.6)
k=1

Thus the same recurrence must hold term by term when (2.6) is expanded,
and in particular the recurrence must hold for the x,/z, term, and so

n
€

e'r es Z r es a _ ek) (R/)
k=1
2.2.2 Initial Condition
¢y (0)=0 (1)
2.2.83  Boundary Conditions
For k fixed and 1 £ k < n,
F.(x;{a1,az,...,a5-1,0,aps1,...ay,))
_ . o (@i — k)
= Fn_1(<l’1, X2y eo oy 1, Tht1y- - - ,.Tn>, <CL1, vy A1, Q41 - - - an)) HT
v
(2.7)

Once again, we have segregated the factors involving xj (those in braces)
from those Wh1ch are independent of xj,. Next, find the Taylor expansion of
I, @i=2)" ahout x = 0. Extract the coefficient of mk from both sides

T ajg

i#k i
of (2.7) to obtain

[:BZ’“]Fn(X; (a1, a9, ..., a5_1,0,Qxs1,...Gp))
:P]:) ><Fn,1(<$1,.’£2,...,$k,1,$k+1,.. .’En> <a1, .,ak,l,akﬂ,...an))
(2.8)
where
—> 121, ifk=r,
i#k
b __

Py =90, if k= s,

1, otherwise,



and thus by extracting the coefficient of z,2; 2% from both sides of (2.8), we
obtain

% ((ay, a9, ... a5-1,0, 0541, . .. Gp))

. oF)_o(®) )

- 1alcn 1 ((a1, a9, ..., Qx—1, Qgs1, ... an)), if k=1,
K2
Lk

=90, ifh=s  (B)
oF)_ (k) )
er 7% ({ag,ag, . ooy G 1, Qyty - - Q)), otherwise,
where

k)
= (01,55 02,55 - -+ Ok—1,5 Okt 1gr - - > Onj)s

with ¢; ; denoting the Kronecker delta function.

2.2./  The RHS of (2.5) also satisfies (R), (I), and (B)

Since (R'), (I'), and (B’) uniquely determine ¢&"~°(a), once we establish that
déres(a) == — “5)_%)( on(a)t ,) also satisfies (R'), (I'), and (B’), the

atlas!--ay
result will follow Whlle this fact may not be obious a priori, we shall soon

see that nothing beyond elementary algebra is required to establish its truth.

Without loss of generality, we may assume that » = 1 and s = n, for if not,
the indeterminants in F,(x;a) may be relabeled accordingly. We note that

del—en(a) _ Qp, O'n(a)!
" N l+a+ay+-+an1) \ala---a,! )



Zn:dﬁlfe”(a—ek):— (a0 — Dl + -+ an — 1)!
k=1 (I1+a;+--apn)ar! - ap_q!(a, —1)!
L apan(ar + -+ an — 1)
_kz:; (@ + -+ ap_1)ag! - ay,!
—ap(a1 + -+ a, — 1)
(I1+ai+ -+ an_1)ar! - -apl(ay + - + an_y)

< {an = Dlar+ -+ ao) S a+a doet )]
—ap(ay + -+ a, — ll!;!_1
(14+a1+--+ap1)a!--ayl(ar + -+ ap_1)
X {(a1+---+an_1)(an— 1+1+a1+---an_1)}
—ap(ay + - ap)!

(I+a+- - +ap1)aq!--a,!
= 7" (a),

and thus (R') is satisfied.

Clearly,
dsr=e"(0) =0,

so (I') is satisfied.

Also,
N el eV
= aid, " ({ag, ..., an))
=2
0 o
= —andy_({az, ..., an)) = > a;d® " ({az,...,a,))
=2
+ay ! n n—1Un
:(a2 an) asa R Ap—1a Ca
CLQ!"'CLn! 1+CL2+"'CLn_1 1+a2—i—~~~—|—an_1

(CLQ +--- an)!an
— cda, - (1 e ta,
agl---an!(l—i—ag—|—---—|—an_1(a2+ tan — (L az+- -+ a,1))

B (ag + -+ + ay)la,
ag!---a (1 +ag+ -+ ap1)

egl) egll)

=dor % ((0,aq,...,a,)),

and thus dS°(a) satisfies (B’) when a, = 0.

(Clearly,

dzgn)_e%n)(<al, ey 1, 0>) == 0,

and so dS"~°(a) satisfies (B’) when a; = 0.

10



Finally, for 1 < k < n, we have

(9)_ (k)

= d (a1, 11,0, Q41,5 -, an))

_ —an, (a1 + -+ ap1+ap +---+ay)
I+ar+-+ap1+app+--ay arl - ap_ilagg! - ap!
(V) _e(

=d,", (@1, .oy @1, i1y -5 Q)

where d°(a)
when k is different from both r

Remark 2.1 Clearly, the only
and that of Theorem 1.1 lies in
b. Once PP is known for a give
the two previous cases) follows

2.3  Proof of Theorem 1.4

on(@)!/ai!---a,! by (1.1), and thus dS~°(a) satisfies (B’)

and s. O

nontrivial difference between the proof of (1.1)
the observation that PP (see (2.4)) varies with

n b, the boundary condition ((B) and (B’) in
immediately.

In light of Remark 2.1, we need only supply PP, for b = 2e, — e, — e;.

n
i=1

2
itk "

(

0,
L,

2e,—es—e
P r s {—
k

which implies

a;(a;

Doy D 1<icj<n
itk

2

%),ifk;zr,
7 Kt
ifk=sork=t,

otherwise,

2e,—es—e
e ((ay, a9, . ..y ag—1,0, 511, . .. ap))
(k) _ (k) _ (k)
n  ai(a;—1) 2e;i—es ' —e
izlil 5 n_ll t ((al,ag,...,ak_l,ak+1,...an>)
i#k
egk)+e§k) fegk) fegk) A
+Zl§i<j§naiajcn—1 (<a1, A2, .oy Op—1, Qf41y - - - an>)7 if k=r,
= i#k
0, ifk=sork=t,
(k) _ (k) _ (k)
2e, ' —ey; '—e .
o b ({ay, a9, g1, Qpit, - - Qn)), otherwise.

11



2.4 Proof of Theorem 1.6

Similarly,

(— ?f“),ifk:rork’:s,
itk

Per+es_et_eu —
k

0, iftk=tork=u,
1, otherwise,
which implies
€r+es—et—ey
o = ((ay, a9, ... a5-1,0, 511, ... Gp))
(k) () _ (k) _ ()
e ' te; ' —e; —ey . .
— e, ((a1, a9, ..., Qg—1, Agy1, ... ap)) if k=1,
itk
(k) () _ (k) _ ()
e, +e; ' —e;  —ey, .
-, bt ((a1, a9, ... k1, Ags1, - .. ay)) if k=5,
= itk
0, if k=tork=u,
(k) | (k) _ (k) _ ()
e, +e;  —e; ' —ey .
1 ¢ ({ay, a9, ...,k 1, Qpi1,---Qp)), otherwise.

3 Perturbed versions of ¢g-Dixon

It is well known (see [1]) that the n = 3 case of the ¢-Dyson conjecture is equiv-
alent to a g-analog of a hypergeometric summation formula of A. C. Dixon [4].

This is because

F3((x,y,2);(a,b,c))
= W/7;0)a(2/7;0)a(q/y; O)6(2/y; O6(2q/ 23 @) (/23 @)

b c
(_1)b+2cq(2)+2(2) a+b—1 i— a+tc—1 . b+c—1 i—
- 12aq,2b 5 2c Il @G—ya™) [ (@—2¢7) [ (y—2¢")
Yy =0 i=0 i=0

?

_ ¥ [a + b} [a + C} [b + C] (_1)b+2c+h+z'+jq(b;h)+(c§i)+(°;j)xb+c—h—iy—b+c+h—z’Z—2c+z'+j
hieol 7 Y
V= q q q

where the last equality follows from a triple application of a corollary of the

g-binomial theorem due to Rothe (see [3, p. 490, Cor. 10.2.2 (c)]), and

(:9)B(G:9)A-B
B

P] __leada i< A< B
q

0 otherwise.

12



It is then a straightforward exercise in linear algebra combined with the change
of variable k = j + ¢ to obtain

ry
z

M] Fille,v,2): (a,b,0):0)

ayB

a+b
=2 [l{:—l—b%—ﬁ]q[k%—c]qlk%—a—l—a%—ﬁ .

kEZ

b+ c

c+a

For o« = 8 = 0, combined with the n = 3 case of the ¢-Dyson theorem, we
obtain the ¢-Dixon sum of Andrews [1, p. 216, equation (5.6)], which he proved
using the ¢-Pfaff-Saalschiitz summation (see [6, equation (I1.12)].)

Similarly, the following six identities follow from the n = 3 case of Conjec-
ture 1.2:

Z_a—i—b] lb+c] l ct+a ] (_1)kq3k(k+1)/2_1:'a+b+c < 1—q )
i lk+b] [k+c] |k+at+1] | a,bc | 1—q1+a+b
3.2)
Z- a+b b+cl| [e+al (_1>,€q3k(k+1)/2+1:_a+b+c ( 1—q )
itk +b+1] |k+c] [k+af, | a,b,c | 1—q1+”+0
3.3)
> _a+b] [b%—c} [ c+a | (—1)FgHB=D/241 — a+b+c] (i) ¢
ren lE+b] [k+c], [F+a—1], | a,bc |, 1 — gltote
(3.4)
Z" a+b ] [b+c] [ c+a ] (= 1)FH1ghBED)/2 _ [a+b+1 (i)
ko) [kt k+at1], a,bc J \1—gltet?
(3.5)
Z— a+b b+ ] ct+a | (_1>k+1q3k(k71)/2+1: [“""b"'cl (qu
S lk+b—1] |k+c] _k+a—1_q a,b,c 1 — gltate
(3.6)
where
a+b+c (¢ Dasbre

-

keZ L

a+b

k+b—1

L[bJrc

k+c

c+al
. k+a]

a,b,c

q

+b+c
1)k RBR=1)/2 a
(=1) a,b,c

13

L " (¢ Du(aa)e

1 - qb 1+c
1 — q1+a+c q
3.1)

a

q

).



The corresponding identities arising from the n = 3 case of Conjecture 1.5 are

3 a+0b b+c c+a (—1)kg-1)/2
k+b—1 . k+c . k+a+1 .

kEZ

a+b+ec (1_qb)<1_qc) 1+a+b+c c a
[ a,b,c L(l — g+ (1 — gltatb)(1 — gl+ate) <(1 — ¢ ) — " (1 — ¢ ))

(3.7)

Z[ a+b ] [b+6] [ c+a 1(_1)k+1qk(3k+7)/2+2
i lk+b+2] [k+c| [k+a+1]

_lat+b+c (1—¢*)(1—q°) e e
B l a,b,c L(l — ) (1 — gl+atb)(1 — gl+b+e) ((1 q )—q¢"(1—¢q ))
(3.8)

Z a-+b b+c c+a (_1)k+1qk(3kz—5)/2+3
k+b—1qk+ch+&—2q

_ [a +b+c (1—q*)(1—4q") ; ((1 _ q1+a+b+c) _ qb(l . qc>)
(3.9)

a,b,c L(l — q1+c)(]_ _ q1+a+c)(1 — gitbte

Remark 3.1 Fach of the identities (3.1) through (3.9) is a 3¢ summation
formula, and as such is automatically verifiable by the q-WZ algorithm of Wilf
and Zeilberger [16]. It is well known that Zeilberger’s algorithm and its q-
analog does not always find the minimal order recurrence satisfied by a given
summand (see, e.g. [2] or [12, p. 116 ff.]). In each case considered here, the q-
Zeilberger algorithm, as implemented in Maple by Zeilberger’s package qEKHAD
and in Mathematica by A. Riese’s package qZesil.m (see [11]), a recurrence
of order at least three was found for the sum side, even though there must be
a first order recurrence since the right hand side is a sum of a fized number
of finite products. Even Paule’s creative symmetrization technique (see [11,
section 5.2]) does not improve the order of the recurrence in these examples.

Remark 3.2 The same technique could be used to produce q-hypergeometric
summation formulas corresponding to the case n = 4. Here the resulting sum
sides would be triple sums, and one could attempt to obain automated proofs of
these in Mathematica using Riese’sqMultiSum.m package of [13], or in Maple
using Zeilberger’s qMultiZeilberger package [19].

Due to computer memory and time limitations, it is highly doubtful that the
identities corresponding to n > 4 could be successfully handled on today’s

14



computers.

4 Conclusion

The obvious next step is to try to find proofs for the conjectured g-analogs. A
combinatorial proof would be particularly nice, since would potentially explain
the role played by the factors ¢* and ¢ in the conjectures, a feature that
disappears in the ordinary ¢ = 1 case.
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