THE UNIVERSITY OF CHICAGO

COMBINATORICS OF DEGENERACY LOCI

A DISSERTATION SUBMITTED TO THE FACULTY OF THE DIVISION OF THE PHYSICAL SCIENCES IN CANDIDACY FOR THE DEGREE OF DOCTOR OF PHILOSOPHY

DEPARTMENT OF MATHEMATICS

BY ANDERS SKOVSTED BUCH

CHICAGO, ILLINOIS AUGUST 1999

ABSTRACT

Let X be a non-singular variety and E_0 → E_1 → · · · → E_n a sequence of vector bundles over X with maps between them. A set of rank conditions for this sequence is a collection r = (r_{ij} ) of non-negative integers, 0 ≤ i < j ≤ n. The associated quiver variety is the locus Ω_r(E_•) = {x ∈ X | rank(E_i(x) → E_j (x)) ≤ r_{ij} ∀i < j} . With Fulton we recently found a formula for the cohomology class of Ω_r(E_•) in the cohomology ring of X, when this locus is irreducible and of maximal codimension in X. This formula extends the Thom-Porteous formula, and it is general enough to give new expressions for all types of Schubert polynomials.

Our formula writes the cohomology class of Ω_r(E_•) as a linear combination with integer coefficients of products of Schur polynomials:

[Ω_r(E_•)] = ∑ c_μ(r) s_{μ1} (E_1 − E_0) · . . . · s_{μn} (E_n − E_{n−1}) .

The sum is over all sequences of partitions μ = (μ_1, . . . , μ_n). The coefficients c_μ(r) are given by an explicit algorithm. Surprisingly, these coefficients all seem to be nonnegative. We have conjectured a generalized Littlewood-Richardson rule saying that each coefficient is equal to the number of sequences of semistandard Young tableaux satisfying certain properties.

In the first half of my thesis I will prove this conjecture in the special case where the sequence E_• contains four vector bundles. I will also pose a stronger but simpler conjecture, and prove that it implies the generalized Littlewood-Richardson rule. In contrast to the Littlewood-Richardson rule, this stronger conjecture is easy to verify on a computer, and this has been done in 500.000 randomly chosen examples with n ≤ 10.

iii In the second half of the thesis I will derive some applications of the quiver formula to Stanley symmetric functions. In particular I will show that certain coefficients in Stanley symmetric functions are special cases of the coefficients c_μ(r). I will also give geometric proofs of some formulas describing Stanley’s symmetric function for a product of two permutations as well as for a longest permutation.

ACKNOWLEDGEMENTS

It is a pleasure to thank my advisor William Fulton for introducing me to and guiding me within many exciting areas of algebraic geometry and combinatorics. The work described in this thesis can be viewed as a continuation of a joint geometric project with Fulton, which resulted in a general formula for quiver varieties [1]. I would like to thank him for a very pleasant collaboration as well as for numerous suggestions, ideas, comments, etc. regarding this continued work. It has been a luxury to work in an environment where encouragements as well as time for discussions have been unlimited resources.

I am indebted to Sergey Fomin for his interest in and contributions to this thesis. In particular I owe him thanks for constructing an involution on pairs of tableaux, which has been a key tool in my work. I also thank him for collaborating about finding a general proof of a conjectured version of the quiver formula.

I thank Niels Lauritzen for giving me my first introduction to algebraic geometry as well as for lots of encouragements during my time as a graduate student.

In addition I have benefitted greatly from discussions with Frank Sottile, especially concerning stable Schubert polynomials.

Not only mathematical favors are needed in order to complete graduate study. I would like to thank my fiancee Heather Marie Propes for endless amounts of support and encouragement. In particular she has moved three times and more than 6000 miles in order that I could have the best possibilities for studying.

With respect to moving, I am also very thankful to Tom Roby and Marjorie Nugent, who invited Heather and me to stay in their home for more than a month while searching for an apartment in Berkeley in the Summer of 1998.

Finally I would like to thank the Danish Research Academy and The University of Chicago for their support, and The University of Michigan for supplying a stimulating and friendly environment during the last eight months of my graduate study.

TABLE OF CONTENTS

ABSTRACT ii

ACKNOWLEDGEMENTS iv

LIST OF FIGURES vi

1 INTRODUCTION 1 1.1 Degeneracy loci . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Description of the algorithm . . . . . . . . . . . . . . . . . . . . . . . 3 1.3 A conjecture for the coefficients c_μ(r) . . . . . . . . . . . . . . . . . . 6

2 RESULTS ABOUT THE CONJECTURED FORMULA 9 2.1 Paths through the rank diagram . . . . . . . . . . . . . . . . . . . . . 9 2.2 A criterion for factor sequences . . . . . . . . . . . . . . . . . . . . . 12 2.3 An involution of Fomin . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.4 The stronger conjecture . . . . . . . . . . . . . . . . . . . . . . . . . 24 2.5 Proof in a special case . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3 STANLEY SYMMETRIC FUNCTIONS 31 3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 3.2 Schubert polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 3.3 Stable Schubert polynomials . . . . . . . . . . . . . . . . . . . . . . . 35 3.4 Redundant rank conditions and products of permutations . . . . . . . 39 3.5 Relations to a conjectured Littlewood-Richardson rule . . . . . . . . . 42

REFERENCES 46

LIST OF FIGURES

1.1 The rectangle diagram used in Example 1.2. . . . . . . . . . . . . . . 8

2.1 Path through the rank diagram. . . . . . . . . . . . . . . . . . . . . . 10 2.2 The path γ^′ goes lower than γ at the indicated place. . . . . . . . . . 10 2.3 Ingredients for the relation |=. . . . . . . . . . . . . . . . . . . . . . . 15 2.4 Diagram with weakly increasing rows. . . . . . . . . . . . . . . . . . . 20 2.5 Rectangles strictly below R are empty. . . . . . . . . . . . . . . . . . 28 2.6 All but three of the tableaux below T are empty. . . . . . . . . . . . 29

3.1 Rank diagram for a shifted permutation. . . . . . . . . . . . . . . . . 36 3.2 Rectangle diagram for a shifted permutation. . . . . . . . . . . . . . . 36 3.3 Rectangle diagram for a longest permutation. . . . . . . . . . . . . . 38 3.4 Rectangle diagrams for an independent subsequence. . . . . . . . . . 40 3.5 Rectangle diagram for a product of permutations . . . . . . . . . . . 41 3.6 Rectangle diagram for the permutation w = 2 1 4 3 . . . (2p) (2p − 1) . . 43

CHAPTER 1 INTRODUCTION

In this introductory chapter we introduce notation and recall the main results from [1].

1.1 Degeneracy loci

Let X be a non-singular complex variety and E_0 → E_1 → E_2 → · · · → E_n a sequence of vector bundles and bundle maps over X. A set of rank conditions for this sequence is a collection of non-negative integers r = (r_{ij} ) for 0 ≤ i < j ≤ n. The associated degeneracy locus or quiver variety is the subset Ω_r(E_•) = {x ∈ X | rank(E_i(x) → E_j (x)) ≤ r_{ij} ∀i < j} of X. Equivalently this locus is an intersection of the zero sections of bundle maps:

Ω_r(E_•) = ⋂ i<j Z(∧^{rij +1}E_i → ∧^{rij +1}E_j) .

The later definition shows that Ω_r(E_•) has a natural structure of subscheme of X.

Let r_{ii} denote the rank of the bundle E_i. We will demand that the rank conditions can occur, i.e. that there exists a sequence of vector spaces and linear maps V_0 → V_1 → · · · → V_n so that dim(V_i) = r_{ii} and rank(V_i → V_j) = r_{ij}. This is equivalent to the conditions r_{ij} ≤ min(r_{i,j−1}, r_{i+1,j}) for i < j, and r_{ij} − r_{i,j−1} − r_{i+1,j} + r_{i+1,j−1} ≥ 0 for j − i ≥ 2.

Let E and F be vector bundles of ranks e and f over X and let I = (a_1, . . . , a_p) be a sequence of integers. We define the double Schur polynomial s_I (F − E) as follows.

Let h_k be the coefficient of the term of degree k in the formal power series expansion of the quotient of total Chern polynomials for the duals of E and F : ∑ k≥0 h_kt^k = c_t(E^∨) c_t(F^∨) = 1 − c_1(E)t + c_2(E)t^2 − · · · + (−1)^ec_e(E)t^e 1 − c_1(F )t + c_2(F )t^2 − · · · + (−1)^f c_f (F )t^f .

Then the polynomial s_I (F − E) is the determinant of the p × p matrix whose (i, j)^{th} entry is h_{ai+j−i}, s_I (F − E) = det(h_{ai+j−i})_{1≤i,j≤p} . The expected (and maximal) codimension of the locus Ω_r(E_•) in X is d(r) = ∑ i<j (r_{i,j−1} − r_{ij}) · (r_{i+1,j} − r_{ij} ) .

When the locus has this codimension it is a Cohen-Macaulay subscheme of X [10] (see also Lemma A.2 of [8]). The main result of [1] gives a formula for the cohomology class of Ω_r(E_•) when it has its expected codimension:

[Ω_r(E_•)] = ∑ μ c_μ(r) s_{μ1} (E_1 − E_0) · · · s_{μn} (E_n − E_{n−1}) . (1.1)

Here the sum is over sequences of partitions μ = (μ_1, . . . , μ_n); the coefficients c_μ(r) are certain integers given by an explicit combinatorial algorithm which we shall describe in the next section.

There is no immediate geometric reason for the products of Schur polynomials appearing in the formula. However, it is even more surprising that the coefficients c_μ(r) all seem to be non-negative. Attempts to prove this has led to a conjecture saying that these coefficients count the number of different sequences of tableaux satisfying certain conditions [1]. This conjecture will be explained in Section 1.3, and the main goal of Chapter 2 is to prove it in certain special cases.

The coefficients c_μ(r) are known to generalize Littlewood-Richardson coefficients [1]. In Chapter 3 we shall prove that they also generalize the coefficients which are obtained when Stanley symmetric functions are expressed in the basis of Schur functions. We will use this to give new proofs of some results about Stanley symmetric functions and to obtain additional evidence for the conjectured formula for the coefficients c_μ(r).

1.2 Description of the algorithm

Let Λ = Z[h_1, h_2, . . . ] be the ring of symmetric functions. The variable h_i may be identified with the complete symmetric function of degree i. If I = (a_1, a_2, . . . , a_p) is a sequence of integers, define the Schur function s_I ∈ Λ to be the determinant of the p × p matrix whose (i, j)^{th} entry is h_{ai+j−i}: s_I = det(h_{ai+j−i})_{1≤i,j≤p} . (Here one sets h_0 = 1 and h_{−q} = 0 for q > 0.) A Schur function is always equal to either zero or plus or minus a Schur function s_λ for a partition λ. This follows from interchanging the rows of the matrix defining s_I . Furthermore, the Schur functions given by partitions form a basis for the ring of symmetric functions [14], [6]. Note that if the coefficients of a formal power series c_t(E^∨)/c_t(F^∨) are substituted for the variables h_i, then the Schur function s_I becomes the double Schur polynomial s_I (F − E) defined above.

We will give the algorithm for computing the coefficients c_μ(r) by constructing an element P_r in the n^{th} tensor power of the ring of symmetric functions Λ^{⊗n}, such that

P_r = ∑ μ c_μ(r) s_{μ1} ⊗ · · · ⊗ s_{μn} .

It is convenient to arrange the rank conditions in a rank diagram:

E_0 → E_1 → E_2 → · · · → E_n r_{00} r_{11} r_{22} · · · r_{nn} r_{01} r_{12} · · · r_{n−1,n} r_{02} · · · r_{n−2,n} ... r_{0n} In this diagram we replace each small triangle of numbers r_{i,j−1} r_{i+1,j} r_{ij} by a rectangle R_{ij} with r_{i+1,j} − r_{ij} rows and r_{i,j−1} − r_{ij} columns.

R_{ij} = r_{i,j−1} − r_{ij} r_{i+1,j} − r_{ij}

These rectangles are then arranged in a rectangle diagram: R_{01} R_{12} · · · R_{n−1,n} R_{02} · · · R_{n−2,n} ... R_{0n} It turns out that the information carried by the rank conditions is very well represented in this diagram. First, the expected codimension d(r) for the locus Ω_r(E_•) is equal to the total number of boxes in the rectangle diagram. Furthermore, the condition that the rank conditions can occur is equivalent to saying that the rectangles get narrower when one travels south-west, while they get shorter when one travels south-east. Finally, the element P_r depends only on the rectangle diagram.

We will define P_r ∈ Λ^{⊗n} by induction on n. When n = 1 (corresponding to a sequence of two vector bundles), the rectangle diagram has only one rectangle R = R_{01}. In this case we set

P_r = s_R ∈ Λ^{⊗1}

where R is identified with the partition for which it is the Young diagram. This case recovers the Giambelli-Thom-Porteous formula.

If n ≥ 2 we let r̄ denote the bottom n rows of the rank diagram. Then r̄ is a valid set of rank conditions, so by induction we can assume that

P_{r̄} = ∑ μ c_μ(r̄) s_{μ1} ⊗ · · · ⊗ s_{μn−1} (1.2)

is a well defined element of Λ^{⊗n−1}. Now P_r is obtained from P_{r̄} by replacing each basis element s_{μ1} ⊗ · · · ⊗ s_{μn−1} in (1.2) with the sum ∑ (_{n−1} ∏ i=1 c^{μi}_{σiτi} ) s R_{01} σ_1 ⊗ · · · ⊗ s R_{i−1,i} σ_i τ_{i−1} ⊗ · · · ⊗ s R_{n−1,n} τ_{n−1} .

This sum is over all partitions σ_1, . . . , σ_{n−1} and τ_1, . . . , τ_{n−1} such that σ_i has fewer rows than R_{i−1,i} and the Littlewood-Richardson coefficient c^{μi}_{σiτi} is non-zero. A diagram consisting of a rectangle R_{i−1,i} with (the Young diagram of) a partition σ_i attached to its right side, and τ_{i−1} attached beneath should be interpreted as the sequence of integers giving the number of boxes in each row of this diagram.

It can happen that the rectangle R_{i−1,i} is empty, since the number of rows or columns can be zero. If the number of rows is zero, then σ_i is required to be empty, and the diagram is the Young diagram of τ_{i−1}. If the number of columns is zero, then the algorithm requires that the length of σ_i is at most equal to the number of rows r_{ii} − r_{i−1,i} of R_{i−1,i}, and the diagram consists of σ_i in the top r_{ii} − r_{i−1,i} rows and τ_{i−1} below this, possibly with some zero-length rows in between.

1.3 A conjecture for the coefficients c_μ(r)

Finally we will describe the conjectured formula for the coefficients c_μ(r). We will need the notions of (semistandard) Young tableaux and multiplication of tableaux, see for example [6].

A tableau diagram for a set of rank conditions is a filling of all the boxes in the corresponding rectangle diagram with integers, such that each rectangle R_{ij} becomes a tableau T_{ij} . Furthermore, it is required that the entries of each tableau T_{ij} are strictly larger than the entries in tableaux above T_{ij} in the diagram, within 45 degree angles. These are the tableaux T_{kl} with i ≤ k < l ≤ j and (k, l) ≠ (i, j).

A factor sequence for a tableau diagram with n rows is a sequence of tableaux (W_1, . . . , W_n), which is obtained as follows: If n = 1 then the only factor sequence is the sequence (T_{01}) containing the only tableau in the diagram. When n ≥ 2, a factor sequence is obtained by first constructing a factor sequence (U_1, . . . , U_{n−1}) for the bottom n − 1 rows of the tableau diagram, and choosing arbitrary factorizations of the tableaux in this sequence:

U_i = P_i · Q_i .

Then the sequence

(W_1, . . . , W_n) = (T_{01} · P_1 , Q_1 · T_{12} · P_2 , . . . , Q_{n−1} · T_{n−1,n})

is the factor sequence for the whole tableau diagram. The conjecture from [1], which is the theme of Chapter 2, can now be stated as follows:

Conjecture 1.1. The coefficient c_μ(r) is equal to the number of different factor sequences (W_1, . . . , W_n) for any fixed tableau diagram for the rank conditions r, such that W_i has shape μ_i for each i.

This conjecture first of all implies that the coefficients c_μ(r) are non-negative and that they are independent of the side lengths of empty rectangles in the rectangle diagram. In addition it implies that the number of factor sequences does only depend on the rectangle diagram and not on the choice of a filling of its boxes with integers. Example 1.2. Suppose we are given a sequence of four vector bundles and the following rank conditions:

E_0 → E_1 → E_2 → E_3 1 4 3 3 1 2 2 1 1 0 These rank conditions then give the following rectangle diagram:

From the bottom row of this diagram we get

P¯_r = s .

Then using the algorithm we obtain

P_{r̄} = s ⊗ s + 1 ⊗ s and P_r = s ⊗ s ⊗ s + s ⊗ s ⊗ s + 1 ⊗ s ⊗ s + 1 ⊗ s ⊗ s + 1 ⊗ s ⊗ s + 1 ⊗ s ⊗ s .

Thus the formula for the cohomology class of Ω_r(E_•) has six terms. Now, one possible tableau diagram for the given rank conditions is the following:

This diagram has the following six factor sequences:

( , , ) , ( , , ) , (∅, , ) , (∅, , ) , (∅, , ) , (∅, , ) . Since only the rectangle diagram matters for the formula, we will often depict a rank diagram simply as a triangle of dots in place of a triangle of numbers. This is especially convenient when working with paths through the rank diagram, which we shall do in Section 2.1. Such a diagram will often be decorated with the rectangles from the rectangle diagram, or by the tableaux from a tableau diagram. When this is done, each rectangle or tableau is put in the middle of the triangle of dots representing the numbers that produced the rectangle. In this way the rank conditions used in the above example would be represented by the diagram:

Figure 1.1: The rectangle diagram used in Example 1.2.

CHAPTER 2 RESULTS ABOUT THE CONJECTURED FORMULA

The goal of this chapter is to prove some combinatorial results about the formula for quiver varieties described in Section 1.2. The main result is that the conjectured formula for the coefficients c_μ(r) is true in some special cases which include all situations where the sequence E_• has up to four bundles. We will also show that the conjecture follows from a stronger but simpler conjecture, for which substantial computational verification has been obtained. For both of these results, a sign-reversing involution on pairs of tableaux constructed by S. Fomin plays a fundamental role.

In Section 2.1 we define a generalization of the formula P_r which for many purposes is easier to work with. We will also define corresponding generalizations of factor sequences and the conjectured formula. In Section 2.2 we will prove a useful criterion for recognizing factor sequences. Section 2.3 gives an account of Fomin’s involution, which in Section 2.4 is used to formulate the stronger conjecture mentioned above. Finally, Section 2.5 contains a proof of this stronger conjecture in special cases. Throughout the chapter we shall make use of the row and column bumping algorithms for tableau multiplication as well as the reverse versions of these algorithms. This and more is explained in [6].

2.1 Paths through the rank diagram

In this section we will introduce a generalization of the formula P_r. Define a path through the rank diagram to be a union of line segments between neighboring rank conditions, which form a continuous path from r_{00} to r_{nn} such that any vertical line intersects this path at most once.

Figure 2.1: Path through the rank diagram.

The length of a path is the number of contained line segments (which is between n and 2n). Given a path γ of length ℓ, we will define an element P_γ ∈ Λ^{⊗ℓ}. It is convenient to identify the natural basis elements of Λ^{⊗ℓ} with labelings of the line segments of γ with partitions. More generally, if I_1, . . . , I_ℓ are sequences of integers, we will identify the labeling of the line segments in γ by these sequences, left to right, with the element s_{I1} ⊗ · · · ⊗ s_{Iℓ} ∈ Λ^{⊗ℓ}. All basis elements occurring in P_γ will label line segments on the side of the rank diagram with the empty partition. If γ is the highest path, going horizontally from r_{00} to r_{nn}, then P_γ is equal to P_r.

We define P_γ inductively as follows. If γ is the lowest possible path, going from r_{00} to r_{0n} to r_{nn}, then we set P_γ = 1 ⊗ 1 ⊗ · · · ⊗ 1 ∈ Λ^{⊗2n}. In other words P_γ is equal to the single basis element which assigns the empty partition to each line segment. If γ is any other path, then we can find a path γ^′ which is equal to γ, except it goes lower at one place, in one of the following ways: γ γ^′ Case 1:

Case 2: R R

Figure 2.2: The path γ^′ goes lower than γ at the indicated place.

By induction we may assume that P_γ′ is well defined.

If we are in Case 1 we now obtain P_γ from P_γ′ by replacing each basis element

μ occurring in P_γ′ with the sum ∑ σ,τ c^μ_{στ} ( τ σ ) .

For Case 2, let R be the rectangle associated to the triangle where γ and γ^′ differ. Then P_γ is obtained from P_γ′ by replacing each basis element

τ σ

occurring in P_γ′ with zero if σ has more rows than R, and otherwise with the element: σ R τ

An easy induction shows that this definition is independent of the choice of γ^′. The element P_γ has geometric meaning similar to that of P_r. It describes the cohomology class of a degeneracy locus Ω_r(γ) defined in [1].

If we are given a tableau diagram, the notion of a factor sequence can also be extended to paths. Any factor sequence for a path γ will contain one tableau for each line segment in γ. As with basis elements of Λ^{⊗ℓ}, we will often regard such a sequence as a labeling of the line segments in γ with tableaux.

If γ is the lowest path from r_{00} to r_{0n} to r_{nn} then the only factor sequence is the sequence (∅, . . . , ∅) which assigns the empty tableau to each line segment. Otherwise we can find a lower path γ^′ as in Case 1 or Case 2 of Figure 2.2. In order to obtain a factor sequence for γ we must first construct one for γ^′.

If we are in Case 1, let (. . . , W, . . . ) be a factor sequence for γ^′ such that W is the label of the displayed line segment, and let W = P · Q be an arbitrary factorization of W . Then the sequence (. . . , P, Q, . . . ) is a factor sequence for γ. For Case 2, let T be the tableau corresponding to the rectangle R. If (. . . , Q, P, . . . ) is a factor sequence for γ^′ with Q and P the tableaux assigned to the displayed line segments, then (. . . , Q · T · P, . . . ) is a factor sequence for γ.

Finally we define coefficients c_μ(γ) ∈ Z by the expression

P_γ = ∑ μ c_μ(γ) s_{μ1} ⊗ · · · ⊗ s_{μℓ} ∈ Λ^{⊗ℓ}

where ℓ is the length of γ. Conjecture 1.1 then has the following generalization:

Conjecture 2.1. The coefficient c_μ(γ) is equal to the number of different factor sequence (W_1, . . . , W_ℓ) for the path γ, such that W_i has shape μ_i for each i.

2.2 A criterion for factor sequences

In this section we will prove a simple criterion for recognizing factor sequences. We will start by discussing this criterion for ordinary factor sequences.

Let {T_{ij}} be a tableau diagram and let (W_1, . . . , W_n) be a sequence of tableaux. At first glance it would appear that to check if this sequence is a factor sequence, we would have to find all factor sequences (U_1, . . . , U_{n−1}) for the bottom n−1 rows of the tableau diagram, as well as all factorizations U_i = P_i · Q_i, to see if our sequence (W_1, . . . , W_n) is obtained from any of these, i.e. W_i = Q_{i−1} · T_{i−1,i} · P_i for all i. Equivalently we could find all factorizations of each W_i into three factors W_i = Q_{i−1} · T_{i−1,i} · P_i (with Q_0 = P_n = ∅), and check if (P_1 · Q_1, . . . , P_{n−1} · Q_{n−1}) is a factor sequence for any of these choices. The criterion for factor sequences allows us to check this for just one factorization of each W_i.

Notice that if the sequence (W_1, . . . , W_n) is a factor sequence, obtained from an inductive factor sequence (U_1, . . . , U_{n−1}) as above, then the conditions on the filling of a tableau diagram imply that the entries of each tableau T_{i−1,i} are strictly smaller than the entries of Q_{i−1} and P_i. This implies that W_i = Q_{i−1} · T_{i−1,i} · P_i contains the rectangular tableau T_{i−1,i} in its upper-left corner.

W_i = T_{i−1,i}

We shall therefore investigate ways to factor a tableau into three pieces, one of which is a contained rectangular tableau.

A quick way to factor any tableau is by cutting it along a horizontal or vertical line. Let T be a tableau and a ≥ 0 an integer. Let U the top a rows of T , and D the rest of T . Then T = D · U. We will call this factorization the horizontal cut through T after the a^{th} row. Vertical cuts are defined similarly.

T = U D = D · U T = L R = L · R

Lemma 2.2. Let T = P · Q be any factorization of T and let a be the number of rows in Q. The following are equivalent:

(i) T = P · Q is a horizontal cut.

(ii) The i^{th} row of T has the same number of boxes as the i^{th} row of Q for 1 ≤ i ≤ a.

(iii) Whenever the top row of P has a box in column j ≥ 1, the a^{th} row of Q has a strictly smaller box in this column (unless a = 0).

Similarly, if P has b columns, then T = P · Q is a vertical cut iff the first b columns of T and P have the same heights, iff the boxes in the last column of P are smaller than or equal to the boxes in similar positions in the first column of Q.

Proof. It is clear that (i) implies (ii) and (iii). If (iii) is true then P and Q fit together to form a tableau with Q in the top a rows and P below. By taking a horizontal cut through this tableau, we see that it must be the product of P and Q. But then it is equal to T and (i) follows. Finally, suppose (ii) is true. When the boxes of P are column bumped into Q to form the product T , all of these boxes must then stay below the a^{th} row. This process therefore reconstructs P below Q and (i) follows. The statements about vertical cuts are proved similarly.

Now let W be any tableau whose shape contains a rectangle (b)^a with a rows and b columns. We define the canonical factorization of W with respect to the rectangle (b)^a to be the one obtained by first taking a horizontal cut through W after the a^{th} row, and then a vertical cut through the top part of W after the b^{th} column.

W = T P Q = Q · T · P

Note that this definition depends on a, even when b is zero and the rectangle (b)^a is empty. When the product of three tableau Q, T , and P looks like in this picture, we shall say that the pair of tableaux (Q, P ) fits around the rectangular tableau T .

More generally, let Q_0 be the part of W below T , P_0 the part of W to the right of T , and let Z be the remaining part between Q_0 and P_0.

W = P_0 Z Q_0 T

We define a simple factorization of W with respect to the rectangle (b)^a to be any factorization W = Q·T ·P , such that Q = Q_0 ·Q̃ and P = P̃ ·P_0 for some factorization Z = Q̃ · P̃ . Note that if Z = Q̃ · P̃ is any factorization of Z and if we put Q = Q_0 · Q̃ and P = P̃ · P_0, then Q · T · P = W . This follows because P = P̃ · P_0 must be a horizontal cut through P , and therefore T · P = P̃ · T · P_0. In fact, given arbitrary tableaux Q̃ and P̃ one can show that Q · T · P = W if and only if Q̃ · P̃ = Z, but we shall not need this here.

We are now ready to formulate the criterion for factor sequences. Let {R_{ij} } be the rectangles corresponding to the tableau diagram {T_{ij}}. If (W_1, . . . , W_n) is a factor sequence, a simple factorization of any W_i will always be with respect to the relevant rectangle R_{i−1,i} from the rectangle diagram.

Theorem 2.3. Let (W_1, . . . , W_n) be a sequence of tableaux such that each W_i contains T_{i−1,i} in its upper-left corner. Let W_i = Q_{i−1} · T_{i−1,i} · P_i be any simple factorization of W_i with respect to the rectangle R_{i−1,i}. Then (W_1, . . . , W_n) is a factor sequence if and only if Q_0 and P_n are empty tableaux and (P_1 · Q_1, . . . , P_{n−1} · Q_{n−1}) is a factor sequence for the bottom n − 1 rows of the tableau diagram {T_{ij}}.

We shall derive this result from Proposition 2.7 below. Since this criterion can be applied recursively to the sequence (P_1 ·Q_1, . . . , P_{n−1} ·Q_{n−1}), it gives an easy algorithm to determine if a sequence (W_1, . . . , W_n) is a factor sequence. Note that the easiest way to produce the simple factorizations is to take the canonical factorization of each W_i. When this choice is made, the work required in the algorithm essentially consists of n(n − 1)/2 tableau multiplications. Note also that this criterion makes use of the height of any empty rectangles in the rectangle diagram.

For proving this criterion we need some definitions. Let T be a tableau whose shape is the rectangle (b)^a with a rows and b columns. We will consider pairs of tableaux (X, Y ) such that all entries in X and Y are strictly larger than the entries of T . For such a pair, let X = X_0 · X̃ be the vertical cut through X after the b^{th} column, and let Y = Ỹ · Y_0 be the horizontal cut after row a. T

X = X^0 X̃

= Y Y_0 Ỹ

Figure 2.3: Ingredients for the relation |=.

If (X^′, Y^′) is another pair of tableaux, we will write (X, Y ) |= (X^′, Y^′) if either

1. for some factorization X̃ = M · N we have X^′ = X_0 · M and Y^′ = N · Y , or

2. for some factorization Ỹ = M · N we have X^′ = X · M and Y^′ = N · Y_0.

Note that this implies that X^′ · T · Y^′ = X · T · Y . In in the first case this follows because X · T = X_0 · T · X̃ and X^′ · T = X_0 · T · M, and the second case is similar. We will let → denote the transitive closure of the relation |=. This notation depends on the choice of T , as well as the numbers a and b if T is empty.

Lemma 2.4. Let W be a tableau containing T in its upper-left corner. Suppose that the entries of T are smaller than all other entries in W . If W = Q · T · P is a simple factorization of W with respect to the rectangle (b)^a, and if W = X · T · Y is any factorization, then (X, Y ) → (Q, P ).

Proof. Let X = X_0 · X̃ be the vertical cut through X after column b, and put Y^′ = X̃ · Y . Then let Y^′ = Ỹ^′ · Y^′_0 be the horizontal cut through Y^′ after row a, and put X^{′′} = X_0 · Ỹ^′.

We claim that the pair (X^{′′}, Y^′_0 ) fits around T . Using Lemma 2.2 and that the entries of T are smaller than all other entries, it is enough to prove that the b + j^{th} entry in the top row of X^{′′} is strictly larger than the j^{th} entry in the bottom row of Y^′_0 . This will follow if the b + j^{th} entry in the top row of X^{′′} is larger than or equal to the j^{th} entry in the top row of Ỹ^′. Since X^{′′} = X_0 · Ỹ^′ and X_0 has at most b columns, this follows from an easy induction on the number of rows of Ỹ^′.

It follows from the claim that W = X^{′′} · T · Y^′_0 is the canonical factorization of W , and therefore we have (X, Y ) |= (X_0, Y^′) |= (X^{′′}, Y^′_0 ) |= (Q, P ) as required.

Notice that if W = X · T · Y is a simple factorization and (X, Y ) |= (X^′, Y^′), then W = X^′ · T · Y^′ must also be a simple factorization. It follows that Lemma 2.4 would be false without the requirement that W = Q · T · P is simple.

Lemma 2.5. Let a ≥ 0 be an integer, and let Y and S be tableaux with product A = Y · S. Let A = Ã · A_0 and Y = Ỹ · Y_0 be the horizontal cuts through A and Y after row a, and let Ỹ = M · N be any factorization. Then N · Y_0 · S = Ã^′ · A_0 for some tableau Ã^′, and M · Ã^′ = Ã.

Y = Y_0 Ỹ ; A = Y · S = Ã A_0

Proof. The first statement follows from the observation that the bottom rows of Y can’t influence the top part of Y · S, which is a consequence of the row bumping algorithm. Lemma 2.2 then shows that the factorization A = (M · Ã^′) · A_0 is a horizontal cut, so M · Ã^′ = Ã as required.

Lemma 2.6. Let γ be a path through the rank diagram, and let (. . . , A, B · C, . . . ) be a factor sequence for γ such that the product B · C is the label of a down-going line segment. Then (. . . , A · B, C, . . . ) is also a factor sequence for γ. B · C

Proof. We will first consider the case where the line segment corresponding to A goes up. Let γ^′ be the path under γ that cuts short this line segment and its successor. B · C A A · B · C Then by definition (. . . , A · B · C, . . . ) is a factor sequence for γ^′, which means that (. . . , A · B, C, . . . ) is a factor sequence for γ. In general γ lies over a path like the one above, and the general case follows from this.

Similarly one can prove that if (. . . , A · B, C, . . . ) is a factor sequence for a path, such that A · B is the label of an up-going line segment, then (. . . , A, B · C, . . . ) is also a factor sequence for this path.

Proposition 2.7. Let γ and γ^′ be paths related as in Case 2 of Figure 2.2, and let (. . . , W, . . . ) be a factor sequence for γ such that W is the label of the displayed horizontal line segment. W T Q P

If W = Q · T · P is any simple factorization of W , then (. . . , Q, P, . . . ) is a factor sequence for γ^′.

Proof. Since (. . . , W, . . . ) is a factor sequence for γ, there exists a factorization W = X · T · Y such that (. . . , X, Y, . . . ) is a factor sequence for γ^′. By Lemma 2.4 we have (X, Y ) → (Q, P ). It is therefore enough to show that if (X, Y ) |= (X^′, Y^′) then (. . . , X^′, Y^′, . . . ) is a factor sequence for γ^′.

Let a be the number of rows in (the rectangle corresponding to) T , and let Y = Ỹ · Y_0 be the horizontal cut through Y after the ath row. We will do the case where a factor of Ỹ is moved to X, the other case is proved using a symmetric argument. We then have a factorization Ỹ = M · N such that X^′ = X · M and Y^′ = N · Y_0. We can assume that the paths γ and γ^′ go down after they meet, and that the original factor sequence for γ is (. . . , W, S, . . . ). W S X U V T T^′ A Y

Put A = Y ·S. Then (. . . , X, A, . . . ) is a factor sequence for the path with these labels in the picture. Now let T^′ be the rectangular tableau associated to the lower triangle, and let A = U · T^′ · V be the canonical factorization of A. Since this is a simple factorization we may assume by induction that (. . . , X, U, V, . . . ) is a factor sequence. Using Lemma 2.5 we deduce that N · Y_0 · S = U^′ · T^′ · V for some tableau U^′, such that M·U^′ = U. Since (. . . , X, M·U^′, V, . . . ) is a factor sequence, so is (. . . , X·M, U^′, V, . . . ) by Lemma 2.6. This means that (. . . , X · M, U^′ · T^′ · V, . . . ) = (. . . , X^′, Y^′ · S, . . . ) is a factor sequence, which in turn implies that (. . . , X^′, Y^′, S, . . . ) is a factor sequence for γ^′ as required.

The proof of Proposition 2.7 also gives the following:

Corollary 2.8. Let (. . . , X, Y, . . . ) be a factor sequence for the path γ^′ in the proposition. If (X, Y ) → (X^′, Y^′) then (. . . , X^′, Y^′, . . . ) is also a factor sequence for γ^′.

Proof of Theorem 2.3. The “if” implication follows from the definition. If the sequence (W_1, . . . , W_n) is a factor sequence, then n applications of Proposition 2.7 shows that (Q_0, P_1, Q_1, P_2, . . . , Q_{n−1}, P_n) is a factor sequence for the path with these labels.

P_1 · Q_1 P_2 · Q_2

Q_0 Q_1 Q_2 Q_{n−1} W_n W_3

W_2

W_1 P_2 P_n

P_1 P_3

It follows that Q_0 and P_n are empty, and (P_1 ·Q_1, . . . , P_{n−1} ·Q_{n−1}) is a factor sequence for the bottom n − 1 rows. This proves “only if”.

2.3 An involution of Fomin

In this section we will describe a sign-reversing involution on pairs of tableaux constructed by Sergey Fomin. The purpose of this involution is to cancel out the difference between the coefficients c_μ(r) produced by the algorithm in Section 1.2, and their conjectured values.

Fix a positive integer a. If P and Q are tableaux of shapes σ and τ such that P has at most a rows, we let S(^P_Q ) denote the symmetric function s_I ∈ Λ where I is the sequence of integers I = (σ_1, . . . , σ_a, τ_1, τ_2, . . . ). Let P_a be the set of all pairs (Q, P ) such that S(^P_Q ) ≠ 0 and such that P and Q do not fit together as a tableau with P in the top a rows and Q below. This means that the a^{th} row of P must be shorter than the top row of Q, or some box in the top row of Q must be smaller than or equal to the box in the same position of the a^{th} row of P . For example, if a = 2 the following pairs are in P_a:

( , ) and ( , ) .

Lemma 2.9 (Fomin’s involution). There exists an involution of P_a with the property that if (Q, P ) is mapped to (Q^′, P^′) then

(i) Q^′ · P^′ = Q · P ,

(ii) S(^{P ′}_{Q′} ) = −S(^P_Q ), and

(iii) the first column of Q^′ is equal to the first column of Q.

Fomin supplied the proof of this lemma in the form of the beautiful algorithm described below. While Fomin’s original description uses path representations of tableaux, we have translated the algorithm into notation that is closer to the rest of this thesis.

We will work with diagrams with weakly increasing rows. These will be “Young diagrams” for finite sequences of non-negative integers, where all boxes are filled with integers so that the rows are weakly increasing. Empty rows are allowed as in the following example:

Figure 2.4: Diagram with weakly increasing rows.

A violation for such a diagram to be a tableau is a box in the second row or below, such that there is no box directly above it, or the box directly above it is not strictly smaller. The above diagram has 4 violations in its second row and 2 in row four.

If D is a diagram with weakly increasing rows, and if I is the sequence of row lengths, we put S(D) = s_I ∈ Λ. Let rect(D) denote the tableau obtained by multiplying the rows of D together as tableaux, from bottom to top. We will identify a pair (Q, P ) ∈ P_a with the diagram D consisting of P in the top a rows and Q below. For this diagram we then have Q · P = rect(D) and S(^P_Q ) = S(D).

We will start by taking care of the special case where a = 1 and both P and Q have at most one row. In this case Lemma 2.9 without property (iii) is equivalent to the identity s_{ℓ,k} = h_ℓh_k − h_{ℓ+1}h_{k−1} in the plactic monoid, which is a special case of a result by Lascoux and Schützenberger [16], [11]. The simple proof of this result given in [3] develops techniques which Fomin used to establish Lemma 2.9 in full generality.

Lemma 2.10. Let D be a diagram with two rows and at least one violation in the second row. Then there exists a unique diagram D^′ such that rect(D^′) = rect(D) and S(D^′) = −S(D). Furthermore, D^′ also has two rows and at least one violation in the second row. The leftmost violations of D and D^′ appear in the same column and contain the same number. The parts of D and D^′ to the left of this column agree.

Proof. Let p and q be the lengths of the top and bottom rows of D. The requirement S(D^′) = −S(D) then implies that D^′ must have two rows with q − 1 boxes in the top row and p + 1 in the bottom row. Now it follows from the Pieri formula [6, §2.2] that the product rect(D) of the rows in D has at most two rows. Furthermore, since D contains a violation, the second row of rect(D) has at most q − 1 boxes. Using the Pieri formula again, this implies that there is exactly one way to factorize rect(D) into a row of length p + 1 times another of length q − 1. This establishes the existence and uniqueness of D^′.

Explicitly, one may use the inverse row bumping algorithm to obtain this factorization of rect(D). This is done by bumping out a horizontal strip of q − 1 boxes which includes all boxes in the second row, working from right to left.

Let x be the leftmost violation of D, where D has the form:

D = B E F x A .

Suppose the parts A and B each contain t boxes. Now form the product F · E and let c_j and d_j be the boxes of this product as in the picture:

F · E = d_2d_1 d_l c_k c_4 c_1 c_2 c_3 . Since x is a violation in D, it must be smaller than all boxes in E and F . Therefore we have

x · F · E = x c_1 c_2 c_3 c_4 c_k d_2 d_1 d_l .

Now since each d_j > c_j it follows that if a horizontal strip of length q −t−1 is bumped off this tableau, x will remain where it is. In other words we can factor x · F · E into x · F^′ · E^′ such that x · F^′ and E^′ are rows of lengths p − t + 1 and q − t − 1 respectively. Since the entries of A and B are no larger than x, the products B · x · F^′ and A · E^′ are rows of lengths p + 1 and q − 1. But the product of these rows is rect(D), so they must be the rows of D^′ by the uniqueness. This proves that D^′ has the stated properties.

Notice that the uniqueness also implies that the transformation of diagrams described in the lemma is inverse to itself, i.e. an involution.

Now suppose D is any diagram with weakly increasing rows. Then Lemma 2.10 can be applied to any subdiagram of two consecutive rows, such that the second of these rows contains a violation. If this subdiagram is replaced by the new two-row diagram given by the lemma, we arrive at a diagram D^′ satisfying S(D^′) = −S(D) and rect(D^′) = rect(D). We will call this an exchange operation between the two rows of D.

We shall need an ordering on the violations in a diagram. Here the smallest of two violations is the south-west most one. If the two violations are equally far southwest, then the north-west most one is smaller. In other words, a violation in row i and column j is smaller than another in row i^′ and column j^′ iff j − i < j^′ − i^′, or j − i = j^′ − i^′ and i < i^′.

Notice that when an exchange operation between two rows is carried out, violations may appear or disappear in these two rows as well as in the row below them. However, the properties given in Lemma 2.10 imply that all of the changed violations will be larger than the left-most violation in the second of the rows exchanged. It follows that the minimal violation in a diagram will remain constant if any (sequence of) exchange operations is carried out. Similarly, all boxes south-west of the minimal violation will remain fixed.

Proof of Lemma 2.9. Given a pair (Q, P ) ∈ P_a, let D_{Q,P} be the finite set of all nontableau diagrams D with weakly increasing rows, such that rect(D) = Q · P and S(D) = ±S(^P_Q ), and so that the minimal violation in D is in row a + 1. The pair (Q, P ) is then identified with one of the diagrams in this set. We will describe an involution of the set D_{Q,P} and another of the complement of P_a ∩ D_{Q,P} in D_{Q,P} . The restriction of Fomin’s involution to P_a ∩ D_{Q,P} is then obtained by applying the involution principle of Garsia and Milne [9] to these involutions.

The involution of D_{Q,P} simply consists of doing an exchange operation between the rows a and a + 1 of a diagram. This is possible because all diagrams are required to have a violation in row a + 1.

Now note that a diagram D ∈ D_{Q,P} is in the complement of P_a ∩ D_{Q,P} if and only if D has a violation outside the a + 1^{st} row. We take the involution of D_{Q,P} \ P_a to be an exchange operation between the row of the minimal violation outside row a+1, and the row above this violation. This is indeed an involution since the minimal violation outside row a + 1 will be the same after the exchange operation.

These involutions now combine to give an involution of P_a ∩D_{Q,P} by the involution principle. To carry it out, start by forming the diagram with P in the top a rows and Q below it. Then do an exchange operation between row a and row a + 1. If all violations in the resulting diagram are in row a + 1 we are done. P^′ is then the top a rows of this diagram and Q^′ is the rest. Otherwise we continue by doing an exchange operation between the row of the minimal violation outside row a + 1 and the row above it, followed by another exchange operation between row a and row a + 1. We continue in this way until all violations are in row a + 1.

Finally, the properties of P^′ and Q^′ follow from the properties of exchange operations. In particular, the requirement S(^{P ′}_{Q′} ) = −S(^P_Q ) follows because we always carry out an odd number of exchange operations.

Example 2.11. The pair (P, Q) = ( , ) in P_2 gives the following sequence of exchange operations:

⇝ ⇝ ⇝

This pair therefore corresponds to (P^′, Q^′) = ( , ) by Fomin’s involution.

There are examples of pairs (Q, P ) for which the set P_a ∩ D_{Q,P} has more than two diagrams, all with the same first column. This means that the involution constructed above is not the only one that satisfies the conditions of Lemma 2.9. One way to produce different involutions is to use another ordering among violations. The only property of the order that we have used is that when an exchange operation is performed, any appearing and disappearing violations must be larger than the leftmost violation in the second of the rows being exchanged. For example, given any irrational parameter ξ ∈ (0, 1), we obtain a new order by letting a violation in position (i, j) be smaller than another in position (i^′, j^′) if and only if j − ξi < j^′ − ξi^′.

2.4 The stronger conjecture

In this section we will present a simple conjecture which implies Conjecture 2.1. Let γ be a path through the rank diagram which at some triangle has an angle pointing down: T

Let T be the rectangular tableau associated to this triangle, and suppose the corresponding rectangle has a rows and b columns.

If X and Y are tableaux whose entries are strictly larger than the entries of T , and if Y has at most a rows, we will let

T |Y X = T X Y

denote the diagram with weakly increasing rows consisting of T · Y in the top a rows and X below. The sequence of row lengths of this diagram then gives an element S(^{T |Y}_X ) in the ring of symmetric functions Λ. Note that (X, Y ) fits around T if and only if the diagram^{T |Y}_X is a tableau.

Suppose that (X, Y ) does not fit around T and S(^{T |Y}_X ) is non-zero. Let X = X_0 ·X̃ be the vertical cut through X after the b^{th} column. Then (X̃, Y ) is an element of the set P_a defined in the previous section. Let (X̃^′, Y^′) be the result of applying Fomin’s involution to this pair, and set X^′ = X_0 · X̃^′. Since the first columns of X̃ and X̃^′ agree, X^′ consists of X_0 with X̃^′ attached to its right side by Lemma 2.2. It follows that S(^{T |Y ′}_{X′} ) = −S(^{T |Y}_X ). (Note that one could also get from (X, Y ) to (X^′, Y^′) by applying Fomin’s involution to the pair (X, T · Y ).)

Conjecture 2.12. Let (. . . , X, Y, . . . ) be a factor sequence for γ with X and Y the labels of the displayed line segments, such that Y has at most a rows. Suppose (X, Y ) does not fit around T and S(^{T |Y}_X ) ≠ 0. If X^′ and Y^′ are obtained from X and Y by applying Fomin’s involution as described above, then (. . . , X^′, Y^′, . . . ) is also a factor sequence for γ.

If we fix the location of the down-pointing angle of γ (i.e. the location of T in the tableau diagram), then the strongest case of this conjecture is when the rest of γ goes as low as possible. If Conjecture 2.12 is true for all locations of the down-pointing angle, then the conjectured formula for the coefficients c_μ(γ) is correct.

Theorem 2.13. Conjecture 2.1 follows from Conjecture 2.12.

Proof. If W_1, . . . , W_ℓ are diagrams with weakly increasing rows, e.g. tableaux, we will write S(W_1, . . . , W_ℓ) = S(W_1)⊗· · ·⊗S(W_ℓ) ∈ Λ^{⊗ℓ}. With this notation we must prove that if γ is a path of length ℓ, then

P_γ = ∑ (W_i)

S(W_1, . . . , W_ℓ) (2.1)

where the sum is over all factor sequences (W_i) for γ.

Let γ^′ be a path under γ as in Case 1 or Case 2 of Figure 2.2. By induction we can assume that Conjecture 2.1 is true for γ^′, i.e. P_γ′ = ∑ (U_i)

S(U_1, . . . , U_ℓ′ ) (2.2)

where this sum is over the factor sequences for γ^′. We must prove that the right hand side of (2.1) is obtained by replacing each basis element of (2.2) in the way prescribed by the definition of P_γ . If we are in Case 1 then this follows from the Littlewood-Richardson rule [6, §5.1]: If U is a tableau of shape μ and σ and τ are partitions, then there are c^μ_{στ} ways to factor U into a product U = P · Q such that P has shape σ and Q has shape τ.

Assume we are in Case 2. By induction we then have P_γ′ = ∑ S(. . . , X, Y, . . . ) where the sum is over all factor sequences (. . . , X, Y, . . . ) for γ^′; X and Y are the labels of the two line segments where γ^′ is lower than γ. Let T be the rectangular tableau of the corresponding triangle, and let a be the number of rows in its rectangle. Then by definition we get

P_γ = ∑ (...,X,Y,... ) S(. . . , T |Y X , . . . ) (2.3)

where the sum is over all factor sequences (. . . , X, Y, . . . ) for γ^′ such that Y has at most a rows.

Now suppose we have a factor sequence (. . . , X, Y, . . . ) such that the diagram^{T |Y}_X is a tableau. Then this tableau must be the product X · T · Y , and so (. . . ,^{T |Y}_X , . . . ) is a factor sequence for γ. Thus the term S(. . . ,^{T |Y}_X , . . . ) matches one of the terms of (2.1). On the other hand it follows from Proposition 2.7 that every term of (2.1) is matched in this way.

We conclude from this that the terms in (2.1) is the subset of the terms in (2.3) which come from factor sequences such that (X, Y ) fits around T . We claim that the sum of the remaining terms in (2.3) is zero. In fact, if (. . . , X, Y, . . . ) is a factor sequence for γ^′ such that (X, Y ) doesn’t fit around T and S(^{T |Y}_X ) ≠ 0, then we may apply Fomin’s involution in the way described above to get tableaux X^′ and Y^′. If Conjecture 2.12 is true, then the sequence (. . . , X^′, Y^′, . . . ) is also a factor sequence, and since S(^{T |Y ′}_{X′} ) = −S(^{T |Y}_X ), the terms of (2.3) given by these two factor sequences cancel each other out.

The number of factor sequences for a tableau diagram can be extremely large. For this reason it is almost impossible to verify Conjecture 1.1 or Conjecture 2.1 by computing both sides of their equations. In contrast, instances of Conjecture 2.12 can be tested easily even on large examples. Given a tableau diagram and a path, one can generate a factor sequence for this path by choosing factorizations of tableaux by random. Then one can apply Fomin’s involution to the sequence, and use the criterion of Proposition 2.7 to check that the result is still a factor sequence. Such checks have been carried out repeatedly for each of 500,000 randomly chosen tableau diagrams with up to 10 rows of tableaux, without finding any violations of Conjecture 2.12. Together with the results in the next section, we consider this to be convincing evidence for the conjectures.

2.5 Proof in a special case

In this final section we will show that Conjecture 2.12 is true in certain special cases. These cases will be sufficient to prove the conjectured formula for c_μ(r) when all rectangles in the fourth row of the rectangle diagram are empty, and when no two non-empty rectangles in the third row are neighbors. This covers all situations with at most four vector bundles.

Let γ be a path through the rank diagram with a down-pointing angle as in the previous section. Let R be the rectangle of the corresponding triangle. R

We will describe two cases where Conjecture 2.12 can be proved. Both cases require a special configuration of the rectangles surrounding R. Suppose R is the rectangle R_{ij} in the rectangle diagram. We will say that a different rectangle R^′ = R_{kl} is below R if k ≤ i < j ≤ l. R^′ is strictly below R if k < i < j < l.

Proposition 2.14. Conjecture 2.12 is true for γ if all rectangles strictly below R are empty.

rectangles empty

R

Figure 2.5: Rectangles strictly below R are empty.

Note that this covers all rectangles on the side of the rectangle diagram.

Proof. Let T be the tableau corresponding to R, and suppose (. . . , X, Y, . . . ) is a factor sequence for γ. Since all tableau on the line going south-west from T in the tableau diagram are narrower than T , it follows that also X has fewer columns than T . Similarly Y has fewer rows than T . But this means that (X, Y ) fits around T and the statement of Conjecture 2.12 is trivially true.

In the other situation we shall describe, we allow three non-empty tableaux below T as shown in Figure 2.6. All other tableaux below T are required to be empty. Let γ be the higher and γ^′ the lower of the two paths in the diagram.

29

A C B γ γ^′ T

Figure 2.6: All but three of the tableaux below T are empty.

Lemma 2.15. Let (. . . , X, Y, . . . ) be a labeling of the line segments of γ^′ with tableaux. The following are equivalent:

(1) (. . . , X, Y, . . . ) is a factor sequence for γ^′.

(2) (. . . , X · T · Y, . . . ) is a factor sequence for γ and the part of X that is wider than T and the part of Y that is taller than T have entries only from C.

Proof. It is clear that (1) implies (2). For the other implication, put W = X · T · Y and let W = X^′ · T · Y^′ be the canonical factorization of W . Then it follows from Proposition 2.7 that (. . . , X^′, Y^′, . . . ) is a factor sequence for γ^′. Since (X, Y ) → (X^′, Y^′) by Lemma 2.4, we may assume that (X, Y ) |= (X^′, Y^′).

We will handle the case where a factor of the bottom part of Y is moved to X, the other case being symmetric. This means that for some tableau M we have X^′ = X ·M and Y = M · Y^′. Since the bottom part of Y has entries only from C, this is also true for M.

We may assume that γ and γ^′ go down outside the displayed angle and that our factor sequence is (. . . , U, X^′, Y^′, V, . . . ). W V U X^′ Y^′

Then by definition there exists a factorization C = C^′_1 · C^′_2 such that A · C^′_1 = U · X^′ and C^′_2 · B = Y^′ · V . Since U · X · M consists of A with C^′_1 attached on its right side, and since all entries of M are strictly larger than the entries of A, it follows that

U · X consists of A with some tableau C_1 attached on the right side. Furthermore C_1 · M = C^′_1 by Lemma 2.2.

Put C_2 = M · C^′_2. Then we have C_1 · C_2 = C, A · C_1 = U · X, and C_2 · B = Y · V . It follows that (. . . , U, X, Y, V, . . . ) is a factor sequence as required.

Proposition 2.16. Conjecture 2.12 is true for the path γ^′ in Figure 2.6.

Proof. Let (. . . , X, Y, . . . ) be a factor sequence for γ^′ which satisfies the conditions in Conjecture 2.12, and let X^′ and Y^′ be the tableaux obtained from X and Y using Fomin’s involution. Since the part of X that is wider than T has entries only from C, the same will be true for X^′ by Lemma 2.9 (iii). Since Y^′ has fewer rows than T and since (. . . , X^′ · T · Y^′, . . . ) = (. . . , X · T · Y, · · · ) is a factor sequence for γ, it follows from Lemma 2.15 that (. . . , X^′, Y^′, . . . ) is a factor sequence for γ^′.

Corollary 2.17. Conjecture 1.1 is true if all rectangles in the fourth row of the rectangle diagram are empty, and if no two non-empty rectangles in the third row are neighbors.

Proof. When the rectangle diagram satisfy these properties, then all instances of Conjecture 2.12 follow from either Proposition 2.14 or Proposition 2.16. The corollary therefore follows from Theorem 2.13.

In Section 1.2 we defined a rectangle diagram to be any diagram which can be obtained by replacing the small triangles of numbers in a rank diagram with rectangles. However, everything we have done is still true if one defines a rectangle diagram to be any diagram of rectangles, each given by a number of rows and columns, such that the number of rows decreases when one moves south-east while the number of columns decreases when one moves south-west. This definition is slightly more general because the side lengths of the rectangles in a rectangle diagram obtained from rank conditions satisfy certain relations. Although we don’t know any geometric interpretation of the more general rectangle diagrams, they seem to be the natural definition for combinatorial purposes.

CHAPTER 3 STANLEY SYMMETRIC FUNCTIONS

3.1 Introduction

The purpose of this chapter is to show a connection between Stanley symmetric functions and the formula for quiver varieties given in [1]. Recall that a simple reflection in the symmetric group S_m is a transposition that interchanges two consecutive integers. A reduced word for a permutation w ∈ S_m is a tuple of simple reflections (τ_1, τ_2, . . . , τ_ℓ) with ℓ = ℓ(w) the length of w, such that w = τ_1τ_2 · · · τ_ℓ. Stanley asked how many reduced words does a permutation w have.

To answer this question, Stanley [17] defined a power series F_w(x) in infinitely many variables x_1, x_2, . . . ; it is homogeneous of degree ℓ = ℓ(w), has non-negative integer coefficients, and the number of reduced words for w is the coefficient in F_w(x) of the monomial x_1x_2 · · · x_ℓ. Stanley then proved that this power series is symmetric. This implies that it can be written in the basis of Schur functions:

F_w(x) = ∑ λ ⊢ ℓ α_{wλ} s_λ(x) (3.1)

where the sum is over all partitions λ of ℓ and the coefficients α_{wλ} are integers. Since the coefficient of x_1x_2 · · · x_ℓ in a Schur function s_λ(x) is equal to the number f^λ of standard Young tableaux of shape λ (see e.g. [14] or [6]), it follows that the number of reduced words for w is given as ∑ λ ⊢ ℓ α_{wλ} f^λ .

The constants f^λ are considered well understood, so only a description of the coefficients α_{wλ} remained to be found. Stanley credits Edelman and Greene for proving that these coefficients are non-negative [2] (see also [13]). Fomin and Greene have shown that α_{wλ} is equal to the number of semistandard Young tableaux T of shape λ, such that the column word of T is a reduced word for w [3]. Another useful fact is that α_w−1_λ = α_{wλ}′ where λ^′ is the conjugate of λ [13], [15, (7.22)].

Stanley’s symmetric function is known to be a limit of Schubert polynomials S_w(x) defined by Lascoux and Schützenberger [12], [15]. For n ∈ N, let 1^n × w ∈ S_{n+m} denote the shifted permutation which acts as the identity on 1, . . . , n and maps i to w(i − n) + n for n + 1 ≤ i ≤ n + m. If one specializes to finitely many variables x_1, x_2, . . . , x_N , then

F_w(x_1, . . . , x_N , 0, 0, . . . ) = S_1n_{×w}−1 (x_1, . . . , x_N , 0, 0, . . . ) (3.2)

for all n ≥ N [15, (7.18)].

The formula (1.1) for quiver varieties specializes to a formula for the double Schubert polynomial S_w(x; y) for the permutation w ∈ S_m:

S_w(x; y) = ∑ c_w(a, b, λ) y^{a2}_2 · · · y^{am−1}_{m−1} (−x_2)^{b2} · · · (−x_{m−1})^{bm−1} s_λ(x/y) . (3.3) The sum is over exponents a_2, . . . , a_{m−1} and b_2, . . . , b_{m−1} and a partition λ. The coefficients c_w(a, b, λ) are special cases of the coefficients c_μ(r).

The main result in this chapter is that the coefficient c_w(0, 0, λ) (corresponding to zero exponents) is equal to Stanley’s coefficient α_w−1_λ. In this way, (3.3) writes a Schubert polynomial S_w(x) as a symmetric polynomial equal to Stanley’s symmetric function for w^{−1} plus a non-symmetric polynomial.

In Section 3.2 we recall from [1] how to apply the quiver formula (1.1) to calculate Schubert polynomials. In Section 3.3 we prove the identity α_w−1_λ = c_w(0, 0, λ) and use this to give a new proof of Stanley’s result [17] that the symmetric function F_{w0} (x) for the longest permutation w_0 in S_m is equal to the Schur function s_λ(x) for the staircase partition λ = (m − 1, m − 2, . . . , 1). In Section 3.4 we use geometry of degeneracy loci to prove the well known formula for a Schubert polynomial of a product of two permutations. Finally, in Section 3.5, we discuss the relations to the conjectured Littlewood-Richardson rule stated in Conjecture 1.1.

3.2 Schubert polynomials

Let w ∈ S_{m+1} be a permutation, and let E_• be a sequence of bundles over X F_1 ⊂ F_2 ⊂ · · · ⊂ F_m → G_m ↠ G_{m−1} ↠ · · · ↠ G_1 consisting of a full flag with a general map to a dual full flag. Define the locus Ω_w = {x ∈ X | rank(F_q(x) → G_p(x)) ≤ r_w(p, q) ∀p, q} where r_w(p, q) = #{i ≤ p | w(i) ≤ q}. Fulton has proved [5] that the cohomology class of this locus is given by the double Schubert polynomial defined by Lascoux and Schützenberger [12]:

[Ω_w] = S_w(x_1, . . . , x_m; y_1, . . . , y_m)

where x_i = c_1(ker(G_i → G_{i−1})) and y_i = c_1(F_i/F_{i−1}). Now Ω_w = Ω_r(E_•) where r = (r_{ij} ) are the obvious rank conditions. This means that the double Schubert polynomial becomes a special case of the quiver formula:

S_w(x; y) = [Ω_r(E_•)] = ∑ c_μ(r) s_{μ1} (F_2 − F_1) · · · s_{μm−1} (F_m − F_{m−1}) · s_{μm} (G_m − F_m) · s_{μm+1} (G_{m−1} − G_m) · · · s_{μ2m−1} (G_1 − G_2)

As noted in [1], significant simplifications can be made by using the equalities

s_λ(F_{i+1} − F_i) = s_λ(y_{i+1}) = y^a_{i+1} if λ = (a) is a row with a boxes 0 otherwise and

s_λ(G_i − G_{i+1}) = s_λ(0/x_{i+1}) =

(−x_{i+1})^b if λ = (1^b) is a column with b boxes 0 otherwise.

Using this and the fact that s_λ(G_m − F_m) is the super-symmetric Schur polynomial s_λ(x/y) in the variables x_1, . . . , x_m and y_1, . . . , y_m, we obtain a formula

S_w(x; y) = ∑ c_w(a, b, λ) y^{a2}_2 · · · y^{am}_m (−x_2)^{b2} · · · (−x_m)^{bm} s_λ(x/y) . (3.4)

The sum is over exponents a_2, . . . , a_m and b_2, . . . , b_m, and a single partition λ, and c_w(a, b, λ) is the coefficient c_μ(r) for the sequence of partitions

μ = ((a_2), . . . , (a_m), λ, (1^{bm} ), . . . , (1^{b2} )) .

Example 3.1. For the permutation w = 2 4 3 1 we get the rank diagram

F_1 ⊂ F_2 ⊂ F_3 → G_3 ↠ G_2 ↠ G_1 1 2 3 3 2 1 1 2 2 2 1

1 1 1 1 0 1 1 0 1 0 which in turn gives the rectangle diagram:

The bottom three rows of this rectangle diagram gives

P¯_r = s ⊗ 1 ⊗ 1 ;

using the algorithm we then get P_{r̄} = s ⊗ s ⊗ s ⊗ 1 + 1 ⊗ s ⊗ s ⊗ 1 and P_r = s ⊗ s ⊗ s ⊗ 1 ⊗ 1 + s ⊗ s ⊗ s ⊗ s ⊗ 1 + s ⊗ 1 ⊗ s ⊗ 1 ⊗ 1 + s ⊗ 1 ⊗ s ⊗ s ⊗ 1 + 1 ⊗ s ⊗ s ⊗ 1 ⊗ 1 + 1 ⊗ s ⊗ s ⊗ s ⊗ 1 + 1 ⊗ s ⊗ s ⊗ 1 ⊗ 1 + 1 ⊗ s ⊗ s ⊗ s ⊗ 1 + 1 ⊗ 1 ⊗ s ⊗ 1 ⊗ 1 + 1 ⊗ 1 ⊗ s ⊗ s ⊗ 1 .

This gives the formula

S_w(x; y) = y_2 y_3 s (x/y) − x_3 y_2 y_3 s (x/y) + y_2 s (x/y) − x_3 y_2 s (x/y) + y_3 s (x/y) − x_3 y_3 s (x/y) + s (x/y) − x_3 s (x/y) .

In general, the rectangle diagram associated to a permutation w ∈ S_{m+1} contains only empty rectangles and 1 × 1 rectangles, and all of the non-empty ones are located in a diamond below the rectangle R_{m−1,m}. In other words, if R_{ij} is not empty then i ≤ m − 1 and j ≥ m. In fact, R_{ij} is non-empty if and only if the diagram D^′(w) from [5] has a box in position (2m−j, i+1), and this happens exactly when w(2m+1−j) ≤ i + 1 and w^{−1}(i + 2) ≤ 2m − j [1].

3.3 Stable Schubert polynomials

In this section we will apply the quiver formula for Schubert polynomials to calculate Stanley symmetric functions. Let w ∈ S_{m+1} be a permutation and r = (r_{ij} ) the corresponding rank conditions. Notice at first that the rank diagram for the one step shifted permutation 1 × w is obtained by adding one to each number r_{ij} in the rank diagram for w, and putting an extra row of ones on the sides of this diagram. For example, if w = 3 1 2, this looks like:

1 2 2 1

1 1 1 1 0 0 ⇝

1 2 3 3 2 1 1 2 2 2 1 1 2 1 1 1 1 1 1 1 1

Figure 3.1: Rank diagram for a shifted permutation.

This means that the rectangle diagram for 1 × w is obtained by adding a rim of empty rectangles to the sides of the rectangle diagram for w.

⇝

Figure 3.2: Rectangle diagram for a shifted permutation.

Similarly, one obtains the rectangle diagram for 1^n × w by adding n rims of empty rectangles to the rectangle diagram for w.

Let P_r ∈ Λ^{⊗2m−1} be the element associated to the rank conditions r = (r_{ij} ) for w. The above comparison of rectangle diagrams then shows that 1^n × w corresponds to the element 1 ⊗ · · · ⊗ 1 n ⊗P_r ⊗ 1 ⊗ · · · ⊗ 1 n ∈ Λ^{⊗2m+2n−1} .

By (3.4) this gives us

S_1n_{×w}(x; y) = ∑ c_w(a, b, λ) y^{a2}_{2+n} · · · y^{am}_{m+n} (−x_{2+n})^{b2} · · · (−x_{m+n})^{bm} s_λ(x/y) where s_λ(x/y) is in variables x_1, . . . , x_{m+n} and y_1, . . . , y_{m+n}.

Now restrict to two fixed sets of variables x_1, . . . , x_N and y_1, . . . , y_M , setting x_i = y_j = 0 for i > N and j > M. When n ≥ max(N − 1, M − 1), the only non-zero terms in the above expression for S_1n_{×w} are those with all exponents a_i and b_i equal to zero. Since this Schubert polynomial is homogeneous of degree equal to the length of w, the partitions λ occurring in these terms all have weight ℓ(w). This proves:

Theorem 3.2. Let w ∈ S_{m+1} and fix two sets of variables x_1, . . . , x_N and y_1, . . . , y_M . When n ≥ max(N −1, M −1), the double Schubert polynomial S_1n_{×w} in these variables is given by S_1n_{×w}(x_1, . . . , x_N , 0, . . . , 0; y_1, . . . , y_M , 0, . . . , 0) = ∑ λ ⊢ ℓ(w) c_w(0, 0, λ) s_λ(x/y) .

Comparing with equations (3.1) and (3.2) we obtain (since α_{wλ} = α_w−1_λ′ ):

Corollary 3.3. Stanley’s coefficient α_{wλ} is equal to c_w(0, 0, λ^′).

Thus the formula (3.3) writes a Schubert polynomial as a symmetric part equal to Stanley’s symmetric function plus additional non-symmetric terms. For example, if w = 2 4 3 1 as in the above example, we have F_w(x) = s (x).

The identity α_{wλ}′ = α_w−1_λ becomes a special case of the identity c_w−1 (b, a, λ^′) = c_w(a, b, λ), which in turn follows from the formula c_μ∨ (r^∨) = c_μ(r) of [1]. Here r^∨ are the rank conditions obtained by mirroring the rank diagram for r = (r_{ij} ) in a vertical line, so r^∨_{ij} = r_{n−j,n−i}, and μ^∨ is the sequence (μ^′_n, . . . , μ^′_1) of conjugate partitions in the opposite order.

Example 3.4. Let w_0 = m · · · 2 1 be the longest permutation in S_m. Then we have r_{w0} (p, q) = max(p + q − m, 0). The rectangle diagram associated to w_0 therefore has exactly i non-empty rectangles in the i^{th} row for 1 ≤ i ≤ m−1, and these are centered around the middle. All other rectangles are empty.

m − 1

Figure 3.3: Rectangle diagram for a longest permutation.

We will use this diagram to compute Stanley’s symmetric function for w_0. The idea is that in order for the algorithm to produce a contribution to F_{w0} , all boxes must travel north-west until they meet the last non-empty rectangle in this direction, and from that point they must travel north-east.

Let P^{(k)}r denote the element in Λ^{⊗2m−3−k} given by this rectangle diagram with the top k rows removed. In particular P^{(0)}r = P_r is the element associated to the whole diagram. The terms s_λ in Stanley’s symmetric function F_{w0} are in 1-1 correspondence with terms in P_r of the form 1 ⊗ · · · ⊗ 1 m−2 ⊗s_λ ⊗ 1 ⊗ · · · ⊗ 1 m−2 .

One may check that, in order for a term s_{μ1} ⊗ · · · ⊗ s_{μ2m−3−k} in P^{(k)}r to contribute to F_{w0} , the partition μ_i must be empty if the i^{th} rectangle in the k + 1^{th} row of the rectangle diagram is empty, while it must have length at most one unless the i^{th} rectangle is the leftmost non-empty rectangle in the k + 1^{th} row. To be precise, the term s_{μ1} ⊗ · · · ⊗ s_{μ2m−3−k} contributes to F_{w0} only if μ_i has length at most one for i ≠ m − 1 − k, and is empty when i ≤ m − 2 − k and when i ≥ m. The reason is that all rectangles in the diagram have height at most one, which means that any σ_i in the algorithm can have length at most one. So if any μ_i has two or more rows, boxes are forced to the right, creating a new partition with too many rows if i ≠ m − 1 − k. An examination of the algorithm then shows that P^{(k)}r contains only one such term, with coefficient 1. This term has μ_{m−1−k} equal to the staircase partition with m − 1 − k rows, μ_{m−1−k} = (m − 1 − k, . . . , 2, 1), while any other non-empty partitions μ_i is a single row with m − 1 − k boxes, μ_i = (m − 1 − k).

Taking k = 0, we see that F_{w0} = s_{(m−1,m−2,...,2,1)}. This was first proved by Stanley [17], and implies that the number of reduced words for w_0 is equal to the number of standard tableaux on the staircase partition with m − 1 rows.

3.4 Redundant rank conditions and products of permutations

Suppose we are given a sequence of bundles E_0 → E_1 → · · · → E_n and a set of rank conditions r = {r_{ij} } for this sequence. The degeneracy locus Ω_r(E_•) is then the subset of points x ∈ X over which the maps on fibers satisfy all of the inequalities

rank(E_i(x) → E_j (x)) ≤ r_{ij}

for i < j. Some of these inequalities may be redundant in the sense that they follow from other inequalities. It is easy to see that the inequality involving the number r_{ij} is redundant if and only if this number is equal to one of r_{i,j−1} or r_{i+1,j} . In other words, the inequality involving r_{ij} is necessary if and only the rectangle R_{ij} is not empty.

Now suppose there are integers 0 ≤ p ≤ q ≤ n such that the rectangle R_{ij} is empty whenever exactly one of i and j is in the interval [p, q]. In this case the degeneracy locus Ω_r(E_•) is the (scheme-theoretic) intersection of two larger loci Ω_r′ (E^′_•) and Ω_r′′ (E^{′′}_• ) for the sequences E^′_• : E_p → E_{p+1} → · · · → E_q and E^{′′}_• : E_1 → · · · → E_{p−1} → E_{q+1} → · · · → E_n, where r^′ and r^{′′} are the restrictions of the rank conditions r = {r_{ij}} to these sequences. We will say that E^′_• is an independent subsequence. Note that if p = q, the bundle E_p is redundant and can be removed from the sequence E_• without changing Ω_r(E_•). This special case was described in [1].

When E^′_• is an independent subsequence, the rectangle diagram for the rank conditions r^′ simply consists of the rectangles R_{ij} for p ≤ i < j ≤ q, while the rectangle diagram for r^{′′} contains the remaining non-empty rectangles.

Rectangle diagram for r

Rectangle diagram for r^{′′}

Rectangle diagram for r^′

Figure 3.4: Rectangle diagrams for an independent subsequence.

This in particular means that the expected codimensions of Ω_r′ (E^′_•) and Ω_r′′ (E^{′′}_• ) add up to that of Ω_r(E_•). If all of these loci have their expected codimensions, then we get the equality [Ω_r(E_•)] = [Ω_r′ (E^′_•)] · [Ω_r′′ (E^{′′}_• )] in the cohomology ring of X. To see this, note at first that both Ω_r′ (E^′_•) and Ω_r′′ (E^{′′}_• ) are Cohen-Macaulay [10] (see also [8, Lemma A.2]). If f : Ω_r′ (E^′_•) → X is the inclusion, we therefore get

[Ω_r(E_•)] = f_∗[f^{−1}(Ω_r′′ (E^{′′}_• ))] = f_∗f^∗[Ω_r′′ (E^{′′}_• )] = [Ω_r′ (E^′_•)] · [Ω_r′′ (E^{′′}_• )] .

This means that the formula P_r satisfies

P_r = (1 ⊗ · · · ⊗ 1 p ⊗P_r′ ⊗ 1 ⊗ · · · ⊗ 1 n−q ) · Φ^{q−p+2}_p (P_r′′ )

where multiplication is performed factor-wise, and Φ^k_p denotes the k-fold coproduct expansion of the p^{th} factor of its arguments, i.e.

Φ^k_p(s_{μ1} ⊗ · · · ⊗ s_{μp} ⊗ · · · ⊗ s_{μℓ} ) = ∑ σ_1,...,σ_k c^{μp}_{σ1,...,σk} s_{μ1} ⊗ · · · ⊗ s_{μp−1} ⊗ s_{σ1} ⊗ · · · ⊗ s_{σk} ⊗ s_{μp+1} ⊗ · · · ⊗ s_{μℓ} .

We will apply this to study the Schubert polynomial of a product of two permutations. If w ∈ S_m and u ∈ S_n are permutations, define the product w × u ∈ S_{m+n} to be the permutation which maps i to w(i) if 1 ≤ i ≤ m, while m + i is mapped to m + u(i) for 1 ≤ i ≤ n. The rank diagram for this permutation is equal to that of 1^m × u, except the bottom 2m − 2 rows are replaced by the rank diagram for w. The diamond of non-empty rectangles in the rectangle diagram for w × u is therefore split into a top part containing the diamond of rectangles for u and a bottom part with the diamond of rectangles for w.

rectangles for u

rectangles for w empty rectangles rectangles empty

Figure 3.5: Rectangle diagram for a product of permutations

Given a sequence of bundles consisting of a full flag of length m + n − 1 followed by a full dual flag of the same length as in Section 3.2, we deduce that the locus Ω_{w×u} is the intersection of the loci Ω_w and Ω_1m_{×u}. We therefore recover the well known formula [15, (4.6)]

S_{w×u} = S_w · S_1m_{×u}

for the Schubert polynomial of a product of two permutations. This immediately implies Stanley’s identity F_{w×u} = F_w · F_u [17]. Note that the same method also gives a formula for Fulton’s universal Schubert polynomial [7] for a product of permutations.

3.5 Relations to a conjectured Littlewood-Richardson rule

In this final section we will discuss relations with Stanley symmetric functions of the generalized Littlewood-Richardson rule for the coefficients c_μ(r).

Let r = (r_{ij}) be the rank conditions given by a permutation w, and fix a tableau diagram for these rank conditions. Then Conjecture 1.1 implies that Stanley’s coefficient α_{wλ} is equal to the number of different tableaux W of shape λ^′, for which (∅, . . . , ∅, W, ∅, . . . , ∅) is a factor sequence. Thus a proof of the general conjecture will give a new proof that Stanley’s coefficients are non-negative, as well as an interesting way to compute them.

Example 3.5. Let w = 2 1 4 3 . . . (2p) (2p − 1) ∈ S_{2p} for some p > 0. Then the rectangle diagram for w has a 1 × 1 rectangle in the middle of row 4i + 1 for 0 ≤ i ≤ p − 1. All other rectangles are empty.

Figure 3.6: Rectangle diagram for the permutation w = 2 1 4 3 . . . (2p) (2p − 1)

A tableau diagram is obtained by filling the numbers 1, 2, . . . , p in these boxes. It is easy to see that a sequence (∅, . . . , ∅, W, ∅, . . . , ∅) is a factor sequence for this diagram if and only if W is a standard tableau with p boxes. Therefore the conjecture predicts that Stanley’s symmetric function is given by

F_w = ∑ λ ⊢ p f^λ s_λ .

This can be confirmed using Stanley’s formula F_{w×u} = F_w · F_u [17]. Let σ = 2 1 ∈ S_2. Then w = σ × · · · × σ (p times), which implies that

F_w = (F_σ)^p = (s )^p = ∑ λ ⊢ p f^λ s_λ .

We thank F. Sottile for showing us a different proof of this fact.

Using the criterion for factor sequences of Theorem 2.3, one may also prove that the conjectured Littlewood-Richardson rule gives the correct prediction for Stanley’s symmetric function of a longest permutation w_0.

In general, Stanley’s symmetric function F_w is known to have a minimal term s_{λ(w)} and a maximal term s_{μ(w)}, both occurring with coefficient one. If w ∈ S_{m+1}, define r_p(w) = #{q | q < p and w(q) > w(p)} for 1 ≤ p ≤ m + 1, and let λ(w) be the partition obtained by arranging the numbers r_1(w), . . . , r_{m+1}(w) in decreasing order. Let μ(w) be the conjugate of the partition λ(w^{−1}). Then α_{w,λ(w)} = α_{w,μ(w)} = 1, and any partition λ with α_{wλ} ≠ 0 is between λ(w) and μ(w) in the dominance order [17].

Let {T_{ij} }_{1≤i<j≤2m} be a tableau diagram for (the rank conditions given by) w. There are two extremal ways to form a factor sequence (∅, . . . , ∅, W, ∅, . . . , ∅) for this diagram. The first is to make all factorizations of inductive factor sequences (U_1, . . . , U_k) be “rightward” whenever possible. This means that when factoring U_i into U_i = P_i · Q_i, we take P_i = ∅ and Q_i = U_i for i ≠ m while we take P_m = U_m and Q_m = ∅ (if k ≥ m). The middle tableau in the final factor sequence then is

W_{right} = T_m · T_{m+1} · . . . · T_{2m−1}

where T_j = T_{0j} · T_{1j} · . . . · T_{m−1,j} . Note that each tableau T_j has only one column. If we set p = 2m + 1 − j and q = w^{−1}(i + 2) then T_{ij} is non-empty if and only if q < p and w(q) > w(p). It follows that T_j has exactly r_p(w) boxes.

We claim that W_{right} has shape λ(w)^′, corresponding to the maximal term of F_w−1 . It is enough to show that the if T_l and T_j both have a box in row t and l < j, then the box in T_l is smaller than the one in T_j . To prove this, let the t^{th} box in T_l come from T_{kl} and the t^{th} box in T_j come from T_{ij} . If the box in T_{kl} is not smaller than the box in T_{ij} then k < i. Now since the tableau T_{il} must be as wide as T_{kl} and as tall as T_{ij} , this tableau T_{il} can’t be empty. Similarly, if T_{hj} corresponds to a box over T_{ij} in T_j , then T_{hl} gives a corresponding box in T_l. This shows that the boxes corresponding to T_{kl} and T_{ij} in T_l and T_j was not in the same row, a contradiction.

Similarly one can show that the tableau obtained by “leftward” factorizations, W_{left} = (T_{0,m} · T_{0,m+1} · · · T_{0,2m−1}) · (T_{1,m} · · · T_{1,2m−1}) · · · (T_{m−1,m} · · · T_{m−1,2m−1}) , has shape μ(w)^′.

REFERENCES

[1] A. S. Buch and W. Fulton, Chern class formulas for quiver varieties, Invent.

Math. 135 (1999), no. 3, 665–687.

[2] P. Edelman and C. Greene, Balanced tableaux, Adv. in Math. 63 (1987), 42–99. [3] S. Fomin and C. Greene, Noncommutative Schur functions and their applications, Discrete Math. 193 (1998), 179–200.

[4] W. Fulton, Intersection theory, Springer-Verlag, Berlin, 1984, 1998. [5] , Flags, Schubert polynomials, degeneracy loci, and determinantal formulas, Duke Math. J. 65 (1992), 381–420.

[6] , Young tableaux, Cambridge University Press, 1997. [7] , Universal Schubert polynomials, Duke Math. J. 96 (1999), no. 3, 575– 594.

[8] W. Fulton and P. Pragacz, Schubert varieties and degeneracy loci, Springer- Verlag, Berlin, 1998.

[9] A. M. Garsia and S. C. Milne, Method for constructing bijections for classical partition identities, Proc. Nat. Acad. Sci. U.S.A. 78 (1981), 2026–2028.

[10] V. Lakshmibai and P. Magyar, Degeneracy schemes, quiver schemes, and Schubert varieties, Internat. Math. Res. Notices (1998), 627–640.

[11] A. Lascoux and M.-P. Schützenberger, Le monoïde plaxique, Noncommutative structures in algebra and geometric combinatorics (Naples, 1978) (Rome), Quad. “Ricerca Sci.”, vol. 109, CNR, 1981, pp. 129–156.

[12] , Polynômes de Schubert, C. R. Acad. Sci. Paris Sér. I Math. 294 (1982), 447–450.

[13] , Structure de Hopf de l’anneau de cohomologie et de l’anneau de Grothendieck d’une variété de drapeaux, C. R. Acad. Sci. Paris Sér. I Math. 295 (1982), 629–633.

[14] I. G. Macdonald, Symmetric functions and Hall polynomials, The Clarendon Press Oxford University Press, 1979, 1995.

[15] , Notes on Schubert polynomials, Laboratoire de Combinatoire et d’Informatique Mathématique, Université du Québec à Montréal, 1991.

[16] M.-P. Schützenberger, La correspondance de Robinson, Lecture Notes in Math.

579 (1977), 59–113.

[17] R. P. Stanley, On the number of reduced decompositions of elements of Coxeter groups, European J. Combin. 5 (1984), 359–372.