L(L(eal‘ A—(g;e(qu'(l GI’ONPg Jau. 20, 2026
k=i aly. clocaol freld

D_?F A LAG 15 o guoup & that 15 1> als au affiue

Vam‘dr, suel tleat wuNINIC‘Q(?OM /A GxG — G

cendd Tuverge b feu. 11 GG are worphinac

oP variediec.
M‘E" '(i of clags do vegearcl onn w(&_ geo.
‘!_;_ Q.F d@g.s d“.(‘ MO{ leviow u/aqf Q'Fﬁu.e ven'ets ,g'(

FwaeLz‘- G = GL“

-

G = Slu = fg€Clu| otetGl=1}

G =0l = EgecL“ | 3T8 = 12

Fact: Auy subgraup G € Gli clefiued by PolY- €3us.
s o LAG. Every LAG £ = suck o
Stelogwocep.

Stuoclouts wio alg. §e€o.

Ok & 1quome ot e gjacng about AG. Qcpocf.s'.
LAG = subgp of Glu de*y by P°/Y egus.
ACCeP'{,:

AG 2 “thg wiep 15 surgethive”
AE = U vector spae el oli 20!
Als. Geo, T, Fall 2026.



EKGUAEI-Q
A € G‘Lu O~y c(ZuA.eu.'L(,

=l = A= QG Ia—i, 3 Jerdau worwsal Forw .

J=D+N. DeGlL. olisg N€ Mat (u <u} ([ Poted,
DN = ND,

J = 3.9 SM :

3= D  sewciuple part.

S.= DT usipslend pard,
Nete: 3.-T = D'3-T =D7(3-D)=DW
Ju-T uilpetect & T vujpetent,

A = A5Aq , A.S: QBSQ’{ s§ Pﬁf-é
Au :Q..SUO:( ouu‘Paf. PQ):é

Fact: As, Au ore wwigwe.
Ty G € Glu LAG, Heu Ag AL €6



LAG 9 9026-0(-11

Algebvaic varmely : Separateo| SWF with fuite
apen CoV(’J*-/"fg by atfive vanjeties,

Trreolrce /e variety X
X= X, UK, . X CX clged = X=X Xk
X = Spec(R) affiue: X imed & R dowealue.

Conuectesd vam'ety X:
K=KUK , &K clsed, X, 072 =D K=K or X=X,

Preclect oY Vanetieg XxY:
Pd\oo(uv:f ;M. ca;{g&o,\y q‘" a13 VOJ‘I'Ef?‘CS'.

¢ —X

’

Y
XxY = }(&Y) l xeX, yé\(g ag '_5;’2%_{

Exauple : Mx/A = A" (ust poocducct fopokgy )

X=86pee(®), Y=Spec(S) offiue
= XxY = Sp.ec(R%S)_
FegeReS: (Feg)lcy) = f6J3¢).

Dot swF X 5 gepamded

Ax= 36 | xeX] & X«X  closes



?_v*oiect('\ﬁe Shrce
D = 4 linee thregh O B /AM(Z

= %[—Ko S I KKI l (ko). %) € /A"‘"’{?_o’;é
?N‘j Cooped, l)“‘l'bl‘si b-{xc,—-,KuZ.

F, L fu € lelxe, - wu]  howopeunecus palys:
Z2(F, . fu) € P closed.

Dybr) = § Dtk £ ks 533 5 A
P*= DIV~ v D) alg van

Dimeusion
X varety.

df'u«()o = WRKEJG//\( | 3{KQ$X1$ - EXy X
S, K closed’ & 1nrcolucible

X = Spec(R) ivedl. affiue varieby
= dive(X) =t cles., (KQ)
Exauples: o Liw(/A) = trdg,, Wixy . %) = 0.
o dim(Xxy) = diw(X) +dim(y),
Thid $: X —> Y wiorphism of voriches,
Thew ¢} coutaius o deuse opeu subset of (X).

Fact: x=Spec(R), Y= Spec(S).

Juorphituns X — Yy & § -0l hour. S—>RY
¢ — ¢*




Algelmric Groups

Aly. gvoup - alg - vaMety & Hiat 5 alge @ graoup:
M:Cx6 — G aund f1 6 — 6 warphguac,

Couseguerce : Lacl . <G o@e'ﬁ;,(.ag’ two aa‘{,oMor-pk{:S‘MS‘
GLG) \/l_;)QY ) Y>>y X

2

Exawple : Elliphc ceave €= 2(z2v* - x2+x2") ¢ P

Draw fw /A" = §z= I'Z_, \/7’: x‘}-x
P .
p

howoworphgua af alg. groupe ¢ C—s G":
warplSuc + groep howx.

procucty: G x G

clogedd Sulbg rotep : HE¢G

LAG : aftiue alye(amfc e up-



Hop*c alge V@
G LAG. M:Gx6—>6. 1:6—C
A= LIEY = AG) = Q).

V_[GKG_( = A8, A.

Comult: A= A—s ARA, T {u
AF (xiy) = Fuley) = $(x-y)
Autipede: 1=i%: A— A, ot/
1§ (9= §i0e) =£(x")

Exawele
MM = MQ‘f(K’C“, l‘-)
V—YMKI = 'l-[-de./ (é'l"“‘é ‘A]'

G = Glu = §x€Mu | otetl) £03
A= ‘#‘:G] < L—YMM-L@_{ = k[‘T,J, de'ﬁ_‘].
M:Gx G — G walt. A A— ABA

(X':)g = g XikAyg - A("',;j) - uz Tin® Rj
Ti(kGov)) = AT ()

VAT AL almy) = gy K .
(
Tij(6) = 1T 6)



Malf: wi: ABA—s A, fo3>1g.

wm=8 56 —6xC, xt3(xx.

C(F@3) (x) = (Fog)(869) = #2369 = F9)(x) = m(Fmg)6),

Tdell: ecG. e:A—, £ i—¥e).

£: ASs 554

¥ (x) = $le).
AeA ﬂAeA A A oA
A —2speA J/‘M A id de@e
id ® A AT
Al l | A—E A poa X4
A id ABA — > ARA ¢
(l} “J@L ex-x=Xe

xye2) = bey)z , ¥

X'x =ez=xxX"'



Rasic V‘Cguhr
G cu(g 8Nup.

lowma: 3! (rvreol. cowP. G°c G with e€G’
G° % cloceo! worwal scebgrecp P fucte motex.
X, Y S G imed coqps, e€X, ecy,
XxY iwed. = XY = u(K=Y) irpet,
= )(_\( e,
X, ¥ e XN = X=Y=X¥.
X ctgggp/ umele)~ u.(.u_,lz‘.
iTI(K) iwedl couep., @€ k) = il =X
Q= X cloged scebgroup
(6:6°] = # whest cowps < 9.
0
Cor G inped & G coumected.
B 6 connectes bud ust inves.
= aké@) x (w two 1vreed, CowupS

2 e w two cowmps, x: G s
] Y +—2 Xy
Gor HSE closed subgp. witle [6:H] <
= G°<H.
B Ho S 6° cloer with (€% HJ <.

0 ° = xH® U % H°u - o X,QHQ- G’ imred = G":[.{g



lewmq ¢,V € 6 olenge apees cubses = UV =G

Eroo% let x€G.
u, x\/—( ¢ G deuse opec,

= UN~Nn xV—( +7. cylett for sowme vel.
0

Lewwd HS G auy subgrou.
(Y HE G 8 a cloged scebgraip. (e)ce&)
) TF H coutxius Uouewmply apes Scelogel of QJ

Prop ¢: G— 6" Uow. o aly. groups.
(1) Kken(d) S G cloges! vorvual gecbgp:
@ $G6) < ¢ closees sbgp

%) ¢(6%) = 6@

&; Q): QS(C-) coutrinl doyse open subeet o‘F w

. () [4@): ¢l)] €@ > 4@) < b(6Y.



Prop §q5, P X, — G}'@r Yountly oF warplicdu,
Assuwe X; irreds. ool e€Y,'=¢f()C'} vier,
H < G swellect clogel subymup with Y i &
(Y H 1% counected.

@ H= VNN for s aty, -5 @l €T,

€0),., £l € §x1}
Ea H =Y Y Y% Y

Prodt wiOG: ieT 35¢T: X' =,

Givew a=z (at), --, al)) €I

sel \G = Yo Yae Yaca.
Thew o S G rived. clogest scobsel.

Wle = Yoo
ExeR: Y-\ € _\(;'d _
Cloox. @ sucl tlal ol Yo (5 wagued.
Ve: % € %Y € Y.
din G = dice Yaro) , Goth closess irved
= \,= t(_(:w .

H = T(; c 6 counectedd cloged So(ogmq,'o.



LAG 3 2026-0C(-17

G alg. greup.

G-voariely © yapsety X witle actiou (uorplaten) a:6ExX—ox
a(3,x) = g.x.

Orprt o 1 G.x

X howageneosS & X = G.xo .
G —euivasiond ounrplfmu‘, qS; X —=Y ¢{9x) ':9,!5&1

Rafioval npueﬂcuf‘q'[]‘au\ :
Aly. graup Wowe, w2 G — GLOV) , Shc(VI<em.
GCV: 9. = r(a)(vj,

Lewwa X G- vasicty.
(0 Gx € G.x 16 ope—~ V¥Vx€X
(® 3 claged orbute i X.

PPy 66— X, gregu
Twage G.x 2 dense spe~ U< G.x.

G = Uglu & Cx opex,
9€C

(2) a-G.X = e o? ar&{‘j'
Clisoce xeX with oliw G.x wa iwal,



Now: & LAG, X affiue G-van'ety.

@: 6=x —X

0 kPxl —s klelekix). @ .x) = FG.x).

Def: s: G — GL(WIx}) vep. of abséract 9ps.
(s)F) G = ¥(37 x)

Relatham - lat € [(_D(]
Q) = iu,-g-& e kiclekIx!,

(61€)x = F(g'<) = aFg" x) = UG £:6)
= 5(3)-? = Zc’(i(j""'{:f
Assuwe V< LIXl , oliwlvi<=e.

lewma JV € WE KK: din(Wfz®, s@I(W)EW Kea,
Pt wio6 V= Spauifl.
Rektian = sG)F € Spncih, o hu} ¥V 3€6.
g > dive( W= Spose § SQ)F g€ GY) < 00
lemme VE LK s(@)-stable & a*(v) € klCleV.
=V mhous! rep. o G, S:GxV—sV.

- S!.tuu'lq}“.



Actiow by trawchBion

GCG, gx=89x (lef), &x= x5 (right)
N: G —eL(kel), (@) = FEH

b G —GL(kle)) (PG #)() = lxs).

1\_[°"ée'- A ond p are "Y'ai'z"t&'?ul ('—‘ r'ujec't(;e):
Ay Aedruiver G—G, % —9 X
olefermines q€ G.
Thix G & closeo! selogooup & Glu.
P Clioase v, -5t € kl6)
- kel = k5o, ful
+ V= SPWE'Y"/-O‘{'\A.Z 15 P(G)%l%ble
e {'Y\,--,%A’l [llb(. (‘o{o(ep-
3 M;‘J E L[Gl ) ‘é{',d.é Uu QHCL( .f_&a.é
PEIY = 5 W)

Clheck: q: GKG%G, Q(g,)f) = Xa-
a(F) = 5 wijek for sowe w;eklc].
(PO = §(kg) = al) (5.5) = S4561 6,



$: G—>6Lu , $G) = (MiiB))i;  als. 9p. hows.
W6l.] = KTy, otet™].
¢ WLTy, dtet| —— (6]
Ty v
olet™ —— det ('M:;‘)’.‘
Sepjechine
() = %(eﬁ) :(9(7) $5)e) = > wic(g) file)
= 5 Gy € Tuld")

. kel = l!—(GLul/I— , T = ken(d®)
@c = 2(T) ¢ Glu.



Tordan decowposfﬁ@‘/l

V vector space, diu(V)<ed.
Q€ Eudk(\/) .

q Sewi-siwple = T besc of a(‘?_euvednrg.

a wilfpofeut. a“=0 for come w20,
q waipslent: a-1  uilpotet.

S

p
Note : CMQF(&\:P>O: Q UMl‘po{ew{ & Q= 1, senis

Mu = qu(uru) = EMG((LLM).

lewmma S € Mu sed of Fm‘%w«?fe camwﬁug waéw‘cee,
(V) FxeGla: xSx™ upper A
(2\ A[( e/(:lﬁ OP ._g setul'—sfm.ple = XSR"{ dl'a‘gouq,{_

Preaf Stweltavesy Jortay Ae urp (a/wos'éj,{ 0
Lewmwa
(1) a, be€ud(V), ab = baq.

a, b both ss/uilpet[cuipat = o 8 ab.
(@) acludlV), belud(W) loth ss/uilpob[cunrpst

= S0 13 q@belud(Vow) aud aeb € bud(Vew) .
(3) a€bd(V) , bebudtlw) both ss/uifpet

D b avl + [®b € Fud(vew).

Nete : Qel+|eb- 2(l1&l) & wuilpsteut!




LAG 4 2026-0[-12%

Prop acEud(V), dim(V) < 0.
(l) 3{ Qe , Qu e (V) : Qs §5, Qqu w'(Pfé) AsPu =Qudp , 4 =QctQy,

() G, 0w € klal (post i Q)
B WV, alw)cw > as(wjew o=t a,W) €W

(Q[W)S = Qslw amel (O/w).,‘ =G«/w. B

T Vg — V. (@)= 3 amd (@) = .

(f) ¢:V—W linea, bebud(W).
fa=bd D $as = bd aut o= b d.

Prost & (4): Q aeb b
V— VéeW— W
v (v, $(v)

Cor a€GL(V), diw(v)<=.
30 a,Qu € GLLV) © Qs S5, Ou uuipateul,
O = QgQy = G, Qs

Presk g = ag+oy = as(1+a¥ay).



Lacally Yiuite

V aomy vecter space, Q€ Eud (V).
a 1s locally Fwte: VveV 3Jve weV:alw)EW, (W) <ee.

Assume a loally fiuile.

a sewi-simple : a{w siwiriwple ¥ WE Vi a(W)eW, druseo

a [acally uifpotecdt - ()|W wilpet: —W——
O (ocaﬁy W(‘po{.eu.é: a[W O(M('PO‘([. — i —

Eawple g = Tl @ Julo) @ T (o) @ lecaly ucilpst.,
wot  w((pet

Cor € Ewd(V) lac. inte =
I g, O € B (V) loc. Fiude  Ge 55, ay loc, udpot

QSIW = (Q[W)g , Qulwz (Q/w)u.

Car aeGl(V) lee.fiute
3 as, Qu e GLLUY) loc. Fmte : Qg 55, Qu loa wuupat.
Q=0Q5Qy = Qu%.



G LAG.
Re_cq[[: P(ﬁ)'- k(6] — k[G] locelly fiwcte V?GG‘_

lewwa G =GL(V), di(V)<e.
366: 1< CS/W}PQLL O FG) qg/(oC. c(m'pe'é.

Proot
P ey, b £V, KOG = G0
Flgv) = ) £

Fan) = Fua) = F)(hg) = (p6) E@))(W).
pla)s TV = Flgsv) = plas) T(v).

Prop ()

6] gew. by §E0) | FeVT, veV}
o & P6)s = plgs).

Def qeG i semi-ciwple [F plo) sewi-siple.
366 l.‘S Wipukwé ,"F P@) fGC.UMiPQ{.

Thwt G Lag, §<6.
(0 3 96,94 EG Qs S8, Gu warpst., §° 95w = GuYs.

(2) q§; G—>G' ag. groep latex.
2 $b) = 6od oudt $6) = Plou).

(3) G=GL, = 9c, 9u are af aboue,



Reaa(l: G simple: G solwable & uilpotent & abeliou .

G w'/po-éeuf & G/Z(G) m/'/po*éemf.
H<G yarwel: G solwble © G/, H solvable.

G abeliau = uifpoteut = solvable.

Exer (.= ‘o“*\ c B, = ‘(’)-;:* c GL,
‘Ipate ut solvable,
uilpeteu oot et

Buruside S Thwt

V vecto)- Space ovel- k=, diulV) < oo.
R € Eudl(V) subalgebra.

V' simple Rowodule = R = Euely, (V)

Cor G € GL(V) closedd sulogroup, Aim(V) e,
IF V itved. G-vep. theun Euo(k<V) = gpax (G) |

Co~ G < GL, Coucists of uw'po{e_wé elts.
D xGxFC U, For oua xeGl,.
M Euouah'- xECx' & Bu.
Voi* wof iwveel: J OFWERV, W G- stable.
Twages of 6 w GLW), GL(VW) eucst oF uuipo'f. elis.
Use (uolsctiou au w.
WLOG V rrieotucerble.
For 9.kéG : Te((l-g)h) = To(h) -Tr(gh) = u-n=0.

Buwsile = Ti((-g)h) = 0 ¥ kebellV) = 4=2.
O




De§ G IS M MF oall eftx of G arve uw'po'é.

Cﬁ“ uw‘po{ev\‘f = \AI'IPO‘lLer.

Prop G uuipoteut, X affiue G-vawety.
= G.x € X 15 closeot Vxe X,

ProcT
O <€ X orat.

WLoG : X =0, = 0C€ X 1§ apew.

N= X~0 € X clsed, G-ctable.

s: G—> GL(LIXY), (6D = Hyb)

G act locally Yiuitely ow WIX]

G.I(Y) ¢ TN).

JoxFelly): <G)f=F V3eG:
Jo+w e I(y), diwm(W)<e, GWEW,
G wnipsteut = 5(6) € GL(W) wnipofeut
WLOG : s(6) € U & Glu= GLW).

= ¥ coustart ou O

= ¥ conctanl o X

DI(Y) 285 = k[X) = Y=4#



Det

G LAG.
G = §9€G | g & semi-guple ! } Subsets,

_ . uSuQ//Y uat
Gu = zgc@ | 9 1< uwpoécwé-} Su!agwouPS.

Note: Gu< G s clocest.

(6L)w = §8€6La| aglt) = (1"

Thw G comwmutalive LAG-

(1) Ge el Gu are closed subgloups.

(2) pu:Gsx Gy = 56 (prootuct W«QP)
Prost

(3 l'\)g—_— 3.9"‘-9 = 3(‘ = GS subamup.

wLoG: G € Bu & Glu.

*_ 0O

Gs= 6D, Gu= 60U closed. Dy = |

pm: GsxGu——G, (3.L)—gk s bjecline
(ow.('q_u.e Jordlau a@mw'o.)

L@) = (35, g3'g) s worphidu & vadeters,

|

Cov G comuuta e & counectel = So aie Gs, Gu.



LAG & 92026-01-03

Prop G counected LAG, diw(E)=1.

(M G 18 cowmmutative,
(2) G=Gs of G=G.

(3) 6=6Gu aud cherll)=p>0 = 3P=e V 9€G.
s

() Assuwe G uet comumutalive,
(6.6) + e conneetes clased Subgroup = (6.6)=6.

Let 8GG\Z(G),

G = §xgx"|xe&]

G <SGl : ,’KSG&) coustaut Jor g€G,

= k)= (¢-1)" YgEC

D G 15 unipteut = golvable = (6,6) £6 _@

(2) clear

(%) G(Pk) = <8Pk | 3GG> € G couuected closedd Subgp.

W
G< Uy 3” = for hzwn.
Must howe GP2E = cPz-e.



Charactex & coclaractevc

Gwu = ‘/:‘ weee (t. quoef-

Chameter: X:G—> G, alg, gp- hou.

X¥6) = §%+6—6u1 € KI6T* (abelian) subgirop

M: x*(6) ¢ k(6] liw. ;'uobzpeucleuf.
P

F%uaﬁ'Ou Wl%lf w IM(.W/.'MQ{: z A Xy [ﬂ)
= f_ A 2l %:(g) =0

1=\

E\A: A 20 XiGg) =0

\—-)

1=t

» 3 N0 - ily) =
Ckooge ke wi'th ACM((A) + Z(& %

Cochometer: A: G, —> G alg. group hows.
X*(G) = ZAf G..—/™ G} set ot coclaraeters,
G comwmutaive = Xs(@) (QbeL[QM) girocep.

For we€Z: na)a) = Ad)"  Prp. (D = n € X4(6)
= (H).A.

Exauple © X*(6u) = Xy(6w) = Z.
X: Gu — Guc alg group kot
Xle) = Q" $or sowme wez.
Nete: k(Bu] = W[t t7] has bestt §4%: nezj



Dy = (6.7 X¥DL) £ Z" = X0,
WIDu] = L[,‘KF\/,_, ﬂi'i‘] Wags basy )(*(‘DM)

Def G % diagouelizable & &< D, closet.

G L atwuwse & G =D

Thw G LAG. TFAE:

0 G R dzlzgamq&'zafa(e.

(2) X*6) R a bask of 6]

(3) G 2V rtioual rep. = V direct suus o |-clive. repS.
PNO’¥

(M =>(2): G<€Du. k[DW] —» kIcT.
l[6] spaunedt by 1wage P x*(D.).
= WG] = Spaw( XHE)).

(D) =>3): ¢:6—> GLV) vot. vep.

I Ay € EudlV) For e X4(6):
bls) = %%@) Ay

(¢: G — GLIV) & Euwl(V) = Mu
$6) = (6;56)) € My, b ekls] = Spau X*(G).)

Nefe: A, +0 to~ Huifely wauy &



v = 95(2) = %Az
g.heG: Y a(y) i) Ae = B4k = ¢(s) $(1)
X

vy

X*(G KG’) lfuewfy I.Md-‘ZP— = A;tAL[/ = Sgtlcp Aa;
V=g AL V).

Note: ¢@).v = aGlv o~ ve Adl).

(N30 G GLIV) =G, closecl. Cleak
(|

Cor Assume G iz diagonalizable.

(_‘) X*(¢) ¥.9. abelieu growp.

@ kiG] = k[X*E)] group olgebra.

(3) chari)=p>0 = XXC) Uac uo p-torgiou.
PY

() G<Dy closed = Z"=X(Du)—>» XE).

3 xP=l = x@P=lelk vy = x=(
O



Diaqoualizoble LAG &— -F,S, abelion groep

M f.8 abelia giroLep .

L{M] = - vector gpace weth bac) el meM}'
e(w) e(w) = elw+n).

Assume M Uas ue P—tob;(but,
& p[M] reducesl £.3. l-aly.

51[/\4) = Spec([/_fM]) athue vanety,

A ‘L[M] —> \L[M] e[~ , A(e(w«)) = e(uA@e(‘“).

L kM — kM) Uelw)) = e(-w).
g: | fMl— Lk ¢lelwd) = 1.
Poop

(1) 8(M) 's diagouali2able [AG.
() X*GM) = M
(%) G diagouslizable LAG = Q}(X"(G)) =G

Nete: M., My }.9. abel@e groups.
kM@ M) = M T 8 kM)

QUM ®M,) = (M) = F(M)
Exer: M Fude = %(M);M-

Cor G dl'ogou.all'znb(e LAG.
(1) G £ DV\ =< T ) F filuide abe/aun W/O ?—-fOM"’“-
(2) G torus & G couunecte! & )(‘*{G) tree abeliau.



Prop (ngldl%}’) ‘
G, H diage walizable LAGS. V couunected athue vor,

¢: VxG—H worphirua.

Acsuwme 8'_>¢(Vl3) 13 a@.3p~ howe. Yvel/

Theu qﬁ(v,g) 14 Inclepeveleut & v

Proot

Let e XM(H) = KH].

¢ ¢) = S fee®X € kVIeks]
xe XHE)

Wdtig)) = 2 Heal) 76)

veV ficeol: LHS € X¥(G).
1 ¢ x=LHS
= 'Fa:,w(v) = §0 else .

[jV counected = Yy 4 coustaut.



G alg- group, HCG claced Subgroup-
ZG(H) = $9€G| gh-= Wy VheH
Ng(H) = igé(;—l 3H9—l= HZ

Exer G = Glu
ZG(DV‘) = Dvx
NG.(Du) = quu 3 .SM cG PeJ“IM. \Mafl'*fce_(‘,

Ne(Du)/Zg(b,) = Su  Weyl group of Glu

@ G LAG, H< G d/bgouo[izable C[Q&‘ec/ S‘uﬁglﬁoup.
Theu Nz(H)® = Zg(H)® awd Ng(H)/z (1) 12 Fiuite.
Proot

The worphiSim
Ne(H)®~ H— H |
I's I‘Mo(epevtdewt e g.
= ghg' =Lk V geM(H), keH
Dﬁ’ Ne(H)® & Zg(H)

(91 (4.) — 91’(34
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T ‘!:°v~u&,
X*(T) = Z%T—> @Ml 3"°up c's' CLtaMC‘[.‘eJ:C,

X*(T) = {)\ G.— Tg 8V“oup o calkaracters.

Pairing:  X(T)x Xpo(T) — X (6] = Z
(,n) —— X «=<LH

ax) = a®® for ae G,

Exer: Pertect pairiug.

GM = le = /Al\§07z = rP\\ 3_01°°},

Def ¢:€G,.—> 7 worplusue, zeZ poiut,

c:l‘j':ocﬁ(a) =2 & J woerphism $= A—7Z:
AR b@) Yo~ acl.. bl)=2,

i B0 =2 S i e = 2.

@—>e0 a—20
Always esizt | Z 1% projective (or Oomplcte).

Assume. 2 affiue.
¢*: k[2] — LIt Y.
lien da) exsts o Nuz]) < kI
& W Feldz] e W(AY) « defived at O.



Dﬁ T torue, V T-~vapiety, )\GX,‘(T)
V(x) = 3v6V| “Mo A@).v ech't;}
)

Nete: V(-x) = §veV | Jis Ma).v exids]

lewmmg T torus, V affine T-vawety, AeXu(T).
(0 VQA) € Vs clscedl.

@ V6 AVER) = VB2 Suev| adv= v VacEud.
Proof

TSIV lecelly Finite.

[S@). )W) = Fl(ev).

kW = & WVl

$=§¥t = s(f).!;:%x(t)ncx.

Let veV.
¢: Cue—V, $@) = ARV

) ) = F(ak).v) = (s(r@™).5)(v)

=Y a0
De€ined ot ato & fe(v) =0 wheu (LA >0,
V() = Z( ® kMz> (ot icteal!)

{Z) >0



¥(A(Q\V) = Z a—<?Cn>\>,_Fx(v)

%
ve V) a V-2) & VFelkVl:+,.(v)=0 Jor (x> +0
& Vel £(xk).v) = $)

Exawple

Gu. C A%, a.lx,y) = (ax,aY),

Cu © LU/AT = LIX,Y].

(a.F)(x,v) = $(a (x,v) = Ha'x, ).
aX=aX, aY=a¥

Nz id i Bue — Cu.

(xiy) € AP(N) & L«':o a.(x,y) exits & y=o0,
AR = 20YY ,  /AM-A) = 20X,

RN 0 AR = §eei0)y = (/47 )@“

k[/A%], = Span §xiYd | 5-i= 2}

@ KIwl, = Spaw§x’\O [ 5-i> 03 (wot ideatl!)
{¢,N\) >0

Ganeratec I(/A(M)) = 4D ¢ k[/AM,



Quiz

G LAG, geec torsion elt.

8:959“ = 7

p= char () =0 :
) =0 : 9 =g .

Assume p>O:

plwm = g=ge.

m=p = §=Gu.
lM’-‘-MP“SJ P 1w

9"‘ (3 uw'Po‘ber.

QPJ 15 Sewi~ciuple.

an + &;p3=1 , a be/f

q=("")(9%") = 9s8u.



Additive funetious
G LAG. p=cha(l).
Ga= b (adolctive 30‘ouP)

Di% Additine tnctions on & :
%(G) = iwcék[_GZ | '[’G-’@a Si‘oup [Aow.}

Exawple G = 6" vectar growp.

k6] = k[T, .o T

fe (6] odditive & Foy)=§6+1G) YV x,ve6
& Fru, ., Tt = U1, T) + 1w, - W),

Clatw: SPOM iﬂ/")mi I‘{’ ?zo
oA(6) = W
Spaw § TF | 12i¢w, j203 F p>0
Prooy ks
5
g—i (Teethe, ., Tuttha) = %_T; (T, To)
= g_f,-;(uu--,uw) = C el Coustaut.
R S 93 .
— Cr ly — = I
g=f- 2T S =0 ¥
P=0: ¢g=0

pr0: g= W Y)Y , he k€]
g€ AG) » Wecks).

Iw:(uctfaw o o(ea(—F)
O
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Det G tae.
G &Gy : G &a veetar greup

G S B cloced: G 15 an eleweuntnry wunipoteut greup.

Thearewt ¢ LAG. TFAE:
(1) € [k elewentary uwnipoteut.
(2) G (s umipotent, abelian, and PG =0.

(3) G = G:X F, F finte elewe utalty uw'po'feuf.
(4) k(6] i generated by cAG) oc k-ahebra.

Nefe p=o = F=0
pro = F=(zh2)"

Cot G counected LAG, dim(G) = |
D CF¥6u or GC¥G,.

Module Structusre o cf(6)
AG) ¢ (6] veckr subspace,

Pp=0: R=l, M(@) 15 au R-waoclule.




Assuwme pP>0O:
Al6) = Spay S TP |30} , oiw cf(6s) =00,
fects) » fPecofs).

R = L[T] as addlihive grup
@T)-(5T%) := abPT™
T = LT

Properties :

(1) R asSociative, wnow-~Couwmes bve.
(2) R & “Guclidean i divitiou alporthun worLs.
(3) All [eFt/right iclealt are priucipal

(‘/) A\A\( 'FS leH R—woow[e /‘5 o(l'vec‘f' SAu a+
cyelic wedkles.

R~ wodule structure ou oA 6):

o.F = of tor ack, e cH).
TF = £
(aT*) = a ¥"

Exer: cA(G)) = Yee left R-waclule, besis 3T, T.3.

Tut G elewmentary wuuipoteut,
(0 cf(6) +g. left R-woolle.
(2) G conuected & cA(G) tree leFt B~ wiodle.



Dervatious
R couc. rug. A com. R-algrbra. M A - utodice .
R -derivation D: A— M

() R-luea~

2) Dby = a.DX(b) + b.Dl) , a beA.

Note: Tt D satiches (2), thew (1) & D(R)=

De.)i(A,M) = {D:A—M R.- derivatrou §
A—Mod«Ce.z (‘o-D*‘D')(Q) - b.Da)+ D'(Q).

Exawple A ki, -o%u), D:A—> M auy | ~derivetioun .
Df) = Z of D(x,

’De)s (A M\ QM as A—Moda([e.

¢: A—B Realgebre hows, N B ~woclule.
0 — Dej; (B, N) —> Dery (B, N) —5 D (A, N),
D +— Do @9



Tougeut aud cotougeut vectore

X wauniTeld , PGX. \

Taugwf vecte~ v € TP)( ;

Eq,ullv. clase o"' Paraw, cepvel
P: R— X with @)= P.

Givew C® F: X — P

D) = F f@w),.,

Co(X)-woctuele : R(PY =R, §-a= {¢la.

Dy € Derg (cx), REP)) =+ TpX.

d'F? € UPX)* CO'(_QM%QW{ V‘CCtOI‘f dﬂ,(v) = DV('F)

Lacal wiug ot varety

X ivred, varicty, pE€X.

F= 3(UF) | peucX apen, f:U—k qulqg
Gpav. vt (4B ~ (U F) © Flugur = Fluow
local wivg ot p: O = T/n= [FekiX) | Fetef ot p
My, = §E€Op | F) = 03 € By, unigue wax: i<leal.

k(p) = (Ox,P/,MP Zk s Oy p~weoclule: ¥.a =¥pla




Exawmple : X attiue, peX.

Ilp) ¢ kIX] wax. ideal. this oet. 13
valiof whew

Ox P [‘DCJT() (k[)(‘ I(PD LIXT. X wet ireeet.

Zarisl( taugent space

= Dey, ( X, p LL(P)) taugeut space.
P*X = Me/? cotaugent spece.

Nete: DeTeX, femd = DF)=O.
g ke my = Dlgh) = gip) D(W) + LPDGE) =0

= *%
Note: D"’l(@xm ki) = ("¥/sy)
D [‘F*‘ O D(-F)]
[f> D(s- ) +aal] &e—— D
. Rerfect painivd  ToX x TpX — L
(f+my, D) — D)

DL‘P ng I.S a uo;A—GI'MS\ Pol'u‘t ('{’ ﬁ(l‘w{k(TPX) = d(.M(X)



LAG R 2026-02- 12

X irred, variety, peX.
(9X,p = $HellX) | ¥ otef. at P}

Mp & Qg p wvmique wmax. ideal
TK = e/l ToX = Der (g, k6)
Exer: O’"Mu(’“"‘/m:;) = win, # gewenturs of ideal .

Principal Tolead Theonewut:
Wi, # geuc of Mp 2 d:h@m (Kwall diva.)

D_d' OX,P % Ngulcu* {oca,/ N'wg, )"5’ A, I g‘e‘*-
by cliw(dy,p) e lts.

X jprrecl. = diw()() = o(fwt((px,p),

. o(t'mh('];*X) > ol (X)),

Def peX uau-siug poiut & Oxp Wegular locaf
& d;’wk('r;,*X) = d/.M(X).

Theoreur XSi'ug G X Proper closec sulsset.

Eﬁr X OJ'S(l'ue, peX. kw—> (9)(,,, \L—afg. owa.
B”L((DK.P' HP)) =, De!;_(l«[Xl, k(p))

T6)faym == Moty Fgeklx]
F/Q(P) +I6)" (—/3 + MG =0, g(») #0.



Difereutiation :
¢: XY worpgua. 67 Qg — s

ddy : THK —> Ty Y.
D —> D¢*

Xtz o A, = dtyye by

Differeubale
R cowmr- iug. A com. R"Q@zbm.

EUM,VMQ/( Q"o(ﬁh‘Vo:Hau 0{ : A_;’Q"A/g

For any R-oemvation D: A—s M
31 A-likear wap E Qap,—> M st D= D°

A—D s pm

dA\—* ! /T,.
ﬂ 4

Coustructiow :
—Q-A/R = (-Fve.e A"Moo&.(fe. 320\. by ZOQ(L) :beA })

dy(ab) = O dfe) + bofa(a)| T€R

/ cdyo+b) = o) + (o) a, b €A
(r) =0



X affine vadety, pEX.
Notatiou : M LX) - wadule,

M®E) = MM = M % o KO

M—> M), wr > w(p) = waet IO,
Exer  How o (M, kP = Howa, (M), k)
M—s M(p) — k(.

Dﬁ"- Q..)( = chxl/k = gCOV‘eC'bQ’“ "'\etdg ou Xz
d =g : WiX) — Qe wuiverr( k-derivation:

T';X = Derl‘_( l‘-D(], [‘*(P)) = HOMV_DQ(.Q-K, k(p))
= Hou (Qx(p), &) = Q. (p)*

Q) = T X = N/‘,;/Mpl
AFp) > §-p) +my .

Exer K[AY] = WIT, .., T].
w = ty)-- “ l
Qp : SPQM(/.[/A”‘] $dTi, .., dTul  (fneel)
- ot ‘
ar = 5 3L AT,

1=1

TA = Spaw 1T/ oy AT}
odFE) = Y )T

S~
|¢|



Exer X E /A" closeol. T(x)={F,,.., fun) S LAY,
t= T e kX = kA Y/pxy.

_Q_x = SPGMV.Y Jgo(f\,--, a('éu‘g/<d_;_|/_,j EM>

= (ﬂ/A"\/(o('F(, ,o(-F.M>> LT L [X].

Notatiow : olf = i ot € Spau
<

ki, =X a0
TPX - TP /A /<0{‘F‘(P), - dﬁ«(P))
ToX = (AR 0), -, di(p))* € T /A%

== ol
(g Lt Lt}

Jacobl watiix @ I = (ﬁ) € MQ’é(MxM k[x])

k] L) ® s —s0
Ada T() v T:X o0

. vauk Jp) ¢ n-odiulX)
Equalify & p€X wousiug. poiut.

Cow Xeivg = E rouk(T) < Codl'“«(X,/A“)z € X closed.

Vector Yiefde: Do (vixl, kix)) = oM 1( .y W)
X MOM-SI.MSMIQI” = _Q_x loCa//;f -f/;hee k[)(z-moout(:e

= How ~.(Qx, lL[X])(P) = HOW( Qx(p), lc.\ = TaX.

k(xi



Separable tield exfeusions
F/F ¥eld ectenciou. (FEE) p = char(FJ.
Def F/): i's sepapably alyebraic st
YaéF J ¢ FIT: $@)=0 aud T ot ue waltible voots,
Note: be £ 15 a wulirple root & £(b) = £{b) = 0.
P=0 = &f always ceparable.
WLoG: F ¢ FIr] imvest
$)=fw)=0 => {(T)=0 € F[1],
P=0 = 4(p=+o.

Def: Tramscenoleuce basrs of EfL -
B & suck that B 15 af. iuolep. /F

and  E/F(g) & algebraic.
‘tr.o!egF(E) =$#B

Def Ef s Separably gewerated iF 3t bagis B

sack thet E/F(E) 13 SePQ.I*QL»[y Q(g@bM;’C.

‘bis: F s 'per?ecé F p=O o VreF JseF: gpzd‘,
aly. closedd => perfect.

Theorewt F perfect = E/,: separably generated.
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Rationed fuuctions
X irred. veriety.
k(X)) = Z(u,'F) |z UEX, F:U—>h vﬂe?a(q)-g/,x,

= §§: Xk} Field of vat. feus. on X.
X QH‘M = \L(X) = K( \AD(J) Yield of 'FMc’t('au_(‘_

¢ : X —> \( MQ‘)—p[M_ZM o“' lrweo(, van'effe.?.
Det ¢ s dowiuaut ¥ Px) = V.
Asciuce cﬁ: X—Y domiuaut.
P2 A(Y) — O(x) s injectiue.
A k() — k), FF =+ XYk

Def: ¢ s separble i W)/ k() is sepasably geuesateot

Thm (i): X —)Y on‘Pl,\('_((M a‘f fweo[. vaNeties.

(l) Assuwme ‘PGX e Mou-—fivgsl q‘(p)€\( < mou\-g:'ug,)
audl d(ﬁpt X — T:#(»Y 'S sukjective.
Theu ¢ i¢ dowminaut ausl Separable,

(2) Accceme cﬁ K dominaut audt geparable,

Thewn QQ,(‘U\MP{‘[O(A. of (D Woldle Yor all P°"“'t—( P
in deuse open <€ X



Let G be o counected afy. group.

Cor Auy Wowmogeneous G-wrety X /s wred. aud
Keu- singulan

Cor d>=X—>Y equivariaut w(orpkisu,( oF
howa geueous G-varieties. TFAE:
(1) ¢ is separable.

@) olg, : X —Tep Y ic surjective for- sowe peX.
(3) o(qsp Is surjective Yorolf pe X

Cor ({)‘. G —G' swject(use homoworph('jw of Qla QUoups.
¢ separable & dfe surjective.

Taugent gpaces

X affiue varety, peX.

k(p) = WIX]/1(p).

dy + kIX] — Qx = Qi

Ax = Q) = TX = I6Y 52

et +— dF(p) «—— F-£6)+Ip)

TeX = Den(kIx], k(p)

Perfect pairiug: TEX x TpX — &
(F+16), D) — DWF)



Differentiation
d’i X—X worplu'S'M oy Q'Hfme vaMeTies, PeX_

] — s ]
0(\( c(X
v ¢* . v
Oy > Qe 65 (o, (F) = e ($%F)

TinY —8 X § (5T = 66) I
F(AF ($6) = de(6)(p)
d‘ﬁp‘ T};K — T‘ﬁ(p)\{
D — Ddg*
DeTX, ueTgyy = (a,dhD) = ($*«, D)

Proclects

Let (p,9) € XxY

D €Ty q (X*Y) = Der (LIXI®RIYT, U(pie))
D(Fe3) = 3@)D(Fel) + £6) D(1ey).

Jo i X— XxY | gp: Y —s XY

Ty X=Y) = ToX @ T,y = dia(TX) @ (T, Y)



Lemwma G glg. groep. X, Y € TG
MiBxG —G weelt. ! G — G juverse.

A, o> TeG®TL6 — To6, (XY) — X+Y
di.: TeG — T, X+— -X

Proct

¢4 s oxg L6

X — (x,e) — X

du(x,0) = du(dj (X)) = d(pj)(X)= X

X +— (x,x")— e

6 s ncee o e

DX > (X, dig (X)) — X+di-(x) = O.



Adjeint Repregeutation
G LAG.

LN

A, pr G— A‘*{vw(@)
S0 = xv,  PeI) = yx

NP G— Au{k_da(k[éj()
A = A o) = $ ()
O B)&) = F(x7y), (?(KW)(Y) = £ x).

Nete :  A&x)ply) = PNAK) Y x,y €6.

k) = A TE C— T

P = PxN*: T 6 — TG

A). AR (xTy) = A F)G).

pi). dF (yx) = d(p(x).£)\¥).

Tut: 6 — Aut(6)
Tnél) = A0 p6) . Twtbdy) = xyx™
Tut()* = Mx) px) = kl6] — KT
(vaf: K5 = T ey x™).

Ad: G—> GL(TG)
Ad (x) = d Tut(x)e
AdG). X = X TutbS = X 26 ol
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Dual adieiut repreceutatiou
AL ¢ — AafL,le(k[GD
Ad¥(x) = Tutx)* = A)pk) : WGT— lls].

AT : G — GL(T.*G)
Ad*(x) = Tut(<)* = 2696 : TG —To6
AL(x) . of(e) = A(x). d(pk).§)(x)
= J(AL¥x). ¥) (e).

For WeTS6, XE€Te6: (ALK).u, X) = (u, Ad(x").X)
because (IM{:(K_‘)*“/ X) = («, dTut(x e . X)

Retroualidy

K GrBx6 —> G wult.

(XF = IX'F.‘®3;®W: ~Y(><YZ)=z¥.‘(x)gi(y)‘4.'(1)
@) £)(y) = F(Tubbe)(v)) = Foctyx]

ARG £ = L Wil g

Al olE(e) = Y1) bile) i e).

o AL G — GLITE), Ad: G —s GL(T6)
are vetioual Wepweseufatfwvr & G.




Lie algebra
G LAG.
DG = Derk(b.[@], kYGJ) = gtaugeuf vector Hrelols ax G}

D,DeD, = [bD]=DD-DD ey

Aypr G— A“'ELCGI(DG)

2D = 26 D A6 £ranslatiow of
pl)-D = pGI D px) vector fielsls.

L) = §DeL | 2w.D=D vxecy € Dy Lie subalg.

Nete: p(x).L() = L(6).

Def XeTeG, Feklel, veG: (XF)y) = X(0&). F)

Lemma X € L(6)

Proof

X¥ € klx1: }Z"(-F) =Ygk : Fhy)=2 Si(x)h;(y).
M) ¥ = Ta:(x ki € kig]
X, FY = T 8:60 X(hd veg. feu. oF x€G

X €D Xfg) = £ (Xg) +9g (%f)
X e L@): (6o X269 F)) = (R M) F) bety)

0 = X(alx) Ax).5) = X(A).5) = (X))



Def o : Dg— TG, (¥D).§ = (DH(e)

Prop or: L(G) iﬂ.) TeG  (s0. of vector spaces with
mverse X — X,
Pvoof

(%) =X+ or(%).£= (X)) = X(xe).F) = X(f).
Del(6) = oD =D:

(D .£)(x) = (&rD)(A).F) = D(7h(x™.5)(e)
0 = (A D. £)le) = DS(x).

Lewwa ors ply)oer = Ad(y) : Te6 —TeG

L6 —Z— TeG
O O
pY) Ad(y)

Proot
(o« 3y o o )(K) (F) = (o). X). 5)(@)

= (P(Y) X ?(Y-{)-'\?)(C) = ()_( P(Y"').¥)(Y)
0 = X ply - F) = (Ad(). X)(F).



Lie algebra of subgroup
G LAG, HcEG cloged Subgroup.
k] = W6Y/1tH)

ToH = §X€T6 | X(T(H) =03 S TeG
Def: Dy 5= {DeDg | DIMHY) € THI} € D Lie suboly.

Lie alsebva Wom : (ﬁ "‘DG,H —> :DH :

De D,y: D kle] — kB3 o ~derivation,
oD : W[Hl — x[H], (¥D)(F) = D=

Lemma é: Dg,y 0 LE) =, L(H) iso. of Lie algebras.

M :DGzH L TgG

¢1’ TU' Note: xeH =

Dy BT TeH A (T(H) € TH).

$( De,u 0 L6Y) & LKH):
Ax)D = D) ¢ k6] — k6] vxec
= 26 9D) = ¢D) A& : W6y —> WISI/zm) VxeH

D@,H n L) L TG

¢1,’" Tul

L(H) % "]'3H

Show: XeTeH = X € D,y
Xe TeH, FEI(H), yeH:
(XE)y) = X(AG™N.F) =0 siwe AyT).Fe I(H).

< X(T(H) € T(H)
O



Lie a{‘;?eb\f‘q howowor-phi'sima
(b: G—H howoworphism of LAGs.

olé =, : L) — L(H) J d‘i’()_() = d¢e(X)

L emma
Dell) = Dod' = $*o df(D) : klH] —kic]
o] —2 s L5
dé(D)l lD
L{A] ——— LIB]
Proa¥

XeTeG, Fel[H], ve6.
(% o(5))(y) = X (0.8 = X($(5665). %)
= () (AB6)).%) = (3400.F)(46) = (¢*0 dd() (F) y)

Prop qu L(6) — L(H) Is a Llic alg- hom.
Proot 4 .
6 —> §l6) = H

L) 4, L($G)) <> L(H)
Lie subalg-
WLOG: ¢ surjective = ¢ k[H] — k(6] (wjective.
prodb([d,1) = [D.DTo "= (b= D'D)e¢"
= ¢% (A (D)D) — (D)D) ) = ¢% [dd(D), ()]
= a(dp]) = [MD), do(d)]
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Lie algebra of GL(V)

£ vector gpace [k, din(E) < 09.

As varety: L[E] = S\/M°(E”)

E*C LIE] lineor feus.

peE: TpE = Den(Lie], k() = How (€% L) = E
XETE, reE < kig]: X&) = (£.X)

Ascuwe E = Euo(h(V) , diw(v)<eo.
Perfect pairing: Ex& — ke, (A, B) — tr(AB)
For A€ E, de¥. §4 € £% by (%, B)= tr(AB),

GL(V) & EwdlV) LAG.
C}f(V) = Eud(V) Lie algebre: [X,Y] = XY-YX.
TeGLV) = TeE = 3?(\/)

Prop %(V) =5 L(GL(V)), X=X . of Lie a[gefomr.
Pv*oo‘?‘
X,A€E, B,C eGL(V).

ABY).Fa= Fap i (A@Y.R)C) = F(8C) = tHABC) = £45(C)
KTy = Feat XE(B) = X(3(B) 50 = X(fpp) = tr(XAB) = Fa(B)

[%,F1.5 = (X¥-YX).5a = Fun Fyxa = [K¥]-f
O




Lie algebrg of LAG
Note: ¢:V—>W lk-livear wap, V,W Ffuite dim.
Theun ddy = 4) Loy all vel/.
TV = Dey(kVl, ki) = How, (V¥ L) = Vv
|44 | 4 lcﬁ“ l
TéwW = Der (1Tw, k() = Howa (W* 1) = W

G LAG, v:G —> GL(V) vat. wp.
dv : L(6) — y(V) Lie algeleva Uowtawrophisus.

Lewwa ¢: Epol(V) — o k-livear wap, X € T,
Brost Then ¢(dv(X)) = X(v*(4)).

¢° V:G—> /A worphism, T‘#(e)/A‘ = k.

S(dv(x» = olpe (dv(X)) = d($=v)o (X) = X(§=v).

Assuwe \/ Wag basis §vi, -5Vl

GLV) = 6Lu, gR(V)= glu= Mat (uxw, k),

AeEud(V): A=(ag), A.vy=7 a5V

WEdM)] = KIT;j] 0 Ti(A) = @y

ViG> Cla, V(% = (%0)). vy = VH(T) € wied.
X€TeG. o(v(X)— ; 31.4

by = Tij (ow(X) = X(v“‘(T,J)) X(vi;).



Prop G LAG, VEL[G], otim(V)<co, pK.V=V V x€G,
p:G— GL(V) vat. rep., dP: TeG — Eud(V).

Then X§ = dp(X).¥ V XeTes, FeV.
Proof

Fix 9€G, $eV. Def. $: Eud(V)—k, ¢(¥)=(Y.£)(9).
Ng™).§ = P € k6T:
(A(g™).#) () = 'F(gx (pG0). £)(g) = d(p(x)).

(X)3) = X(2@).%) = X(8*6) = ¢(etp(K)) = (clp ). #)(s).

F)I:I

of X: k6] — Wki6] s locally Finite V X€ TG,

Exer: G LAG. Ad: G— GUTE), dAd: TeG — End(Te6).
dAdX)(Y) = [X.Y] ¥ X,Y e Te6G.

Exer: V: G — GL(V) vat. wep.
ANV G —GLAV) , d(AV): TeG — Eud(A™V).
ACA)(X). (vs £ a V) = 'i_lvmm Ay (X).; A A Ve,

Jordaw decowmp ju L(6)
G LAG, X € TeG.
X : k[6] — k[G] locally Finte.
X = X+ X, Xg semi-siwple, X wilpotent, XsXu = XuXs.
Thw (1) Xs, Xy €L(6) aud [Xg,Xu)=0-

(2) $:G— &' low. of LAGs =

db(Xs)= dé(X)s, ln)= dplx]u
(3) 6=Glu = X=X+ Xu & Ustal Jorclan decowp. u M.




Fibere of wo wr'pht'SWLC

4’: X— VY dowuuaut, X, Y iied. affiue.
LIVl ¢ kIX, W) € kX)),

\I—[X] - I/—EYH-_¥‘/—-) ¥v«] = 'L[\(][Tl,-_g TM]/I
X Z Z2(I) ¢ Yx /A" closed subvariety.
X > (46, &), k)

WLGG : 3 ¥, $00 trausceuoleuce basis of \L(X)/k(\f).
V= dim X - oim Y welatsve dimeusioun.

LIY] ¢ LINI[F,,.., 5] € WIXD
ew, Ffbu'
Y < Nx/ar e
$lc) ——— (46, £i), - Frs)) «—— X

Fact: ¢V 48 > dim §6) =

Def  Assume ¢: X —s Y dowiuaut.
b is geverically Fiu'te: L(X)/ik(y) Fiuite ext.

¢ s Finite: kiX] £g. k[Y]-wocule.

finite = 30.\40-}0@!1\{ Fuite,



Assume c{:X—>Y geu. Frute, WX = LIYI[FL.
F e ki) q[gebm:'c oyer ‘L(Y).

£t 0 F - ta F+ac=0, 0 € (Y)
d= [k(X): k)]

Clucote Ot helk[Y] st. aye k[Y¥], V.
Y= 3veY | ki) 40% €Y open affive.
ki) = kN,
kX, 1 = kiv] [T3/(T4 4 - 4 a,T+ad
free k[Y,] - woctele geun. by gl,T,.,Td'l}_

X geu. Fl'w'-be> Y
Ul Ul opeu
Xh Fruite Y,
M: ¢: x“ — Yu Surjective with finite Fibers:
Xu = {ly.t) e Y, x A | 94 4 aly)yt + ) =0}
$) = Ste/al| €F4 -+ aly)t + Q) =03

Assuwe T€ U(X) separable over L(Y).

T 4 -4 aT+a. We A odistiuct voots fu I(_(Y)
= VYyedense opeun S VY, :

TH+ ot Q)T « %ly) Uas of olistuct voote e,
Ag‘;‘u(.Me Fek(X) purcly ingeparable over k() :
') = ftem | ¢'= at = $Vam 3,
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Thw

¢: X—> Y dowiuaut of iwred. verieties.
= dim XK= oliwY.

d odeuse open UCX such that:

(1) Pxd, s UxZ — ¥=Z is au opeu worphiun ¥ Z,
(2) Y'€N rrvedd. clased, X'S ¢TY') ipvedt. comp.,
X'nuzt@ = dim(X') = dimY)+w
(%) Assume oliw X = ol Y.
Vye€ dU): 3 ¢7'(y) = [l(x) : k)]
kX)s = $FeklX) | F separable /lt(\()g_

Coution: @: X—>Y doutinant, W = clis(X) - diwa(Y).
True: veY Pufwé , &)+ D = diwm ¢"(Y) 2N

False: Y'CY closed, ivred, q5"(‘{') 4 > dim 434(\(') > dim Y'+ 1

/A
e TS\ Y




Tntegral extensious
A ®iug, B A-algebra.
bed 13 |'\4te9v~ql over A (¥ 3 b“-{-a.b“"l.(....(.al,‘:O’ Q: €A.

B integral over A & All elts, jutegral avel A.
B Finite over A & B F.9 as A-wodule .

Exer: B Fiurte /A & B jutegrol /A 4 §g as A-aebro.
A=§beB| b integgral /Al ¢ B subalgebra.

Def A dowtain A is uorwal (F A=A € K(A).

(i): X—Y woarphisue, X, Y affive,
¢ it Finite & k[X] s Fuite over LIVY].

Fact : C() Filulte & ({) (s propes with Ruite Fibers
= ¢ /s closed with Fiucte Fibels,

Y ¢ worwal 1T kY] (s woerual.
non-singular~ = normal.

Note: Assuwe X,Y imved. affiue, Y norwal,

(ISZ X—Y Fiuite, bivat.

Thew ¢: Xi~>\( rsowadphigua.

LMT € K[XT € kIN] € k(Y) = kX).
Zarisli's Maiw Theoreur
C‘): X— Y worphismt of Ivved, varieties,
Assume @ ¢ bijeetive auel bivatioual, Y uorwal.
Thew ¢ i au isoworphicm.




Th G alg. group. X, Y howogeneous G -vavieties.
¢: X —s Y equivamant. ¥ = dim(X) - oiw(Y),
(a) VZz: ¢x12 o XxZ2 —> Yx2 8 opewn.
(b) \{| ¢\ cloged!, /'Mcol.J X' c qS"(Y‘) inved]. Cowp.
= dim(X') = dim(y"y +r
(¢) @ rsomorphicumn & ({)bued:lve oud IpeX:
dfp: T X — Ty bijective.
Proof
WLOG G coumected, X, Y rrved.
(a) +(6) true For §: U —>Y , USX oeuse oped.
Trauslate.
(c): dfp Surjective = 4) Seporable .
$ bijective = ¢ bivatoual.
b: u—=> P(U) For US X deuse open.
Trauclate.
O
Cﬂ~ d): G —s G' Su_rzjecf"ve howa. o% QIj 8v~ouh§'
(a) diwn(G) = diw (6') + diw Ker(g).
(b) ¢ rsoworphisma & ({) auel dp are bijective.



Sewi-cimple autpworphicus

G come:ted LAG. ¢= L) = TeG.

§: G — G autoworphism.

Ge= {x€G | o) =x} S G clogeo subgroup.
o= {Xeg | do(X)=XE € § Lic seboly

Def x:6—6, %)= G6)x"
Gy = X (e).

x: ¢ D oo H ¢
dxe: TeG —>TeC®TeC —3Te G
X > (ol (X),-X) — do(X)-X.

L(6s) ¢ Ke?"’(d'xe) = 9»0-

GCG: g.x=9x GCG: gsxX = G@Q)xg".
x: (G,.) — (G,e) ea_uivah'auf weor-phiaua,

Z(G) = Gee (s au orbit for~ e acthou.

Note: e e X(G) wou-siugular poiut.
X: G — #(S) sepatable & d%e(3) = TeZE)

Lemma ) (6,) = §¢ & d%e(3) = TXE)
Proof

dine d?.’e(%) = dim } — diw I

- ¢ dim 2’ - diwm L(Gg.) = dimt G-diuGy = diw %TG)



Def ©:6 =56 is sewi-simple

& S k6] — LIG] s sewi-simple.

lewma O : G —>G sewi-Simple
E JGC Glu, S€GL Semi-Simple:
Glx) = sx&' VxeG.
Proof (=):
kEGJ = lL['Fl;—y F.,\]
3 SPQ“\‘ZFI/—--)F\/\% g Vl _(_: U-YGJ
dim (V) <o, o*(v')=V.
V=19 pk).v' & kiG]
XEG
dim(v) ¢, P&V =V VxeG6.
o* o). § = plotx) o8 F v Feklel:
(o™ p6). F)(y) = p&). £(s¢) = F(o() x) = F(S(y ()
= (@*F) (y o) = (P(s™00) 5% £) ().
¥ p&).v' = ooV
o otv=Vv

P G ¢ GL(V) closed
TP (097 = plax)
s = (5*)" € GLV) sewi-siwple.

o(x) = sxs™
O
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G counected LAG.

Thwm (et o:G —>G be sewml-Simple.
(1) 2(6) € ¢ s cloced.

(V) dae: TeG —» T 2(6) i suajecffve.

Proot
WLOG G € GL(V) closed, seGL(V) ss.

T GLIV) — GLLV), o (x) = $XS™

T: Eud(V) — End(V) liuear extension.

dv = T = AdG) € GL(92(V)).

Gy = §xeC | sxs™'=x3

9o = §XeG|sXs'=XY < ¢ = L) € gl(V).
%t GL(V) — GUV), 2x)= Tkx"= sxsx™

Case G= GL(V): GLv)s= glV)en GLIV) = Te(6L(V)g) = $4(V)s
= dite : TeGLIV) —» T, xGLIV)) Surjective.

Let XeT. () € T, Z(GLIVY)

JYe gl(V): X=dre(Y) = dol(¥)-Y.

S(6)=6 = odv(g)<cq

S sewi-simple = do € GL(GAV)) sewi-simple
= 3 4< $V) do-stable, 90v) = g & 4.

Y=Y'ey'e g0l

X = oo (Y)-Y'= dze(Y').

Tode : TeG —» T, x(6) surjective.




Show : X(6) € ¢ clased.

Def w(T) = TT (T-a) e k[T]
a;«gge_\l,\vqj,

(@) Y6y =@
(b) wm(y) =0 € Eudd(V) }

() chu.poly(Ad|g.) = cu.poky(Adl(s)|q,)

$= {Yé GL(V)

S ¢ GL(V) closed, ¢'e€S, all elts. of S are semi-simple.

yeS: Gy = §x€6|yxy'=x}
Yv= §$Xeq| yXy'=X}
d/'w(Gy) T‘ 0[/“«4(3’\/) 7\ ol/'wt( %) = dim(Ges)

GY:G—>G (¢)
X = yxy”!

GCS, g.v = gvgl
4,1 G — Gy, Gyf3)=9vs"
d =6, = diw(Gy) = dim(E) - dim(6,)

All arbits ligve sawe dimeusiau
= all orbitt are closed.

. 2(6) = s(6.57) € G s closed.
O



Zels) = §xe6 | xs=s5x} € G ceutvalizer of s€6.

Cor 3seG sewm(-simple.
(1) C= {xsx™|xeGl € G cloged.
(2) 6—C, x> xsX™ is separable.
(3 9 = (Ad(s)-1) ¢ ® L(24(s)
Proot
T:G—G, ok)=¢c'xs semr-Simple automorphisua.
£:6— 6., XK =06)x"= §xXSx”
YLE) € G cloged, x: 6G—s x(G) separable.
C=cX(6) closed, x t— xsx7 = sx(x) separable.
Gy = §s'%xs=x] = Ze(s).
L(Zels)) = L(6s) = G¢ = {Xe g | do(x) = X}
= {XeTe6|s'Xs=X} = {XeTa6| sXs'=x}
= Ker(Ad()-1) € 9.
S sewmi-simple = Ad(s)-1 sewi-simple

- = 9 = Lu(Ad(s)-1) ® Ker-( Ad()-1)



Action by autoworphigus
D diagam[imb(& LAG, G counected LAG.

DC G by auteworphicums :
e G D-vanety.

. Gi)G, g— d& group kowe. YdeD,

Differentiake - Te6 — TG R X — d. X

of: D — GLIKkT6]) locally vatioual wep.
lre). £)(x) = Fod™'x).
D diegonelizable = o((d) : k[€] —> k6] sewmi-simple
> 9> dg semi-cimple autoworphisus.
Def Z.(D)= §q¢G|dg=g vaeD} = dQDG"
zg(p) = §Xe§|d.X=X vdeD} = dQD‘}d
Note: L(G)=Qua , L(Zs(D) S Zg(D).
Cor L (2s(D) = Zg(D)
Proo¥
IF DCF triviel: L(Ga)=34=9 = G=0¢
2(D)=6, Zg(d)=¢.
Otherwise clhoogse deD suck that 9/4 9.
D commutative = D acts ou Gu, 6.
Zs(D) = ZG‘((D) 2 ZG:(D) , Z%(D) = z%d(]))
Tuduction au dim(6) =
0 dim Z%(D) = dim Zga(D) = dim Zg JD)



Ge = §x66| X Seu(—siw)alel

Cow.wu(ta{-oV‘: (X',y) = )(yx"ly".

G#e ui(Eofc»\f & 2(6) e awd G/Z(g) M,'Ipo{eu'f
@ 3 MGIN: VK‘/-—)X"‘GG" <X‘) (K-,_) (" (XW"/K\A)”))) =e.

counected uilpotent LAG

Cor G
= G S Z(€) subgroup.

Proot
SEeG scu;.(-siwple.

T = Tut(s) : G=¢

2(x) = Gx)x"' = sx$7x™ = (g, x).
() = (¢, (-, (sx))) = 2.
7(“(@) = e.

d%e = AA(.C)—l

(4dGs)-1)" = [ze)” = ©.

€ gewi-Simple = Ad(g)-1 ss.

. Adl) =1.

L(6s) = G5 = Ker(Ad(s)-1) =@

D 6e=6 > T triviad > s € 2(6).

"produc’f‘ o{‘ Cbu-tmu‘b'ug SC K D GS c Z(C) Subghup,
O



Tdeal of a closed subgroup

G LAG, H E G closed subgroup.
T(H) € L[6] ideal of H.

Lemma H =$3¢G | pG). IH) = TtH)}
Proof
C: geH, FeI(H), heH = (p@.8)(W = F(MQ) =

2: geRHS, FeTI(H) = £(9) = (plo).f)e) =

O

Lewma ToH = $X€T.6 | X.IH) € TH) 3
Proct
Do,y = §DeDevw, (k6] ki6I) | D.IH) € I(H)}

o
L(6) N Dg y —— Te6

.| fo

T L TeH

Le'& XeTeG.
XeTeH & XeDsu
O
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G LAS, HEG closepl seebgroup. §=1(G), f=L(H).
Lewmwma 3J wev < ki6]:

(1) p: G —> GLLV) vatioual vep.

() H=19¢G| plg). W =W}

(» 4= IXe 4| dp(X) W c W

Proot

T(H) = <¥l/-‘/ ‘E/~> c l\al,

3 Spam 95 £ € V<G

PG —s GL(V) vabional wep.

W=V T(H).

geG: gEH & pQ.IMH) =IIH) & plg). W = W.

Xeq: Xed & X.IH)SIH) & X.WEW.
O



Tt 3 yatioual vep. §: G —>GL(U), O+ uel:
H= 136G |9@).u €kl aust

b= §Xe g| dp(x).ue kub.

Proot

let WEV S LIE] be ag i lewma, d = olim(W).
U=V, otuellwe U

W=3veV | vau=o e NV} odeferwtines! by u.
¢= /% 6 — 6L,

XeG: Xe€H & plAW=w & §).u € ku.

U= Wia-—-A Wy , Zw.,_., Wot} basre & W.

ol
0(‘#00 u = g\ Wy A -- A O(P(X)WI A Ay

TF ()W EW: dp(()w; = wev, weW, véW
d‘f’(}().u, “Coutaius" W‘A--"‘WJ—M\/AWJ«"""‘WJ.

Xed & dpd.we W & dfX).u € ku.
a

Det ¢: X — X wiarpleici of varieties.
({3 s M F YV conu. comp. X' EX:
X' i (+reol., (XY 12 Coum. cowp. O‘F \,
W(4lx)) € WX) separably geunerated.



Cov 3 quasi- projective Uow. G-variety X, xeX:
() H= 6= 5qe6|g.x=x}

(2) $:G—> X, g+—=9x geparable.

Proot

et 4>= G — GLW), otuell be as in Theoveun.
Pu) = §Ivl=kv|o%ve Uy

Ge W, g0 =[(96).v]

x=[ul, X=6x ¢ P(). H=G. is clear

A= Au
¢: G L cL{gu) _ U\Zofz _m P(u)
l , 0|
Fud (U) 2225 (4
Ao T6 2 Bd() 2255 | s Wi
X +—— db(X) > Adb(X).u + ku
Kef(o{(‘{/e) =4 =

diu dtfe(%) = oim G -dim H = dim X.
dq'e: TeG' — _I;X gu,}jecéive,

© ¥:G—X separable.
O



Lewmma W:X—Y surjective open wap ot fop. Spaces.
N'e X subget. (YY) & X clogedd = Y'e Y cloged.
Proo‘Y': Y-—Y‘ = [4()(-[4"(\(')) 1< opewn. [

Lewma F¢E Sepamb/y geu. exteusiou.
aect ij. over F = q separcble ove* F
Proot
Clioose B bagis $by, - bul o¥ E/F st
E/E' separable, E£'=F(bo -, bu),
?(T) € E([Tl Wl PQ/‘( oF Q /E"
Thew p(T) has olictiuct roats.
o(T) € FIT) win. poly & a /F
o) | () iw E'frd = (M € FITI A £[T1 = FIT

Coog(m) = p(T) hee dztiuct veols.
O



Prop X lWowr G-variety, xeX.

Assume P: G— X, 4)=9.x ceperable.
UE X openn , F:(U—> k. QWY Fuunetion.

Thew F€ (W) & fWe o (¢'(u).

Proot oF &:

WLOG G counected.

T = 9(x, F6)) | x€ (,(‘g S Ux/A subset.

Y. ¢— X esuivarioumt oF howm. G-wmanelGel
= Yxl: Gx/A—> Ux/A' (5 open.
T regular tcn =
Wet)'(T) = 33, £¢1p) | ge W} € $7(U) < /A" closect
= 7 S Ux/A cloged. (Lewwa)
. T % a var~ety.

> U
k) 2 WM 2 WX
\/.((;)/[,_(x) ceparably geu. = WT)/k(X) separable.

(Lewwa)
F— U bjjective Kk sepambfe = loiratioual.

U rou-Siugulor

Jariclls Meiw Thue, = Pt T——s U iso.

SR U= TP A regula
1




Quotieuts
X cwE. ~ egulv. vel. ou X,
T: X— X' wmorphicu.

Def 1T vecpects ~ if x v D M) =T,
T s a wnjversed wospliows vecpectiug ~ rf

V warphdu o¥ SWF T:X—Y MSpecbu3 ~
I weorphidun —F X'— VY st F=Ff

X >
1\ « 2z
Counstruction

= X/o as set. T: X—> X/~
Us X' opeu & T(U) € X opeu.
£l wegula & Fr: T(U) = ke vegulan

Exer m:X— X/,\_ wmlv, (Mov*ph(jw\ NSPCC"{Z(.IAS ~,

X SwF, X956 ~glt action.
X/G = X/"’/ KinmrXy & X.G = Xa.G.

Ecowsple P = (/A" $0%) /g,

Exawple JA/g.. = 30, %} Swr.
203 clogect, §4% opeu. O(A/R.) =k

Def G alg. group, X G-voriety.
The quotiewt X/G i separalle (¥
) X/g alg. vonety
(2) T X — X 1% separable,
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T G LAG, HEG clased subgroup.
(1) G/H ¢ quasi-piojective.
(2) G —> G/ IS sepaiable.
3) diwm(G/H) = dina(6) - dim(H).
Proot
let (X, x) be as 1 Corollary :
« X guag-projective howageuzous G-variety
Gx =H
Y:6—s X, g+ 3-X (s separble,
H=6x = X = G/K as cet
Y open: UEX ocpen & Y U) G opeu.
FrlU—k vegular & FY: ¢7(U) — b requlor
. X = G/ as SWF.

Nototiou :
Sy = 3a.H | ae€}, T:6— G/, Q) =g.H.



Fiber buuollec
G LAG, HEG closed Scbgp, HCX.

GxX OH., (3,x).k=(gk, k'x).
GxX = (exx)/y  swr
= 3la.x1]ges, xex%/{{g\«.xl‘:[g,h.x} v ke H

P GxHtX — Gy worphitw GxX —>Q

{9,x] — q.H ~l/ J/Tr
G x”x--?’?i—4 G/H

Note: v=g.H e G/
2 X— \3-‘<Y); x +— [9,x] (o;'j&t{ue Mor?h('s .

[ocal sectiou a¥

x Ul e = lo.
U £8 opeu

Nate: 3 [ocal gection = G/H “covered” by sectious.
g u—G, () = 95G@y).
9 _
T4eY = 13-“

Exawple G/ projective = 3 [acal Sectious.



Prop Assume T:G6— 6/ Was local section.
Thew G-xHX Is a vaMety oue! p* GxHx —C/H
is locally t~vied with ¥iber X.

G X P > G/H
Ul Ul

'\
T (U) £ UxX —— U open

Proaf

Ascume ¥ U —> G [focal sectioun oY I,

Ux X = '
(v,x) —— [o6),x]

(@, s@r@yg.x) < [3.x]
—

m

0 H

Cov T Uat local Sectious & T lecally Brvied (Fiber H)
Proot : G=GKHH£L>G/H~ O

Example H — GL(v) vatioual vep. =
GxHv — G/ vecter buudle.



Thwm ¢: X — N worphisus o hred. vais.
(ﬁ 1< gerarab(,e (aMc( dowtfb{auf) &

3 deuse apu UEX: Vxel: d¢x:7:<x—»TqS(x)Y Sury -

Cot X2y, X2 inved
¢ auel ¢ ceparable = 4 separable = Y sepavable.

Cor g:Xx—X', &:¥—Y', dxdb: XY — XY
¢ oo ¢ seporable < $xty separable.

Quotiewts of proslucts

X, Y |V‘V*QO( \/O,rl'et{ef, . MY ea‘u('\/ vele.
no= (v, ~y) sw XxN

Bijective worphim of SWF:

(X)X /e ) (X /ory)

M ASSU\MQ X/A’X ) Y/'VY; <XK‘\/)/~ awve Vaf“l.et(.e.g)
X/wx oud Y/uy are novwal,

avet X —=> X/uwy aud ¥ —s Y/an, Seporable.
Theu (XxY)/u E (K/me)* (N/ry).

Proct
X Y Se Q”\Qéfe
(X*Y)/"’ bijectire > (X/"’x) h (Y/""()
sepair ble,

Vorwa| tevget. Zoniski = (40.



Prop G LAG, HCG closed vorwal scbgroup.

Thew G/H s a LAG.
Proot

-t
G' x C (x,y) — Xy

> 6

Gy = Sy (x4, v.H) <. G/H alg. group.

Cuoase ¢: G —s GLUV) , O*veV:
H=18eG | é@).v e kv}
£= §Xeq|dd(X).ve kv3

Givem character Xt H—> 6w
Vo = Zue\/| dh).u = Lh)u VheH}

9eG = g.Ve = Voxr where (3.2)(h) = x(ghg):
guedVi: h.(gu)=gghy .« = 2(g'hg) gu

Note: v € Vg fa~ some X.

Nate: 2 Ve = @ Vi,

WoG: V= @ Ve,

Def: W= EQE Eucl, (Vo) & Euet, (V).

Note: Givew of : V—>V [ineai~:
AF=Fx VFeW &
ot Ve — Ve mult. by scalar V&



DeF: ¥:G6—6L(W), ¥(o).F = Q) Fl)", Few.

Ker(¥) = H: W(s) =1, © ¢0)F =FéG) VFGW<>
= $).vekv = geH

G Ed >;' GL(W)
'IT\/ A7 A iyfective howt, o¥
G/H afg. grevpc.
A6/y) = W(G) ¢ GL(W) closed subgvoup.

e —* (w6

olm,_\_l /Ae

Te(6/H)

Exer: X€%, FeW = de(X).F = od(x) F—F délX)

kef‘(dq’) < TeH'-
X € Ker(dep) © od(x) F = Fold(x) VFeW
= dé¢(X).vekv = X€E€TeH

dim d‘f(TeG-) = dim G — div keMd¥)
> dim G — olimt H = oliw G/ = dim YEG).

X: 6/ —s @(€) bijective Separable group Uowr.

= I'somarplucm,
O



LAG 16 2026-02-11

Def X varety. X (s cowplete if V varetiee Z°
T: XxZ—=7 s & cleseo] wap.

EXQ'MEIQ‘ IN 1S uat CO(MP[e-ée. "Tz‘-/(‘\lx/l’\l —s A
T, (Z(xy - 1) = JA'~ %0l uet cloged!.

Properties: Assume X couwsplete.

(D YC X clged = \ is cowmplete

(2) Y Cowplete = Xx=Y s cowmplete,

() ¢: X —Y warphisun = qS(x) clased & complete.
PE: X Lo Xxy % Y, ¥(X) € XxY cloged.

(1) X couuected = I (X) = .

BE: 'FZX_>/A‘, £(X) claged, complete, Couunected.
(5) X offive = X s Fuite.

Thw P* & complete.

Thwt X complete, C wneun-siugular- caurve, PeC.
Auy worpliisua QS.‘C\ZP} — X exteunds to ¢:C—s X.



Lewma ¢: X xy —> 2 worplisus, X, Y, 2 rwved,
X complete. For yeY set <(>Y(><) = ¢(x,v).
Assume 3 aeY: @q: X — 7 Coustaut.

Tuewn ¢Y coustaut Vyev.

Proot

r: Z(KIYI <ﬁ(xi‘f)) | XGX,YGYi € Xx\xZ closed & inveel.
(gaple)
C=§(v.4(xv)) | xeX, ve¥} € Yx2 clasedt & ivved.

(I'MQ?C o{' F, X COMP[efe)

. Coivvedl. variety,

Ty C— Y surjective warphism.

$a Constaut & 'lTY”‘(q) = porut.

o.’ dl‘M(C) = d(W\(Y)

XEX: Cy = Z(Yﬁﬁ(x,y)) | ve Y} € C closed & (el
- : : (37apl)

G=Y = Aim(Ce) = olim(C) = C,=C.

T C =5 Y isowarphisi.

TR?‘(y) = point = qSY coustaut VyeY.
a

Cor G cowmplete 0‘3-8V‘OMP = G £ Comwytative.
Proat ¢:6x6 —> G, dlx,y) = Xyx™

O be coustaut = Py coust V€G-

Exer ™ ik ust an aly. group dor 21,



Lewwma ¢: X—— Y bijective equivairiaut weorpl (s wa
of [Aowogeueou& G-vapreties.
Then X complete & Y CowPle{‘e.

PPO_O‘?: ¢K122 Xx2 —N\xZ o waeoutofphidim Vz. 0O

Def G LAG, PCG closed Subgroup.
P & parabolic i+ G/p 1% complete,

Def Pcy¢ subgroup, 2 set. AS GxZ is P-stable
if (3.2)€ A, peP = (9p.2)€A.

Lewwma PecG 13 'Para[ooll'c =

V var 2 V A S Gx2 closed P-gtable: T,(A)< Z cloged.
Proof

A< G/FKZ closed GxZ — 7

! ‘TTJ/ /
TY(A) & G*2 clogedd, P-stable. G/pxZ

Sawme mage in Z.
O



Lemma G LAG, Q S Pc G clsed Subgroups.
Q< G parabolic & Q&P aud PecG porabelic.
Proot

= P/Q < G/Q_ clogedd ol G/@ —> G/p.

o{
&: PxGxz2 /3 G2 257

°r(P.s-2> = (9p,2), T(p.:s.2) = (3.2).

let AS Gx2 be closeol, Q-Stable.
or(A) € PxGxZ cloged, Q-stable,
QEP parab. = T(er(A) € Gx2 closed, P-chable.

Epl €G parab. = TL(A) = TL(T(er"(A)) € Z closed.

Cor pcG pakabalic & P°E G° pakabalic.
Proaf

P ¢ @G Note:

v Y G* S G pakabalic.
| P c G°



Thm G counected LAG. TFAE:
(@) G hae uo proper parabalic Subgroups.

() GCX, X complete = X +4.
() GEGln = IxeCla: X6X' € By (upper A)

(d) G 15 solvable.
Proof

(@) = (b): Chaose closed orbit QLEX.
X€ Q) , Gx€G isotropy group.
Clo.—> L, g.Ger—>gx
bijective warphisus of hows. G-varietie.

X cowmplete = O complete = G5 complete
= G,CG pamabelic = G =6 = xe )(G_
(L) = (c): G € GL(V) closed subgroup.
FAV) = $Ve=(0cvicee e Vu=V) | dimlvi) =i}
Exer: FL(V) projective vaniety.
() = 3 g-stable flag V. €V = (c).
()= (): Bu s solvable.
(d) = (a): Choose winfual patobelic PECG.
P$G = G/p ust affive = PC G net normal = (6.6) ¢ P

(6:6)/6,6ynp — (6:6)P/,

bijective equiv. Wworphisua of
homogene ouus (6,G)-vaiie ties.

P& (6,6)P pamb. = (¢,6)nP & (6,6) parab.
- Induction an dim(@) = é



lemma HEG ounected solwble PCG parabolec.
336G : gHg' ¢ P

Proof
HCG/p. (et g.Pe€ (@/p)H be a Fixed poiut.

vheH: hg.P=9P = gHgcp
O

Def G LAG. A Bovel subgrocp of G 15 a
maximal closed convected Salvable subgroup.

Thm G LAG, B <G closes! subgroup. TFAE:
(1) BEG Bowvel
(2) BSG win. parabelic.
(3) BSG counected solvable parabolic.
Proot
(3) = (1)+(2): lemwa.
(1) = (3) and (2) = (3):
Choose BEG Rorel, PSCG wiu, padaboljc.
WLoG RB<cP.
P = P° is counected, Contains ue propet para bol/c.
=> P closed counected Solvable
D~" B =P satisfy (3).

Cot All Bovel subgroups are coujugate.

Cot ¢: G—»G' surjective owowmorphicu of LAGs.
PCG Bovel/parabolic = ¢(P) < G' Bowvel/parabolic.
Prooft

G/p —> G‘/¢(P)_ Pc G 'Pomb. = C{J(P) c G 'Pod‘ab.
D Bovel = @(P) conmected solvable parabolic.
a
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Cor G counected, BCG Bl = 2(6)° € 2(B) € 2(6).
Proof
Z(6)° € G closed commected sohable
= Z(6)Y < B', B Borl
= 2(6)° < gBg", g6
= 261 = 2’y € B
S 26 < zZwy.
Let ge 2(B).
Well oletined worplusua :
Gp —> G, x> xgx"
G/g irred. andl cowplete, ¢ affine
= worphm & coustaut.

oo X85 =g V€6 >  geZ()
O

lewwa G #e counected uilpoteut LAG = 2(6)° +€.
Proot

Go =G, Giu= (6 G.‘) lower ceutral seies.
G uilpotewt & GCu= e fo~ Some w.

Chooge u2 ! suck that G, *e , Gu=€
(G,6u) =€ =2 Gu & Z6).

GM_( Counected = Gu- & Z(G}o
O




Cor G LAG, BCG Borel. B ni[poteut = 2=¢6°
Proot

WLOG: G coununected,

Assume B &6

G/ wot affine = B*e = e+ Z()°c Z(6).
. 2(BY 46 verwal.

B/Z(B)° ¢ G/Z(B)° proper uilpoteut Barel sulﬁp.

IMO{MCt‘I‘OM aun d(m(@) = 4
O

Cor G connected uilpotent LAG.

(1) G aud G, are closed commected subgroups.
(2) Ge € G (¢ a ceutwral towues.

(3) Mm:Gex G <56 %0. of alg. groups.

Proot

Alveads proved : G € Z(G) alstract sulbgroup.

G € GL(V) closed subgroup.

V= gf Ve, % Gs —> Gu chor. of abstrect groups.
G Ve =V, Vx.

G CFRUVy), F(vx)®# &.

o] 6¢ Glu such that GES Bu and Ge= Gndy.
Nete: G, = 60t

DGS % Gu %:G iso. of alg. groups (siuce Gec 2(6).)



Note: G LAG. G diageualizable &
G commutntive & all elts cewmi-siuple.

Proot &: GGl closed Subgroup.

(2.4.2) => Ix€GCLu: x6x' E Dy,
Cot G counected solvable LAG.
(N (6,6) € G closed connecteot unpoteut norwal Subgp.
(1) Gu € G closeol counecteo! uuipateut narwal Subgp.
(2) G, is a torus.
Proof
(6.,6) € G closed counected uorwal.
wLoe: G ¢ Bu € GL,
6.6) € (Bu,Bu) = Ua = (6,6) uuipoteunt.

Gu = Gn UM = Gu CG closed uuipo'(:QWé nov-ural.

G/, LN Bw/in € D ijective = G/, commutative.
All x €6/, sewi-simple -

Ph) = Plduze = xuze = x=x;.
6. counected = Gfg, torus (by Note)
Gy convected:
G:( 4G MO'NMo(, G“/G: i> (%a)u iso. of Fucite gvoups.
Show: G couunected solvable, G, fiuite = ¢, =e.
Gu 4 G worwal & Huite = 6. ¢ 26).

(YéEG.. G—>G,, x> Xyx" wust be coustaut.)

G/GM CommeutrBue = G/Z(G) commutetive
0 = G uilpotent = G, conunected.



Def G counected solvable LAG. A waxjwmal torue of G
s a gubtorus TS G with dim(T) = dim(6%4,).

Lewma ¢ counected solvable [AG, TC G wax totus.
Thew p: TxGu—=>G isowarphicw of varieties.
Proat
TxGu € G, (tu)x = txu’
Tsotrepy group of e€G: (TxGu)e = TNG, = €.
T: TeGu — 6, T U= tu”
bijective equiV. wiorplisu of Wouwr. vaneties.

Myt L(T) ® L(6w) —> L(6), (x,Y) —> X-Y

X sewi-simple aud Y uilpoteut (iu Eudy (k[E])).

U’--:b OhT(e,e) i\,\jechive = dTr(e,e) bjective.

Cot G comnected solvable, T<S6 wax. torus
= T—> G/, lsomorphism.
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Lewmtma ¢ counected Soluable LAG, G wet a torus

3 clogeot worweal N<9G: NZTEC, aud N E Z(Gu).
Proo’

G wot torue = Gu * €.
Cu G wotwmal = Z2(6.)° <9 €& uworwal.

Gu#*e counected uilpotent = 2(5.)° * e.
p = char(l).
'~
P>0: L(6u) unipoteut = L(6u)F= & for some 150,

" I H<a G clesedd narwmal Couuvected e+ H ¢ Z(Gu)
pP>0 > HP::e.

H convected eleweutary uuipoteut.
HE Gq Tor some waxl.
m=]: Take N=H  Assuwme w > |,
GeSH, gk =ghg
G — GL(k[H]) loally vational. (g-%)(W) = F(g'hg).
of € kH] adtitive Fuuctions.
G— GL(otf) locally ratiounal.
Gy acts trivially ou Hy G — G, —> GL(o4)
G/, torus = 304 Fect: 9T €k Vge6.
F+:H— €4 group how.
H' = (ker ¥)° & 6"
H'a G worwal: q€G, heker(F) =
Fighg") = (¢'8W) =0

Tuduction o wa = J N
0



Note G. =V < G, = k.
Ctandard action: Gux € — @Q, t.x=tx

Exer
¢ A‘*t(Ga) = G

* G LAG, Gx Gy —> G, actiou lov autoutarphisuag.
3 chatacter o: 6— G : g.x = or(g)x

Note char(k) =p>0:

G’Lz g— Au'f(d?a")

Actiou by autoworphisnes

Ga> G — €&, a.(xy)= (x+ayPy)
Not given by gvoup hous. Gq— Gl .
Note:

G uuipotewt LAG, char(k) =0 = G couvected.
G/ge Tinite uuipoteut => G/ = e,




Thwt G counected solvable LAG.
(1) S€G sewmi-Simple = ¢ ¢ wax torus o G.
(2) S€6 cewi-simple = 7.(5) i counected.

(3) All moax. tor /u G are COujuﬂafe,
Proo¥

Assume First dim(Gu) = 1. _
Thew Gy £ Ba.  Fix icoworphiéur ¢ : 6= Gu.
Y: 6 — G/g,, prajection.
G/G'u C Gu , ‘F(g).u = 30«3“.
3 clavacter o : G/G,,. — G
® gd@lg" = $(a(tigh a)  For qeG, a<€ Gy,
Assume of trivied.
Theun 6u< 72(6) = G/ZCG) & ComwutaBue
= 6 uilpeteut = G £6sxG6u.
WLOG : of wst twivial.
let seG be gemi-Simple. Z= Zg(s).
(5.42): L(Z) = Ker(Ad(s)-1) & L(6),
L) = (Ad(s)-1) L) @ L(2).
P(sgs™) = ¥G) > Qelutls) = ¢
= dy < AdG) = d¥¢ D dyo (AdR)-1) =q
= (Ad)-1) L) & Ker(d4) = L(G.)
dim (AdE)-1)L(6) ¢ 1
diua(Z) = diwe L(2) = dim(G)-1.



Assume of(¥(s)) +1:

ZnGaz=e: Gla) = s¢plo)s™ = plfls)a) & a=0.
. diu(z) = dim 6)-1.

7° = Z%Z")u wax. torus m G.

G = Z°X Gy

Z = Zels) = ZOIXZG,A(S) =

Conelude: s€G semi-simple, or(4(s)) * 1
= ZG(S) € G wax. tovus.
Note: Auy wax. torus TCEC hag this Form:
Choose €T st. of(We)) +1.
Thew T <€ 2:6)C G, Ze(t) wax torus.
Assume of (¥(s)) =1:
Gu €cZ-= Zg.(S‘).
(A1) L&) € LGu) € L(2) = Kexr(Ad(s)-1)
Ad(s)-| sewmi-simple = Ad(s)-| = O.
L@ =) = 2Z:6) =6 & counected.
Choose teG st. or(¥{)) #1.
seZ(6) = seZt) ¢ G wax tovus,

let T, T' € G be wax.tori, T =Zelt), or(d(t)) +1.
G = T'RGu. t=1'¢R), t'€T', actbs.
Glo)t dluy = £ £'d(0) £ $loy™ = £36) Glor(W(£)'b) d(-b)
= t'¢(a + (er(#(£)™'~1) b)
Tbey: dlo)tpy' = ¢
D §o) Tob)! = Zgt') =T



Assume dim(Gu) 2 2:

Choose N <G closed norwal, N =&, N € 2(6).

G =6/ dim(%,) = din(®/z,)

SeG semi-simple. § = iwmage iu G.

Tuduction on diml) = I wax. torus TS G, SET.

G—— G
vl ul H = inwerse iwage i G
H——T

H counectedd solvable, H,=N, s€H.
J wax. tovus TS H, se€T,
TS G alse wmax. torus.

let T, T'C G be wax. tow.
T, T ¢ G wax. ton
19€6: glgt = T° = (gT9IN = TN.
T'N counected Solwble, (T'N)., =N
= 3T3" aud T' are conjugate w TN
Show: Zg(s) & connected.
Choose wax. torus TEE with seT,
G=TKGu = Zpls) = TXZe (s).
Enecglh s Zp (s) 1& conmected.
Note : Clear (¥ clar(k) = 0 Since Zg“(s) i$ unipateunt,

WloG: s¢2(6) = 64 ¢ Z(s)



Gi= {4€G | sgsy™ NI € 6 closed subgroup.
Z@(S) € G and GI/N e Zg(S_)
Tudluction an dim(G) = 25(5) convected.
G/N auwd N connected = G, counected.
IfF G #F G thewn Zg6) = Ze (s) 15 counected

by Tuduction on Aiua (G)
WLOG: G, = G.
Ssus™uT | ueGuy € N,
LHS iz closed (5.4.4 (7)) aul couuected.
LHS ¥e siwe Gy ¢ Zs(s).
ON= PsusTuTt | ueGul.
Evough: i : ZGu(S) x N — G. i$ bijective.
Assuwe 2 ¢ ZG_u(s) , X\,YEN, 2Xx =Y € Gu.
N € 2(6u)  2X=x2; 2€el¢(s) > 2s=s2.

Wiite x = usust, y=vsvis?! u,vet..

Z usut = vesy™

T \ T > Z=8, X=Y.

unipoteut  Sew-siuple
This shows iz Z¢ () x N— Gu is injective.
Le (s) = Fiber of worphicm Gu—> N.
dim ¢, (s) > dim(6u) - 1.

oo Zofs)x N — Gu suriective.
O
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Cor G counected salvable.
H<S G (any) subgvoup whose elts. ave sewr-giwple.

(D HECT For sowme wmax. torus [E G,

(2) Zo(H) = Ng(H) is couuected.
Proat

H—>C~’-/GM iujecf(ve = H commutative,

IFf H <€ 2(6) thew clear (siuce all wax. tor coujujoﬁf).
Assume se H , sé 2(6),
Zc(s) (s connected, H< Zgz06) £G6.
Tuduetion ou dim(6) =
J wmax. tovue T € Zels) with HeT.
ZG(H) = ZZGCs)(H) is counected.
let x € NG(H)J l/lé H
xhxh™' e HN (6,6) € HnG, = e

c X € Zg(H).
O

G LAG.
Meax. tarnes 1w G: subtorus uet contarued
w stwictly (awger s btorus.

Cor = Sawme defF when G |5 couuected golvable.



Thw G LAG. All wax. to (u G ape cov\:}uaa‘te.

Proof

T, T'S G wmax. tar,

Clhoose Povel cubgps. B, BCG with Tg¢ B, T'gg‘.
3g9€G: gBygq'="0

T, ST’S-( C B wax tori

g bER: by T‘g"b“ =T

lemma TG wax. torws, B,B'c G Bovel subgpe,
TS BOADB. Thew 3 MeNg(T): B'= nBu
Proot

d4eG: B' = gBg™
3"']'9 , T € B wax. tor,
3beB: k'q'Tgb =TT

w=gb € Ne(T), uBu'=B.
a




Cortan subqroup of LAG G:
C = 25(T)® wheve TC G wax. torus,

Properties
(1) C s wilpotent:

RS C Borel subgp., TcB.

B=TxBu = TxB, since TcZ(B).

B uilpatent = B=C°=C.
() T=Cg is the ouly wmax. torus o¥ C.
(3) Ne(T) = Ng(c).
(4) Ne(C)/c s Finite.

Since Ne(T)/2 (1) avd 26(T) are Finite.
(8) TSBCG, B Borel = CcR:

3 Bowel subgp. B C G with CCR'

Fue Ng(Ty: B = nbu'

C=wCu' ¢ p.

Lemwa G LAG, SS6 subtorus. Ts€S: 26(s) =24(S).
Proo¥

GEGLV), V=@ Ve, %:S—> Gu.
Choose se€§ such that
O# Ve * Ve £0 = %(s) * «'(s)

ée(s) = 3366 Vxr: gV = Vel = Z4(5).



[ewmma G (AG, TEG max.tvus, C= 2e(T)°
IteT Vgel: teglyg' = gCq'=C.
Proof

Choose teT such Hhat 2Zo(t) = 24(T)
teglel = g'tgeC, =T

£ = 2e(r)° < Zo(g'eq)* = §7Co.

Lewwa G LAG, HEG closed subgp, X = () aHg"
(1) X coutaiug deuse open C X

(2) H parabolic = X = X €6 i closed.

(3) Assuwme Ng(H)/ is Finite aud J heH:

W is in Finitely wmany cowjugates of H.

Then dim(X) = dim(6),
Proof

A=$(g,x)€6x6| xe gHg™'} ¢ 6x& Closed.
A "S H’S‘tqblei (SIX)GA; L\GH ) (9L1X)€A
X=T(A), Ma:6x6—6. (1) +(2) Yollow From this.

(Y}

G.

dim(A) = dim(GxH): GxH-—Z= A, (g,W)+—> (3, ghg")
Assume Ne(H)/y aud H= 19Hg" | ge¢, tegHg'} fFinite.
H=SyHy, -, YuHY' b ) Yores Y €6

(W) = feeGlhegHy} = O 2aeC | ghy! = it}
= Y YiNg(H).
= olim T; (k) = olim(H)
D:> dime T,(A) 2 dim(A) - dim(H) = dim(6).



Thw G conunected LAG.

() Vq€G I BSG Bovel q€DB.

(2) VseGs I TS G max- tovus: SET.

(3) Tue uniown of all Cortau Suubqps coubaius olewse open € G.

Proo¥
TESG wmax. torus, C= ZG(T)CT

Ne(@/c is Finite.

JteT: t is ju Finitely wauy Couwjugates of C.

Llemma = Uchﬁh( coutaius olense open c@G.
q€é

= aLéGﬁBe-l =G (siuce lqw audl cloged.)

let S€G be semi-Stmple.
J RC G Borel, SE€EB.

J TSR wax tovus, S€T
0

Cor G conuected LAG, BSG Borel = Z(B) = 2(6).
Proot

Alveady proved: 2(B) € 2(G).

Let 2¢ 2(6).

3 R'C G Borel, zeB'

3 geG: B=9gBg"

2= 929" €B.
(|



