LAG 18 2026-0%-12¢

Lewmtma ¢ counected Soluable LAG, G wet a torus

3 clogeot worweal N<9G: NZTEC, aud N E Z(Gu).
Proo’

G wot torue = Gu * €.
Cu G wotwmal = Z2(6.)° <9 €& uworwal.

Gu#*e counected uilpotent = 2(5.)° * e.
p = char(l).
'~
P>0: L(6u) unipoteut = L(6u)F= & for some 150,

" I H<a G clesedd narwmal Couuvected e+ H ¢ Z(Gu)
pP>0 > HP::e.

H convected eleweutary uuipoteut.
HE Gq Tor some waxl.
m=]: Take N=H  Assuwme w > |,
GeSH, gk =ghg
G — GL(k[H]) loally vational. (g-%)(W) = F(g'hg).
of € kH] adtitive Fuuctions.
G— GL(otf) locally ratiounal.
Gy acts trivially ou Hy G — G, —> GL(o4)
G/, torus = 304 Fect: 9T €k Vge6.
F+:H— €4 group how.
H' = (ker ¥)° & 6"
H'a G worwal: q€G, heker(F) =
Fighg") = (¢'8W) =0

Tuduction o wa = J N
0



Note G. =V < G, = k.
Ctandard action: Gux € — @Q, t.x=tx

Exer
¢ A‘*t(Ga) = G

* G LAG, Gx Gy —> G, actiou lov autoutarphisuag.
3 chatacter o: 6— G : g.x = or(g)x

Note char(k) =p>0:

G’Lz g— Au'f(d?a")

Actiou by autoworphisnes

Ga> G — €&, a.(xy)= (x+ayPy)
Not given by gvoup hous. Gq— Gl .
Note:

G uuipotewt LAG, char(k) =0 = G couvected.
G/ge Tinite uuipoteut => G/ = e,




Thwt G counected solvable LAG.
(1) S€G sewmi-Simple = ¢ ¢ wax torus o G.
(2) S€6 cewi-simple = 7.(5) i counected.

(3) All moax. tor /u G are COujuﬂafe,
Proo¥

Assume First dim(Gu) = 1. _
Thew Gy £ Ba.  Fix icoworphiéur ¢ : 6= Gu.
Y: 6 — G/g,, prajection.
G/G'u C Gu , ‘F(g).u = 30«3“.
3 clavacter o : G/G,,. — G
® gd@lg" = $(a(tigh a)  For qeG, a<€ Gy,
Assume of trivied.
Theun 6u< 72(6) = G/ZCG) & ComwutaBue
= 6 uilpeteut = G £6sxG6u.
WLOG : of wst twivial.
let seG be gemi-Simple. Z= Zg(s).
(5.42): L(Z) = Ker(Ad(s)-1) & L(6),
L) = (Ad(s)-1) L) @ L(2).
P(sgs™) = ¥G) > Qelutls) = ¢
= dy < AdG) = d¥¢ D dyo (AdR)-1) =q
= (Ad)-1) L) & Ker(d4) = L(G.)
dim (AdE)-1)L(6) ¢ 1
diua(Z) = diwe L(2) = dim(G)-1.



Assume of(¥(s)) +1:

ZnGaz=e: Gla) = s¢plo)s™ = plfls)a) & a=0.
. diu(z) = dim 6)-1.

7° = Z%Z")u wax. torus m G.

G = Z°X Gy

Z = Zels) = ZOIXZG,A(S) =

Conelude: s€G semi-simple, or(4(s)) * 1
= ZG(S) € G wax. tovus.
Note: Auy wax. torus TCEC hag this Form:
Choose €T st. of(We)) +1.
Thew T <€ 2:6)C G, Ze(t) wax torus.
Assume of (¥(s)) =1:
Gu €cZ-= Zg.(S‘).
(A1) L&) € LGu) € L(2) = Kexr(Ad(s)-1)
Ad(s)-| sewmi-simple = Ad(s)-| = O.
L@ =) = 2Z:6) =6 & counected.
Choose teG st. or(¥{)) #1.
seZ(6) = seZt) ¢ G wax tovus,

let T, T' € G be wax.tori, T =Zelt), or(d(t)) +1.
G = T'RGu. t=1'¢R), t'€T', actbs.
Glo)t dluy = £ £'d(0) £ $loy™ = £36) Glor(W(£)'b) d(-b)
= t'¢(a + (er(#(£)™'~1) b)
Tbey: dlo)tpy' = ¢
D §o) Tob)! = Zgt') =T



Assume dim(Gu) 2 2:

Choose N <G closed norwal, N =&, N € 2(6).

G =6/ dim(%,) = din(®/z,)

SeG semi-simple. § = iwmage iu G.

Tuduction on diml) = I wax. torus TS G, SET.

G—— G
vl ul H = inwerse iwage i G
H——T

H counectedd solvable, H,=N, s€H.
J wax. tovus TS H, se€T,
TS G alse wmax. torus.

let T, T'C G be wax. tow.
T, T ¢ G wax. ton
19€6: glgt = T° = (gT9IN = TN.
T'N counected Solwble, (T'N)., =N
= 3T3" aud T' are conjugate w TN
Show: Zg(s) & connected.
Choose wax. torus TEE with seT,
G=TKGu = Zpls) = TXZe (s).
Enecglh s Zp (s) 1& conmected.
Note : Clear (¥ clar(k) = 0 Since Zg“(s) i$ unipateunt,

WloG: s¢2(6) = 64 ¢ Z(s)



Gi= {4€G | sgsy™ NI € 6 closed subgroup.
Z@(S) € G and GI/N e Zg(S_)
Tudluction an dim(G) = 25(5) convected.
G/N auwd N connected = G, counected.
IfF G #F G thewn Zg6) = Ze (s) 15 counected

by Tuduction on Aiua (G)
WLOG: G, = G.
Ssus™uT | ueGuy € N,
LHS iz closed (5.4.4 (7)) aul couuected.
LHS ¥e siwe Gy ¢ Zs(s).
ON= PsusTuTt | ueGul.
Evough: i : ZGu(S) x N — G. i$ bijective.
Assuwe 2 ¢ ZG_u(s) , X\,YEN, 2Xx =Y € Gu.
N € 2(6u)  2X=x2; 2€el¢(s) > 2s=s2.

Wiite x = usust, y=vsvis?! u,vet..

Z usut = vesy™

T \ T > Z=8, X=Y.

unipoteut  Sew-siuple
This shows iz Z¢ () x N— Gu is injective.
Le (s) = Fiber of worphicm Gu—> N.
dim ¢, (s) > dim(6u) - 1.

oo Zofs)x N — Gu suriective.
O



