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Def X varety. X (s cowplete if V varetiee Z°
T: XxZ—=7 s & cleseo] wap.

EXQ'MEIQ‘ IN 1S uat CO(MP[e-ée. "Tz‘-/(‘\lx/l’\l —s A
T, (Z(xy - 1) = JA'~ %0l uet cloged!.

Properties: Assume X couwsplete.

(D YC X clged = \ is cowmplete

(2) Y Cowplete = Xx=Y s cowmplete,

() ¢: X —Y warphisun = qS(x) clased & complete.
PE: X Lo Xxy % Y, ¥(X) € XxY cloged.

(1) X couuected = I (X) = .

BE: 'FZX_>/A‘, £(X) claged, complete, Couunected.
(5) X offive = X s Fuite.

Thw P* & complete.

Thwt X complete, C wneun-siugular- caurve, PeC.
Auy worpliisua QS.‘C\ZP} — X exteunds to ¢:C—s X.



Lewma ¢: X xy —> 2 worplisus, X, Y, 2 rwved,
X complete. For yeY set <(>Y(><) = ¢(x,v).
Assume 3 aeY: @q: X — 7 Coustaut.

Tuewn ¢Y coustaut Vyev.

Proot

r: Z(KIYI <ﬁ(xi‘f)) | XGX,YGYi € Xx\xZ closed & inveel.
(gaple)
C=§(v.4(xv)) | xeX, ve¥} € Yx2 clasedt & ivved.

(I'MQ?C o{' F, X COMP[efe)

. Coivvedl. variety,

Ty C— Y surjective warphism.

$a Constaut & 'lTY”‘(q) = porut.

o.’ dl‘M(C) = d(W\(Y)

XEX: Cy = Z(Yﬁﬁ(x,y)) | ve Y} € C closed & (el
- : : (37apl)

G=Y = Aim(Ce) = olim(C) = C,=C.

T C =5 Y isowarphisi.

TR?‘(y) = point = qSY coustaut VyeY.
a

Cor G cowmplete 0‘3-8V‘OMP = G £ Comwytative.
Proat ¢:6x6 —> G, dlx,y) = Xyx™

O be coustaut = Py coust V€G-

Exer ™ ik ust an aly. group dor 21,



Lewwma ¢: X—— Y bijective equivairiaut weorpl (s wa
of [Aowogeueou& G-vapreties.
Then X complete & Y CowPle{‘e.

PPO_O‘?: ¢K122 Xx2 —N\xZ o waeoutofphidim Vz. 0O

Def G LAG, PCG closed Subgroup.
P & parabolic i+ G/p 1% complete,

Def Pcy¢ subgroup, 2 set. AS GxZ is P-stable
if (3.2)€ A, peP = (9p.2)€A.

Lewwma PecG 13 'Para[ooll'c =

V var 2 V A S Gx2 closed P-gtable: T,(A)< Z cloged.
Proof

A< G/FKZ closed GxZ — 7

! ‘TTJ/ /
TY(A) & G*2 clogedd, P-stable. G/pxZ

Sawme mage in Z.
O



Lemma G LAG, Q S Pc G clsed Subgroups.
Q< G parabolic & Q&P aud PecG porabelic.
Proot

= P/Q < G/Q_ clogedd ol G/@ —> G/p.

o{
&: PxGxz2 /3 G2 257

°r(P.s-2> = (9p,2), T(p.:s.2) = (3.2).

let AS Gx2 be closeol, Q-Stable.
or(A) € PxGxZ cloged, Q-stable,
QEP parab. = T(er(A) € Gx2 closed, P-chable.

Epl €G parab. = TL(A) = TL(T(er"(A)) € Z closed.

Cor pcG pakabalic & P°E G° pakabalic.
Proaf

P ¢ @G Note:

v Y G* S G pakabalic.
| P c G°



Thm G counected LAG. TFAE:
(@) G hae uo proper parabalic Subgroups.

() GCX, X complete = X +4.
() GEGln = IxeCla: X6X' € By (upper A)

(d) G 15 solvable.
Proof

(@) = (b): Chaose closed orbit QLEX.
X€ Q) , Gx€G isotropy group.
Clo.—> L, g.Ger—>gx
bijective warphisus of hows. G-varietie.

X cowmplete = O complete = G5 complete
= G,CG pamabelic = G =6 = xe )(G_
(L) = (c): G € GL(V) closed subgroup.
FAV) = $Ve=(0cvicee e Vu=V) | dimlvi) =i}
Exer: FL(V) projective vaniety.
() = 3 g-stable flag V. €V = (c).
()= (): Bu s solvable.
(d) = (a): Choose winfual patobelic PECG.
P$G = G/p ust affive = PC G net normal = (6.6) ¢ P

(6:6)/6,6ynp — (6:6)P/,

bijective equiv. Wworphisua of
homogene ouus (6,G)-vaiie ties.

P& (6,6)P pamb. = (¢,6)nP & (6,6) parab.
- Induction an dim(@) = é



lemma HEG ounected solwble PCG parabolec.
336G : gHg' ¢ P

Proof
HCG/p. (et g.Pe€ (@/p)H be a Fixed poiut.

vheH: hg.P=9P = gHgcp
O

Def G LAG. A Bovel subgrocp of G 15 a
maximal closed convected Salvable subgroup.

Thm G LAG, B <G closes! subgroup. TFAE:
(1) BEG Bowvel
(2) BSG win. parabelic.
(3) BSG counected solvable parabolic.
Proot
(3) = (1)+(2): lemwa.
(1) = (3) and (2) = (3):
Choose BEG Rorel, PSCG wiu, padaboljc.
WLoG RB<cP.
P = P° is counected, Contains ue propet para bol/c.
=> P closed counected Solvable
D~" B =P satisfy (3).

Cot All Bovel subgroups are coujugate.

Cot ¢: G—»G' surjective owowmorphicu of LAGs.
PCG Bovel/parabolic = ¢(P) < G' Bowvel/parabolic.
Prooft

G/p —> G‘/¢(P)_ Pc G 'Pomb. = C{J(P) c G 'Pod‘ab.
D Bovel = @(P) conmected solvable parabolic.
a




