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Lie algebra of GL(V)

£ vector gpace [k, din(E) < 09.

As varety: L[E] = S\/M°(E”)

E*C LIE] lineor feus.

peE: TpE = Den(Lie], k() = How (€% L) = E
XETE, reE < kig]: X&) = (£.X)

Ascuwe E = Euo(h(V) , diw(v)<eo.
Perfect pairing: Ex& — ke, (A, B) — tr(AB)
For A€ E, de¥. §4 € £% by (%, B)= tr(AB),

GL(V) & EwdlV) LAG.
C}f(V) = Eud(V) Lie algebre: [X,Y] = XY-YX.
TeGLV) = TeE = 3?(\/)

Prop %(V) =5 L(GL(V)), X=X . of Lie a[gefomr.
Pv*oo‘?‘
X,A€E, B,C eGL(V).

ABY).Fa= Fap i (A@Y.R)C) = F(8C) = tHABC) = £45(C)
KTy = Feat XE(B) = X(3(B) 50 = X(fpp) = tr(XAB) = Fa(B)

[%,F1.5 = (X¥-YX).5a = Fun Fyxa = [K¥]-f
O




Lie algebrg of LAG
Note: ¢:V—>W lk-livear wap, V,W Ffuite dim.
Theun ddy = 4) Loy all vel/.
TV = Dey(kVl, ki) = How, (V¥ L) = Vv
|44 | 4 lcﬁ“ l
TéwW = Der (1Tw, k() = Howa (W* 1) = W

G LAG, v:G —> GL(V) vat. wp.
dv : L(6) — y(V) Lie algeleva Uowtawrophisus.

Lewwa ¢: Epol(V) — o k-livear wap, X € T,
Brost Then ¢(dv(X)) = X(v*(4)).

¢° V:G—> /A worphism, T‘#(e)/A‘ = k.

S(dv(x» = olpe (dv(X)) = d($=v)o (X) = X(§=v).

Assuwe \/ Wag basis §vi, -5Vl

GLV) = 6Lu, gR(V)= glu= Mat (uxw, k),

AeEud(V): A=(ag), A.vy=7 a5V

WEdM)] = KIT;j] 0 Ti(A) = @y

ViG> Cla, V(% = (%0)). vy = VH(T) € wied.
X€TeG. o(v(X)— ; 31.4

by = Tij (ow(X) = X(v“‘(T,J)) X(vi;).



Prop G LAG, VEL[G], otim(V)<co, pK.V=V V x€G,
p:G— GL(V) vat. rep., dP: TeG — Eud(V).

Then X§ = dp(X).¥ V XeTes, FeV.
Proof

Fix 9€G, $eV. Def. $: Eud(V)—k, ¢(¥)=(Y.£)(9).
Ng™).§ = P € k6T:
(A(g™).#) () = 'F(gx (pG0). £)(g) = d(p(x)).

(X)3) = X(2@).%) = X(8*6) = ¢(etp(K)) = (clp ). #)(s).

F)I:I

of X: k6] — Wki6] s locally Finite V X€ TG,

Exer: G LAG. Ad: G— GUTE), dAd: TeG — End(Te6).
dAdX)(Y) = [X.Y] ¥ X,Y e Te6G.

Exer: V: G — GL(V) vat. wep.
ANV G —GLAV) , d(AV): TeG — Eud(A™V).
ACA)(X). (vs £ a V) = 'i_lvmm Ay (X).; A A Ve,

Jordaw decowmp ju L(6)
G LAG, X € TeG.
X : k[6] — k[G] locally Finte.
X = X+ X, Xg semi-siwple, X wilpotent, XsXu = XuXs.
Thw (1) Xs, Xy €L(6) aud [Xg,Xu)=0-

(2) $:G— &' low. of LAGs =

db(Xs)= dé(X)s, ln)= dplx]u
(3) 6=Glu = X=X+ Xu & Ustal Jorclan decowp. u M.




Fibere of wo wr'pht'SWLC

4’: X— VY dowuuaut, X, Y iied. affiue.
LIVl ¢ kIX, W) € kX)),

\I—[X] - I/—EYH-_¥‘/—-) ¥v«] = 'L[\(][Tl,-_g TM]/I
X Z Z2(I) ¢ Yx /A" closed subvariety.
X > (46, &), k)

WLGG : 3 ¥, $00 trausceuoleuce basis of \L(X)/k(\f).
V= dim X - oim Y welatsve dimeusioun.

LIY] ¢ LINI[F,,.., 5] € WIXD
ew, Ffbu'
Y < Nx/ar e
$lc) ——— (46, £i), - Frs)) «—— X

Fact: ¢V 48 > dim §6) =

Def  Assume ¢: X —s Y dowiuaut.
b is geverically Fiu'te: L(X)/ik(y) Fiuite ext.

¢ s Finite: kiX] £g. k[Y]-wocule.

finite = 30.\40-}0@!1\{ Fuite,



Assume c{:X—>Y geu. Frute, WX = LIYI[FL.
F e ki) q[gebm:'c oyer ‘L(Y).

£t 0 F - ta F+ac=0, 0 € (Y)
d= [k(X): k)]

Clucote Ot helk[Y] st. aye k[Y¥], V.
Y= 3veY | ki) 40% €Y open affive.
ki) = kN,
kX, 1 = kiv] [T3/(T4 4 - 4 a,T+ad
free k[Y,] - woctele geun. by gl,T,.,Td'l}_

X geu. Fl'w'-be> Y
Ul Ul opeu
Xh Fruite Y,
M: ¢: x“ — Yu Surjective with finite Fibers:
Xu = {ly.t) e Y, x A | 94 4 aly)yt + ) =0}
$) = Ste/al| €F4 -+ aly)t + Q) =03

Assuwe T€ U(X) separable over L(Y).

T 4 -4 aT+a. We A odistiuct voots fu I(_(Y)
= VYyedense opeun S VY, :

TH+ ot Q)T « %ly) Uas of olistuct voote e,
Ag‘;‘u(.Me Fek(X) purcly ingeparable over k() :
') = ftem | ¢'= at = $Vam 3,



