ALGEBRAIC GEOMETRY I, PROBLEM SET 2

Problem 1. Let X be any space with functions and Y C A™ an affine variety.
Show that a function f : X — Y is a morphism if and only if each coordinate
function f; : X — k is regular for 1 < ¢ < n.

Problem 2. (a) k[A" \ {0}] = k[z1,...,2,] for n > 2.
(b) A™ ~ {0} is not an affine variety for n > 2.
(c) Every global regular function on P" is constant, i.e. k[P"] = k.
(d) P™ is not quasi-affine for n > 1.

Problem 3. Let ¢ : A — V(y? — 23) C A? be the morphism given by ¢(t) =
(t2,1%). Show that ¢ is bijective, but not an isomorphism.

Problem 4. Define the homogenization of a polynomial f € k[xy,...,z,] to be
= xgcg(f)f(xl/xo, .y &Zn/x0). Equivalently, if we write f = fo+ f1 + -+ + fa,
with f; a form of degree i and f; # 0, then f* = xdfy + nglfl + -+ fq €
klxg,x1,. .., 2]

Given any ideal I C k[x1,...,2,], let I* C k[zg, 21, ..., z,] be the homogeneous
ideal generated by {f* | f € I}.

(a) Find an example where I = (hy,...,hy) and I* # (h],... k).

(b) Let X C A™ be a closed subvariety. Identify A™ with Dy (zg) C P™ and let
X be the closure of X in P". Show that I(X) = I(X)* C k[zo, ..., Zx].

Problem 5. Show that if R is a finitely generated reduced k-algebra then the space
with functions Spec-m(R) is an affine variety.

Problem 6. Let X be any space with functions. A map ¢ : P* — X is a morphism
if and only if p o7 : A"T1 {0} — X is a morphism.

Problem 7. Let ¢ : X — Y be a morphism of spaces with functions and suppose
Y = JV; is an open covering such that each restriction ¢ : ¢~ 1(V;) — V; is an
isomorphism. Then ¢ is an isomorphism.

Problem 8. Assume that the characteristics of k is not 2. If C = V, (f) C P2 is
any curve defined by an irreducible homogeneous polynomial f € k[z,y, z] of degree
2, then C' = P!,



