
Algebra I, Fall 2015, Homework 5

Due: Thursday, December 3, in class.

Problem 1: (Cayley-Hamilton)

Let R be a commutative ring, let M an R-module generated by n elements, and
let φ : M → M be an R-homomorphism. Then there exists a monic polynomial
p(x) = xn+cn−1x

n−1+ · · ·+c1x+c0 in R[x] such that p(φ) = 0 holds in EndR(M).

Hint: Let M be generated by {m1,m2, . . . ,mn}, write φ(mj) =
∑

i aijmi, and set
A = (aij) ∈ Mn(R). Then show that p(φ) = 0 where p(x) = det(xIn − A). You
can use the equation in Mn, where the matrix has coefficients in R[φ]:

(φIn −A)







m1

...
mn






=







0
...
0







Problem 2:

Let R be a commutative ring and let φ : Rm → Rn be an injective homomorphism
of R-modules. Show that m ≤ n.

Hint: Assume that φ : Rn → Rn is an injective R-homomorphism such that
φ(Rn) ⊂ SpanR{e1, . . . , en−1}. Show that φ satisfies an equation of the form
φk + ak−1φ

k−1 + · · · + a1φ + a0 in EndR(R
n), where ai ∈ R and a0 6= 0. Now

apply this equation to en.

Problems from Basic Algebra 1:

3.6: 2
3.7: 2
3.8: 1
3.10: 2, 5, 6
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