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ABSTRACT. Fix an elliptic curve E over Q. An extremal prime for E is a prime
p of good reduction such that the number of rational points on E modulo p
is maximal or minimal in relation to the Hasse bound, i.e., ap(E) = + [2\/17]
Assuming that all the symmetric power L-functions associated to E have an-
alytic continuation for all s € C and satisfy the expected functional equation
and the Generalized Riemann Hypothesis, we provide upper bounds for the
number of extremal primes when E is a curve without complex multiplication.
In order to obtain this bound, we use explicit equidistribution for the Sato-Tate
measure as in the work of Rouse and Thorner, and refine certain intermediate
estimates taking advantage of the fact that extremal primes are less probable
than primes where a,(E) is fixed because of the Sato-Tate distribution.

1. INTRODUCTION

Let E denote an elliptic curve over Q. For a prime p of good reduction, F
reduces to an elliptic curve over the finite field F,, and we denote by a,(E) the
trace of the Frobenius automorphism acting on the points of E over Fp. Then
ap(E) = p+1—#E(F,), and |a,(E)| < 2,/p (the Hasse bound). The following
conjecture for the distribution of the normalized traces a,(E)/2,/p in [—1,1] was

formulated independently by Sato and Tate.

Theorem 1.1 (Sato-Tate conjecture). Let E be an elliptic curve without complex
multiplication over Q. Let a, f € R with 0 < a < < 1. Then, as x — oo,

Lrze D )t [ Vizea

If E has at least one prime of multiplicative reduction, the Sato-Tate conjecture
was proven by Taylor [I6], in collaboration with Clozel, Harris, and Shepherd-
Barron [3L[7].

We study in this paper a refinement of the Sato-Tate conjecture concerning the
distribution of the primes p which fall at the extremes of this distribution, i.e., the
primes p such that a,(E) = £[2,/p], where for any real number y, [y] denotes the
integer part of y. Then #FE(IF,) is maximal when a,(E) = —[2,/p] and minimal
when a,(E) = [2,/p].
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Extremal primes were first studied by James et al. [9], who conjectured (as
refined by James and Pollack [§]) that, as x — oo,

#i{p <z : ap(E) = 2yp]}

8 gl/4
31 if F does not have complex multiplication,
m logx
(1.1) ~
9 I3/4
310 if F has complex multiplication.
m logx

By symmetry, an analogous conjecture has been stated for extremal primes with
a,(E) = —[2,/p]. It is enlightening to compare this conjecture with another refine-
ment of the Sato-Tate conjecture, namely, the Lang-Trotter conjecture. For any
fixed value h € Z, the Lang-Trotter conjecture [10] predicts that

21/2

(12) WE’h(LL') = # {p S xTr ap(E) = h} ~ CE’hlogI

as © — oo, where Cg, is a specific constant[] Comparing I and ([T2), we
notice that for non-CM curves, there are expected to be fewer extremal primes
than primes with a fixed value of a,(F), since the extremal primes are at the edge
of the Sato-Tate distribution of Theorem [Tl where the measure is small. On the
other hand, for CM curves, an excess of extremal primes is predicted, since in this
case, the measure for the distribution of a,(E)/2,/p in [, §] C [-1,1]\ {0} is given
by

B
pen (o B)) = %/ ﬂd—f_t

The asymptotic (II)) for CM curves was proven by James and Pollack [§]. In a
subsequent paper by Agwu et al. [I] the authors obtained asymptotics for a refined
question for CM curves, namely, the primes where a,(E) falls within a small range
of the end of the Hasse interval. In this article, we focus on the case of non-CM
curves.

Like the Lang-Trotter conjecture, the asymptotic (IT]) for non-CM curves seems
to be out of reach with current techniques. An asymptotic was proven to hold on
average for non-CM elliptic curves £/Q in the Ph.D. thesis of Giberson [5] (see also
[6]). However, no non-trivial upper bounds are known for a single curve E/Q. The
goal of this paper is to obtain such upper bounds.

Let Ng denote the conductor of the elliptic curve E, and define

Y\ ! a (B ! B\ L
(1.3) L(s,E)= ][] (1——0“’( )> (1——%( )) I1 (1——a”( )) ,
p? p? p?
ptNE p|NE
where we have normalized the L-function so that oy, (F), @,(E) satisty
#E(Fp) =p+1—/p(ap(E) +@p(E)) forpfNg.
For any integer n > 0, the symmetric power L-functions of E are given by

L(s,sym™(E)) = [] Ly(s.Sym™(E)) [ [] <1 _ %(E)Jap(E)nJ> :

S
pINE ptNg 5=0 p

f h = 0, then it is additionally assumed that E does not have complex multiplication. The
case h = 0 and E with complex multiplication was treated in [4].
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where the Euler factors L, (s, Sym"(E)) at the bad primes are described in Appen-
dix

The aforementioned proof of the Sato-Tate conjecture was obtained by proving
that if £ has at least one prime of multiplicative reduction, then the functions
L(s,Sym"(E)) have meromorphic continuation to the whole complex plane, satisfy
the functional equation (A, and are analytic and non-zero for Re(s) > 1. (See
[16, Theorem B], with the difference there that the L-functions are not normalized.)
To get an effective version of the Sato-Tate conjecture in [I5], the authors need to
assume each L(s,Sym™(F)) has analytic continuation to the whole complex plane
and satisfies the Generalized Riemann Hypothesis (GRH). For convenience, we
include the function L(s,Sym°(E)) = ((s), which is analytic except for a simple
pole at s = 1.

Under the same hypotheses, one can also obtain upper bounds for the Lang-
Trotter conjecture. This was carried out by K. Murty [13] and extended by Bucur
and Kedlaya to arbitrary motives [2]. These results were improved recently by
Rouse and Thorner [I5], who proved (under the same hypotheses as in Theorem
[[2] stated below) that

7TE7h(l‘) <E,h 5173/4(10g :E)il/z.

In our case, taking advantage of the fact that extremal primes fall at the edge of
the Sato-Tate interval, we refine the work of Rouse and Thorner to obtain a better
upper bound for the number of extremal primes.

Theorem 1.2. Let E be a non-CM elliptic curve over Q. Assume that for any
n > 0, the L-functions L(s,Sym"(FE)) have analytic continuation to the entire
complex plane (except for a simple pole at s = 1 when n = 0) and satisfy the
functional equation (AJ) and the Generalized Riemann Hypothesis. Then

#{x <p<2z : ay(F) = 2D} <p />

2. EXPLICIT EQUIDISTIRIBUTION FOR THE SATO-TATE MEASURE

In this section, we prove upper bounds on Fourier coefficients of certain trigono-
metric polynomials which approximate characteristic functions of intervals. By
considering short intervals at the edge of the Sato-Tate distribution, we obtain
upper bounds that are stronger than what one obtains for general intervals.

We first briefly review classical results on explicit equidistribution. We refer the
reader to [I2] Chapter 1] for a detailed exposition of trigonometric polynomials
approximating the characteristic function on subintervals of [0, 1] with respect to
the uniform measure and for the notation in this section. By the change of variable
t = cos B, we can view the Sato-Tate measure for non-CM curves, stated in Theorem
[[1] as the measure on [0, 7] given by

™

B
psr((a,8)) = = [ sin®0 ds

for [, 8] C [0,7]. To approximate the characteristic function of intervals in [0, 7]
with respect to the Sato-Tate measure, one uses the Chebyshev polynomials of the
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4 C. DAVID, A. GAFNI, A. MALIK, N. PRABHU, AND C. TURNAGE-BUTTERBAUGH

second kind, denoted by U,, and defined by the recurrence relation
Uo(z) =1,
Ui(z) = 2z,
Un(z) = 22U, -1 () — Up—a(x).
We remark that the polynomials form an orthonormal basis with respect to the

Sato-Tate measure on [0, w]. We refer to [I5] for the proof of the following lemma,
which follows directly from explicit uniform equidistribution.

Lemma 2.1 ([I5] Lemma 1.3]). Let I = [, 8] C [0, 7], and let M be a positive
integer. There exist trigonometric polynomials

M
Fif(0) =Y Fify (n)U (cos )
n=0

that satisfy the following properties:
e For0<6<m, we have

Fra(0) < x1(0) < Ffy,(0).

e We have
4

M4+1

|[E70r(0) = nsr(1)] <

e For1l<n <M, we have

- 1 B—a 1
FE <4 i — 5.
Pl <4 (55 +min{ 2% )

The above lemma is valid for any interval [a, §] C [0, 7]. In our case, however, we
are interested in counting at the edge of the Sato-Tate interval, where the measure
is very small. More precisely, we will consider intervals where ¢ = cos 8 is close to 1,
i.e., where 6 is close to 0. In this way, we obtain the following sharper estimate for
the Fourier coefficients F’ 1+ (1), which will be key inputs in the proof of Theorem

Proposition 2.2. Assume the setting and notation of Lemma 21l If I = [0, 57] €
[0, 7], then for 0 <n < M,

- 1

Proof. Since the U,, are an orthonormal basis, for 0 <n < M we have

FIJFM(n) = / FffM(ﬁ)Un(cos 0) sin” 6 df
0
(2.1) = / x1(0)Up(cos #) sin? @ db
0

+ /O i (F7ar(6) = x1(6)) Un(cos ) sin® 0 db.

The first integral of (2.J) is easily bounded by using the fact that

sin ((n + 1)0)

U, (cosf) = e~z

)
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EXTREMAL PRIMES FOR ELLIPTIC CURVES WITHOUT CM 5

yielding

™ 1/M
/ x1(0) Un(cosf)sin® 0 df = / sin ((n + 1)0) sin 6 df < %
0 0

For the second integral of (ZII), we must bound the distance between the ap-
proximation of length M and x;(f). We recall the definition of F 1+ v (0). For any
J =10, 5] C [0,1], it is straightfoward to see that

xs(x) =B+ s(x - B) + s(—a),
where s(z) denotes the saw-tooth function

Mz —-1/2 ifxdZ,
@ =10 itz € Z.

Next, recall that the Beurling polynomial, Bys(x), is defined by

Bar(z) = V() + mAMJrl(x)v

where Ajs(x) is the Fejer kernel given by
1 /sintMz\?
A =— | —
() M < sin Tz )
and Vjs(x) is the Vaaler polynomial given by

Vi) = — Iz”: B 1), k
Tr) = — = r - —
M M+le=\M+1 2)7 " M+1

1 1
+ m sin(2m (M + 1)z) — %AMJA(SC) sin 27,

We set
SIM(I) = B8+ By(x — ) + By (—x).
When I = [0,1/M], setting the interval J = [0,1/(27M)] C [0,1/2], we have that

0 0
Ffa(®) =Sty <%> 5t <_%) .

With the change of variable x = 6/27 and 8 = 1/(27 M), we find that
Fiy@) =x1(0) = 87(x) + Sy (=2) = xa(z) = xs(-2)
= Buy(z—p8)—s(z—8)+ Bu(—z) — s(—x)
+By(—x = B) = s(—x = ) + Bu(z) — s(z).
The second integral of (2.I)) then writes as

1/2
27r/ (Buy () — s(z)) Uy,(cos2mx) sin® (2nz) dx
—1/2

1/2
+ 277/ (Ba(x — B) — s(x — B)) Upn(cos2mz) sin® (2rz) da.
~1/2
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6 C. DAVID, A. GAFNI, A. MALIK, N. PRABHU, AND C. TURNAGE-BUTTERBAUGH
We now compute the second integral in the above expression, since upon taking

B = 0 we will recover the first integral. From the definition of the polynomial Bjy,
we have

1/2
/ (By(x — B) — s(x — B)) Upn(cos2mx) sin? (2rz) dx

—1/2
1/2
(2.2) = / (Var(z — B) — s(x — B)) Uy(cos2rx) sin? (27x) dx
—1/2
1 1/2
(2.3) + ST 1) e Anry1(z — B) Uy(cos 2mx) sin? (2mz) de.

To estimate ([2:2)), we use the bound (for |z| < 1/2)
Vu(z—p)—s(z—0) <« min|1 b
" Ml BP

1 if |z — 8] < 1/M,
<
(Mlz—B8)=% if 1/M < |z — 8] < 1/2

and find, for 3 =1/(2rM) <« 1/M, that
1/2
/ (Var(z = B) — s(z — B)) Up(cos2mz) sin? (27z) da
~1/2

B1/M
< / Isin ((n 4+ 1)27x) sin (27z)| dx
B

—1/M
1 1/2 B—1/M
+— / _|_/ |z — B |sin ((n + 1)27z) sin (272)| dx
M gr1/M J-1/2
< /BH/M do + — v Y4
T ar + —5 g ¥
0 M3 B+1/M (x—pB)3

1 1 Y2 1 B
SN d
DNVERBTE /BH/M (<x—ﬂ>2 * (r—ﬂ)3> v

< ek
It remains to show that the expression in (23] is also < 1/M?2. First note that we
may write
i 1)2
(2.4) U (cos(2mz)) = sin((n + 1)2mz)

sin(2mx)

Moreover, the Fejer kernel may alternatively be expressed as

M—

[u

1
M Dk(.’L’)7
k=0

AM(LL') =
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EXTREMAL PRIMES FOR ELLIPTIC CURVES WITHOUT CM 7

where Dy (x) is the k-th order Dirichlet kernel that has a closed form expression

given by
k
Di(z)=1 + QZCOS(Qle‘).
j=1
Thus, we may express Aps41(x) as
| M k
(2.5) Apryr(x) = ST ,;) 1+ 2; cos(2mjx)

From (24), (23, and a trigonometric sum-difference formula, we have
1/2
(M +1) A1 (z — B) Uy (cos 2mz) sin? (2rz) da
—1/2
1/2
=(M+1) / Apry1(x — B) sin((n + 1)27z) sin(27z) dx

—1/2

) 1/2 Mk
_/ ((M+1)+222cos(27rj(x—ﬁ)) (cos(2mn)

k=1 j=1

— cos(2m(n +2)x)) dz

cos(2mj(z — ) (cos(2mnz) — cos(2m(n + 2)z)) dx

Il
NE
.

1/2
/ cos(2mj(xz — ) cos(2mnz) dx

1/2

Mk
(2.7) - Z Z/ cos(2mj(xz — fB)) cos(2m(n + 2)x) dx.

k=1j=1"-1/2
Using trigonometric identities, we can rewrite the sum in (2.6) as

M k 1/2

(2.8) Z Z / (cos(2mjB) cos(2mjx) + sin(27j ) sin(2mjx)) cos(2mnx) dx.

k=1j=1"~1/2

Recall that
1

1/2
/ cos(mmx) cos(nmz) de = {2

if m =n,
—1/2 0 otherwise
and that for any m,n € Z,
1/2
/ cos(mmx) sin(nmrx) dr = 0.
—-1/2

Therefore, the only term that survives in the inner sum over j in (Z8) is the term
j =mn. This gives

Mk / B
Z Z /1 i cos(2mj(xz — B)) cos(2mnz) do = Mzntl cos(2mnf),

2
k=1j=1"-1/2
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8 C. DAVID, A. GAFNI, A. MALIK, N. PRABHU, AND C. TURNAGE-BUTTERBAUGH

and a similar calculation gives that the sum in [27) is

1/2 —(n
Z / cos(2mj(x—B)) cos(2m(n+2)z) dx = M-(n+2)+1 cos(2m(n+2)5)

k=1j—1"—1/2 2
ifl<nm<M-—2andequalto0ifn=M —1, M. Thus, for 1 <n < M — 2,
1/2
(M +1) A1 (z — B) Uy (cos2mx) sin? (2rz) da
—1/2
M — 1 M — 2)+1
= Tn—'_ cos(2mnf) — # cos(2m(n + 2)p)
(2.9) = (M —n+1)sin(2r(n + 1)B) sin(278) + cos(2m(n + 2)6),
while for n = M — 1, M we have
1/2
(M+1) A1 (z — B) Up(cos 2mz) sin? (27 da
—1/2
M — 1
(2.10) = TH_F cos(2mnp3).

Dividing by 2(M + 1)2, the integral in (Z3) is < 1/M? for 3 = 1/(2xM). Setting
B =0 in ([29) and ([ZI0), we find that for non-negative integers n, M with M > 1,

1/2 9
. o<
/ s A DTN 17 cos oma) sin(2ra)de = - L0 =7 <
sin(mz) 5 ifn=M.
—1/2

We have thus shown that for 8 =1/(2n M),
1/2
/ (By(z — B) — s(x — B)) Un(cos2rx) sin® (2nz) do < 5
-1/2 M

and using 8 = 0 in the above formulas, we have

1/2 1
/ (Bar(z) — s(x)) Uy(cos2mx) sin? (2mz) do < -
—1/2 M
This completes the proof of the proposition. O

Remark. The results of Proposition 22 also hold for the coefficients F’ 7. (1), fol-
lowing appropriate minor changes, but this is not needed for our application.

3. PROOF OF THEOREM

We adapt the arguments of [15] to prove Theorem [[.2] using the stronger bound
on the size of the Fourier coefficients computed in Proposition To estimate the
prime counting function

#{r<p<2x:a,

(E) = [2vpl},
we first perform the change of variable a,(E) = 2,/pcos,(E). Let I. be an interval
of the form [0,¢] C [0,7/2] and I, = [cos(g), 1] is such that

cosby(E) € I. <= 0,(E) € I..
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EXTREMAL PRIMES FOR ELLIPTIC CURVES WITHOUT CM 9

If ¢ = ¢(z) is such that
(3.1) cose <1—z" 12

then using z < p < 2z, we have

1 S CN S

cose <1-— <1l-

z1/2 2/p 0p

Using this, we obtain the upper bound

#{m§p<2m:ap(E):[2\/]_)]}:#{33<p<2x “25?—1—{;%}}

< #{x <p<2zr:cosb,(F)el}
=#{x<p<2x:0,(F)€el}
= Z XIE(HP(E))7

z<p<2z

where for any interval I, s is the characteristic function of the interval.
Let e = 1/M so that I. = [0,1/M], where M is chosen later. Using the first
property in Lemma [Z.1] we have

>ox ZFJM > Un(cosb,(E))

r<p<22x r<p<2x

M
<D OIEE y @) Y Unlcosby(E))|.
n=0

rz<p<2x

(3.2)

To estimate the quantity Y. U, (cos8,(E)), as in [I5], we get sharper estimates
r<p<2x
by weighting the contribution from primes using a test function which is a pointwise

upper bound for the characteristic function on [z,2z]. Let
4, 1 el 5
(3:3) gly) =P (3+5den) fi<v<i
0 otherwise,

and g, (y) = g(y/z). Using the bound 1 < ;g% for all x < p < 2z, this allows us to
write

(3.4) > Un(cosb,(E))| <

~ logx
c<p<2zx &

> Un(cosb,(E))gs(p) logp) -

We next use a result of [I5] stated in the following form.

Proposition 3.1 ([I5l Proposition 3.5]). For each n > 0, assume that the L-
function L(s,Sym™(E)) is entire (with the exception of a simple pole at s = 1
when n = 0), satisfies the functional equation (Al and the Generalized Riemann
Hypothesis. Then, we have

(3.5) Z Uy (cos0,(E))gz(p)logp <g Onox + Vanlogn,

where §p,0 =1 if n =0 and 0 otherwise.
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10 C. DAVID, A. GAFNI, A. MALIK, N. PRABHU, AND C. TURNAGE-BUTTERBAUGH

Remark. Proposition 3.5 of [I5] has the additional hypothesis that Ng is square-
free. We describe how to remove this hypothesis in Appendix [Al

Using 34) and B3) in (B:2)) we now have

M
1 .
E xr1.(0,(E)) < gz E |F 3 ()] (80 + Vanlogn) .
rz<p<2z n=0

We now use Proposition [Z2] to bound the Fourier coefficients FZM(n) Doing so,
the right hand side of the above equation is

M
1

x /2 log M
< _
M?2logx log 2
1/4
Letting M = [m—‘ , we see that ([B.I)) is satisfied, and we have
ogw
#{r <p<2z : ap(F) =[2yp]} < Z x5 (0,(E)) < z'/?,

r<p<2x
which completes the proof of Theorem

APPENDIX A

A.1. Proof of Proposition 3.1l We now extend the proof of Proposition 3.5 of
[15] to all non-CM elliptic curves over Q, without assuming that Ng is square-free,
i.e., that the bad primes are primes of multiplicative reduction. This necessitates
a bound on the conductor of Sym™(F) and computing the local factors at the bad
primes of all reduction types. We summarize in subsections [A.2] and [A.3] the work
of Martin and Watkins [11I] which gives us these estimates.

Let Ng ,, be the conductor of Sym"”(E). Notice that in this notation, Ng 1 = Ng
(and Ngo = 1). It is conjectured that the L(s,Sym"(E)) satisfy the functional
equation

(A.1) A(s,Sym™(E)) =€, A(1 — s, Sym"™ (E)),

where the root number ¢, € C has absolute value 1 and the completed L-function
is
A(s, Sym"(E)) = Ni/2y(s, Sym™ (E)) L(s, Sym" (E)),

with the gamma factor

(n+1)/2
@) "2 I T(s+ (i-1/2)(n-1)) if nis odd
j=1
77_(8+"2)/2F((s +n2)/2) (21—371_—3)”/2 H T(s+j(n—1))
j=1
if n is even.

In the above, ng = n/2 mod 2.
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EXTREMAL PRIMES FOR ELLIPTIC CURVES WITHOUT CM 11

As in [I5], define the numbers Agymn(g)(j) by

’ oo

L Asyon () (j
(s sy (i) = Y @) ngM, Re(s) > 1.
j=1

For primes p not dividing Ng and m > 1, it is a straightforward computation to
show that

(A.2) ASym"(E) (p™) = Un(cos(mb,(E))) log p.

Also, Agymn(g)(j) is zero when j is not a power of a prime. Thus,

> Un(cos0,(E))ga(p)logp = > Agymn()(1)9:(G) = Y. Asymn(m)(1)9:2(05)

=1 j>1
j=p™,m=>2
or j=p,p|Ng
+ Z U, (cos0,(E))gs(p) logp.

p|NE

We now show that for any integer j, we have

Asymn (i) (7) < (n + 1)A()),

where A(j) is the usual von Mangoldt function. If j = p™ and p 1 Ng, the result
is clear by (A.2). Suppose now that j = p™, for p | Ng and m > 1. Using the
formulas (A6), (A7), and (A]) which give the Euler products at the bad primes
of —%(s,Sym”(E)) for multiplicative, potentially multiplicative, and potentially
good reduction, the result follows easily. Thus, we have

Z ASym"(E) (])ga: (j) - Z Un (COS HP(E))gm (p) Ing
i>1 PINE

Jj=p™, m>2

or j=p,p|Ng

< (n+1) > logp+ > logp+ > logp

z/2<p™<bx/2 z/2<pM<bx/2 p|Ng
m>2 p|Ng
ptNE
(A.3)
< (n+1) Z logp+log Ng | <g nvz.
x/2<p™ <5z/2
m>2

Then, as in [I5], we have to estimate

> Asymn(5)(7) 92(4)-
j=1

This is done by first writing an explicit formula for the non-smoothed sum

'(/)Sym" (E) (l‘) = Z ASym"(E) (j)a

j<z
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and evaluating the residues at the poles, coming from the zeroes of L(s, Sym" (F)) in
the critical strips. In all those estimates, the authors use the fact that Ng , = Ng,
which leads to the bound log(Ng ) < nlog Ng. From (AL) of subsection [A2] it
follows that without any hypothesis on the reduction type of E at the bad primes,
we have

log Ng,,, < nlog Ng,

where the implied constant is absolute. The argument of [15], Section 8] becomes
(oo} oo
S Asymr)(N9e ) = Guow / g(t) dt + O (V& (nlog n + log Np.0))
i=1 0

(A.4) <p Onor+xnlog(n),

where we recall that g is defined by B3).
Comparing (A4]) and ([A3), we complete the proof of Proposition Bl without
assumption on Ng.

A.2. The conductors Ng,. We now summarize the results concerning the con-
ductors Ng,, from [I1, Section 3]. For each prime p | N, fix £ # p, and let
Ty(E) denote the Tate module at £. Let H/(E) = Hom(Ty(E) ® Q¢,Q¢) and let
I, < Gal(Q,/Q,) be the local inertia group at p. Define €,(I,) to be the co-
dimension of the subspace of Sym"(H,(FE)) fixed by I,. Then, we have that

NE,TL = H Z)eTL(I:L7)J”67L(1))7
p|Ng

where d,(p) is the wild part of the conductor. If p is a prime of multiplicative
reduction, then €,(I,) = n and d,,(p) = 0 for all n, and then Ng,, = N} when Ng
is square-free as assumed in [I5, Conjecture 1.1(a)].

For the other cases, we first remark that the wild conductor d,(p) = 0 when
p > 5 for all reduction types. For p a prime of potentially multiplicative reduction,
we have that €,(,) = n+ 1 if n is odd and €,(I;) = n if n is even. The wild
conductors &, (p) are always 0, except for the case p = 2 and n odd, where we have
571(2) = nTH(Sl(z)

For p a prime of potentially good reduction, the value of €,(p) depends on the
inertia group of the local extension G, = Gal(Q,(E,)/Qp) and the congruence of n
modulo 12. The values of €, (p) in all cases that arise are given in Table 1 of [T1], and
we always have 0 < e,(p) < n+ 1. The wild conductors 4,,(2) and §,(3) are given
in Tables 2 and 3 of [I1], and we have that §,,(2) < 2(n+1) and §,(3) < (n+1)/2.

We then have the bound

(A5) Ng, < 26(n+1)3(n+1)/2 H p(n+1) < Ngn

p|Ng
We also remark that the computation of the conductor Ng, in [II] is the idea
presented in [I4] Section 5] applied to the special case of elliptic curves.

A.3. The local factors at the bad primes. Next, we summarize the results
concerning the Euler factors at primes of bad reduction from [IT], Section 3]. Since
we use the normalized L-function L(s, E') defined by (3], and Martin and Watkins
use the non-normalized L-function, we adjust their result accordingly using the fact
that

L(s,Sym"™(E)) = Lyon-norm (s + n/2,Sym" (E)).
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Let L,(s,Sym™(E)) be the Euler factors at the bad primes p of L(s, Sym"(E)).
If p is a prime of multiplicative reduction or potentially multiplicative reduction,
then

—1
n a sT
(s, (E) = (1- 222 )

where a,,,, € {0,£1}, and then

> AS m"(E (pm) lng a"L
(A.6) Yo R S Z

pms psm pnm/2

m=1 m=1

In the case where p is a prime with potentially good reduction, there are 2 cases
depending on whether or not the local decomposition group G, is abelian. When
G, is abelian, the local inertia group is cyclic of order d, where d = 2, 3,4, or 6,

and
EVkB (E)k -1
e A

0<k<n
d|(2k—n)

where (,(E) is obtained by counting points on a p”-th quadratic twist of E' (which
is non-singular) where r depends on the p-valuation of the coefficients of E. It
follows that |3,(E)| = p*/2. Then,

(A7) iASym"(E’(pm):ilogp LS (BB (B))”

/2
p’ms psm pnm nggn
d|(2k—n)

m=1 m=1

On the other hand, when G}, is non-abelian, we have

—(n+1=en(lp)
" +1)(—p)"/? i
Ly(s, Sym"(E)) = (1 - %)

and
Agymn (5) — (£1)™(=1)""/2logp
agy 3 lewelh @ (n+1-eally)-
m=1 p m=1
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