
The functional equation (Euler 1749...)



The functional equation (Euler 1749...)

(1 − 2s)ζ(1 − s)

(1 − 21−s)ζ(s)
=

−Γ(s)(2s − 1)

(2s−1 − 1)πs
cos(sπ/2)



The functional equation (Riemann 1859)



Analytic continuation (Riemann 1859)



Contour pull (Riemann 1859)



Zeroes ρ = 1/2 + iγ of Zeta
n γn
1 14.1347251417346937905
2 21.022039638771554993
3 25.010857580145688763
4 30.424876125859513210
5 32.935061587739189691
6 37.586178158825671257
7 40.918719012147495187
8 43.327073280914999519
9 48.005150881167159728
10 49.773832477672302182
...

...
30 101.317851005731391229
...

...
60 163.03070968718198724



Plot of ζ(1/2 + it)
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Plot of ζ(1/2 + it)
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Plot of ζ(1/2 + it)
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Plot of ζ(1/2 + it)
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Plot of ζ(1/2 + it)
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Plot of ζ(1/2 + it)
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Plots of ζ(3/5 + it)
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Plots of ζ(3/5 + it)
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Plots of ζ(3/5 + it)
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∑
n<X

Λ(n)
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∑
n<X

Λ(n) = X − log(2π) − 1

2
log(1 −X−2) −

∑
ρ

Xρ

ρ
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Fundamental: (PNT)
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∑
n<X

Λ(n) = X − log(2π) − 1
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log(1 −X−2) −

∑
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One zero
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1st harmonic: −

(
X1/2+14.1347i

1/2 + 14.1347i
+

X1/2−14.1347i
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n<X

Λ(n) = X − log(2π) − 1
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Two zeroes
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2nd harmonic: −

(
X1/2+21.022i

1/2 + 21.022i
+

X1/2−21.022i

1/2 − 21.022i

)
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Λ(n) = X − log(2π) − 1
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10 zeroes
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10th harmonic: −

(
X1/2+49.7738i

1/2 + 49.7738i
+

X1/2−49.7738i

1/2 − 49.7738i
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∑
n<X

Λ(n) = X − log(2π) − 1
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30 zeroes
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30th harmonic: −

(
X1/2+101.318i

1/2 + 101.318i
+

X1/2−101.318i

1/2 − 101.318i

)
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∑
n<X

Λ(n) = X − log(2π) − 1
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log(1 −X−2) −

∑
ρ

Xρ

ρ

60 zeroes
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60th harmonic: −

(
X1/2+163.031i

1/2 + 163.031i
+

X1/2−163.031i

1/2 − 163.031i

)
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60 zeroes + random harmonic
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Random harmonic: −

(
X1/2+20i

1/2 + 20i
+
X1/2−20i

1/2 − 20i

)
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60 zeroes + random harmonic OFF THE LINE
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