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ABSTRACT OF THE DISSERTATION

Low-lying Geodesics in an Arithmetic Hyperbolic
Three-Manifold

by KATIE LYNN MCKEON

Dissertation Director: Alex Kontorovich

We examine closed geodesics in the quotient of hyperbolic three space by the discrete
group of isometries SL(2,Z[i]). There is a correspondence between closed geodesics
in the manifold, the complex continued fractions originally studied by Hurwitz, and
binary quadratic forms over the Gaussian integers. According to this correspondence,
a geodesic is called fundamental if the associated binary quadratic form is. Using
techniques from sieve theory, symbolic dynamics, and the theory of expander graphs,
we show the existence of a compact set in the manifold containing infinitely many

fundamental geodesics.
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Chapter 1

Introduction

1.1 Closed Geodesics on the Modular Surface

In [Duk88], Duke showed that closed geodesics on the modular surface equidistribute
when grouped by discriminant, see also [CU04]. In [ELM*09] Einsiedler, Lindenstrauss,
Michel, and Venkatesh gave a modern treatment of Linnik’s approach to this problem
using the ergodic method. A key step is ruling out other potential weak-* limits of
closed geodesics. This raises the basic question on what other weak-* limits could
arise. Because the geodesic flow is a shift map (see Chapter 3) this question is trivial
without more restrictions. They asked whether there is an infinite collection of closed
geodesics having fundamental discriminant and being trapped in a compact subset of

the modular surface. That is they don’t visit the cusp, or are “low-lying.”

Bourgain
and Kontorovich [BK17] showed an abundance of fundamental low-lying geodesics on
the modular surface, answering the question above in a quantitative sense.

We will attack the corresponding problem in the Picard 3-manifold SLq(Z[:])\H?®.
However, the solution is not as simple as applying the machinery from [BK17] to a
‘thin semi-group’ with well-established growth properties. For one, continued fractions
in the complex plane are much more complicated to work with versus simple continued
fractions on the real line. In particular, our symbolic encoding of closed geodesics does
not display a semigroup structure because the shift map is restricted. We also have

to develop in this setting much of the machinery (Chapters 3-6) which was already

available to [BK17] for the modular surface.



1.2 The Main Theorem

We must establish some terminology before stating the main result. Consider the upper

half space model of hyperbolic three-space:
H={z+tj:2€C,t c R}
equipped with the line element

ds® = (d2% + dz5 + dt?) /t?

a b
where an element in the group of isometries G = PSL-sC acts by
c d
+t,'_>(az+b)(cz+d) t )
z .
T ez dr + e T \Jez + )2 + |22 )7

When H? is embedded as a subset of Hamilton’s quaternions, this expression simplifies
as z +tj > (a(z +tj) + b)(c(z +tj) + d)~!. Since G extends to a simply transitive
action on the frame bundle FH?, we can identify an element in G with where it moves

some representative reference frame. We can also identify H? <+ G/SU(2) and
T'H? <+ G/SO(2).

Geodesic flow on T'H? under this identification is represented by right-multiplication

t
e 0

by the one parameter group generated by a; = . There is a correspondence
0 et

between conjugacy classes of primitive hyperbolic matrices in I' = SLo(Z[i]) and closed
geodesics.

To restrict to “low-lying” geodesics,we only consider those in the standard funda-
mental domain lying in a certain region {z + tj : t < R}. See for example, the figure

below which depicts the standard fundamental domain for T\H? and the cutoff ¢t < 2.5.

Once we have developed a symbolic encoding of closed geodesics, it is trivial to
manufacture infinitely many geodesics which are low-lying by enumerating periodic

points (with restricted orbits) of a map analogous to the Gauss map for continued



Figure 1.1: Height Cutoff t < 2.5

fractions. Adding the condition that geodesics be fundamental places the requirement
that the geodesic g, as a loxodromic element of SLy(Z[i]), has tr?(g) — 4 which satisfies
certain conditions (see Section 2.0.5), a sufficient one being that it is square-free. If
Cp is the set of distinct geodesics with discriminant D and N(-) denotes the norm of

a Gaussian integer, then we will show the following quantitative result:

Theorem 1. For any € > 0, there is a compact region Y (¢) C T\H?® and a set D(¢) of

fundamental discriminants such that
#{DeDE):ND) <X} > X" X —=o0
and for all D € D(e),
#{y € Cp vy CY(e)} > [Cp|'™.
Of course, qualitatively, this solves the problem of producing infinitely many fun-

damental low-lying geodesics in the Picard 3-manifold.

1.3 Strategy of the Proof

Our three main tools come from symbolic dynamics, expander graphs, and sieve theory.

1.3.1 Thermodynamic Formalism and Renewal Theorems

After converting the study of closed geodesics to periodic points of an analogue of the

‘Gauss map’, we are led to study the dynamics of a subshift of finite type. In particular,



define

Yr = {(z1,22,...) 1 x; € Pp, Ay, a,,, = 1 for all i}

i1
where Pp is some finite alphabet (see Chapter 3), and A is a Pp X Pg binary matrix
conveying transition rules (ie. A, = 1 if x can be followed by y and A, = 0
otherwise). The shift map o on X is defined as o((z1, x2,...)) = (z2,z3,...). Choosing
the appropriate Pg and A following the work of [Pol94], gives an essentially one-to-one
correspondence between closed geodesics lying in a compact set (corresponding to the
choice of R) and periodic points of ¥z under . Denote the set of closed geodesics

associated to (Xg, o) via this correspondence as I'p C SLa(Z[i]) and

a b
By = | & SLaCZ) < lalf + 1l + e+ [l <
C

The methods of Lalley in [Lal89] are straightforward to apply to our situation and lead
to the following:
Theorem 2. For fired R > 3, there is a dr € (0,2) so that
#(T'rN Bx) < X¥r
as X — o0.

It will be crucial in a later argument that the set above is large.

Theorem 3. The growth parameter given by Theorem 2 satisfies
lim dp — 2.
Rovoo T

Finally, we will need local information about closed geodesics. This is where ex-
pander graphs are used crucially. We follow the work of [BGS11] together with [BKM].
For q € Z[i], set SLa(q) = SLa2(Z[i])/(q)-

Theorem 4. For each R > 8, there is some absolute spectral gap ©r > 0 and absolute
constants cr,Cr > 0 such that for all square-free q € Z[i] and w € SLy(q) we have the

estimate

#(FR n Bx)

#{geTrRNBx :g=wmod q} — S|

<p #(TrNBx)E(q, X)



as X — oo, where

e—crViog X N(q) < Crlog X
E(q,X) =

N(q)“rX~®r  N(q) > Crlog X

1.3.2 A First Attempt via the Affine Sieve

Theorem 4 allows us to follow the affine sieve procedure (see [BGS10], [SGS13], or
[Konl14]) up to a level of distribution X* where the exponent ap = Or/C — o(1) and

show for sufficiently large dr that
#{g € TrN Bx : p a Gaussian prime, p|(tr?(g) —4) = N(p) > X7} > X2r—o(l),

Since tr?(g) — 4 factors as (tr(g) +2)(tr(g) — 2), any Gaussian prime dividing tr?(g) — 4
must divide one of its linear factors. This fact allows us to conclude from the “almost

prime” estimate above that
#{g € TR N By : (tr’(g) — 4) not square-free} < X47%,

See the proof of Theorem 24 on page 72 for details.
Comparing the two estimates, we would have our main result if only we could show
that
20p >4 —0Op/C.

It seems that making dr near 2 (as in Theorem 3) suffices. However, the shared depen-
dence of p and Ok on R cannot at this time be decoupled, so this attack fails, and we

must use something more than expansion.

1.3.3 Beyond Expansion

To have stronger control on the exponent of distribution, we create bilinear (in fact,
multilinear) forms, replacing I'RNBx by a specially constructed subset IT, see Chapter 7.
We analyze the set

#{w €Tl : tr*(w) — 4 = 0 mod ¢}

via abelian harmonic analysis (on Z[i|/(q)). The characters of small order up to some

intermediate level Qg can be handled by expansion. The characters of larger order are



now dealt with by appealing to bilinear forms techniques, namely Cauchy-Schwarz and
estimating exponential sums. Our methods allow us to sieve up to the absolute level of

distribution o = 1/16 — € from which Theorem 1 follows.



Chapter 2

Closed Geodesics and Dirichlet Forms

We express the upper half space model of hyperbolic 3-space as a subset of Hamilton’s
quaternions, i.e.

H={z+tj:2cC,tcR;}
where i? = j2 = —1 and ij = —ji. The group PSLo(C) acts on H? by

a b
i) ) D)+ )

The inverse above should be interpreted as the Hamiltonian inverse. Considering the
action of PSLy(C) on the boundary C gives a correspondence with Méobius transfor-

mations.

2.0.1 The Picard Group PSLsy(Z]i])

Inside of G = PSLs(C), we have the discrete subgroup I' = PSLo(Z[i]), sometimes

referred to as the Picard group. We can express

11 1 i 0 -1 —i 0
F: ) Y )
0 1 01 1 0 0 i

and this allows us to write the fundamental Dirichlet domain for the quotient T'\H? as

F :={(z,t)|Re(z) € [-1/2,1/2], Im(z) € [0,1/2], |z|> + t* > 1}.



Figure 2.1: Fundamental Domain for SLo(Z[4])\H?

2.0.2 Closed Geodesics

Write
e 0
M = | :0€10,2m)
0 6—20
A geodesic which is closed in I'\SL9(C)/M is identified by (I'¢M)a; = (I'gM). Since

a; commutes with M, this translates to
gMa; = AgM
for some A € T', g € G. More explicitly, we may write

A = gaymg™!
el/2 0 ei0/2 0

0 e—l/2 0 e—i9/2

for some m € M.

2.0.3 Properties of Closed Geodesics

e Trace and Eigenvalues:

By the equation above, we infer that A is diagonalized by g with eigenvalues
exp(£(1/2 +i0/2)). Following Beardon, we call A hyperbolic if tr?(A) € [4,c0)

and strictly loxodromic if tr?(A) ¢ [0,00). The term loxodromic (referring to



transformations with 2 fixed points in @) encompasses both. The trace of A is
tr(A) = 2cosh(l/2 4 i6/2).

On the other hand, we can express the eigenvalue as

J/2iofz _ tr(A) +v/tr*(A4) —4
2 ?

and this gives us a way to determine the closed geodesic associated to an arbitrary

loxodromic transformation in PSLy(Z[i]).

Length and Primitivity:

The length of the geodesic is given by [. Note that any powers of A satisfy
AF = g(aym)*g~!, which would suggest that their length is kl. However, AF =
(gaymg™1) - - - (gaymg~") indicates that we are traversing the same closed geodesic
k times. So, we call A primitive when it is not a power of another element in the

Picard group.

Equivalent geodesics:

Technically, a closed geodesic is an element of the quotient SLo(Z[i])\SL2(C)/M
satisfying (I'gM)a; = (I'gM). We chose a particular representative A, but any
conjugation BAB~! where B € I' would give the same geodesic. Hence, geodesics

are equivalent if they are in the same I' conjugacy class.

Fixed points, visual points:

The loxodromic transformation A has two fixed points in C which can be found

by solving
az+b
cz+d

In other words, the fixed points are roots of the (homogenized) binary quadratic
form QA(1,2) = c2? + (d — a)z — b with coefficients in Z[i]. Solving this, we get

o)+ /) (a—d) — /or(A) — 4
- 2c ’ '

2c

o=

On the other hand, if we have g we can calculate

lim ga;.j = a.
l—o0
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A similar statement (as [ — —o0) gives the reverse direction of the geodesic.

These points «, @ are referred to as the visual points of the geodesic.

2.0.4 Dirichlet Forms

Many of the observations above suggest a correspondence between closed geodesics and

binary quadratic forms with coefficients in Z[i], also known as Dirichlet forms. We have

a b
A= = Qalz,y) = ca® + (d — a)zy — by
c d

modulo the greatest common divisor of ¢, d — a, and b and up to choice of unit. This
correspondence is explained further in [Sar83]. We associate the discriminant of the

Dirichlet form D4 = tr?(A) — 4 with the closed geodesic corresponding to A.

2.0.5 Fundamental Discriminants for Dirichlet Forms

Note that a discriminant D of a Dirichlet form must be a square mod 4 and hence
D mod4 € {0,1,—1,2i}. Moreover, each D € Z[i] with a square residue mod 4 is
a discriminant of some form. We call a discriminant D fundamental if it cannot be
expressed as D = ¢>Dgy where ¢ is a non-unit and Dy is also a discriminant. This is
equivalent to another other common definition which states that D is fundamental if any
form Q(z,y) = ax®+bxy-+cy? with discriminant D must be primitive (i.e. (a,b,c) = 1.)
Note that this also agrees with the work of Hilbert, i.e. that D is fundamental if and
only if |D] is the relative discriminant of the extension of Q(i, ) over Q(7).

A geodesic is fundamental if its associated discriminant is fundamental. We will
sieve down to geodesics with square-free discriminant, only catching the D = 4+1 mod 4

case.



11

Chapter 3

A Symbolic Encoding of Geodesics

We now describe the map analyzed by Pollicott in [Pol94]. Denote a circle of radius
1 about a center z as C(z). Consider the region X in H? exterior to the three circles
C(i),C(1), and C(—1) where we have the removed vertical lines {z : $(z) = k/2: k € Z}
and horizontal lines {z : Rz = k/2 : k € N}. The region X is shown in blue in the figure

below.

N

Figure 3.1: The Fundamental Region X

For each z € X there is a unique closest (in Euclidean distance) Gaussian integer,
which we denote |z]|. The map f will move z to the unit square centered about the
origin by first subtracting |z]. If S(z — |z]) < 0, then f rotates about the origin by .
Finally, the involution w — —1/w is performed to return to X. Formally, we define f

as

i) = 5 sk) > S(le)

o 3(2) <3(lD)

~

Define S : z +— —1/z and f := So foS on S(X). Note that S(X), the image of

X under S, is contained within {z + iy : |z| < 1/2,0 < y < 1/2}. Pollicott proves the
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following:

Theorem 5. There is a bijection between closed geodesics and the periodic points of f.

Proof. Note that each closed geodesic has a unique representative with visual point in
S(X). The action of f can be seen as a fractional linear transformation in SLy(Z[i])
extends naturally to the geodesic and gives an SLa(Z[i]) conjugate. If the orbit of the

visual point is periodic then the geodesic is SLa(Z[i])-equivalent to itself. O

Furthermore, [Pol94] shows that (X, f) admits a Markov partition. This will allow
us to study the system via a simplified encoding. The naive choice of partition of X
into connected regions between the grid lines is almost correct. We must introduce two
more circles, C(1+1i) and C'(—1414) and separate each region intersecting the boundary
of either of the circles. The figure below illustrates the partition which we denote P.
Each connected region after removing C(1+14), C(—1+14) and the 1/2-spaced grid is a

part in the partition.

Figure 3.2: The Parts in P

In Table 3.1, we pictorially reproduce the proof given by Pollicott that P is a Markov
partition for (X, f ). We will divide into cases depending on the closest Gaussian integer.

Due to symmetry, we only show Gaussian integers z with (z) > 0.



Table 3.1: Subshift Rules

For each part shaded pink, observe that its image shown in
green under f is a union of parts in P. The blue

region within S(X) is the result of the translation

of the pink region before the involution map S is applied.

Parts surrounding 2

Parts surrounding 1 + ¢

Parts surrounding 2 + ¢

13
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-/

Parts surrounding 2i

EaYiN

W4

Parts surrounding 1 + 27

B

14



Parts surrounding 2 + 217

PN
b7

NN
/

ZaVN

[N R
\ ) e )
\ N /
\ 1—»—,—1 /
AR B P

Parts surrounding z € Z, with |z| > 2

Parts surrounding z € Z[i] with either Rz or 3z greater than 2

15
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/ N\ / N\
\d N\
i3 \ ' B \
/ N\ / N\
\ AV
l \ L

For each part p € S(P), we associate a distinct label p. The set of all labels is the
alphabet for our shift map. Since S(P) is a Markov partition, (X, o) gives a symbolic

representation of (S(X), f) where

E=A{(p1,p2,--.) 1 pi > pi € S(P), f(pi) D pit1}

and o is the shift operator, i.e. o(p1,p2,p3,...) = (p2,p3,...). More precisely, for any
finite admissible word a = (p1 ...p,) (meaning a occurs as a subword of some « € X)

we define the cylinder set C, as

C’a - m fﬁk(pk)
k=1

Since |f(z)] < 3, we have that the diameter of C, is at most 5. We also have

,,,,, Pr1)- Therefore the map

T8 = SAX)
(p17p27 .. ) = m C(Pl,m,Pk)
k=1

is well-defined. Since the interiors of distinct cylinders of length n (i.e. the cylinder
defined on a word of length n) are disjoint, 7 is one-to-one. The image of 7 is all of
S(X) up to a set of Lebesgue measure 0 (the orbit of the grid under f must be removed)
and the following diagram commutes:

y—7 3

™ T

Sy L s
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In particular, we have a bijection between the periodic points of ¢ and the periodic
points of f. This allows us to study closed geodesics by analyzing the system (X, o).
From the correspondence between periodic orbits in (S(X), f) and closed geodesics,
we can measure how close a geodesic is to the cusp in SLa(Z[i])\SL2(C) by determining
the minimum distance from origin to a point in the orbit of the associated periodic
point. So define Pr C P by only allowing parts from P if they lie completely inside
the ball of radius R centered at the origin. Recall that the parts P were defined for the
conjugate system (X, f ) and so the images of parts in Pr under S fall outside a small

ball centered at the origin. The figure below has the parts included in P4 shaded.

T |

L I

| N

Figure 3.3: Parts in P

Our corresponding symbolic encoding is

ER = {(pl,pz, .. ) P < Pi c PR7f(p’L) D) pZ+1}

The new system (X g, o) is now a subshift of finite type as its alphabet is finite. The
problem of counting low-lying geodesics translates into a problem of counting periodic

points of ¢ in Xp.
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Chapter 4

Counting Geodesics via Thermodynamic Formalism

The asymptotic for geodesics derived in this chapter is a straightforward application of
the work of Lalley in [Lal89]. We summarize the ideas which give rise to the method
in the next section towards an asymptotic for geodesics counted by congruence classes.

For a € X, we define the distortion function 7(a) := log|f’(7(a))|. The N-th
Birkhoff sum for the distortion function is then Sy7(a) := Zg:_ol 7(c*a) where Sp(a) =
0. If oV (a) = a and in particular a is a visual point corresponding to a closed geodesic,
then Sy7(a) = —I where [ is the length of the geodesic. This gives some indication
that the following function will be useful in counting geodesics. For T > 0 and a € X

Lalley’s renewal function is defined as
N(T,a) := Z 9W) s, r(v)<T}-

Partitioning the sum by the preimage o~!(a), we arrive at the following recursive rela-
tion, known as the renewal equation
N(T,a) = gla)lgery + Y N(T —7(b),b).
b:o(b)=a
In order to analyze the renewal function, we are led to study its Laplace transform and
a certain transfer operator.

For a continuous function f defined on ¥ and 0 < p < 1, we define

var, (f) :=sup{|f(a) — f(b)| : a; = b; for all 0 < i < n},
Varn(f).

flp :==sup
1o n>0 P"

Then F, := {f : |f|, < oo} is the space of Holder continuous functions which is a

Banach space with norm || - ||, = |- |, 4+ || - || The transfer operator, depending on
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s € C, acts on F, as follows:

Lof(a) = ) eTOf).
o(b)=a

First note that Lsf(a) is a bounded linear operator. Additionally, when s € R the
coefficients in the sum are all positive. For real s, would like to compare the spectrum
of L to that of an positive matrix. In particular, we would like to apply an analogue
of the Perron-Frobenius theorem. In order to do so, we must establish a few more
properties of the system (Xg, o).

Recall that a matrix A is irreducible if for each position (4, j) there is some power of
A such that the (4, 7)-th entry is positive. In analogy, we say that (X g, o) is irreducible
if for each two states p1,ps € Pr there is some finite admissible word beginning with

p1 and ending in ps.
Lemma 1. (Xg,0) is irreducible as long as R > 4.

Proof. By our definition of g, a finite subword of the form (p;,,pi,,...,pi,) must
satisfy f (Piy) D Py, - In other words, we must show that for each part in p € P that
there is some k such that P C f*(p).

One may recall from the diagrams in the previous section that for any part p € Pg,

the image under f contains at least one of the following regions (1) — (8) : Each region

—_—

N

w
)
S

VRV IR
\ N

T
(@)

—
o

"

Figure 4.1: The Main 8 Regions

contains at least one square part. The image of a square part under f is either the
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union of the even regions or the odd regions. In either case, the next iterate of f is the

union of all 8 regions. Hence Pr C f3(p) for any p. O

A state p € Pg is periodic of period k if any finite admissible word beginning and
ending in p must have length divisible by k. The period of the system (Xg,0) is the
greatest common factor of the periods of all of its states and a system is said to be

aperiodic if this greatest common factor is 1.

Lemma 2. (Xg,0) is aperiodic as long as R > 4.

Proof. Since we already established irreducibility, we only need to show that one state is
aperiodic. Take the square part to the left of 3, i.e. p = {z+iy: x € (2.5,3),y € (0,.5)}.
Its image under f is the union of the even regions (refer to the previous figure) and

hence p C f (p). Therefore, the orbit of a point in p may return to p after any number

of iterates of f. O

4.1 Properties of the Spectrum of L,

We are now in a position to cite Ruelle’s Perron-Frobenius theorem (see [PP90] for
proof):

Theorem 6. For s € R the spectrum of Ls has the following properties:

1. Ls has a simple maximal positive eigenvalue As with corresponding eigenfunction

hs which can be chosen to be positive.
2. The remainder of the spectrum is contained in a disc of radius less than As.
3. There is a unique probability measure ps on X g such that Lius = Aspts.

4. )\%E’;v — hs [vdps uniformly for all continuous v if hs is normalized so that

[ hsdps = 1.

Consider L; as a family in s € R and define the pressure functional as P(s) = log As.
The pressure is increasing in s and there is a unique solution s = dg to P(s) = 0. Since
O is featured in our main asymptotic, it will be necessary to determine the dependence

of g on R in a later section. Our next step is to consider the family L4 for s € C — R.
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Theorem 7. For s € C—R, the spectrum of Ls is contained in a disc centered at zero

of radius A\ps (the mazximal eigenvalue of Ly ).

Proof. We summarize the proof provided by Lalley in section 11 of [Lal89).

There are two cases: either 7 is lattice in which case the spectral radius of L is
strictly smaller than the radius on the real axis or it is nonlattice in which case L
has spectral radius equal to Agps at regularly spaced intervals along the vertical line
Rz = RNs. See Lalley for the precise definition of a lattice function. In order to show
that 7 is non-lattice we relate it to a function known to be non-lattice.

T is cohomologous to g, a height function on suspension of restricted geodesic flow.

It suffices to show that for periodic € 3 of period n, i.e. ¢™(x) = z, we have
SpT(z) = Spg(z). If k is the period of x, we will show that both nth Birkhoff sums

give n/k times the length of the closed geodesic associated with x:

(M) =dp(j,M.j) — du(j,0(M).j)
=du(j, M.j) — du (3, Jj)
1

=dy(j,ga'g™ ")

= dp(g.j,9d".j) = 1.
On the other hand, M also corresponds to a mobius function m. Say « is the fixed

point of m.

1 B 1 o
(catd?  (c(@?—d)yjetrd? ©

m/(a) =

So log |m/(a)| = () = 1.
If g is lattice then the suspension flow is not mixing for any invariant measure, but

[Rud82] proves otherwise. O

4.2 A Renewal Theorem for the Counting Function N(a, X)

Perturbation estimates (|Ls— L, | for |s— z| < €) imply that the eigenvalue map s +— A,
the lead eigenfunction map s — hs and the invariant measure map s — ps are all holo-

morphic functions in a small neighborhood of §r. This leads to the local decomposition
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(1—-L,) = llj—f\s,us +(1—£%)~! where (1 —£%)~! is a holomorphic family of bounded
operators. The first term in the local decomposition about dr contributes the main

term in Lalley’s estimate:

Theorem 8. For any a € X,
N(T,a) = hs,(a)e’° + o(e’ "),

Proof. We summarize the proof, ignoring issues of convergence which are addressed
in section of 8 of Lalley. First, define the following Laplace transform of the renewal

function

F(s,a) = /OO eT*N(T,a)dT

—00

and input the renewal equation to get

F(s,a) = / gla)e™dT + > / e N(T — 7(b), b)dT
0 bio(b)=b" ~®

_ g(a) > Ts —s7(b)
=TT > /_Ooe e " N(T, b)dT
b:o(b)=b

_ gla)
-1 + L F(s,a).

So I — L, applied to the Laplace transform of the renewal function gives g(a)(1—e®)~L.
Now it is clear how information about the spectrum of L yields information about the

renewal function. In particular, where the resolvent exists we have

(1—e*)"YI - L) tg(a) = F(s,a).

-1

Theorems 6 and 7 and the decomposition of (1 — L¢)™" in a neighborhood of dr imply

F(s,a) = C’ia) + G(s,a)

where G(s,a) is holomorphic in R(s) > dr. Integrating a smoothed version of F(s,a)
along a vertical line s > dr and pulling the contour to dp we get that the pole in

F(s,a) contributes the main term
e TON(T,a) — Cla)

as T — oo. O
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4.3 An Asymptotic for Closed Geodesics

Finally, we relate dynamics on (Xg,0) to a geodesic count. Define the set of finite

admissible words (plus the empty word () as

Y= {0y U{(p1,...,pn) 1 0i < pi € Pr, f(pi) D pis1}-

There is a bijection between aperiodic words in ¥* and closed geodesics. Specifically, to
a closed geodesic we associate the element in X% that corresponds to the period of an
orbit under o. A periodic word in ¥* corresponds to the a geodesic traversed multiple
times. We define 7*(a) = d(j,9aj) — d(j, 9o(a)j) Where d(P, P) denotes hyperbolic
distance between any two points in H® and g, € SLa(Z[i]) is the local definition of f
restricted to C,. The identity 2coshd(j,g.7) = ||g||* (see [EGM13] for a proof specific
to H?) will eventually lead us to the final counts for matrices in a norm ball. The
shift operator extends in a natural way to act on X* however we need to resolve the

ambiguity of o* for words of length less than k:

o-(pl’p% o apn) = (an .. pn)
o(pi) =

0
a(0) =0.

We are now ready to define the finite version of the renewal function

00
N*(Toa):=> " > g)ls,m<r}-
k=0 b:o* (b)=a
b0

N*(T,a) satisfies a renewal equation similar to N (7, a) and so we are tempted to treat
the finite renewal function analogously. However, finding an appropriate Banach space
of functions for the transfer operators L to act on is elusive.

In order to model ¥} after ¥ g we introduce a new state 0 and for any (p1,...,px) €
Y% append an infinite tail of 0’s to achieve an infinite word. The empty word maps to
the infinite string of zeros and the action of ¢ is well-defined between the finite model of

¥* and the infinite one. The space F,(X5UXR) of Holder continuous functions satisfies

the same properties (with the same norm) as previously. However, the addition of the
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new ‘O’-state means that the system (X} U X g, o) is no longer irreducible and hence
Ruelle’s Perron-Frobenius theorem does not immediately apply to the spectrum of the
transfer operators defined on F,(¥X% U Xg). Since we are only after an asymptotic for
N*(T,a) and long words in ¥} may be approximated reasonably well (in the product
topology) by words in X, we can use what we have already shown about the transfer

operators on F,(Xg) to prove the following:
Theorem 9. If h} is the leading eigenfunction of L then
N*(T,a) = h},,(a)e™ + o(eTR).

Proof. Our first claim is that for a € X% and b € X g which are in the same N-cylinder

in ¥, UXg (ie. aj=0b;for 1 <i < N) and for k < N
Spm*(a) = Sp7(b) + 027N Fk)

Let @ € X be the periodic word with period aj,...ay. We claim that Sg7*(a) =
SkT(@). Recall from the proof of Theorem 7 that for any geodesic with period ¢ € X%,

Si7*(c) = S;7(¢ where [ is the length of ¢. We can also write

Spt*(a) = SnT*(a) — Sy_p7* (0" (a))

= Sy7(a) — Sy_x7(ck(a))

= (Swr(@) + Sn-47(0%(@))) — Sy k7(o% (@)

= SkT(a)

On the other hand, by bounded distortion (see Lemma 3 which is more easily understood
with the notation in the next section) S7(b) = Sp7(@) 4+ 02 " . This proves the first
claim.

From the previous claim it follows that for a € X% and b € Xz which are in the

same N-cylinder and k < N
N(T — 27Nk b) < N*(T,a) < N(T 4 27Ntk )

for g =1.
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Then iterating the renewal equation N times, one has

N*(T,a)= > N*T-Sym*(¥),})
b:oN (b)=a

N1 (v)#D

N-1
+Y Y 9O sy my<ry + 9(a) 1 {rs0-
k=1 b:0"(b)=a
N1 (0)£0
As T — oo second line does not change. For each summand in the first line we can find

b € Xk to sandwich between the two terms
N(T £ 27Ntk — Syr* (b)), b) =< h(b)eT—SNT" (V)or g+0p2~ N HE
Send N — oo and use the continuity of h to get the statement of the theorem. O

If hg is the leading eigenfunction for L4 the transfer operator in (X g, o) then the
leading eigenfunction h} of L agrees with hs on Xg. This is Lemma 6.1 of Lalley.

The theorem follows from a sandwiching argument of the renewal function N*(T, z)
between N (T, x) with appropriate parameters. A similar argument will appear in the

next section.

Combining the asymptotic for N*(v/2cosh T, () with the identity 2 coshd(j, gj) =

|g]|? yields Theorem 2 which we restate here:

Theorem 10. For fired R > 3, there is a 6r € (0,2) so that
#(Tr N Bx) < X%r

as X — o0.
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Chapter 5

Counting Geodesics with Congruence Conditions

Here we combine the work of Bourgain, Gamburd, Sarnak in [BGS11] with the expan-

sion idea of Bourgain, Kontorovich, Magee in [BKM] to estimate
#{g € TrRN Bx : g =w mod ¢}

for some w € SLa(q) (recall that SLa(q) := SLa(Z[i])/(q)).

In order to detect congruence classes we introduce a new space of functions F,(3g x

SLa(q)). If f, defined on X x SLa(q), is continuous in each variable, we can define

1/2
1flloo :=sup | > If(@9)f | .
* \gesLa(g)
1/2
var, f := sup Z |f(a,g) — f(b,9)|? ta;=0b;forall0 <i<n
9€SL2(q)
vary, f
| flp = sup — .
n 1Y

Then F,(Xg x SLa(q)) = {f € C(Xr x SLa(q)) : || flloo < o0, |f|, < oo} with norm
ll-lp =1"1loc + |-y is a Banach space.
Before defining the action of the transfer operators on this space, we must explain

how the action of (g, o) extends to SLy(q). Recall the definition of f in (X, f) :

PR o CES )

o S() <S(l=)

Locally, i.e. when restricting to the interior of a part p € P, we may represent the

action of f as a fractional linear transformation:
’ 2]
. 0 -1 —i 0 1 -z
/ |p =
10 0 i 0 1
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where j € {0,1} reflects whether rotation is necessary for the image to be in the upper
half-plane. Moreover, the inverse of f |p is well-defined and represented by a fractional
linear transformation in SLo(Z[i]).

We now introduce some notation and operations on ¥y in order to describe the

preimages of an element under o. Let

I :={(p1,...,pn) : Di <> pi € Pr, f(pi) D pi+1}

be the set of admissible words of length n. We denote concatenation of two finite words

with ||, i.e. for a = (ay,...,a,) € ™ and b= (by,...,b;) € T,
allb=(a,...,an,b1,...,bg)

If a, and by satisfy the subshift rules, then we say the concatenation allb € T+ is
an admissible one. Concatenations of the form a||b are also well-defined for b € X
as long as a is a finite word. In order to describe finite words which give admissible

concatenations we set

[y =={a €T": z[al|y is admissible},

T

Iy :={a €I :a|y is admissible}.

While y may be an infinite word, we must have x a finite word for the definition above.
For a € Xg, we now write o~ 1(a) = {b|ja : b € T} and for each bla € o7 1(a)
denote the inverse branch of f at b|la as g,. In other words, g, € SLy(Z[i]) satisfies
g(m(a)) = w(blla) and f(blla) = 7" 0 g, o 7(blla) = a.
We are now ready to describe the congruence transfer operators:

M. f(z,9) = > e f(a]l; gag).

a€l'y 2

5.1 Bounding M, in the Supremum Norm

We will exhibit cancellation in the iterates of the transfer operator

z T((l
MY f(a,9) = 3 55719 f(a]la gug)

aelly
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by treating the prefix and suffix of a € T'Y separately. Let N = M + R and for any
beTM define

zSNT(b|lal|x zSy7(bllal||x) ,zSkrT(al|x
= Y eSOl § 2 Surleln) 2Ser(alle)g

ag, I} ag,I'%

mq(9ga)

where 7, : SLa(Z[i]) — SL2(g). In order to decouple M and R, we need a lemma which

2S5y (bl|al|z)

reassures us that the value of e does not change much for fixed b and varying

a. We first establish a property of the system (S(X)g, f) called bounded distortion.

Lemma 3. For fized R there is some C = C(R) so that for any p € Pr

f//

I < C.

sup
zZEp

= (2)

Proof. From the definition
1o =1y (5 - 12)

we have that both |f/(2)] = 25 and |f"(z)| = 25. Since we have fixed R all of the

E E

parts in Pg lie in an annulus (bounded away from 0), the bound follows. O

Bounded distortion leads to the following estimate for Birkhoff sums

Lemma 4. For any two x,xg € ¥ and b € Fﬁ‘ff N I‘% we have
Sy (bllx) = Sarr(bl||xo) (1 + O(1)).

Proof. For 0 < k < M both 7(c*(b||z)) and 7(c*(b||20)) are in the same cylinder Cokp)
which has diameter at most zik

The Mean Value Theorem combined with bounded distortion yields

15w (7 (0l|)) = S (7 (bl|zo) |<Z\T (bl|x)) = 7(o* (b]|0))]
< Zlog!f o*(bll2))| — log | f'(m (" (b]lx0)))

M

<" Cln(o* (b)) — w(o* (b]|xo))|
k=0

<C 3 1 <.

= 2k
k=0
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Returning to our estimation of the measure pp, we pick an arbitrary ag € bff and

the lemma gives

wy < CezSMT(bHaOHw) z ezSRT(a||z)6

ac, 'R

7q(ga)

5.1.1 Expressing 1, as a convolution

Now for a divisor L of R, break each a € bFf into subwords of length L, i.e. write each

a = ay| ---||a, where l(a;) = L. Then

Y essarale)y oo 5 essir(alaal-loro)zSuralal-larli) . e2Surlarlo) s
q\Ga

mq(ga)
ag,I'R ae,I'R

For each a;, we will further decompose the word as a long prefix (of length L —4) and

(

a short suffix. Write a; = aiL74) ||a£4). In order to separate dependence on the suffixes,

_ RCa. . .
we replace e2St(@illaitill-larlle) with e#Se(@illeiy “l) where z; € Tp is some arbitrary

admissible choice based on az(f_fl). Since we will be replacing many of the weights in

y, we need to sharpen the estimate from the previous lemma. In particular, since

W(Jk(ai|’a§i1_4)”$i)) and 7(c*(a;|lait1] - - ||z) are in the same cylinder Colala =

(aiHa¢+1 )

for 0 <k < 2L — 4 we have

L—4 a
Sur(@ilacll - orlle) = Ser(alalfy Vllea] < 575

Hence making the substitution for each of the » — 1 subwords (no substitution is nec-

essary for ar) gives

[ r
_ 1, (L—4) )
s Cez(r‘fl)Q L Z ] IezSLT(azHaH_l [|zs) 57Tq(ga.)

ae,TR Li=1 |

T

z(r—1)2—L zSr7(a; oL T;
=Ce ( ) Z H€ pre o les) [67Tq(9a1) * 67Tq(9a2) Kook 67Tq(9ar)]'

ac, IR Li=1 ]

Instead of decomposing a into subwords of length L, we would like to start with
subwords and determine which concatenations are admissible. We may choose a € bff

in the following way:

1. select agL%) e ;=% and oL

7

€ T'L=% for the remaining i = 2,...,.
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(4)

2. select ar4

)

4 o
€ CL(L_4)Fi and az( € a(L“*)Fi(.L“" for the remaining ¢ =1,...,r — 1.

1—1
The effect is to separate the sum into an outer sum depending on the prefixes of length
L — 4 and an inner sum of the suffixes of length 4. We will also distribute the product

Spr(aillaly )] :
[H;l PP LT @ill% I } into the convolution:

zSpr(arfaf” o) g [eSerarlle)
> > [6 ? Omg(gay)| * " |€ Ortg (gar)
a§L74),...,a$L74> a§4),‘..,a$«4)
= > S essertarlay” V) g x|y el
Wq(gal) Wq(gar)
a§L74),m7a£L74) ag4) a£4)
Define

Na T,
Ny = ZeZSL(a]HajJrl |xj)5ﬂ'q(9aj)
(4)
J
as a distribution on SLy(g). Our first observation about the measures 7; is that the

(“4) ~(4)
j sa

ratio of any two coefficients is bounded. For two admissible a;; ™, ;

L—4 4 L—4 L—4),~(4 L—4
Sur(al™ Vol llal liey) = Sur(al Y@l llal ey

L—4 ~ L—4
< O +|Sar(a? a1V 2;) — Sur(@lalfy ey

The two cylinders Ca(4>, Ca(4> may be disjoint. However, the distance between them
j j

is still bounded since they lie in S(X) C {z +iy : |z| < 1/2,0 < y < 1/2}. So an
application of the Mean Value Theorem gives that the second term in the inequality is

less than some universal constant. In other words,

L—4 4 L—4 L—4),~(4 L—4
oSl VeV lali Y lles) _ geSeralt TV las afiy >ij>(1 +0(1))

So the coefficients of the sum defining 7; are nearly flat. In order to establish an

expansion result for n;, we will also need the following:

Lemma 5. For any j, pairs of admissible suffizes of a§L74) of length 4 generate all of

SLy(Z[i]). Specifically, for any two letters i,j € Pr, we have
<7T(a)7r(d)_1 ta,a € Z-F?> = SLy(Z[1])

where 7 : X — SLa(Z][i]).
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Proof. Write a = aqasasas and a = &aadsdas where i||al|j and i||al|j are admissible.
Note that ¢ only places a restriction on a7 and &7 and j only places a restriction on ay
and @4. In order to reduce the number of cases we must check, we will select a; = &y
and a4 = &4 to maximize the number of options for the middle two letters.

Recall Figure 4.1 represents the image of a part in P under f . The image of a
single part will be a union of the parts in various regions. For instance a full square
part will map to all of the even regions or all of the odds, while a ‘sliver’ part will map
to (1),(2),(7), or (8). Each of the eight regions contains at least one full square part.
Select the letters a; = @1 and a4 = d4 corresponding to that square part. The effect

is that we may choose any ao, a3 and ao, &3 so long as:
1. agl|as is admissible,
2. asllas is admissible,
3. a9 and &y both come from the same quadrant (i.e. the both correspond to parts
in the positive reals half-plane or the negative reals half-plane).

! satisfying the above

Therefore, it suffices to show that the elements (asas)(q2ds)™
conditions generate PSLy(Z[i]). (Recall that (S) = (&5 ") for any generating set S.)

In the following table, we present a list of matrix equations of the form
m = alag[a3a4]_1a5a6[a7a8]_1.

The first four equations all have a1, as, a5, a7y corresponding to parts in the right quad-
rant. The last four equations have them in the left quadrant. Below each equation is
a figure showing the part corresponding to each matrix. One can refer to Table 3.1 to

ensure that each pairing ((1,2), (3,4), (5,6) and (7,8)) is admissible.

Table 5.1: Admissible Generators

The Right Quadrant



S [ 16

7,8

[ 1] 2,415




The Left Quadrant
11 0o -1\ (o -1\ [fo -1\ [0 -1\]
) R [
0o —1\ {0 -1\ [fo -1\ (0 -1
(26 C )0

o R G [ [ (e 1 G |
L e e
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3
7,8/ 6
N\
1.5 N 24
- —1
- —1 0 -1 0 -1 0 -1 0 —1
0 7 1 —1+:2 1 2 1 -3 1 3 1
_ -1
0 -1 0 -1 0 -1 0 -1
*
1 —6 1 2 i 1 -2+ 1 2
7 1
N
5 3 [ 1] 68 |4
- —1
-3 1 0 -1 0 -1 0 -1 0 -1
-1 0 1 -1+ 1 2 1 -2 1 242 ]
_ —1
0 -1 0 -1 0 -1 0 -1
*
1 -2+ 1 2 i 1 -2 1 3+:
5 1
7
4 8
<
3,7 [ 1] 26

We claim the previous calculations suffice to show that the suffixes generate SLa(Z[i]).
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The canonical generating set for PSLy(Z[i]) is
T, = , T = ) Q = ) S =
01 01 0 1 1 0

In both cases, we gave combinations for 71 and ). For T;, we appeal to the following

identity

Since we have the full group of translation matrices in PSLo(Z[i]), it is enough to find

a matrix of the form

S
-1 0
which is the last equation for each case (the left or right quadrant.) O

5.1.2 Expansion via Selberg’s 3/16 Theorem

We are now ready to prove the expansion theorem for the 7;’s defined on page 30. For
each square-free ¢, we have the product representation SLo(q) = le ¢ SLe (p) which

gives rise to the following decomposition for functions defined on SLa(q):

Ly(SLa(q)) = P Ey

q|q

where

Ey :={p:SLs(q) = C]
e(g) = wld) if g =4'(d),

(p,10) =0 for all ¢ € Egn such that q”|q/ and q” < q/}

We first treat one E, at a time, and then assemble them using Fourier-Walsh decom-

position (see Section 5.3 on page 42).

Theorem 11. If ¢ € E,, then

[nj % @lla < (1= C)l[njll1[[l]2
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Proof. First, we retrace the standard steps to rewrite ||n;*¢||3 in terms of a convolution

operator. By definition,

|Inj * @[3 = (nj * @, mj * ¢)

<ZB (4)67rq (aj) *90726 (4)57rq >

(4) a®
a; a;

where we have

zS 7(ajilla T
Ba(“) — L7(aj]lal J+1 Y i)
J

Expanding the square gives

i =ella=>_ D8, @0, (a;) * o(k)

keG (4)

=> Y B0 B0 hmglag) ™ Do (kmg(d;) ™).

ko, (0 %
J’]

L4
(=)

(Recall that a; = a;

(E=4) Ha§4).) We reorder the following sums as

4)
a; and a; = a;

= el =32 3" B,B,we(knga o\ N (kmg(a@l) ™)

ko ,@® (4)
J?
=32 X Bunbymelhmglag”) mg(@)e(k).
k (4) (4)
J ’J

Now, from Lemma 5 and the analogue of Selberg’s 3/16 theorem for congruence sub-
groups of SLa(Z[i]) (see [Sar83] or Theorem 6.1 in [EGM13]) we deduce that for any

“) , d§4) so that

¢ € 12(SLa(q)) there is some choice of ag, ag € a;

|74 (a0)7q(@0) ™" * ¢ — @[z > €ll]lo-
The law of cosines gives
LN 2 oo
qu(ao)ﬂq(ao) Ly — "OH =2-2 <7rq(ao)7rq(ao) Ly o, g0>

and so

ﬁaoﬁdo <7rq(a0)77q(&0)_1 * ‘10> < ﬁaoﬁﬁo(l - 6,)”90”2'



We separate the ag, ag term from the rest of the sum as follows

/
Injxells < > B,wBwllell2 + BaBao (1 — )l
J J

a§4) 7a§_4)

Since we established earlier that f,; = Ba; (14 0(1)), this gives

[l % @113 < (1= O)llns 3113

Apply Theorem 11 to each n; and we have

Corollary 1. For ¢ € E,

Z |:eZSLT(a1Ha‘éL_4>”xl)(5ﬂ-q(gal):| - [ezSLT(aer)(;Trq(gar)} *

R
ac, '} 9

,
PR C s SATp
<=0y | 3o JTIerrietesa Ty el

aebl"f =1

Next, we exploit quasi-randomness of SLy(q) to get a bound for yy.

Theorem 12. For R =< log N(q) with py, as defined previously on page 28, we have

[l % plla < CN(g) ™|l 11|42
for any ¢ € E.

Proof. Recall
Uy = Z eZSNT(bHallz)(gﬂq(ga)
aEng
Define
V= e%ZSMT(b”aOHx) Z G%ZSRT(a||m)5

aEng

7q(ga)
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We established earlier that |uy] < Cv. Corollary 1 and bounded distortion yield the

following bound for v:

S RSl ol <o) [ 3D eS| g,

R R
a€E bF$ 2 ac be
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and therefore ||v * ¢||2 < (1 — C)"||v||1]|¢]l2-
Define A as the convolution operator ¢ — 1 * . First note that A acts on E; since

it’s a linear combination of convolutions with delta functions. Since A*A is self adjoint,

we have tr(A*A) = A\ + ... )\|2G|_1.

M mult(\) < tr(A*A)

=D ((A74)%55,5,)

geG

= > [l * o * 6|13

geG
= |GI[|iw * 1|3
< C|G|||7 = v|5.

where fiy(g) = ip(g~ 1) and a similar definition applies to v. The multiplicity of A equal

(@)

to the dimension of the eigenspace is at least ¥ by the Fobenius lemma. So

~ 1/4
GIHV*VII%) "

All, :max)\l/2<C(
|| ||p — N(q)

We bound ||7 % v||2 by introducing ¢ = §, — ﬁlg. Observe 9 € I2 and ||¢]|2 < 1.

|0 xv||l2 = ||7* v *de||2

el
|Gl

<P xv* =l + ([T * v 9]

[Iv|I3
‘G’l/Q

< W[y * 9.

Since ||v *¥||s < (1 — C)||v||1, we can choose R = C"log q to get ||7* v||2 < gﬂ/'; O
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5.1.3 Applying Theorem 12

Now we would like to use the previous bound on our congruence transfer operators
defined on page 27. Rewrite M7 as

M7 f(x,9) = > 57 f(a)l; gag)

acl'?

= 373 eSerleln) fp) ]| gygag)

ael’M beT' it
= Z Z esSnTClalle) £(p| |2y ghgag) + O 1£l,0™ Z o35nT(allz)
a€l} bel' B a€l'y
where x, is arbitrarily chosen as long as b||x; is admissible. We will frequently use the
fact that for s < dr and the transfer operators defined in the non-congruence setting

we have

1£01(x)| = | > el < ag

acl'y

Filling this in for the second term in our bound for the congruence transfer operator

gives

M f(z,q) Z Z " eliell) £ ()05 gogag) + O (’f‘pp Bts)

bel'R ¢ Fi”

= > [+ F(bllze; 9))(9) + O (| flpp™ M) -

belR

If f(b||zp, gp-) € Ey, then we are in position to use the bound for ju:

[l % £ (Blla; gor)l2 < ON(a) ™[ [1]].f (Bllzo3 9oy < ON(@) |1 [1][.f]] -

For any b € I'®,

lialh = | 3 oot

ag, Ik 1

< Z e5SrT(bllal|z) osSaT(alz)
ag, I}

<C’esSRT(b||a0Hw)’ Z ‘GSSMT(CL”‘T”

aGbFf

< CeéﬁssaT(bHao||ﬂ3)££81($).
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Apply this bound for each summand in M7,

M7 flloo < ON(q) =1/ Y ToSmr@llaoled || 221 (2)|  [1£]loo + O flp0™ Nis)

belk

< ON(g) " |L51 (@) ool Flloo + O™ Aihs)

< ON(@) Mgl flloo + O f1op™ Aiky)-

5.2 Bounding M, in Variation

Now, we need to bound |M[ f|,. Suppose z,y € ¥ and w € rtn Flzj’

|MZ f(wllz; g) — M f(wlly; 9)| =

IN

_.I_

S STl fafwla, gag) — eS0T f(alwlly, gag)
acl'?,

S Sl (£ (al|wl|z; gag) — f(allw]ly: gag))

acl'?

> (erelvlle) — gzshrlelelv)) falluw]y, gag)|

acl'?

For the first term, we note that a||w||z and a||w||y agree in the first n + k letters so

> eI (flallwllz; gag) = flallwly: gag))| < [Flop™ 3 |eiell]

acl'?

acl'®,
< [ flpp™ L1 (wl|x)

S’fbpn+kA$r

For the second term, we will use a similar approach as before. Decompose I'* into

'@ I'™M and decouple:

Z (e#nTlalwliz) _ ezSur(allwlv)y £ (g |w|ly, gag)

acl'®

- Z Z (ezsnT(bllanHw) _ eZS”T(b”““wHy))f(b||a||w\|y;gbgag)

ael’M beT'R

— Z Z (ezSnT(bHanHm) - ezsnT(b”anHy))f(b||56b;gbgag)

acl'M bel'R

+0 ‘f‘ppM Z (ezsn"'(anHx) _ eZSnT(CL”’LU”y))

acl'n
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For the error term, we estimate
Z (ex5nallwllz) _ gzSnr(allwlly)y < Z |ezSnrallwllz)) ] _ e#(SnT(allw]iz)=Sn(alwly))|
a€l'n aeln
For the first term, we use the eigenvalue bound. For the second, we use the fact
that m(al]|w||z) and 7(a||w||y) are in the same n + k cylinder combined with bounded
distortion (i.e. |(S,7(allw|x) — Sn(aljw|y))| < C27k.) This gives

Z (e#9nmallwliz) _ gzSur(allwlly)y o O (1 + [Sz2])27F,
acl'?

5.2.1 Applying Theorem 12 Again

For each b € I'g define

Ly = Z (eT"(bllallwllx) — eT"(bllallwIIy))(gﬂq(ga).
ag, M
The same proof as before follows through for jup, as long as R < log N(q), to yield the
following for ¢ € Eg:
[l % oll2 < CN(@)™* |l [l -

Referring to the proof, we note that the u;’s have slightly different coefficients in the
corresponding 7;’s:

= (e

o

) )

. S 1oL~ .
lz;) _ e” L(ajlla]+1 |$]))5ﬂ'q(a]‘)'
However, the important property of ‘nearly flat coefficients’ (i.e. that the constant for
each summand varies by at most a constant ratio) is preserved. Returning to the bound
for M, we have

IMZfl, < ON(q)™ > Il 11 flloo + O Flop™ (Mg (1 + [S21)27F + AEF)).
bel'R

For each py, we have

ol < Z |ezSnTlallwle)| |1 — g2(Snr(alwllz)—Sn(allwlly))| O (1 + S2])27F|e*Srbllze) |

acl’M

So finally we have

M flp < ON(@) T AR Flloo (L4 192)27F + [ £pp™ My (1 + [S20)27% + [ flop™ A"
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Recall also our bound for ||[M? f||c:
(1M flloo < ON(@) N4 Flloo + 1™ Ak

We assume n > log N(q) because we needed R = clog N(q) and n = M + R. Thus, we

have

|M2 fl, < CARN(g) ™41+ |S2) ([ flloo + ™21 )

1M flloo < CNEN(@) ™41 flloo + 221 f1,)-
Further, take n ~ logq + C'log(1 + |Jz|) and we have
1M flloe + ™ 2IMEflo < NgN(@) ™41 1o + 0™11,).
Iterating the inequality yields

1M fllp < MFEN(g) ™™ *N(g) (L + S]]

5.3 Fourier-Walsh Decomposition

We would like to extrapolate from the previous bound (valid for f € E, C L?(SL2(q))) a
bound for any of the non-constant level subspaces. In particular, recall that Lo(SLa(q)) =
@®,, Ey- We temporarily denote Ey inside of L2(SL2(q)) as Ey (g) in order to compare
Ey(q) with Ey(q’). This decomposition extends to one for C'(Xx x SLa(g)), namely
C(Sk x SLa(q)) = P C(Sk, E
q'la
1. M., 4 preserves the subspaces C(Xg, Ey) because
Mo f(z,) =Y W) f(a]la, ga-)
a€ll
and g — gog is an automorphism of SLy(q) for each a. So the right hand side is

a linear combination of functions in C(Xg, Ey).

2. The natural projection from SLa(g) to SLa(¢’) extends to the subspaces Ey(q)

and Ey(¢'). In particular, f € Ey(g) and the corresponding fe Ey(q') satisfy

|SLa(q)|

Hf||L2(q) = ‘SL (q/)|’|f|’L2
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and if we denote the norm || - |[, o on F,(2r, E;) we have
1SLsy(q)|
Hllpg < f
I7la < 32 s

3. M, q(l ®f)=M,q (1®f) i.e. the projection is equivariant under the appropriate

congruence transfer operators.

These three properties allow us to decompose a function f = Zq/‘q fq where f, €
C(Xg x Ey) and apply our bound as if fy is in F,(X, Ey(¢')). Assume f; =0, i.e. f
is orthogonal to the constant function.

5.3.1 Small Imaginary Part

For small imaginary part (|S's| < N(q))

SLQ q SLQ 6] —m/(4n 2
> ' M Tllog < D ' ST N (@) NG+ (S8l
14 |q 1#4'|q

|SL2 q —enyn
>~ Z | L2 q/)| (q,) ||fq Hq
1#4'|q

< N(@)“e "N f1lq

where we used that Hf:]/||q/ < ||f|l; and that the number of divisors of ¢ is at most

N(q).

5.3.2 Large Imaginary Part

For large imaginary part (|Ss| > N(q)), we have

|SL2 q)| |SL2 )| - )
2\ 1sLatg)MEallog = 2 A {57 (g MN@ T TIN@) A+ ISl
1#4'lq 124 |a
1SLa(q)] ¢ —en!esNED
‘1; 15T S T Nl
919
ey log N(q")
< ||f’|q|%2‘c)\§%z Z e " 1ogg\sqz| .

1<N(¢’)<|Sz|
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To bound the sum, observe

—enlsN@) —log N(p)
Z e log [ Z<H< +eXp< W —1

1<N(g")<[S2] plg

_ ., Jog N(p)
< exp (Ze E”logluz) ~1

p

i —en log s
< Cexp e logls: | — 1
s=2

€
< e log [Sz] |

We have shown the following:

Theorem 13. For f orthogonal to the constant functions, there is some € so that

. Na) e "Ny lIfll,  192] < N(g)
||Ms f”p S

ISs[Cem ST I f]],  |S2] > Mg)

Now, in order to find the region of analyticity of (1 — M,)~!, we recall that z — ),
is holomorphic in a small neighborhood of 6z and As, = 1. In particular, this means
there is some ey such that \p, < e/2 for all Rz € [0, —0 + €2]. We can also find €3 so

that for z satisfying Rz € [—d,—0 + 63W1%z‘] we have
€/2 et
)\%Z < e log [Sz] .

For z in both regions, we have that (1 — M,)~! (restricted to the space orthogonal to

constant functions) is holomorphic and bounded by

11 = )7l < (N(g) + 32 .

5.4 Fourier Analysis of the Renewal Function

Similar to the previous chapter, we introduce a counting function which satisfies a
functional equation relating it to the resolvent of the congruence transfer operator M,
on F,(Xg x SLa(gq)). To incorporate the congruence aspect, we define

Ny(X,a.g,f Z > gblla)f(mg (D)1, rpla)<x}-

n=0bel'n
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where g is a function on g, f is a function on SLy(q), a € X, and X > 0. The

renewal equation is

Ny(X,a,9,f) = > No(X = 7(blla), blla, g, p(mg(b)) f) + g(a) f(1)Lio<x)
berl

where p denotes the right regular representation of SLa(g). In particular

p(7q(0))f(2) = [(zmq(D))-

The Laplace transform

[e.9]

Fy(s, a9, f) = / N, (1, a, g, f)dt

—00

satisfies
SF(](Svaagv f) = (1 - MS,Q)_I[Q ® f](a’)
Observe that Ny(X,a,g, f) is linear in f and so is its Laplace transform. The main

contribution to Fy(s, a, g, f) comes from the constant term and this analysis is a straight-

forward extension of the previous chapter since
Ny(t,a,9,1) = N(t,a,g).

The contribution from functions orthogonal to constants is bounded using Theorem 13.
As in [BGS11], we can choose a smooth nonnegative function k£ on R such that

[ k=1, supp(k) C [1,1] with the following bound for its Fourier transform

h(€)] < Cexp(—|€['/2).

For some small parameter «, we define

Note that [k, (¢)| < O exp(—|7¢['/2).
Inserting the smoothing function gives
[ee) 1 ~
/ ky(t)Ng(X + t,a, f)dt ek, (s)(I — M) 'ds.
—o T 2mi Sr+iR
Theorem 13 allows us to shift the contour by

Sp+it — —6p+ —min (1 1 Tt
- i - —min |1, ————— i
R RTa log(1 + [t])

and gives
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Theorem 14. For ¢ € L*(SLa(q)) with (p,1) =0,

7/2 1
‘/ N(T +t,¢,a)dt| < N(q)7~ exp (min <1’ ] T>> ellell2-
Og;

v/2
5.5 The Finite Renewal Function

As in the previous chapter, the geodesic count comes from an analysis of a lattice point
counting function which is close to our renewal function N, for large sequences. The
strategy is analogous to [Lal89] or [MOW17].
We define
Ny (X,a,g,f): Z Z (bll@) f(mq (b)) s, 7+ (blla)< X}
n=0bel'n

where a € ¥, UX (see Section 4.3 for the definition of the space (¥* U X, o) and 7x.)

To count geodesics with congruence conditions, it suffices to provide an asymptotic for

N*<T7®7 1767rq(g)) = #{b € E*R ‘9 =9 mod q7d(jagbj> < T}

= #{be X% :gy=gmodaq,|lg| < V2coshT}.
Iterating the finite renewal equation yields

N*(Xv a?Q:f) = Z N*(X - SHT*(b)?bag7p(7Tq(b))f)
bel'n

+Z Z (blla) f(mq(0))1{s,r+my<x} + 9(a) f(1) 11 x>0}-

k=1berk
As X — o0, the second line does not change. For each summand corresponding to

b € I'? in the first line we can find ¥’ € ¥y to sandwich between the two terms
N (T + 27"k — S, 7%(t), 1, g, p(m4 (b)) f) = NG (T = Sp7*(b), b, g, p(mg (b)) f)-

So, it suffices to analyze N, (T+27"F S, 7*(¥'),V, g, p(7q(0)) 1 r,(g)}) (sending n — oo

to get the final theorem). Let ¢ = Omy(g) and write

<‘Pa 1> /
= 1+
7T Shalg)] 7
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where (¢’,1) = 0. Then we have

0 (p,1) 1 / -
Ex@)N(T +t,a,p)dT = — e*F(s,a,1)k\(s)ds
/oo ABN( °) ISL2(q)| 27i Js4im ( JFA(s)

1 .
— e F(s,a,¢ )kX(s)ds.

2mi Jsir
Observe Ny(T,a,1) = N(T,a) where N(T,a) is the renewal function defined in the

previous section. We established in the previous section that
N(T —0@27N),b) < N*(T,a) < N(T + 0(27),b)

when a and b are in the same N-cylinder. So the first term is N*(T',a) + O(eT(‘;*C)).
Since Ny(T', a, g, f) is increasing in T, we have
v
NQ(T_ ’y’ a)guf) S / k’y(t)Nq(T_{—tvaug) f)dt S N(T+/yva’ag7 f)

-

Sending v — 0 and appealing to Theorem 14 gives
1
Ny(T,a,9,¢") < N(q)(e7" 4 emeT)eOn,
After renaming constants, we have shown Theorem 4 from the introduction:

Theorem 15. For each R > 8, there is some absolute spectral gap ©r > 0 and absolute
constants cr,Cr > 0 such that for all square-free q € Z[i] and w € SLy(q) we have the
estimate

#('rN Bx)

cl'rNBx:g=wmodgqg} —
#{gcT'rNBx:g q} SLa(0)]

<gr #(TrN Bx)E(q, X)
as X — oo, where

ecrViog X N(gq) < Crlog X

N(g)“rX~9%  N(g) > Crlog X
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Chapter 6

The Growth Parameter g

Recall from Chapter 4 that we proved the following asymptotic
#T'p N By < X%~,

The exponent dp was the unique solution to the pressure equation
P(s) =logA\s = 0.

In other words, the function s +— Ag (where Ay is the maximal eigenvalue of L5 on s € S)
is strictly decreasing in s and A5, = 1.

We will make use of the fact that dg is arbitrarily close to 2 as R — oo in a later
section. Therefore, we now show that § = 0(R) — 2 as R — oo. In order to proceed,
we need to consider the action of the transfer operators on a different space where it
becomes easier to compare L, g for varying R.

Previously, we have considered transfer operators on the subshift of finite type
(Xg,0). In order to show that ég — 2 as R — oo, we will need to compare the
dynamics in (X g, o) to that of the subshift on a countable alphabet (X, o).

Recall the set of admissible words in the countably infinite alphabet P is
Y :={(p1,p2,.-.) :pi € P, f(pi) D pit1}.
We work in the space of Hélder continuous functions F, (%) with the norm
-l =11 Hloo + 1+ o-

Also let Foo(X) be the space of continuous functions endowed with the sup norm.

Consider the infinite transfer operator

Losog(x) = > e Wg(y)

yeXio(y)=x
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where the distortion function 7 is the same as before: 7(y) = log|f'(7(y))|. In order to
establish that L o is a bounded linear operator, we need that s7 is summable, i.e.

<sup e_ST(y’C)) < o0.

yeE! TeEX

In the interior of each one-cylinder, f is defined as f(z) = (—=1)¥(1/z — |1/2]) and so
|f'(2)] = 1/|z|?>. This bounds our weights by

e TV < ey )7,

For each lattice point in Z[i] falling in X', we have between two and six adjacent one-

cylinders. This gives

Z <Sup e—sr(yz)) <6 Z sup |w|—2§Rs <C Z |Z|—2§Rs‘

cpl \TEX 2eZi] /3 2€Z[i]/{0}
Y |2|>2,32>0 hw=zl<1/
Z| 24,8522

So, for s7 to be summable, it suffices that s > 1.

In place of the irreducible and periodic properties of the finite subshifts (Xg, o),
we must now have that (X, 0) is finitely primitive. In other words, there exists some
k and finite subset W C E* such that for each i,j € E' there is some w € W such
that iwj is admissible. This is clear from the proof we provided for the irreducibility of
(XR,0). We divided the one-cylinders into eight regions, each containing a full square.
The image of each under f contained two squares which in turn maps to the full region.
Thus, we can choose W C E? of size 16.

With these properties, we may apply the Perron-Frobenius theory for subshifts on

a countable alphabet. See [MUO1] or [MUO03] for proof of the following theorem

Theorem 16. For the infinite transfer operator L, ~, as long as fs > 1, we have

1. The spectral radius of Ls acting on either Foo or F, 18 Mg o0 = eP(s7)

2. Xso 18 a simple eigenvalue and has a corresponding eigenfunction hs o € F, C

Foo which is positive.

3. The remainder of the spectrum on F, is in a disc centered at 0 with radius strictly

smaller than s .
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where P(sT) denotes the pressure function:

n—oo N =)

1
P(s7) := lim — log Z (sup eSS"T(”’”)>.
weEm

Note that the topological pressure P(s7) is increasing in s and there is a unique 0.
Combining [Sul84] with [Ser81], we have that this value is the critical exponent 6(I")
which is equal to the Hausdorff dimension of the limit set of I' which is 2 (since the
limit set has non-zero Lebesgue measure). Thus, Ag oo = 1.

Information about \s g will follow from Keller-Liverani Perturbation Theorem (see
Appendix A of [PU18] or [LV9S8] for proof.)

We will work in the setting of the two norms || - |[cc < || ||, in the Banach space

Fy(X). Define
QI = sup{[|Qflloo = Ifllp < 1}

and consider a family of operators P, compared to some ‘limit operator’ P. The next

theorem will require the four following conditions:
1. There are C, M > 0 such that for all k,n € N,

1P |oe < CM™

2. There are C1,Cs, e > 0 such that for all n, k € N,

1B fllp < Coa[[£]lp + CaM™[|flloo

3. If z € 0(P,) N B°(0, ), then z is not in the residual spectrum of P,.

4. |||Py — P||| — 0 as k — oc.

Although the full Keller-Liverani Perturbation Theorem provides more refined infor-

mation about the spectrum of Py and P, we only need the following
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Theorem 17. Assume the family {Py}ren and P satisfy conditions (1)-(4) above. If
A is a simple, isolated eigenvalue of P, then for every sufficiently large k, there exists

a unique simple eigenvalue A\ of pr such that

k—o0

We will apply the theorem to the following family: L, rf := ES,R[lE}%f]. In other
words, we’ll only sum over the one-cylinders in ¥ . Conditions (1) and (2) follow from

||L8,R

by our choice of || - ||o in F,(X). In particular, the unit ball in F,(X) is || - ||co-compact

loo < || Ls,00|loo and ||Ls r|loo < ||Ls,colloo- Condition (3) is automatically satisfied

by Ascoli’s theorem (see [PP90].) Therefore, we must now only establish property (4).

6.0.1 Perturbation estimates for large alphabets

Assuming Rs > 1, we have

I(Lsoe = Lsw)f @)l = || D WD f(y]a)

1\ gl
yeEN\E, oo

<Clflle > 1272

z€Z[i],|z|>R—1

|1 f1]oo
<07R )

So the Keller-Liverani perturbation theorem implies A\s g — A5 o0 as R — 0o when
Rs > 1. Since A2 oo = 1 and Ay, R is analytic in s for fixed R we have that the solution
to As,gr = 1 lies in an epsilon neighborhood of 2 for large enough R.

Finally, we must relate the eigenvalues of £, g on (£, 0) to those of L, on (Xg,0).

It suffices to show that

n—oo N =) n—oo N, erR

1 1
lim — log Z (sup eSS”T(‘*“”)> = lim — log Z <sup eSS”T(“’”Z)>
weER cEY,

(P1) = (P2)

since the left hand side is the log of the lead eigenvalue for Ly g on (X, 0) and the right

hand side is the log of the lead eigenvalue of L on (Xg, o).
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Combining the fact that the diameter of an n cylinder is at most 27" with bounded

distortion, we have

sup eSSnT(UJHI) = sup eSSnT(le‘) + OR(2—7’L)
zeX IEEER

where the bound is uniform over w € E}, for fixed s. Inserting this into (Pp) gives

sS, T
3 e, SUPgen, €57 w1E)
CZ’LUEE}% 2™

For w € E} and = € Xp, bounded distortion yields |e*%7(l2)| € [(1/R)?%s, (1/2)2%].

1
(P1) = (P2)+ lim —log (1 +
n—soo n

So,
(P) = (Py) + lim % log <1 40 ((2)71)) — ().
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Chapter 7

Construction of the Multilinear Sifting Set

Recall from Chapter 3, that the set of finite admissible words

Sh={(p1,.-,pn) : pi <> pi € Pr, f(pi) D pit1}

represents closed geodesics in SLo(Z[i])\H3. Specifically, when we restrict to aperiodic
words in ¥} we have an exact correspondence. In order to detect whether a geodesic
is fundamental, we will need to use the correspondence between closed geodesics and

hyperbolic matrices in SLa(Z[i]). We define

7 Xp — SLa(Z][i])
at— f|ca
where C, is the cylinder py, N f~1(pa,) N -+ N F7*7(pg,,) and f, the Pollicott map,
acts as a fractional linear transformation locally on that cylinder. Therefore, we may

express the correspondence between X}, and closed geodesics (as primitive hyperbolic

matrices in SLa(Z[i])) as
Ir:={m(a):a € Xh,a is aperiodic}.
In order to develop an asymptotic estimate for
#{w € Tp : tr}(w) — 4 square-free , ||w|| < X}

we will use the multilinear structure coming from 7.
In order to construct a large set of geodesics with the desired expansion properties,
we specify the general expansion result from a previous chapter, so that we have a fixed

radius R and corresponding spectral gap ©:
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Theorem 18. There is an absolute © > 0 (fixed throughout the remaining sections)

and ¢,C > 0 such that for any square-free q € Zi]

#('s N By)

#{yeTsNBy :v=amodq} = S2(0)

+ O (#(I'sN By)E(Y, q))

as Y — oo where

e~evieeY  N(g) < ClogY
E(Y,q) =

N@)°Y=® N(q) > ClogY

We also have from Chapter 4 that #(I's N By) < X2%. In order to increase the size

of the sifting set, we embed I'g inside a larger subset of geodesics. In particular, define
o :={a € Xy :7(a) € Bx}, Qo :={a e Xy :7(a) € Bz}
while
Ng:={a €33 :7(a) € By}

We would like to construct a set which is the product of =g, Ng, and 2y such that any
combination of three elements from the respective sets gives a unique geodesic. To this
end, we recall the notation from page 27. Specifically, if al|b denotes the admissible

concatenation of two finite words. There are two possible issues we must address:
1. For each & € 5y, a € Ny, w € Qy, the concatenation £||a||w may not be admissible.

2. For each £ € Ey, a € Ny, w € Qp, the concatenation {||a|lw may not be unique.
Since the length of words in 2y, R, ()9 may vary it is possible that the same product

may occur at different concatenation spots.

To avoid (2), we establish a uniform length of the words in Qy and Z¢. For (1), we will
add a universal transition between £ and a as well as a and w.
In I' g, wordlength is commensurate with the log of the norm. Specifically, for a € X%

we have I(a) =< ||7(a)||. Since

there is some [, so that

E:={a € Xgla€Eyl(a) =1} CE
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has size > X207 /log X. Similarly, we can find I, and
Q:={a:a€XglacQ,lla) =1} CQ

of size > Z?0r [log Z.

Finally, we address the issue that £||a||w may not be an admissible concatenation in
¥%- Recall from Chapter 3 that (X g, o) is irreducible and aperiodic as long as R > 3.
In the course of proving these properties, we showed that f 3(p1) D po for any two states
in p1,p2 € Pr . Therefore for any two words a,b € X% there is a word ¢ of length 3
such that al|¢||b € ¥%. Note that ¢ only depends on the final letter of a and the first
letter of b. So we can arbitrarily choose a dictionary of three letter words ¢ such that
a||¢||b is admissible and abbreviate the new word as a||b. Thus, we define our sifting set

as
1= {¢lafw: £ €Z,aeR we Q.

Since 7(Z) C Bx,n(R) C By, m(Q) C By there is some universal C' such that 7(II) C
Beon where N = XY Z.

Write

Ul = D L2 ir(ep—azo} = D D Lrie(@)=t()}

well t mod q well
*=4(q)
= Y Y5 & X dutn(=) -
t mod q wEH q\N ) x(q)
*=4(q)

where Z is a sum over real ¢ and Z ranges over all characters of Z[i]/(q) of order

qIN(q) x(q)
q. We will now separate the sum into characters of small and large order.
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Chapter 8

Small Divisors

We estimate

- Y 3 g 2 Tttt 0
t mod q well q|N(9) x(q)
t2=4(q) 7<Qo

Expand from the definition of the sifting set II and partition N into residues classes in

SLa(q):

M= Y 5 2 te(an) ~1)

t mod q (£aw)€Tl aIN(q) x(q)
t2=4(q) 7<Qo

-y Z 522 X X -0 > 1
t mod q {EE q|N q) x(q) ap€SL2(q) a€R
12=4(q) WEQ 4<Qo a=ao(q)

Now, using Theorem 18 from page 54 we write My = Mél) + r((q) where

M= Y S sY > Tl X Mal©an() - 1),

t mod q (€T q|N ao€SLa(q)
12=4(q) WEN q<Qo

()= 3 Z N 2 X X win(n(©am() ~ NE@.Y),
t mod q £€X q|IN(q) x(q) ao€SL2a(q)
t2=4(q) wEN q<Qo

First, we address |r(1(q)|:

> )< D E ¢'q“Y~® < [M|(log Q)*QF Y~ °.
N(q)<Q N(q)<Q qIN(q
q<Qo
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Back to ME,”, we want to sum over all divisors of ¢, not only the small ones. So, we

reintroduce the large divisors by writing Mgz) = Mgl) + 7 (q) where

H
M= S S sz @]

Z x(tr(ao) — 1),

t mod q q|N q) x(q) ap€SLa(q)
t°=4(q)
|11
r@(g) = ) 7( > Z | ( I > xltr(ag) — ).
t mod q q|N(g) x ap€SLa(q)
t2=4(q) a>Qo

Observe that we collapsed the sums over ¥ and €2 since they only reindex the sum over
SLa(q).

Now, define

pi(p) = Z > x(tr(x(v) — t)

’YESL2(P) x(p)

1
B [SLa(p)| Weg(p)(N(p) = Dlt(r(n)=t} + (=D fta(r () 2400))
N(p) (#{7 € SLa(p) : tr(7(y)) = t(p)}) — [SLa(p)|
[SLa(p)| '

Lemma 6. Fort = +2 mod p,

#{7 € SLa(p) : tr(m(v)) = t(p)} = N(p)?

Proof. We may as well assume ¢t = 2, the case when ¢t = —2 is similar. We partition
a b

v = into two cases according to whether or not ¢ = 0:
c d

1. ¢ = 0: In this case, we must have ad = 1 hence a +d = a + a~' = 2. This only
happens when 22 — 2z + 1 has a root in Fy. Examining the discriminant, we see
that there is exactly one solution. So, there’s only one choice for a and d. There

are N(p) choices for b.

2. ¢ # 0: There are N(p) — 1 nonzero choices of ¢. In this case, there are N(p)

choices for a after which d is determined. The determinant equation implies

b=ctad—1).

Combining the two cases, we have (N(p) — 1)N(p) + N(p) = N(p)? total matrices in
SLa(p) with trace 2. O
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Therefore, we have

NP - (NG -N@) 1
PO =TGR - Ne) NpE T

We can rewrite

1+Pt (1+pu(p))
SEI R L) ) (RRTSIREC 2
t mod q plq pla
t?=4(q)
Above, we used the Chinese Remainder Theorem to count ¢ mod q satisfying t* = 4(q).
Aslong as p # (1+i) we will have 42 are distinct which gives two solutions to t? = 4(p).

If p=(1+1i), then we only have one solution.

Finally, we bound Z 17 (q)]. Note that |p(p)] < ﬁ SO
q<Q

) < r@llgs X g < MRt o
qla

q>Qo

Then 3 [r®(q)] < \H|§.
N(g)<Q 0
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Chapter 9

Large Divisors

We first need to establish the existence of a smooth cutoff function which will allow us

to extend sums over Z and 2 to all of SLa(Z[d]).

9.1 Spectral Theory of the Laplace Operator

The Laplacian A = 22(0,y + Oyy + 0.) — 20, acts on L*(SL2(Z[i])\H?). There are a

finite number of discrete eigenvalues in [0, 1):
O=X< M <" Ag < 1.

In [1,00), there is the continuous spectrum as well as the remaining part of the discrete
spectrum (see [Sel56] or [Sar83].) For the congruence subgroup I'(q) we have the ana-
logue of Selberg’s 3/16-Theorem: A1(q) = §(2 — &) > 3/4 (see [Sar83] or Theorem 6.1
of [EGM13] for proof.) In other words, ¢ < 3/2.

Denote G = SLy(C), K = SU(2), V := L*(I'(¢)\G)

V= @ wev'
A;<6(2—06)

where V), is a complementary series representation of parameter s; and V1 does not

weakly contain any complementary series representation of parameter s > 6.

The following is standard, see [BK14] or [KO11].

Theorem 19. Let © and (7, V') be a unitary representation of G which does not weakly
contain any complementary series representation with parameter s > ©. Then for any

right K-invariant vectors W1, Wy € V

[(7(9)- 1, W2)| < [|g]| 72| Wy |[| 2|
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as ||g|| = oo.

We pick a nonnegative smooth bump function ¢ satisfying |, G/K 1 = 1. The support
of ¢ is in a ball about the identity of (tiny) radius 7. For large X, we define our indicator

function on SLy(C) as

ox(g) = /G/K /G/K Lyt gy Ui o) dha s,

With 7 small enough, we have

,

1 iflgll< (1-ox

ex(9) =10 if |g]] > (1+ €)X -

€ [0,1] otherwise

\

Since the support of px is within a ball of radius (1 + €)X, we have the following

> ox() < #{y € SLa(Zi]) : |l < 1 X} < X*
+€SLa(Zli])

Now, we wish to establish that ¢ x assigns roughly equal weights to residue classes in

SLa(p).

Proposition 1. For squarefree q and vy € SLay(q), we have

1
= — + 0O X3).
2(Z[i]) £€SLa(Z4])
£=0(q)

We follow along with the proof found in [BK14].

Proof.

Yo oex(©= ) @x(ﬂo)Z/G/K/G/K D L teha<xy P () (h2)dhydhs.
)

£€SL2(Z]i]) 7€l (q v€l(q)
&=v0(q)

Define

Fohg) = D Ln-1qg)<x)s
v€l(q)

To(g) = Y ¢(vg),

v€T(q)

Vano(9) = Z 1/)(70_1’79)

v€l(q)
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so that we have the following identity (via a standard folding and unfolding argument):

Z ex (&) = (Fg: ¥q ® Vg )q
£€SLa(Zd])
£=70(9)

:/ Lijin<xy(m(h).Wq, Wq ) qdh
G/K

Where (-, ), denotes the inner product on L*(T'(q)\G/K). Now, decompose the matrix

coefficient into the following

=/ 1{||h||<X}<7T(h)-‘1’q!V»‘I’q;yoV>qdh+/ Lgay<xy(m(h) - Yqly L, WaqglyL)gdh
G/K G/K

where |1 denotes projection onto the old forms and V* is orthogonal.
Claim 1: (m(h).Wqlv, Yo0lv)g = gy (T(h)-Wilv, P lv)1
If gogq), ... ,gol(q) denote the oldforms for the spectrum below ©(2 — ©), then we can

rewrite them as normalizations of the eigenfunctions at level one:

1
S0 — 0

The rest follows from folding and unfolding.
Claim 2: [/ 1inl<xp(m(h)-WglyL, Wgpg s )qdh < X7
Since 7 is fixed and ¢ has ’bounded’ support, we have SU,|;,1 < S¥ <« 1 (and

similar for ¥, ). So, Theorem 19 gives

/ Linii<xy [l*~1dh < X°.
G/K

Thus, we have shown

1
Z px(§) = m@(@-%h@ W10 lv)1 + O(XP).

When we use the same argument, setting ¢ = 1, the theorem follows from

Z ox (&) = (m(h). V1|, U1ylv)1 + O(X?)
£eSLo(Z[4))
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9.2 Character Sums

Proposition 2. Suppose q is a rational prime and q lies over q, x : Z[i] — S has

order q and & € Z[i)* satisfies (€,q) = 1 (component-wise.) We have

D Xqls-6)] < Na)*2.

s€SLa(q)

Proof. We may as well assume y # 0(q), otherwise we could alter the following argument

on s.

a b
We now partition all s = into two cases, either ¢ = 0 or ¢ # 0. If ¢ = 0(q),

c d
then ad — bc = 1 implies d = a~!(q) and b is anything. Since b ranges over all Z[i]/(q),

we have

Z Xq(s-&) = ZZXq(aac +by+atw) = qu(ax +a tw) qu(by) =0.
a(q) b(q)

s€SLa(q) a(q) b(q)
c=0(q)

On the other hand if ¢ # 0, then we can pick any a,d which imply b= ¢ (ad — 1) so

!/
> Xals =30 3 xglaz+ e (ad — L)y + ez + dw)
s€SLa(q) c(q) a,d(q)
#0(q)

/
= Z Xqlcz — cly) Z Xq(ax) Z Xq(d(cflay + w)).
c(q) a(q) d(q)

Now, note that

0 a# —cy tw
Z xq(d(cray +w)) = v wl) )

d(q) N(q) a=—cy tw(q)
Hence
D Xals-€) =N(a) Y xqlez — ¢ y)xg(—cywa)
c(q)

s€SLa(q)
c#0(q)

=N(9) Y xgle(z =y 'wa) — e 'y).
(a)

Now, since y # 0, we have a nontrivial Kloosterman sum (or perhaps a Ramanujan

1

sum if z — y~twz = 0.) Regardless of whether ¢ is split or inert, we have

1K (xq; a,b)| < 2N(q)/2.
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When ¢ splits, this is just the Weil bound. When ¢ is inert, see Theorem 5.45 of
[LN97]. O

From Proposition 2, we have the following

Corollary 2. For square-free q, x a character of Z[i]/(q) of order N(q) and (§,q) =1

we have

> Xqls-&)| < N(q)*?.

s€SLy (q)
Proof. Pontryagin duality allows us to express x, as a product of characters of prime

order. Apply Proposition 2 to each term. ]
Now, we combine this bound with our indicator function ¢:

Proposition 3. For square-free ¢ and a x4 character of order N(q), we have

> ex(xgls &) < N@) 2 X+ Ng)*X*.
£eSLa(Z[i)])

Proof. Partition over residue classes over q and apply Proposition 1:

S exOxels =1 D> xe(v-s) D ex(©)

£€SLa(Z[4]) ¥€SLa(q) £€SLa(Z[4])
&=7(q)

_ s x4 33

=| 2l gy ON@X

N(q)3/2+6X4
N(g)?

< + N(q)3Xx3.

9.3 Large Divisors

Define

- X % 5 © St -

2= 4q)weH qIN(q) x(q)
q>Qo
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Our goal is to bound

N(a)<Q N(g)<Q
where the sum ranges over square-free Gaussian ideals up to norm Q and ¢(q) captures
the argument of r(q). In order to interchange the order of ¢ and q in £ we introduce

¢(a) "
= — —t)1 S
Cl (Q7 T) q Z q) Z Xq( t) {xrezlil/(a)}
N(q) t?=4(q)
N(a)= 0(q)

for real ¢ and r € (Z/qZ)* . Insert (; into &:

= > Z > X tr(n(@)))(g, 7)
Q0<q<Q ) well

where the sum is over all square-free g € [Qo, Q].

We now restrict our attention to short intervals in ¢ and fixed a € R, i.e.

£1(Q.a) : Zchq, )Y D x(tr(n(faw)))

a=Q |r(q) £eX weN
/
=Y G@) Glar) YD x(tr(r(¢aw)))
a=Q r(q) ey we

where we introduced (2(q) to capture the absolute value of each term. Now apply

Cauchy-Schwarz in the £ parameter:

& < 21D Gl ZCNL > x(tr(r(€aw)))

£eX |g=Q weN
The support of 7(X) is within Bx, so we replace sequences in ¥ with matrices in Bx

as follows

P <IZ Y ex(M [ Gl Zﬁq, > xg(v - m(aw)

v€SL2(Z[3]) =Q r(q) weN

where we have replaced the trace of 7({aw) with the dot product « - m(aw) since

tr(m(faw)) = Y m(&)im(aw)s ;.

Z‘?j
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Opening the square, we have

&P <21 0> G(@)G(g,r)(@) ()
29" 1(q)
"(d)

S ex(Nr- mlaw) (= - wlaw))

w,w’ yeSLa (Z[i])

/!

< QB> > ex()xg(y - wlaw))x (—y - m(aw'))]
a4" (g) ww' |yeSLa(Z[1])
r'(q")
We would like to combine x4 and x,. Let ¢ be the least common multiple [g, ¢'] and

q1 = 4/q, ¢, = 4/q" be the primes distinct to ¢ and ¢’ respectively. If b = (q1)~!(¢’) and

vV = (¢}) "1 (q) we have

Xo (- mlaw))xg (= - mwlaw')) = xq(€ - (rsb'm(aw) — r'qribm(a))).

If s := r¢ib'n(aw) — r'q1br(aw’), then we may not have (s,§) = 1. So, remove common
factors to get (s',q0) = 1. If go = ¢/qo represents all the factors we removed from g,
then notice

rqib'm(aw) = ' q1br(aw’) mod gp.

Multiply (on the left) by m(a)~! € SLa(do) to remove m(a). Take determinants of both

sides and since det(7(w)) = det(r(w')) = 1, we get
(rgit")? = (' q1b)* mod go.

NOW7 (jO|(Qa q/) S0 (qlanU) = (Tlv(f(]) = (bv qAO) =1 Slmllarl}’a (qllblra qAO) =1. SO, we can
find some w such that

¢, b'r = ugqibr’ mod gy

which satisfies u? = 1(gp) by the squared congruence relation above - there are only N¢
such u. We also have 7(w) = um(w’) mod gp.

Back to our estimate of £1, partition the sum over ¢ and ¢’ via their least common
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multiple as follows:

a@alr<i=Y. Y Z )

7=Q q1qidogo=q¢ u(do) r(q) r(q")

w=1(@)  abr=uqibr ()
Z Z Z @X(f)XQO (5 ’ S) .
w'eN weN £eSLa(Z]i])

m(w)=um(w’)(do)
Since the support of 7(£2) is in Bz, we replace the second sum over Q with one over

SLQ (Z[Z]) via Yz

a@al<i=Y. S Y Z >

G=Q q14} dodo=4 U(Qo r(q) (q")

u?=1(go) q1 b’ r=uqibr’(do)
Yoo D ez D ex(Oxal€ )]
w'eQ  BeSLa(Z[i]) €€SLa(Z[i])

B=umn(w’)(do)

Now, we apply our bounds for the smoothing function @ x:

saP<EY Y Y Y Z i L\I(Zci;“zg]’

§=Q qiqidodo=q u(do) r(q)
u?=1(qo) qb'r= uthb?‘ (do)

[N(qO)_3/2+EX4 + N(Qo)?’Xﬂ :

There are at most N(q) choices for r and then g((;];)) choices for /. Therefore,

4
‘gl(Qa |2 < |Z’ ZNe Z Q QO>|Q’ |:N(Zqo>3 +Z3:| |:N(q0)_3/2+6X4+N(qO)3X3] )
G=Q

q090=4

to insert |Q|Z~2% and

Now, we use the fact that |Q] < lfg%Z and similarly || =< log X

2| X %

B 1 1 1 Q8
2 < NQYSPIQP (X 2)2Y AR R A
£1(Q, a)|” < NQ7|Z[7€]( ) - N(g) [N(g)1/? T 7 + X
<N(§)<Q?

So, we get the following

Theorem 20.

(@) < NQISIIRICEZY | Sl + 1+ ]

Q1/4 + Zl/2 + X1/2

Summing over a and @ gives



Theorem 21.

£ < N|(X2)*°

1

1

Q4

Q'

+

71/2 +

X1/2

67
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Chapter 10

Sieve Theorem

We have
Uyl = B(a)T| + M (q) + @ (q) + r(q)

where

> 1rV(g)] < ml(log @) (==Y + QFY ),

N(g)<@Q
(2) < Hg’
> Pl < IQ0

N(g)<Q

e 25 1 1, @
N(qz);Qv(q)y < NM|(XZ) (Qg/‘* +om Tz

Recall that ¢, C' and © are fixed constants coming from Theorem 18 page 54. By our

construction of the sifting set (in which Z and Q depend on R but X does not), as we

send R — oo we can get §r arbitrarily close to 2 while ¢, C, and © remain constant.
For (Y (q) and r®(q) we need y > 0, ap > 0 and agC < yO, where z 4y + z = 1.

For r(q) we need

ap/4> (v +2)(2 —-90),
2/2 > (x+2)(2 - 9),

x/2> (x4 2)(2 —9) + 8a.

Observe from the last inequality that taking z near 1 and dr near 2, we must have
a < 1/16. In order to achieve this level of distribution, we set « = 1/16 —n and assume
for now that 6 > 2 — 7. In order to have |TII| > N2°~" we set z = 1 — 1.

For the remaining parameters, we set

n zC 5z
= oap=2

“Tiyce VT e 6
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so that apC < y©. Moreover if 6 > 2 — z/5 =2 — W we have

z/2>a0/4:§>§>2—5>(x+z)(2—5).

Hence the three inequalities for r(q) are satisfied. We get a power savings in each error
term except r(!) where we save an arbitrary power of log. This proves the level of

distribution for the following

Theorem 22. For sufficiently small i, there is a large enough R so that U has level
of distribution Q = TY¥=1_ In other words, there exists a multiplicative function

B : Zli] — R satisfying

1 log 2\ ?
[T a-son <o)
w<N(p)<=z

for any 2 < w < z and a decomposition

|Uq| = T1B(q) +r(q)

so that for all K

1]
Yoo )l <k g
square-free q log N
N@)<Q
Moreover, when
X =Nt
we have
I > N2,

Proof. We must show that the sieve dimension is 2. The following summation formulas

for primes in arithmetic progressions are consequences of Mertens work in [Mer74]:

1 1 1
Z —=—=loglogn+ By + 0O ,
p 2 logn

p<n
p=1(4)

1 1 1
E —=—loglogn+Bs+0 | — .
p 2 logn

p<n
p=3(4)



70

For Gaussian primes, we only need the first equality:

1 1 2 1

Z —— =+ Z -+ Z — = loglogn + O(1).

Nz NR) 2 p p
p)<n p<n <Vn
p=1(4) p=3(4)

Since B(p) € (0,1) for all p, we have

[T a-80p) " =ep|- DY logl- 6(10)))

w<N(p)<z w<N(p)<z

o0 k
oz £

w<N(p)<z k=1

k
S mp))exp( > 2/3(;)).

w<N(p)<

The second exponential is negligible since
k 1 >
gy 2073 ple
1 B(p)*
P )

0P, WP
< 221(24)21 ) +p§3(:4) )

b(:p):i<1+x21_1>.

Since Y, b(n)? converges and (1—(n))~! — 1 partial summation gives S < co. Hence

where we have defined

II a-8m)'<Cep ( > /B(P))

w<N(p)<z w<N(p)<
2
< Cexp Z —
( <N N(p))
w<N(p)<z

1
< Cexp <2log (lc())ggj;)) .

O

From Theorem 22 and the Fundamental Lemma of sieve theory (see Lemma 6.3 of

[IK04]) we have the following:



Theorem 23. Define
Map = {w e I : p|(tr*(7(w)) —4) = N(p) > N°}.

We have
#I4p > N2,

71



72

Chapter 11

Final Estimates

We have the lower bound
#1Lap = #{w € I1: p|(tr*(n(w)) —4) = N(p) > N} > N7
On the other hand,
#{y € TrN By :(tr?(n(v)) — 4) is square-free}

> #{y eTlsp : (tr’(7(y)) — 4) is square-free}

> N2 — fy e Hap - (tr%(n(7)) — 4) is not square-free}.
We will examine the last term
55 == {y € Ip : (tr}(n(7)) — 4) is not square-free}

more closely. If v € TI5p, then we can find a prime p with p?|(tr?((y)) — 4). On
one hand, tr?(7(y)) — 4 factors as tr(n(y)) & 2 so N(p) < N2, On the other hand,
5, C Il4p implies N(p) > N<. Therefore,

#1135, < Z Z #{y€TrN By : tr(n(y)) =t}

Na<N(p)«N1/2 N(t)<N

12 —4=0(p?)
< ¥

2
N2+6 < N4fa+e
)
Na<N(p)<N1/2

N(p)?

where we trivially bounded the trace multiplicity, i.e.

#{y €TrN By :tr(n(y)) =t} < #{s € By : tr(s) = t} < N?*<.
So, as long as 20 —n > 4 — a + €, we have:
Theorem 24. There is an R such that as N — oo we have

#{y e TrN By : t(n(7)) — 4 is square-free} > N2r7.
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We now select discriminants which contribute the most to the count above. Define
T := {t € Z[i] : t* — 4 is square-free}

and

Meg(t) = #{y €Tr : tr(n(7)) = t}.
Proposition 4. For any n there is a large enough R so that

Z 1{MR(t)2N(t)26R_2—2n} > N26R727’r)'
teT
NH)<N

Proof. The previous theorem gives

N2 < N Mpn(t)= > Man(t) (1{MR,N(t)ZW}+1{MR,N(t)<W}>
T

S

teT t
N(H<N N(H<N

where W is a parameter of our choice. Trivially, we have Mp n(t) < N, So,

N25R_77 < N2+€ Z 1{MR,N(t)2W} +N2W

teT
N()<N

Now, set W = N20r=2-21 and the claim follows. O
For any € > 0, we can find 7 small and R large so that
20r—2—-n>2—¢

The choice of R gives our compact region (geodesics do not visit the cusp when their

symbolic encodings have small entries.) We define
D:={D=1>—4:tecT, Mg(t) > N(t)®r"2"21}

which gives a subset of all fundamental discriminants. The previous claim gives us a

lower bound for the number of these discriminants:
#{deD:Nd) <T}>#{t € T : N(t) < TY? Mpg(t) > N(t)?0r=2-21}
> (T1/2)25R—2—n

> T,
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Moreover, for each discriminant d € D,if d = t*> — 4 then
2—e 2—e 1—¢
Mp(t) > N(t) > /N(D) > |Cp|
Thus, after renaming constants we have proved Theorem 1, which we restate here:

Theorem 25. For any e > 0, there is a compact region Y (¢) C T\H? and a set D(e)

of fundamental discriminants such that
#{DeD(e): ND)< X} > X" X = o0
and for all D € D(e),

#{v€Cp:vCY(e)} >|Cp|.
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