
	                                            Math 572 Rutgers University Spring 22 Prof. Alex Kontorovich

lasttimei How random is a a and p

fer p 70 Up Rep a Haw
Lebesgue.nl

viiEI'Sfioi.coe.n
qiaaai.EFFEi

top ftp.qq.j4
lm.nl Ikin Akita pf E

mink
efantant tp NH

1 deeds 20

Sfm n P Kloosterman mtlgoiGnHk7jpfm.nr sum modular analogue
tgke.lyfYufNeedbounds to Kloosterman sin Tripuri bound

I Sfmnip E
p
l EP I Need capturecancellation

2nd Exponential 1 um

Idea Embed in a family take moment open square

ftp.pffqegp SCkiliPlT Eep afpjeplahtaelT

ftp.E.epepcaktaelepfsn sey.la
E

I a I 1a
P G is

151mmpH E p Worse than trial



Try 4th moment Effi q
t5 ff IT

skinpit E
µ
IschlD

if p
qeqeplaktadepfottselepc.ee

dkel6utT faaI cnn.ir ttais aiP htat5IFix ab p choresIEount fftdaf.GEfixed
Tat bCapua d c gcd

d
Ia b

pchores

59ctd o.chsecpchonej ddey9tP
ca a h

ftp.I.a.at tu dIIYa ia
sdnsep.p.ir p2 y.yc

eq
ISkie p l un p p p

dropallstone ISCup p p

Need to add that G go
trial

4

in i i i i



t.ee

niI ii i ni i
iP 15cm n pl Ep lsk.n.ptccP

Kloosterman 1927 Weil 19405 G p't
Eb6n

y Savings Up m weak

How random 17 modular multiplication

ye a a b woop Graph Ep tayo nod 1
If b generator Moe general

rear Congnential Pseudorandom nurser generator

If e to get long as pess.de cycle need b prmrae
I b 32 S3 to I randomness of the sequence

is by problem cryptosystems
Most naive test of a Menu 7
serial correlation of pairs bk b modp

Look at graph at CF kp

y



Took f 7919 I need

ii

Why is this happening look at slopes

Tn partialquotas

ETI Coni is i 5 0

5128

Gf 19111,516 1,747

i o
looked at f n

Ine fo l l



In[1]:= m = 2 ; n = 9; p = Prime[100]
ListLinePlot[ReIm /@ Table[

Sum[Exp[2 Pi I ( a m + PowerMod[a, -1, p] n) / p], {a, 1, b}]
,
{b, 0, p - 1}]]

Sum[Exp[2 Pi I ( a m + PowerMod[a, -1, p] n) / p], {a, 1, p - 1}] // N
Sqrt[p] // N

Out[1]= 541

Out[2]=
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Out[3]= 32.9874 + 0. ⅈ

Out[4]= 23.2594

In[5]:= p = Prime[1000]

Out[5]= 7919

In[6]:= PowerMod[root = 5125, (p - 1) / 2, p]

Out[6]= 7918



In[7]:= ListPlot[Table[{k, PowerMod[root, k, p]}, {k, 1, p - 1}], AspectRatio → Automatic]

Out[7]=
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In[8]:= ListPlot[Table[{k, Mod[k root, p]}, {k, 1, p - 1}], AspectRatio → Automatic]

Out[8]=
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In[9]:= ListPlot[Table[{k, Mod[k 11, 17]}, {k, 1, 17 - 1}], AspectRatio → Automatic]

Out[9]=
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In[10]:= PowerMod[root = 5128, (p - 1) / 2, p]

Out[10]= 7918

In[11]:= ListPlot[Table[{k, Mod[k root, p]}, {k, 1, p - 1}], AspectRatio → Automatic]

Out[11]=
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In[12]:= ContinuedFraction[5125 / 7919]

Out[12]= {0, 1, 1, 1, 5, 28, 1, 15}

In[13]:= ContinuedFraction[5128 / 7919]

Out[13]= {0, 1, 1, 1, 5, 6, 1, 3, 2, 7}
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In[14]:= ListPlot[Table[{k, Mod[k Fibonacci[20], Fibonacci[21]]}, {k, 1, Fibonacci[21] - 1}],
AspectRatio → Automatic]

Out[14]=
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In[15]:= ContinuedFraction[Fibonacci[20] / Fibonacci[21]]

Out[15]= {0, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 2}

In[16]:= FromContinuedFraction[{0, 1, 1, 1, 5}]

Out[16]=
11

17
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