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The functional equation (Euler 1749...)



The functional equation (Euler 1749...)

(1� 2s)⇣(1� s)

(1� 21�s)⇣(s)
=

��(s)(2s � 1)

(2s�1 � 1)⇡s
cos(s⇡/2)



The functional equation (Riemann 1859)



Analytic continuation (Riemann 1859)



Contour pull (Riemann 1859)



Plot of ⇣(1/2 + it)
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Plot of ⇣(1/2 + it)
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Plot of ⇣(1/2 + it)
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Plot of ⇣(1/2 + it)
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Plot of ⇣(1/2 + it)
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Plot of ⇣(1/2 + it)
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Plots of ⇣(3/5 + it)
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Plots of ⇣(3/5 + it)
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Plots of ⇣(3/5 + it)
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X

n<X

⇤(n) = X � log(2⇡)� 1

2
log(1�X�2) �

X

⇢

X⇢

⇢
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In[1]:= Show[Plot[Zeta[s], {s, -10, 10}, PlotRange → {{-10, 10}, {-1, 2}}]
,
Graphics[Point[{2, Pi^2 / 6}]]
,
Graphics[Point[{-1, -1 / 12}]]

]

Out[1]=
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In[2]:= Plot[Zeta[s], {s, -10, 10}, PlotRange → {{-10, 1}, {-.1, .1}}]

Out[2]=
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In[3]:= Zeta'[0] / Zeta[0]

Out[3]= Log[2 π]



In[4]:= Plot[{Sum[MangoldtLambda[n], {n, 1, x}]
,
x - Log[2 Pi]

}
, {x, 1.2, 20}]

Out[4]=
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In[5]:= ZetaZero[1] // N
ZetaZero[2] // N
ZetaZero[3] // N

Out[5]= 0.5 + 14.1347 ⅈ

Out[6]= 0.5 + 21.022 ⅈ

Out[7]= 0.5 + 25.0109 ⅈ

In[8]:= kthContr[k_, x_] := x^ZetaZero[k] / ZetaZero[k] +
x^(1 - ZetaZero[k]) / (1 - ZetaZero[k])

In[9]:= Plot[kthContr[1, x], {x, 1, 20}]
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In[10]:= Plot[kthContr[2, x], {x, 1, 20}]
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In[11]:= Plot[kthContr[1, x] / x^.5, {x, 1, 20}]

Out[11]=
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In[12]:= Plot[{Sum[MangoldtLambda[n], {n, 1, x}]
-
(x - Log[2 Pi])

,
-kthContr[1, x]

}
, {x, 1.2, 20}]

Out[12]=
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In[13]:= Plot[{Sum[MangoldtLambda[n], {n, 1, x}]
-
(x - Log[2 Pi])

,
-kthContr[1, x]
- kthContr[2, x]

}
, {x, 1.2, 20}]

Out[13]=

5 10 15 20

-1

1

2

In[14]:= Plot[{Sum[MangoldtLambda[n], {n, 1, x}]
-
(x - Log[2 Pi])

,
-kthContr[1, x]
- kthContr[2, x]
- kthContr[3, x]

}
, {x, 1.2, 20}]

Out[14]=
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In[15]:= Plot[{Sum[MangoldtLambda[n], {n, 1, x}]
-
(x - Log[2 Pi])

,
-Sum[kthContr[k, x], {k, 1, 30}]

}
, {x, 1.2, 20}]

Out[15]=
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In[16]:= Plot[{Sum[MoebiusMu[n], {n, 1, x}], Sqrt[x], -Sqrt[x]}, {x, 1, 10000}]

Out[16]=
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