ON THE DYNAMICS OF A CONTACT STRUCTURE
ALONG A VECTOR FIELD OF ITS KERNEL

A. BAHRI AND Y. XU

INTRODUCTION AND STATEMENT OF RESULTS

Let M?3 be a three dimensional manifold and a be a contact form on M. Let v be a vector-field
in ker a which we assume throughout this work to have a finite number of non degenerate periodic
orbits and also a finite number of circles of zeros.

Let us consider near a point xq of M a frame (v, e1, e3) transported by v. ker a defines a trace
in Span (e, e3) generated by u = a(ez)e; — afeq)es. The fact that a is a contact form translates
into a property of monotone rotation of u along v-transport, see [1] Propostion 9 p 24 for more
details. Thus, given a point yo € M and the v-orbit through 1o, there is a definite amount of
rotation of ker o on the positive v-orbit and on the negative v-orbit.

It is natural to ask whether these amounts are infinite and the answer to this question is
negative since one can produce (see [1 Section 12]) non singular codimension 1 foliation transverse
to contact structures. If v generates the intersection of the tangent plane to the foliation with
the kernel of the contact structure, the amount of rotation has to be less than 7 on any positive
or negative v-orbit.

On another hand, having an infinite amount of rotation for all half v-orbits can be quite useful:
introducing the dual form § = da(v,-),a and (3 are transverse, both have v in their respective
kernels. If ker o rotates infinitely along v, so does ker 3. ker § could have some reverse rotations
but it must essentially be a contact form with the same rotation than «.

When [ is a contact form with the same rotation than «, a very interesting framework sets in:
we introduce the space L5 = {z € H'(S', M) s.t. 8,(i) = 0} of Legendrian curves of 3 and also
the more constrained space Cg = {z € Lg s.t. a(&) = a positive constant}.

On Cg, the action functional J(z) = fol o, (2)dt has the periodic orbits of £, the Reeb vector-
field of «a, as critical points (of finite Morse index).

The variational problem is not compact (there are asymptotes) but one can nevertheless, after
the construction of a special flow [3], define a homology related to the periodic orbits of £ [3]. It
is therefore interesting to establish, given a contact structure «, that one can find a vector-field
v in ker a such that the amount of rotation on each half-orbit is infinite.

We consider hence vector-fields v in ker o which have an w-limit set reduced to their periodic
orbits and their circles of zeros i.e. essentially Morse-Smale-type vector-fields (with lines of zeros
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allowed). Near the attractive orbit of v, after possibly perturbing slightly, v, an infinite amount
of rotation is warranted on all half v-orbits attracted by this periodci orbit of v. There is a similar
statement for the repulsive periodic orbit.

On the other hand, one can produce models of hyperbolic periodic orbits for v and models
of contact forms having v in their kernel such that the amount of rotation of ker a along these
hyperbolic orbits is finite.

This type of orbits is called in this paper “bad hyperbolic orbits”. They do not allow to set
the variational problem J on Cg properly. Ideally, we would like to get rid of them or to the least
to be able to consider the variational problem J on Cg away from these bad regions. In order to
achieve this goal, a natural idea which comes to mind is to use the large rotations available (after
perturbation possibly) near the attractive or near the repulsive periodic orbits. A diffeomorphism
would then redistribute this large rotation over other regions of M, for example around the bad
hyperbolic orbit. In this way, the bad hyperbolic orbit could be “surrounded” by a large rotation
of ker o along v, either coming from the attractive orbit or from the repulsive orbit.

This approach has a defect: it does not keep bounds. The price to pay for redistributing the
rotation from the attractive or repulsive orbit becomes exponentially high with the amount of
rotation.

The bounds carefully built [2] on the L!-length of b as we deform curves of Cz along a pseudo-
gradient for J (one of them is “curve shortening flow” which we do not use because of its “bad”
behavior at blow-up) and which rely on a bound from above on 7 = —da([¢, v], [€, [, v]]) collapse.

We need therefore to find another way to introduce a large rotation. We consider two nested tori
surrounding the attractive orbit for example. We introduce a second order differential equation
which takes the form:

[v, [v,€]] = =€+ (s)[€, v] — 7 (s)ds(&)v.

The unknown is ¢ and the solution provides us with an extension of a. This differential equation
has a unique solution under the condition that we should match « (up to a multiplicative constant)
on the boundary of each torus. This differential equation, with v properly re-scaled, generates a
large amount of rotation. We may introduce this rotation and keep the existing periodic orbits
of & unperturbed. Some new ones may appear but they are precisely localized and they appear
in canceling pairs. Furthermore, the bounds on all relevant quantities to the variation problem .J
on Cy (on |fi|, |dfi| see [2] or T from above) hold, unchanged.

This is the first part of this work. The relevant results are described in lemma 1, corollary 1,
proposition 1, 2 and their corollaries. The results can be summarized in the following theorems:

Theorem 1. Using the second order differential equation introduced above, o can be modified
between two nested tori Ty C T surrounding either the attractive or the repulsive periodic orbits
of v so that ~v is identically zero on a smaller subinterval. Furthermore, no new orbit of € is
introduced in the process.

Theorem 2. On the time interval where 7y is identically zero (corresponding to Ty — Ty, where
Ty C Ty are the nested tori), a can be modified into an such that ker ay completes at least N
full rotations on the time interval and ayn extends outside of To — T into «.
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Furthermore, after re-parameterizing v into vy such that da(vy, [En,vN]) = —1 (here {n is
the Reeb wvector field of apn, this rescaling takes place outside a fixed neighborhood of the bad
hyperbolic orbit),

™~ = dan([En,vn ], [En; [En, vn]])

is bounded above independent of N. Choosing a connection on M,

N, EN] N, on], [Envs on]En and [En, vn].[ENv, vN]

are bounded transversally to vy .

We then move, in the second part of this work, to set the variational problem J on Cp using
this large rotation.

We introduce a “Hamiltonian” \ = e2- %% g, is a measure of the rotation of ker a completed
at a given point on a v-orbit originating at the boundary of one of the tori. A\ is localized near
the stable and unstable manifold of the bad hyperbolic orbit. Replacing o by Aa, we build
“mountains” around the bad hyperbolic orbit i.e. regions where the Reeb vector-field of A« is
extremely small while the action is large. We prove that the bound from above still holds on T,
independently of A and that the variational problem J on Cg, can be defined. Furthermore, we
consider compact subsets of Cg, enjoying bounds independent of A. Under decreasing deformation
along the flow-lines of the pseudo-gradient, these compact sets never enter small preassigned
neighborhoods of the bad orbits.

This holds in particular for all the flow-lines which start at the (unperturbed) periodic orbits
of £&. The definition of our homology follows and is independent of A\. The results of the second
part which have described above can be found in Proposition 4,5,6,7 of the second part of this
work entitled conformal deformation. We can summarize them in the following theorem:

Theorem 3. A can be built so that setting & = A and re-scaling v into © such that do(0, [é, 7)) =
—1 outside a presribed small neighborhood of the “bad hyperbolic orbit” O, we have:

T = da([g, ], [é, [5, 0]) < C, where C is independent of N, independent of the amount of
rotation introduced and the spreading of this rotation around the ’bad hyperbolic orbit’ (embedded
in the construction of \);

it)Considering a fized index kg, the periodic orbits of the Reeb vector field & of ag of index
ko, ko+1,ko—1 (which are also periodic orbits of é) and their unstable manifold in Cg, the curves
on these unstable manifolds do not enter a fixred small neighborhood of O.

These results indicate that the assumption that 8 = da(v, ) is a contact form with the same
orientation than « all over M is not needed in order to define the homology of [3].

One may question the generality of this method. We consider in this paper only the simpler case
of a single bad hyperbolic orbit and we assume that its stable and unstable manifolds are caught
by the attractive and repulsive orbits, in short that there is no flow-line connecting hyperbolic
orbits.

However, such connecting flow-lines can easily be added, as well as circles of zero as long as
they are attractive, repulsive or hyperbolic not of mixed behavior.
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The only constraint lies with the hypothesis that the w-limit set of v is made of periodic orbits
and circles of zeros.

Some thought shows that this hypothesis is not needed, but it makes our study much easier.
This hypothesis can be weakened and a more general behavior allowed; we expect that there is
always, given a contact structure, a vector-field v in its kernel with this behavior.

We proceed now with the proof of our results.

USING THE DIFFERENTIAL EQUATION TO MODIFY «

Let us consider the differential equation:

[0, [v,€]] = =€ + ()€, v] = 7' (s)ds(§)v

where s is, in this first step, the time along v.
More generally, for ¢ = ¢(s) > 0, we consider the differential equation:

(*) [ov, [v, €]] = =€ +(s)[€, pv] — 7' (s)ds(&)pv

v(s) could be replaced by a function v(zg, s) where x is an initial data for the flow-line of v and
s is a monotone increasing function on this flow-line. Observe that +/(s)ds(£) =& - .
Let us define o by

a(v) =0; oS, pv]) =0;  a§) =1

This is possible if v, [€, gpv] and ¢ are independent. Writing (*) in a puv-transported frame, with
YU = ai,f Ag 8 +B —i—C%, we derive:

0%2A 0A 0’B 0B

+ A+ =0 —+B —

257 4 78, 951 0 Vs,

o [ OB _9A OB _9A
D51 (881 asl>__7<A__B_)'

=0.

Thus,

Thus, if puv, £, pv] and £ are independent at time zero (which we will assume) they are independent
thereafter.
We then have:

Lemma 1.

(i) da(pv, [§; ¢v]) = —
(il) da(pv, [pv, €, pv]]) =~ (denoted i usually)
(111} [QOU; [57 [57 SOU]H = _’7[€, [57 <PUH + hgov'
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Corollary 1.

(1) If [€, [€, ¢v]](0) is collinear to v, then so is [, [£, ¢v]](s) and & is the contact vector-field
of a.
(ii) If v = 0 on an open set, then dr(v) = 7, is zero on this set ([§, [€, pv]] = —Tyv).

Proof. Since a(v) = a([§, pv]) = 0,dafpv, [§, ¢v]) = —a (v, [§, ev]]) = a(=€+ 7€ ev] = -
Yev) = —1
(i) follows.
Next, we observe that « is a contact form since

a A da(9007 [57 Sov]aé) =—L

Let &, be its Reeb vector-field. Since da(pv, &) = —a([pv,€]) = 0 and da(E,§) = 0,

& =&+ vpv

and using [2],
n= dOé(QOU, [(PU, [fr, SOUH) = da((va [QO’U, [57 (PU]]) =

= da(pv,§ — 7€, pv] + zpv) = —da(pv, [, pv]) -7 =7

(ii) follows.
Next, we compute:

(£, Lo, [ev, €]]]-
Using (*), it is equal to:
Y€, [€, pv]] + & - [, pv] = & - A[E, pv] + hpv =
= 7€, 1€, pvl] + hypv.

Using the Jacobi identity, it is equal to:

_[[90,055]’ [55 QOU]] + [QOU, [57 [(;OU7§]H =

— v, [&, €, ]l

Thus,
—[v, [€,[€, wu]]] = 7[E, [€, wv]] + hov.

(iii) follows.

Proof of Corollary 1. Set pv = 8181

(iii) reads
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oU 0

1.e.

Bisl <€f0517 U) = k;(%l

0 Sly 51 0

a([£7£7 @U“) = _da(ga [ga ‘pv])’

The claim follows.
Observe that

Set
& =€+ rvpv.
Then,
_da(§7 [57 QOU]) = _da(€7" — Vo, [57‘ — vy, cpv]) =
= vda(pv, [§, pv]) = —1.
Thus, if [, [€, pv]] is collinear to v, v is zero and & = &, O

Introducing a large rotation.

We consider now o and v near the repelling (or attracting) periodic orbit of v. Their normal
form, see Appendix 1, is:

(00) ao=dr+ —(y+Az)dd (7> 0)

20
0 0 0 1
= (202 — (y+77)— + (2 — FY) — | ———.
(v) v (059 (y+72)5 + (2 W)ay) o
Then,
- 0 _0
6_%_78_31
and

€, 0] = V1 —I—’yzgy so that dag(v, [€,v]) = —1.

Observe that [£, [¢,v]] = 0 while

_ 0 .0 .0 0
[v, [v,&]] = — 20%_<Q+W)%+($_7y)a_y’a_y =
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S A A (e U N S SR B
- Oz fyay o 7(9y 70y N 1+727
Thus,
_ _ 2:)/ -
(**) [Ua [075]] = _5 + — [075]
I+7
(#x) is the same form than (x).
Indeed, if we set
—25

v(s) = \/ﬁ’

then v/ = 0 and (*x) is a special case of (x).

We are going to modify (**), keeping the framework of (*) but introducing a function v(s)
which has a flat piece where it is equal to zero. We later will use this flat piece in order to
introduce a large rotation of 7. However, £ and [{, v] are modified once 7 is modified and we need
to complete this modification so that the modified data for £, [€,v] will glue up after a certain
time s with the former data.

Observe that ¢ for ag is in Span{Z, gy} Observe also that Span{Z, 2 s invariant by

the one-parameter group of v. It is easy to construct two vector-fields in Span{ 55> 5ot which
commute to v. They need to satisfy:

0 _ .0 _ .0 0 0
{20@—(y+7w)%+(x—vy)a—y,Aoa—x+Boa—y =0.
This yields
0A
O‘f"}/Ao—f—Bo—O
881
0B
O+A0+’YB()—O
881

Taking 4o (0) = 1 or 0 , we derive two vector-fields 9 and 2 which have components
BO 0 1 ox oy
on a%, E?y depending only on si, not on the initial point (this does not hold if v changes into
(s, 70))-
Since ¢ for ay is % v ay,f reads as

0 0
ag—=— + b()— with apg = CLo(Sl),bO = b()(Sl)

ox oy

while
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|Q)x

0
Yy’ Os1 o

Q

Coming back to € and (*), with a general v = ~y(s) = y(s(s1)), we split £ on the basis 8%7
v

The equations satisfied by A and B are:

0% A 0A

oA O A
ds? +7831 *

0’B 0B

95, %8 gy
68% +7881 +

We integrate these equations on an interval [S1, 52|, with initial data at 51 equal to (ao,ag)(51)

for (A, %)(51) and (bo, by)(s51) for (B, —gB)(E). v(s) near §; is \/_11—’7_ (07 —§C> (51) = (0,0) so
1 S1 72 S1
that & near 5; is £,

—~ will behave as follows:

Observe that we need only to worry about the components of £, [, v] on a% and 8%. Indeed, would

they match as well as their s;-derivatives with those of £, then ¢ and &, [¢,v] and [€, v] would
only differ by some pv, v for s > 55. They satisfy the same differential equation after 5. Thus
a and o would match also. Observe that o needs not match with ag. It suffices that it matches
with some cag (observe that d(cag)(v, [%,U]) = —1 and d(cayp)(v, [v, [%,v]]) = dag(v, v, [€,v]]).
We would then extend « near the repelling (respectively attracting) periodic orbit of v with cay.
We need thus only to match &, [¢,v] and &, [€,v] in directions with the same ratio of length (not
necessarily equal to 1). We prove below that this is possible.

We have:
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Proposition 1. No new periodic orbit of £ is created in this process.

The proof of the above proposition requires the three following claims which follow from the
construction of ~

1. 7 can be constructed so that [ |y| < 20.

2. As 59 — 51 becomes smaller and smaller, |y| remains bounded by 2.

3. a glues up with cayg, c tending to 1 as 55 — 51 tends to zero.

Proof of Proposition 1. As s, — 81 becomes small § and € are o(1)-close. This is clear from the

equations satisfied by the components over a:c and a of € and ¢ and from the third claim stated

above.
For the C-component on 8—, it depends on +/(s )ds({') = 7/ (s)(Ads(Z ) + Bds(£ ) + C).
Observe that, because 83, g and Tl commute, ds(2 ;) and ds(a%) are independent of s;. They

are bounded uniformly. So are A and B.
Since [ |7/| is bounded by 20, then

S

[ [ (S o,

7=0

After some work, this implies that the v-components of ¢ and ¢ are close up to o(1). Indeed, C
(the v-component of &) satisfies:

863 + C+’ngl’ v (s)ds(&) =~'(s) (Ads (aﬁ ) + Bds <(§y> +C’>

while C, the v-component of ¢ satisfies

0’c .  _oC
_88% +C+’78—81—0

with C(51) = C(51), 2£(51) = 25 (51).

The claim follows.

How ~ is built.
We start with the differential equation with a constant 7

d%u ou
052 a5+ ’Yoa +u=0.
We set it in a matricial form with v = —%.

Then,

s ()= 2) ()

We claim that:
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t(() -1 >
e 1 _:)/0

For t small, it reads up to a multiplicative factor as

1 (Cos(ﬁt +¢)  —sin(ft) )
COS sin(ﬁt) COS(ﬁt — 90)

Lemma 2. Consider with |7| < 2,

with |8 < 1,06 = cos p.

Proof. Since 7y is small (|50] < 2), <(1) 5 ) reduces to a matrix of rotation (g _aﬁ ) with
—Y
a4+ 3% =1.
0 —1 —1 (6] —ﬁ
()= (G )e
with .
(1 « a1 (B -« _
Then,

<(1) —_710> = Qlet<g tf)@ = et“Qlet@ _06>Q =Q (Zi??i Ziisnﬁft) ©-

et (ﬁ —Oz> <cosﬂt acosﬂt—ﬁsinﬁt)

7 0 1 sin ft  «asin Bt + [ cos Gt
€' [ Bcos Bt — asin Bt — sin Bt
B sin 3t asin Bt + 3 cos Bt

Set 3 = cos p, a = sin . We find:

0 -1
t < 1 _%> el <cos(5t + ) — sin Gt )
e = — . .
3 sin Gt cos(ft — )

Observe that the multiplicative factor tends to 1 as 7, tends to zero. 0
Let now A be an arbitrary 2 by 2 matrix close to ((1) (1)) which reads

a —02
=),

has complex eigenvalues and determinant equal to 1.
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Lemma 3. There exists then (31 = cos v > 0 such that

0 -1
s 1 (008(51751 + 1) —sin 81t ) ot sintpletl (1 2sin ¢ >

COS 1 sin 1t cos(f1t1 — 1)
Proof. We identify

acos @y = cos(fit; + p1) beosp; = cos(Bitr — ¢1).

Thus,
a-+b
cos(fit1) = 5
: (b—a)
t) =
Sm(ﬁl 1) 2tan ¢

The first equation can be solved since A has complex eigenvalues and |trA| < 2.
The second equation yields then:

b—a b—a
L= e~ a (a+b)2
a —(a
24/1 — =~
We also have
02 . sinﬂltl
"~ cosy
i.e. ;
2 cospy = LA OSPL
2sin ¢
b—a 5 .
5 = singy.
Since det A=ab+c* =1, c?isequal to /1 — ab.
Thus,
. b—a . (b —a)?
sinp] = ———, cos Y1 = -
AT oo T 4(1 — ab)
b—a b—a

B ) G- Vi-@ibP

The compatibility follows.

Observation 1 1 —ab > % —ab = (b—4a)2_

11
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Observation 2 (3; = cosp; can tend to zero here. Then since 31t; can be chosen close to zero
(cos B1t1 = “TH’), sin (1t1 is of the order of B1t; = (cos p1)t;. Thus,

b— a cos

(cos 1)ty ~

2 sing;
ie. t1 ~ Qé’i;‘fpl = /1 — ab. a and b have both to tend to 1 so that ¢; tends to zero. On the other
(1 50
t1 _
hand, coming back to e ‘1 ~7/  we have
200 = %0

and |aq| tends to 1 so that || is at most 2.

Observation 3 t; is positive and tends to zero as ¢? tends to zero. (This follows readily if 3;
does not tend to zero. If 51 tends to zero, the claim follows from Observation 2).

Next, we prove

o b
1,0(y—9) small enough. Then, there ezists a, I~), c witha+b < 2, &,5 close to 1, ab < 1, ab+ct=1
and o, 3,81, < 1, close to 1,02 + 3232 = 1 such that

()= 7))

a=an—c*f? b:l;oz—czﬁ%
a?+ 3262 =1.
§=cta+b8* v=ap?+ca

Lemma 4. Let A = (a _7> , with a+b < 2,ab < 1,a,b close to 1, 0 < § < ~v,ab+ v =

Proof. We have

We may replace the condition 6 = c?a + b2 with @b+ ¢* = 1.
We then have S e
b= i = - a

o + 3267 =1

2 ~
a:da—CQ(lgg‘) ab+ct=1
1

which rereads

52 = aly —cta) —A(1-a?) ay—c?
2 =

a a

B_b"—CQﬁ%

B o

. a(y -

i = (v 2) o + 3232 =1
ay —c¢

(b+c*B7) (v — o) = aff (1 — ).
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The last equation yields

(**%) Bila—e®) =b(y - a).
Combining this equation with the first equation, we find

(***%) (o =) (ay = ) = ab(y — *a).

This equation ties o and c.
If we can solve (****) with ¢ small, a close to 1(a? < 1), then (***) gives us 32 > 0 (provided

a

c? < 7). We can then find @ and b. As « tends to 1, with v — ¢ bounded away from zero, a

tends to 1. If yc? is small enough, b will be very close to b. [ can be computed from

_1—a2

2
="

(FFF*) rereads

vet — P lay? + o —aba) +y(a? —ab) =0 ..
 —caly+6)+ (@ —1+~8) =0.

The discriminant is
(ay? 4+ o — aba)? — 472 (a? — ab) > *((7* + 1 — ab)? — 472(1 — ab)).
Observe that
(Y +1—ab)? =49*(1 — ab) = (V2 +76)* =49 - 40 = (7* = 70)* = 7*(y — 8)* > 0.
Hence (****) has two positive roots as || tends to 1(ab < 1). For o = 1, the equation becomes
t — Ay +6)+ 6y =0.

The two solutions are
2 =~and =4

Assume § < 7, we choose ¢? = § and derive from (****) that

b(y—46) ~v-94
2 _ _
By = 1% a > 0.
Furthermore, since 3% = 0,
R SR |G )
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Thus, if 6(y — d) is small enough, a and b are close to a,b and satisfy our requirements.

If o < 1 is very close to 1, all those arguments proceed with a solution ¢? as close as we may
wish to 6 and 3% = 1;?2 close to zero.

We thus need v > 51111 order to solve our equation. 7 — § can be as close as we wish to zero, o
will be taken closer to 1.

We consider now the case > . We observe that

a —y\ _ [ a o t_ a v ! Hh 5 < A
s b )=y b)) =5 0 with § < #.
a v\ _ a c~2 a 3
-5 b))\ = b 5% a )

a=aa—c2B%b=ba— 2275 =aB?+ ca,d = Ca+ bs?

We solve

This yields

exactly as above, with § < 7.
Thus, this equation may be solved and consequently, we may write

— _ 132 P _ 2
(6 )=( ) 7)o

We want to show how to generate the matrices

(8 ) wemson

Lemma 5.

with 8, and 3 close to zero, 37 > 3% or vice-versa.
We compute the product of two matrices A, Ay

A— a —/1—ab and Ar — ai —/1—a1b;
vV 1—ab b ! \/1 — a1b1 bl '

We find

AA — aa; — V1 —aby/1—aby —av1—aby —biv1—ab
r= alx/l—ab-l—b\/l—albl bbl—\/l—ab\/l—albl '

If a = b, and b = a1, we find

AA — 2ab—1  —2a/1—ab
L=\ ovy/1T —ab 2ab — 1 '



ON THE DYNAMICS OF A CONTACT STRUCTURE ALONG A VECTOR FIELD 15

2
AA; = ( @ —h)
15} Q
with o? + 3232 = 1.

Furthermore, if a is close to by and b is close to a1, then « is close to 2ab — 1, which is close to
1 if ab is close to 1. We thus need to worry about

Clearly if aa; = bb; then

Bt > % or 52 > B7.
We then observe that, since aa; = bbq,

ﬁ%:a\/l—albl—kbl\/l—ab:a 1—albl+a;;1\/1—ab:

= % <CL1\/1 — ab+b\/ 1 —albl) = %ﬁ2

Taking a > b or b > a, we achieve the two occurrences.
Consider now a matrix

a, b close to 1, fixed.
Consider a small angle ¢35 > 0 and the product

A — a —?2 costy sinty \ [ acosts + (_:f sintg (}sin ty — €2 costsy
27\ 2 ) —sints costs /] \ @2costy —bsinty bcosty + Esinty )

As t5 tends to zero, this matrix gets closer and closer to A and assumes the form
ap —7
0 by )’

(1) b>aied <n.

Assume that

The other case is similar.
We apply then Lemma 4 and write
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¢ solves
At —caly+6)+ (@ —14+~8) =0.

Assuming that
(2) 1—96<a?<1,7+6=2¢costy — (a+b)sinty > 0.

We find

2_ oy +0) = V(3 +0)? —4(a® —14179) _ aly+06) —v/a?(y = 6)* +4(1 — o?)(1 —19)

2 2

We then have

(3) af2 = ay — 2 = aly—08) +/a2(y — 52)2 A=) —76).

The positivity is warranted by b > a.

Observe that B

0(y = 8)| < |a— bl[sinty].

For fixed @ and b, this can be made as small as we wish by taking ¢, to be small. Observe also
that d a = int a _~C2 o _ﬁ% - (y=c’a) _ a ac® 1-a? _

at, as we reduce 5 b mto 2 i 52 o ’G’_GW_E—'—TM—&—
2+ %(1 —a?)0 (\/11_7> =24+ 0(V1 —~a2). ThusN, if we C?n choose a very close to 1, for a
and b fixed with ab < 1,a+ b < 2, then ab < 1,a + b < 2(a, b very close to a,b). Indeed, as «
tends to 1, a tends to a, c? tends to § and ¢?3? is O(6(y — ) + v 1 — a2). This tends to zero and

« tends to 1.
We then have

Lemma 6. If a,b are chosen appropriately, there exists to > 0 small such that the matric
a —fF
ﬁ2
< a4 _”1_ab>< b - 1a_ab> with 0 < a+b < 2.

can be written as

V1 —ab b V1 —ab

Observation In the reduction of Lemma 4, 5, « is a free parameter close enough to 1. G2
depends on «,a,b,t;. Lemma 6 states that we can find a,b and «, also a and b so that the
a —~62) < a —\/1—ab) ( b —V1 —ab

equation A;, = (02 ; JI—ab b JI—ab a ) is solvable in 5.

Proof. We then should have

(4) o =2ab—1
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(5) 32 =2a\/1— ab
(2) becomes
(6) 4ab(1 —ab) < vd,ab < 1,y+6 >0

and (3) becomes

(7) 4aagV'1 —ab = (2ab — 1)(y — 6) + v/(2ab — 1)2(y — 6)2 4 16(1 — ~6)ab(1 — ab).

Assume that
(8) daapV'1 —ab > (2ab —1)(y — 9).
Then, (7) yields:

(2ab — 1)2(y - )?

(9) 16a%a3V/1 — ab + N — 8aag(2ab — 1)(y — 8) =
_ (20 T/%_ oF 4 16(1 — v6)aby/1 — ab

ie.

(10) 2aa2v/1 — ab — ag(2ab — 1)(y — §) = 2(1 — v8)bv/1 — ab.
Thus,

(11) 21 — ab(aa? — b(1 — 46)) = ag(2ab — 1)(y — 6).
Observe that

(12) ap = GCcosty + & sinty,y = ¢ costy — asinty,d = & costy — bsinty

t2 should be positive and small.
Replacing in (11) and using ab = 1 — ¢, we derive

(13) 2v/1 — aba(aa — bb) = (@costy + ¢ sinty)(2ab — 1)(b — a) sinty+

+2sintoV1 — ab (sinta (' (b — a) + a(aa — bb)) + costae®(a(b — a) + bb — aa)) .
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Observe that

a _ bb—aa
14 b—a==(a—>b —.
(1) o=@t + 2>
Thus,
(15) 2v/1 — aba(aa — bb) = (b— a)sinty ((acosts + & sinty)(2ab — 1)—

—2%\/1 — abétsinty — 2%&\/1 — abé? cost2> + 2(a@ — bb)V1 — ab x sintyx

+1)).

S| QI

&
X (a sinty — sin tQ? — cos t262 (
Assume now that

(16) b> a,aa > bb,aa — bb = O((b — a)?).

(17) ab<1l,a+b<2,a,b close to 1.

Since 1 — ab is small and 2ab — 1 is close to 1 while aa — bb > 0,aa — bb = O((b — a)?), we can
solve (15) by implicit function theorem and find ¢2 > 0 small. Indeed (15) rewrites under (16):

a — bb
(18) 2v1— abawZ—) = sinty(a(2ab — 1) + o(1)).
—a
We need therefore to fulfill (16) and (17), also (8).
Consider
(19) 1>b>a.
Let ¢ be such that &* = 1 — ab.
Take
bb :
(20) a=— +¢,e > 0 tending to zero ,b < 1.
a
For € small enough, if % is close enough to 1 (in function of b)
-
(21) =",

a
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Also

bb b
(22) a—l—b:E+€+b:b(5+I)+5<Q.

We then need
(23) aa —bb = O((b — a)?)

i.e.

and this is easy to satisfy.

The proximity of @ and b to 1 depends only on the proximity of b and % to 1.
Finally, we need (6) i.e.
(24) 4ab(1 — ab) < (¢% costy — asinty)(¢% costy — bsints)

(25) 2¢% costy — (b+a)sinty > 0

(25) follows from the fact that ¢2 is small.

For (24), we observe that as % tends to 1 and 1 — ab to zero, ab can be kept away from 1 so
that 2 is far from zero and to tends to zero. (24) follows.

We also assumed (8) i.e.

(25") (2ab — 1)(b — @) sinty < 4a(acosts 4 & sinty)V1 — ab.

Using (18), this rereads:

(26) 2v/1 — ab (aa — bb)(1 + o(1)) < 4aav/1 — ab(1 + o(1))

which follows readily. U

We now build ~:
We pick up a small interval J and we consider the v-transport over J which is given in Span

(&:2) by

()
t 1 —27
e 1452
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Assume —5 > 0 for example; 4 will be assumed - there is, after a simple argument, no restriction
in this assumption - to be as small as we please. Use Lemma 2 to read this matrix up to a
multiplicative factor under the form

— __2 _ _ _
(; l_)c )witha—l—b<2,a,bcloseto1,ab—|—c4=1.

Choose (3 = cos ¢ > 0. Since —5 > 0, a = sin ¢ is positive and since ¢ is small,

5 cos(Bi—p) _ cos(BE+¢)

=a.
cos cos ¢
Also
(27) ab = — (cos? Bt cos? p — sin? fEsin? @) < 1
cos?
b _ R o
— tends to 1 as 7 tends to zero since sinp = 5
a

|

_ _ 3
Pick up b < 1. Set a = % + <§ — 1) . Adjust |y| so small that 2 — 1 is as small as we please

with b, @ away from 1 (£ is given, small, positive). a, b, ab satisfy (16) and (17). (6) and (8) follow
if 5 is small positive, see (24), (25), (25'), (26).
Using Lemma 6, we rewrite

a —\ _ «
2 b “\ b

with 5 positive small, 0 < @+b<2,0<a+b<2,ab<1,ab< 1.
Using then Lemma 3, we may write

2 w0 71 W0 71 W0 1 n(0 1
¢

<Y

|

o
[\
~
7 N

a —/1—ab b —v/1—ab costy —sints
v1—ab b v1—ab a sints  costa

with 0, to,1t3,t4,t5 > 0.
All multiplicative factors tend to 1 as ¢ tends to zero. [ |y/| is clearly bounded. U

Modification of « into ay.
We focus on the interval I and we pick up € > 0 and N large, with e = o (%) We pick up
a real

| Lo| Lo
ol g 2ol
2n(N +1) SONS 9N
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in a way which will become clear in a moment.

We build a fucntion ¢ on I as follows:
1

5 5te 5-& 5

O is chosen so that f§4 dsi — 2N + |Io]

53 f(sl)
Setting
todr
S92 —/8 m 1.€.
d81 8 8
d = — — = £ _—
52 E(Sl), 882 (Sl) 881

we consider the differential equation

f(Sl)i (ﬁ(sﬂ%)u%—u:O on IO
1

which rereads
0%u .
92 +u = 0 on an interval of length 27N + ||
2
starting at 53 i.e. on [s3, 54 + 27 N].
Thus, the solutions of

[v, [v, €]} = =€ on Iy

and of

[tv, [v,£]] = =€ on Iy

with the same initial data &, [v, ] match at 34.

21
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Computation of ¢y.
We compute &y .
& satisfies the differential equation:

[pv, [pv,én]] = =6 =1

We know that &y (33) = €.
We need to compute [—pv,En](53) = [—v, En](83).

_ a.) — — (z—7y)(0) ~2 0
Lemma 7. —[v,{n](53) = 2\/1+W2(x2+y2)(0)v +V1+7%g,

Proof. £ satisfies
[_Ua [—U, 5]] = g + 7[57 U] - (é ’ ’Y)U

and v incurs a jump at 53 from \/% = —274; to 0. v is a function of s, which is a function of
gl

7, the time along —v. We are here taking s = 22 + 32 and thinking of 7/ds(§) as dy(€¢). We have

dy _ dy ds
dr  ds dr
so that g d p .
T N L
7 _+d7' ds dTXQW(acQ—l—gﬂ).
Thus,

o)~ o) =~ X g
2(z — 7y)(0)

VIt 2@ +2)(0)

ds(£)(53)v =

On the other hand
0 0 o 0 1 0
—v,€](55) = | —20— F2)— — (2 — AY) ) — — e | e = /1 + 72—
[—v,&](55) 089+(y+w)6x (z W)ay’ax Y3, — +75 9y
Thus, & satisfies

[—pv. [=pv.&n]] = —&n
(28) En(ss) =¢

- Y _ S0 (z=7y)(0)
[—v,En](55) 1+7%, 2\/1+~72(m2+y2)(0) '
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Let
0 0 0

—T=,e3 = PU

€1 :20%,62:y8—x ay,

@ is a function of s = x? + 32. Thus,
ds(e1) = ds(ez) =0
and

[61,1)] = [62’1}] = [61790“] = [62,301]] =0

since

rT— + 2 0 —xﬁ =0
or Yoy Yor Yoyl T

Observe that

0 0 20;?9“‘(?9 5”38:,,) €1 — e — YU
TYq-=— VIt =—F"V1+7?
Yor Yoy g gl
Observe also that
o) 0 0 0
ﬁzx(xa—w—kya—y)%-y(%—ma—y): T mel—eg—w_}_ Y .
O 22 + 32 22 + 32 5 22 + o2 2
ﬁ: y ea—e—ypu 1172 zez
oy 2+ y? o 72 + 12

Thus,
E 8 y 2 +y V 1 7 - ’Y = ym y

[~ 00, EN](83) = 1+ Pz (maen)  VdT oo plaay) ev

ol x24y? \/1+’7

Here, x,y are taken at s3 and we will label them x(0), (0).
We solve then (28). We derive:

Proposition 2. Let sy be the time parameter along —pv

(e wO 1 fe—e-e) | wra©
€N_<($2+y2)(0)\/71+72< )+ G0 ) 2

_ y(0)  e1—ex—pv  /T+7%2(0)es _ (x—7y)(0) v sin s
+( 1+72(:v2+y2)(0) ol (22 4 42)(0) 2(x2+yz)(0) 1+72> )

v
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Corollary 2. Given a fized connection on M, En - En,EN - [0, EN], [pv, EN] - En and [pv,EN] -
[pv,EN] are bounded independently on M transversally to v.

Proof. Observe that dsa(pv) = —1 and dsa(e1) = dsa(e2) = 0. The only unbounded terms could
come from a derivative taken on . But ¢ is multiplied by v. Hence the claim.

Observe that
[pv, e1] = [pv, €] = 0.
Thus, denoting 7, the one-parameter group of —pv
D’)/Sz (61) = €1 D’782 (62) = €2

(x,y,0)(s2) is derived from (z,y,0)(0) through the use of ~s,.
We can use this fact and reread the differential equation

(33,3./,9) = §N(:L’,y,9)-

Indeed, we then have

(z —7y)(0) 1 €1 — e (y +7)(0)
Apv + coss ((ZE2 n y2)(0) X = _}__7)/2 Drys,, ( > + (1‘2 n y2)(0) Drys,, (62)) +
(T (457) - g o e
Set
z(0) = pcost
y(0) = psiny
Then, 5 5 5
e y(U)% - (0)8_y = oy
and

(@,1,0)(0) =

cos sy [ cost — ysin) ( 0 0 ) , ~ 0
20— + p=— | — (sin® + 7 cos |+
5 ( B s 96 " Pay ) T SinvHcosvlogy

4252 (msnfw (202 +pi) +4/1+72 coszppi) .
p 5 o O

00

Observe now that 5

(@,1,0)(0) = 9% + pv)

9
o
since p? = (2% + 4?)(0) is a constant.

We thus derive
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Proposition 3. The differential equation (x,y,0) = En(z,y,0) rereads

P = oS $9 (Cosw—fysmw — (sin@b%—*ycos:b)) + sin so (Vl—k’yzsniw + 1+’)/20081,D)
Y

YV1+72
o6 = 20 COSSQ.cos¢—ﬁsin¢+sinszmsin¢
N P

Dy — cOS 59 cos ) — ysiny n msuj¢+2cos¢—’ysmw sin so.
TV1+7? gl V1+A2

If we set a% = p?%, this becomes

g—:[_} = COS So (COS%H@D —7(5in¢—|—’7€08¢)) + sin so (1/1 _|_/72 sin 1) + /1 +’72 COS¢>

00 — 7 si
=20 (cos S92 cosy v_smw + /1 + 72 sin s9 sin 1/))

or V172

Osy _ oS0 ZTMY ooyt [ V/IT APsiney + 2780 2T )
or \/ﬁ 72

1+
The first and the last equation define an autonomous differential equation. We conjecture that,
generically on 7, this differential equation will have at most a countable number of nondegenerate
peridic orbits.

In order to have periodic orbits in (1,0, s1), we need the additional condition

2kt = 20 fOT (cos 52% + /1 + 2 sin s9 sinzb) dr
5 )
kel

We conjecture that, generically on 7, this condition is not satisfied, hence that there are no
periodic orbits in (v, 0, s3).

We cannot rule out other periodic orbits which would be partly made of orbits of {5 continued
by orbits of &.

Such orbits have |Af] > C' > 0 since we can assume that there are no periodic orbits of £
closing up near a repelling or an attractive orbit of v.

We claim that:

Proposition 3'. |Af| > 27w on such periodic orbits.
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Proof. We come back to the differential equations corresponding to the flow of 5. We first claim
that an orbit of {5, under the energy bound, cannot go from the inner boundary of the torus of
modification to the outer boundary of this torus. Indeed, we have

w=0().
Py

1 2N I
sl =10 () 1= 1= [ 22 2 o
Py @ 1o 2

which is impossible for N large enough.
Thus, a piece of orbit of &y which contributes to a periodic orbit of the contact vector-field
goes from the outer boundary to the outer boundary , i.e. from sy = 0 to s = 0 and has

Thus,

A0 > C > 0.

Coming back to the equations defining the flow of &y, we find

.0 1
=55+0(;)

Thus,

and this implies that

At > C,
Hence, since % = PV% C C
Ar > L = —
Y Y
In the variable 7 90
—— = 20cos(s2 — ) + O(%)
or

(52— ) = Fsin( + 52) + O(37).
c

We start at s, = 0 and we have an interval of time at least equal to 5 ahead of us. Either

. . 1
| cos(s2 — )| or |sin(¢) + s2)| is therefore larger than 5 as we start.

Assume first that |cos(sz — ¢)| > 1 as we start. Since 8%(32 — 1) = O(7), | cos(sg — )| will

remain larger than % for a time interval I of length larger than £ .

=2
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Thus, taking I of length ¢ /7,
126] = 20| [ cos(sz ~ )+ O] = £ C
I

and the conclusion follows.
The argument extends to the case where, at any time 7,

|cos(se — )| > ¢ >0

with ¢ any prescribed positive constant (7 small in relation to c).
Thus, we may assume that
|cos(se — )| <c¢  small

on the entire piece of £y-orbit.
Then, we have

9 <¢ _ 2%) = ysin(sy — ¥) + O(7?)

and

Also

8%(82 — ) = ysin(y + s1) + O(7) = Y(sin 24 cos(sa — ) + cos 2 sin(sy — ¢)) + O(Y)

=+ cos2¢ + O(7).
Observe that the constraint | cos(se — )| < ¢ forces

(2k+ 1)

Thus, at the entry and at the exit point,
2k + 1
) = u +e
2
and
2k + 1
T = pcCos (# + C)

2k+1
yzpsin(%ic).

27
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After integration, we derive

0
/IE(SZ_W :iy/fcostrO(’Y)m-

Since A(sa — 1) = o(1), we must have

[ coszo = o(i1)

I

for any I such that
c

5
Otherwise, there will be an I, with || > %, such that

11| =

49 [ cos2u -t olil| 2 extlr] = enC
I

yielding a contradiction.
Hence, on any such interval I, there exists an integer ¢ and a certain time 7 if I such that

(2¢+ 1)

Q@b + T = 0(1).
Thus,
g+ BEUT_ o)

Comparing, we derive that

[4(0) = ¢(r1)| = %(1 +o(1)).
Thus,
|2%(ﬁ) - %(O) + 571 (1+o(1)| > %(1 +o(1))

If 7 is the entire time spent on this {n-piece of orbit, either
7
] > £ (1 +0(1))

which forces -
16(T) — 6(0)] > 20- g(l +o(1)) > 2m

since
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Or .
] < (14 o(1).
Thus,
s
Am| < % (1+o(1)).
Thus,

10(r) — 0(0)] > 20%(1 +o(1)) > 27 again,

[l

Conformal deformation.

Let X be a positive function on M. We consider the contact form Aoy where apn is a modified
by the construction of this large rotation.

We assume that

dan(vn,[§,vn]) = =1 with vy = pnv

in the region of M where we will carry out our constructions and computations. For simplicity
and generality, we come back here to the following notations

v instead of vy

&o instead of &n
«g instead of ap.

It must though be kept clear to the mind that in the application below - which is our main
purpose - v = NV, En = &o, an = ap. Later, we will have vy and v, {x and &y, an and ag. This
is why we want to avoid any confusion.

a is Aag (it will be Aayy thereafter).

We thus assume that

dao (v, [§0,v]) = —1

in the region of M where we will carry out out constructions and computations.
We start with

Lemma 8. & = § + 45 [¢,0] = #0500,

Proof. We compute

(dA A ap + Adag)(€,v) = (dA A ap)(€,v) + Mdag(&,v) =

_ _dA(v) n d\(v)

(©) | B oy (6,01 ) =0
(dX N ap + Ada) (&, [€o,v]) = (AN A ap) (&, [0, v]) + Adag (€, [€o, v]) =
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d/\([if)av]) . d)\([imv])d()éo(v, [50,1}” _
[
We now compute
da(v, [€,v]) = AMdag(v, [€,v]).

Lemma 9.

y=daulee) =2 (54 (5) +(5) doololloioloD).
Proof.

Aao (v, [€,0]) = Adag (v, {%0 n di(;’) €0, 0] — Mv,vb _

= da(v. g0, 0) ~ A (55 ) (e e, ) + P dao(v. [0, 0)

“a (3 (3) +(3) amt o).
O

(&, v])(x) for ap = Arayp.

v])

- If da(v, [€,v])(x) < 0, then so is doy (v,

Corollary 3. Set \; = +
Proof. day(v, [&,v])(z) = —)\t (1/\t +t+ (Tt)w + (%)vdao(v, [[€0,v],v])) and the result fol-
lows. O
Assume now that
( ) G) are of
Recall that |
@) =144 (5) +A(5) daote (g0l
and
=
7(93)
so that .
Oé(’l; [57,{)]) = Wda/(vv [5701) = -
We compute in the sequel 3
i = do(9, [0, €, 7]])
fie = dp(€)
ﬁv = dﬁ(”)

and also 7, where [¢, [€,0]] = —70.
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Lemma 10. fi = =7z (dao(v, [v, [€o,0]]) (1427 (3),, + A2 +7(2) = A (3),,, +

Proof. Clearly,

:—#av v, [€,v
fi= —spdalo. o6, )

We have
da(v, [v, [§,v]]) = (dA A ao + Adao) (v, [v, [§, v]]) = dA(v)ao([v, [, v]])+

+Adag (v, [v, [€,0]]) = v(z) dA;”) + Adayg (v, [U, [%0 v} D + Mdayg <U, {u, [di(;’) (€0, ], U] D —

_ y(a:)%(”) ) G) da (v, [v, €0]) + Adao (v, [v, %[50,1}]]) +

v

+Adag (v, [v, {d“”) %, v],v”) — dao(v, [v, [€0, 0]]) — 2 G) dovo (v, [, €o])+

+7(x)%(”) + Adayg (v, [U, G) o, U]D + %dao(v, [v, [[£0, v], v]])

) (%)vv dag (v, [[€0,v], v]) = dag (v, [v, €0, v]]) (1 +2A (§>vv) —A (%)m

o (1) (@) 20w o o o, o))

A A A

Observe that

2
\ (d)\(v)) ERRPY

A2 A A2
dA\(v) Move - Aodpe A3
A — ~5 42v.
( 22 ) by SCRS

Next, we compute 7. We know that —7 is the collinearity coefficient of [£, [¢, 7]] on .

We will therefore compute [¢, [¢,7]] in the (§o,v,[£o,v]) basis and we will track down the
component on v, throwing away the other components.

We have
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Lemma 11. Let v(z) = \/~(z). Then,

F= i | - BT B, o) - dme 55 - D aac)

A2 A2

A= du(E) - ﬂgou%(;)) y (‘”([fg””)v B=v G +ﬂd)/\\(2v) + (%)) .

» (dk([ﬁo,v]))v _pMad g (dA([éo,v]))[go’v]] with

Proof.

el = |+ Sleo. ol - O [+ 210,01 - o)

with ¥ = v(z)v. Observe that

['U, [507 U]] = 50 - ﬂ[&)a U] + Iafov'

Indeed,
ao([v, [§o,v]]) =1

davo([v, [€o, V], v) = —p
deo([€o, 0], [0, [€0, v]]) = e, = dp(&o)-

We then compute

1 1 Ao

[§, 0] = dv(§)v+v (— ((;)v + —2) &o + [0, V] (X + (X>w +ﬂﬁ> +
)=+

+v (ugo (%)v + (Mjg’”” ) ) = v | dv(§) + fig, (%)U +v (d’A([ig’U]))) -

+éo, vl G + (%) + ﬂd);\(;})> = Av + Bl&, ).

Set [&), [&), U]] = —TV

€, [£,0]] = [%0 + %[fo,v] — d)\([fg’v])v,flv + B[ﬁo,v]} = <dA)(\€0) _ %4_

Saan o) - 2E ) g aly 4 (2D) +B<dx<[§g,vn>[€ -
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—Blig, —d/\([fg’v])) :

Thus, 7 = —1 (_dA<f°> — Br | PO A€o, 0]) — Afig, B — 2UL2D gA(y) + A (—d*“fg’”])) +

A A A2 A v
+B (d)\([fgw])>
[507’0]

Coming back to ay, &n, vn, we observe that iy is bounded as well as its derivative since fiy is
identically zero wherever we introduce the large, 2 N rotation and jiy equals jig outside of the set
where this modification occurs. Similarly, 7y is bounded as well as its derivatives independently
of N by construction.

— Biig, 205 ) =

Proposition 4. |an|+ |dan| + |7n] < C, where C does not depend on N.

Next, we show how to build A so that 7 remains bounded and ”mountains” are built around
the hyperbolic orbit. These mountains keep the variations away from this hyperbolic orbit. Since
this is a quite surprising result, we complete our construction carefully.

Choice of ).

The construction of £y x, @y x = Aoy involves the definition of the function A. We would like
to choose this function carefully with respect to v(vx) so that Adan (vn, [En ., UN]),
ANy = dan(ON), BNen» = ditn (En,0), T enjoy appropriate bounds.

To avoid unnecessary complicated notations, we again use &, «, &y, g etc. The main issue is
that we cannot hope that 5 = da(v, ) is a contact form (with the same orientation than «).

Assuming that v is nonsingular, it is reasonable to first consider the case when the w-limit set
of v is made of periodic orbits only. Around “elliptic” (attractive or repelling) periodic orbits,
ker v “turns well” (see [1] p 26) so that the existence of such a  (with appropriate choices of \)
follows.

Around hyperbolic periodic orbits, ker a “turns well” in most of the cases, except for one case
which yields a precise (local) normal form of o and v (see Appendix 1). Then, locally, ker
behaves (nearly) as a foliation. There is no hope for such a A and such a [ to exist near such
orbits, with this behavior of o and v.

We thus need to keep our homology away from such neighborhoods or to extend it using
the ideas of [3], Chapter V.1 These ideas can be pushed and worked out. They still require
a certain amount of work to become practical. We explore here another direction: we aim at
keeping the unstable manifolds of the periodic orbits of &, away from such neighborhoods by
creating “mountains” around them. These “mountains” are built by increasing to a high value
the Hamiltonian A around them so that the curves on the unstable manifolds of the periodic
orbits of &y are unable to penetrate them.

We need for this a lot of rotation of kera around v. This will allow us to keep control of
i, 7, da(v, [€,v]) and derivatives with respect to v, [£g,v]... We cannot get such a rotation from
the neighborhood of a “bad” hyperbolic orbit since ker a turns very little around v in such a
neighborhood. We have to seek for it in the neighborhood of attractive or repelling orbits and
“bring it back” to our neighborhoods.
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For sake of simplicity, we will assume in a first step that the stable and unstable manifolds
of our “bad” hyperbolic orbit # do not intersect the unstable and stable manifolds of another
hyberbolic orbit. We will discuss the case later.

Thus,

(H1) The stable (respectively unstable) manifold of O is part of the unstable manifold of the
repelling (respectively attracting) periodic orbit.

We will assume - a very natural hypothesis which we will see to hold after a minor modification
of ker ag and v if needed - that

(H2) ap, v have the normal forms provided in («ag), (v) above near the repelling and attracting
orbit.

The construction of the function A is ultimately quite involved. However, in order to describe
a basic step in this direction, we first take the following example. The construction is refined
later.

1st step in the construction of \.

Let W, (O) be unstable manifold of O and let 9V be the boundary of a small basin for the
attractive orbit. dV is a section to v. We consider W, (O) N9V =T and a small neighborhood £
of it in OV. Let L’ be an even smaller neighborhood, 0 = 0(xg), ¢ € L be a C*°- function valued
in [0,1], equal to 1 on £’ and to zero outside of L.

We set:
)\(l’) _ 659(3:0)8(7-).

for all z of W4(L) i.e. for all the x’s of the flow-lines of v abuting in L.
Such z’s are parametrized by a base point xg in £ and a time 7 on the (reverse) flow-line of v
abuting at xg. ¢ is a small number which we will choose later.
More generally,
Az) = (22 0i(i)si(74))

where the (x;, 7;) are various sets of parameters traking a point x of M through its reference point
x; in a section to v and a time 7; on the flow-line of v abuting at x;.

A0 .
SOMEGNS O

3. A 2.. 2., 3
:50<29i<881 ’03Z 0%s; || 6%s; 0s; >>
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We assume that

3
0 S;
3
or;

(30) ‘ Os:

87’1

‘8282‘

2
or;

= 0(1).

Then,
Ao 1 1
7,)\ (X)UU,)\ (X)vvv are O((S)

In this way, v(z) and i are under control. We need to worry about dji and 7. Coming back to
the formula of 7 in Lemma 11, to A and B as well a the formulae for v and £, we see that these
formulae involve derivatives of % According to our choice of A\ above, A is larger than or equal
to 1, might tend to +o0o. Because we are only considering negative powers of A and derivatives
of such quantities, we do not fear the increase of A to infinity.

The derivative of § Y 0;(x;)s;(7;) yield more problems because s; may be very large and deriva-
tives of 6 may also be very large. Since we want A to be very large when 6, = 1 and we are at
the “end” of the (reverse) flow-lines, we require

(581(77'1') = Log A

where \ is some large number. The flow-lines are defined on [0, 7;]. Thus § cannot tame s;(7;).
We observe that, as we modify aq into any and & in &, see Proposition 2,

in = dan(vn, [vn, [En, vN]])

is zero in the domain where the modification takes place.
Also, since in this domain [vy, [vn, EN]] = =N,

dan (vn, [vn, [[En, vn], vn]]) = —dan (v, [vn, En]) = —1.

Thus, in the domain where &y is modified into &y

pn =0
dan(vn, [vN, [Ev, vn], on]] = —1
(31) yn(z) =14+ A (%)UNUN

in = = (24224 @) = A 3) ey — 5

UNUNUN

We then have
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Proposition 5. Assume s; is only a function of 7;, the time along vy .
Then, there exists C' independent of N,d, X such that, given N and A,

x|+ |dan (En)] + ldan (on)| + |dan ([Ex, on])| 4 [din (Ena) 1+
din ([Enas vn]) + [d(din (Ena))(Ena)| < C

Proof. Recall that \ = e9(2=0:si),

Either x is in the domain where &, has been modified into &y.

Then, {n - En, &N - [Env, on ), [En,on] -, [En, vn] - [En, vn] split over eg, es with bounded coef-
ficients, the bounds being C' and independent of N.

We do not claim any control on the vy-components of these vectors. [iy is expressed using
A (%)UN A (%)UNUN and A\ (%)UNUNUN. Since the 0;’s have a zero derivative along vy, all these

(Ze o™ 8’) m=1,2,3.

By construction ds;(e;) = ds;(e2) = 0 since dr;i(e1) = dri(ez) = 0 while dr;(onyv) = 1.
EN,UN, [En,un] split on eq, ey and gnyv with bounded coefficients. Thus db;(¢n), d0;(vn ), db;
([€n,vn]) are clearly bounded and |y |+ |di(En)|+ |din (vn)| + ity ([En,vn]) | is bounded and
even 0(J) in such a region.

For d(diin (€n.2))(En.n) we come back to the expression of &x »

_&n | dA(vw) dA([€n;vN])
A=t e a2

expressions read as products

[En,un] — UN.

We thus have to take derivatives which are typically expressions such as
a™s; 5d)\ a™s; 5 o™s;
0T, ()L, (EG)
UN

and then take again a derivative of such expressions along {n . O

[gN,’UN]

nents of each derivative do not give any contribution. It is only the ¢ va—components which give
a contribution. These are bounded and have a bounded derivative along {x, [En,vn],vn. The
problems come only after taking a first derivative of #; and then going on with a second derivative
of this expression. Typically, we need to estimate

(d0;(EN))ey » (0:([En, vN]))ey > (A0i([En, UN])), y » (dOI([EN UND)) (e wn] » (A0i(EN)) (g 0n] €EC-

We recall now that

En N vy on] - [En, un ] En - [Ens ond, [, un] - €



ON THE DYNAMICS OF A CONTACT STRUCTURE ALONG A VECTOR FIELD 37

are bounded transversally to vy. Furthermore, df;(vy) = 0. Thus,

(dO:i(EN )¢y + (dO:([Ensun]))e,, et

are bounded independently of V.
For df;([€n,vN])vy and the like, we observe that

dO;([En, vn])oy = dOi([vn, [En; vN]])

since df;(vy) = 0 and the conclusion follows again.
Thus,

|d(dfin (En ) (Enp)| = O™ Y " 7") = 60( Log™X).

We can bound in a similar way diin(En.)-
For diin ([En.a, vN]), we observe that

oo = S0 POy 2o e o, -

(), e (4522)

The condition follows again since we have an additional § coming from the expression of fiy.
Finally, if « is not in the domain where £, has been modified into £y, then dag(v, [v, [£o,v]]),

dag (v, [v, [€0,v],v]]) are C°-functions and even though /i is not expressed only with the use of
A (%)v and other terms of the same type, i is a product of these terms with these C'*°-functions,

which are independent of N. The above argument extends verbatim.
Before proceeding with the estimate on 7, we make the following four observations:

Observation 1 As we take a derivative of s; along &y, [En,vn] or vn (which we see as split on

the basis (e1,e2,vn)), pNv = vy is absorbed in gii or other derivatives of the same type, but

k2

higher order (df;(v) = 0). vy gone, we are left with the coefficient of vy which is C'-bounded
independently of N. We can take safely another derivative along &y, [En, vn] or vx. We will not
hit ¢ with a derivative.

Observation 2 Since df;(v) = 0,vy - db;(w) = db;(Jun,w]). We may then take one more
derivative along a direction such as &y, [En,vn]. We know that En - En,EN - [En, un], [En, UN] -
ENn, [En,vN] - [En,vn] are bounded transversally to v and that df;(v) = 0. We get then bounds
on such expressions which depend on |0;|c2 and are independent of N.

Observation 3 If we take a derivative of s; along vy, &y or [En,vn], we free a 6. Furthermore,
in all our computations, we never take a vy-deriative after taking two derivatives along £ or
[En,vn]. Otherwise, we might end up with terms such as df;(dpn(vn) - (En - v)). This never
happens.
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Observation 4 Thus, if a derivative is taken along vy, either it goes onto s; and frees a d, or
it goes onto df;(¢n) or dB;([En,vn]). Since db;(vy) = 0, we end up with df; of a Lie bracket
([vn, En] or [vn, [En,vn]] = €n), hence with an expression of the same type.

Taking more derivatives along vy will not change this pattern. We can then always take one
more derivative along {x or [{x,vn]| and use Observation 1 if the expression which we have
contains a df;({n) or d;([En,vN]); or this expression contains only #; and we can then take two
derivatives along {x and/or [{x,vn]. The result is bounded independently of N.

Using the four observations above, we turn to 7 and estimate it, firstly in the domain where
&o has been relpaced by &y .

Then, in Lemma 11, A and B reduce to

A=dv(€) +v (—CM([E‘;’ “D)

and 7T reads

dA([&o,v])

. 1 [dA(&) Bt dA(v)
T = m { 3 By + 3 dA([&o, v]) TdA(v)—l—
dA([€0,v]) d\([£o, v])
A ()\— (=)
v [£0,v]
&o is in fact { and v = vy. Recall that iy is zero. Thus, since fin ¢yey +TNAN = —dTN(VN)[2],

drn(v) = 0 and 7y is constant on a flow-line of v. They all abut to a point where oy = 1 and
Tn is the original 7 of ay. Thus, 7 in the expression of 7 above is 7y and is bounded.
dv(€) is equal to

dA(v) dA([§o, v])
v (6o, ) — S du(w),
All of this involves derivatives of A (%)w along &g, [£0,v],v. In computing 7, we take one further
derivative along &y of dv(§).
Taking into account our four observations, we derive that

Sdv(o) +

(dv(€))e, = O(5 Log™A)

since the initial derivative A (%)w frees a 6. This O depends on db;, d?6;.
The same estimate holds for the contribution of the v (%)W part of B. Also, taking v-

derivatives in v (M)v (the second part of A) or in ¥ (this first part of B) yields the

same estimate since v = 14 0(d). The same holds true of %(”)dA([ﬁo, v]).
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F— 0@ Log™ A +1) — % ((M) ) . dA([ﬁ;\VQ, on) <dx<[5§2, UN])) -
YN/ ¢ UNUN

(Plegeby’ f(Pegedy ).

As we compute (M) or (M) , all vy — derivatives have to be taken on

VN UNUN
dh;([En,vn]). Otherwise, a § is freed either because vy has been absorbed in s;, yielding g—f_j =
O(1), or because [{x,vn| has been applied to s; in the first place, with the same conclusion. Such
contributions can be included into O(§ Log™\). Observe also that vy cannot be applied to a
simple 6; since df;(vy) = 0.

Thus, since df;(vy) =0

(M) _ (@ oDy | s pogm)

A2 A2
and since vy - dO([En, vn]) = dO;([vn, [En, vN]]) = dO;(En),

(—dwi’; ) )UN = DY) 05 Log ).

(In dA(€n), either the {y-derivative is taken on 6; or, if not, a d is freed. The additional contri-
bution is thrown into O(d Log™\)).

Similarly,
dA dX -
( ([ﬁj\VQ,vN]))U U ([U)Z\Vz,éN]) O(5 Log™\).

Thus,

(R, R (), () (M)

+ O(6 Log™\ +1).

Observe now that

(2), () (252
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1 (dA([ﬁw,va)WN] 1 (qugN,vN]))[gM] . (M)

A A2 a2 A A2

Thus, using the identities above and the form observations stated earlier

7= O(5 Log™ A +1) ~ 15 ((dA(fN)LN T <w) WN}) _

= 0(6 Log™i +1) - 500 Y, (Z (d0:(1&n, 0N ])) g on + (d&i(SN))£N> .

Let 7 be the pull back map from z towards the torus 75 — T} (outside 717, inside of Ty) where the
modification takes place (the introduction of the large rotation) onto 97% - 6; is in fact defined on
075 and should be thought of as 8; o w. Thus,

,7~_

O(8 Log™ A+ 1) — e 2% " §s; ([én, on] - (db; 0 dm) ([, vn]) + € - (dB; 0 dm) (En)) -

We then split
En,vn] = dr([En,vN]) + anon

{n =dm(En) + Bnun

ay and [y are easily seen to be bounded and independent of N.
Thus, since db; o dr(vy) = 0,

ONUN d@z @) dﬂ'([fN,UN]) = aNdHZ» @) d?T([’UN, [fN,’UNH) = Oszei @) dﬂ'(f]\[)

Byun - db; o dm(§n) = Bndb; o dr([uw, EN])

and
7= 0(6 Logm\ + 1) — 20 2 0isi 2581‘ (dr([En,vn])- dO; o dr([En,vN])+

+dn(En) - db; o dm(En) + O(|db; o drl) )
= O3 Log™ A +1) = e 20 % g, (d°6: (dr([&w, o)), dm([€xs o))

+d?0 (dm(En), dm(En) + db; (dr([En, vn]) - dr([En, on]) + dr(En) - dm(En)) + O(|db; o drl) ) .

It is easy to see that dn([{n,vn]) - dn([En,vN]) and dr(€n) - dn(€n) are bounded independently
of N so that

7=0(6 Log™A+ 1) — e 2050} " 65, (d?0; (dm([En, vn]), dr([€n, vN]))
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+d?0;(dr(En, dr(En))) + O(|dO; o dr]) ) .

From the formula for £, see Proposition 2, it is clear that dm([n, vn]) and dm (&) have bounded
lengths and lengths bounded away from zero and their determinant is bounded away from zero
(7 is small). Indeed

(2% + y*)(0)7dr (En) =

(% cos s2 + /1 + 72y(0) sin 32> (e1 — e2)+

+7 <(y +~x)(0) cos s3 — v/1 + 72x(0) sin 32> €9

(2® + y*)(0)ydr([on, En]) =

(_(‘U%ﬁs) sin sp + /1 + 72y(0) cos 32> (1 —e2)—

—~ ((y + 42)(0) sin s + /1 + 722(0) cos 52> €2.

On the basis ((e1 — e2), e2), the determinant is:

- <((y + ~x)(0) sin sy + /1 + 72x(0) cos 32> (% cos s2 + /1 + 72y(0) sin 32) +

+ ((y + 42)(0) cos s2 — /1 + 72x(0) sin 52> (—% sin sa + /1 4+ 72y(0) cos 32> )
= —7 ((y(0) sin sz + z(0) cos s2)* + (y(0) cos s2 — x(0) sin s)*
+50 ((=* +37)(0))) = =3(=* +5%)(0) (1 + O(9)) -

On the other hand, setting (X = A(e; — e2) + Beo)|| X||? = A% + %QBQ, we have:

<(x - wl)io);% 2 4 /14 72y(0) sing) - ((y +752)(0) cos s3 — /1 4+ 32x(0) sin 82)2 =

(@(0)* +5(0)*)(1 + 0(%) = (2* +y*)*(0)7* || dm (Ex) 1 *.

The claim follows.
We are ready to prove
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Proposition 6. There exists a constant C independent of N, \ such that
7<C
Proof. Tt suffices to build 6; o  (independent of N, X etc.) so that

d*0; (dr(én), dm(En)) + d*0i(dm([vn, En], dr([vw, En])) + O(|dO; o dr]) > 1

ifo0<g,; < % This is possible in view of our claim above.
Furthermore, there exists a constant ' independent of N such that

d*0; (dr(én), dm(En)) + d*0i(dm([vn, En]), dr([vw, En])) + O(|dB; o dr|) < C1.
Finally, we choose § and X so that
O(§ Logm\ +1) < Cy.

The estimate on 7 follows.

Assume now, in a first step, that no periodic orbit generating our homology intersects the
stable or the unstable manifold of O. We first complete a diffeomorphism of M and spread the
rotation which we have introduced near the attracting and repelling orbit along the stable and
unstable manifold of O. We are pointing out, on the drawing below the zones where ¢ is non
constant, dropping from 1 to a value O (%) or climbing back to 1.
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We create, half-way between each pair of strips, a surface S. We cut then in this picture a thin
hyperbolic neighborhood of W,,(O) U W(O) and a thinner one.

s
Uy

U+
4 UJ

mner boundary of I3
U; l \ l \\ outer boundary of 73

Between U, and S, keray turns considerably along vy = ¢nyv. We can build, with all
0™ s,

required bounds on 53, a function s; equal to zero on the outer boundary of U;” and equal to

a large value ¢ as we reach S. We can also build §; = 0, a function equal to zero outside of the
larger neighborhood of W,,(O)UW,(O) and equal to 1 on the smaller one. We need here only two
functions s;, s1 and ss, s1 for the repelling orbit and s for the attracting one, with 6; = 65 = 6.

As we reach S,s; and sy are equal to {n,an ) = %N, For ) = 1,0 = e¥Na = Aya, Ay
tending to 400 with N. Thus, our form extends to all of M.

We claim now:

Proposition 7. Let us consider the periodic orbits of & which define the homology at some fized
index ko and their unstable manifolds in Cz. The curves on these unstable manifolds do not enter
a fired and small neighborhood of O.

Proof. All curves z of this type have a tangent vector
& = aén x + bun
with
1
a < ap; / b < C
0
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ag and C' are independent of N, aq for energy reasons, C' because of the bound on 7. Suppose

x enters the inner chore. Then, £ = O (ﬁ) + bun,a. For N very large, this is basically a piece

of orbit of v. If x enters the inner chore from the side i.e. from the boundary of the hyperbolic
neighborhood, it stays away from O since similar orbits of v do not approach O.

On the other hand, if these curves enter the inner chore through the interior boundary of U,
PNV

NETE) between this interior boundary and S, i.e. vy = O (3)v. Since Jo 10 is

then vy ) =

bounded and & = O

in U, or between U, and S, a smaller neighborhood of O since the piece of orbit of v it spans
is so small.

Next, the curve = has no point between U,  and 5, i.e. lies entirely between S and O. By
continuity, we may assume that = starts near S and is therefore entirely contained between S and
the outer-boundary of U;L, away from the side-boundaries.

(ﬁ), such a curve can hardly move. It cannot enter, assuming it starts

H—— o,

L\
7

Then,

= S0 4o (2 'th/1|b|<C
r = — v - w1 .
)\N N ) 0 —

In this region, any = Anyag, An a constant and Cjs for (an,vy) and (g, v) coincide. The curve
is tiny and a pseudo-gradient for fol ap(z)dt on Cpg, is a pseudo-gradient for fol an(z)dt on Cg, .
It is easy to see that such a pseudo-gradient (for fol ap(z)dt on Cpg,) will drive such tiny curves
to points locally i.e. keeping away from O. O

We now have to face the possibility that the periodic orbits of & might intersect W, (O) and
Ws(O).
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If we try then to carry the rotation from the attractive or repulsive periodic orbit of v to the
hyperbolic one, we perturb &y, push away the periodic orbit. If we change the Hamiltonian, we
change completely the periodic orbit since we go beyond the effect of a diffeomorphism (carrying
rotation is completed through a diffeomorphism once the modification of g into oy is achieved).
If we remove a flow-line neighborhood, as small as we may wish, of the flow-lines of v originating
in such periodic orbits (which intersect W, (O) or Ws(Q)), we can carry out the rotation of an on
the complement. How large a neighborhood of the hyperbolic orbit are we carrying then? How
much are we missing?

Suppose for example that no periodic of §) intersects, W, (QO), but that several periodic orbits
of & intersect W, (0O), typically one for simplicity. Then, the rotation from the repelling orbit
can be carried out beyond the hyperbolic orbit. These flow-lines (which carry a lot of rotation)
fill in a neighborhood of W,,(0O) after removing W, (O).

Using a view from top, we have

flow-lines  canying
rotation  from  the
repelling orbit

()
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On the other hand, our periodic orbit intersects W, (O):
R

w,(0)

- >/ <

P

W

Thus, if we remove a neighborhood of the flow-line of v through P, we can safely bring rotation
from the attracting orbit as well.

Using a view from top

W, ()

flow-lines carrying rotation
from the attractive orbit

Thus, below P, we can build a lot of rotation after combining the rotation which we can safely
bring from the attractive orbit with the rotation from the repelling orbit
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’\

only piece of #,(C) where no

large rotation can be mtroduced

The piece which is left is as small as we wish, we can think of it as a tiny neighborhood of the
(downwards) flow-line of v through P. We thus only need to fill this hole. On the boundaries of
this hole, we have a lot of rotation distributed as follows

: >. large rotation coming from
/;/ | the attracting orbit

\

large rotation coming from the

repelling orbit

If several periodic orbits intersect W, (O) and none W (), this hole becomes several holes,
but the basic process does not change.

If one (or several) periodic orbit intersects W, (O) and one (or several) periodic orbit intersect
W, (0O), the situation changes since orbits very close to W,,(O) UWs(QO) connect these orbits then.

Any such v-orbit cannot be filled with rotation:
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v -orbits

,(0)

If we remove these flow-lines, we can fill in every remaining flow-line with rotation.

Combining, we can certainly fill with rotation near the intersection point of a periodic orbit
with W, (O) or W,,(O) the following (shaded) set of flow-lines

/

ké‘/T

The <&,-orbit is above this picture

and interests 7,(O) at a point on

MY
\

the v flow-line through T

The £p-orbit is above this picture and intersects W, (O) at a point on the v-flow-line through
T.

The periodic orbit lies above this picture. We cannot fill the hole more because some v-flow-
lines of the hole connect this periodic orbit (which intersects W,,(O) here) with another periodic
orbit (intersecting Ws(O) then). We can take this hole to be as small as we wish though after
taking thinner neighborhood of the allowed set of flow-lines.

Indeed, any space between the v-orbits connecting the two periodic orbits can be filled in, see
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the drawing above

v -orbit

can be filled in

Such spaces are as close as we wish from P. Combining with the rotation brought from above
P (repelling or attracting orbit) - carefully removing first the v-flow-lines of the periodic orbit -
we derive the “hole-neighborhoods”.

Thus, in all the cases studied above, we have derived sets of flow-lines surrounding the hy-
perbolic periodic orbit and carrying as much rotation as we please but for a finite number of
hole-neighborhoods of the following type:

i
i Lots of rotations spread
i
\:
]
U

\
! along the flow line in
! the intermediate zone

little rotation inside

We remove the content of the hole i.e. & = ay is now defined only at the top of the hole and
in the outer neighborhood of flow-lines where there is a lot of rotation.

In the empty hole, we now build a new ay which rotates considerably before reaching the
hyperbolic periodic orbit:
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i.e. we fill in inside

For this purpose, we use (*). We only need to use the appropriate v and to glue the new
rotation so that we have a globally defined a, with all required bounds etc.

The first step is to get 1 = 0 on the boundaries of smaller holes, including the top boundary.
Next, we need to rescale the large rotation that we have on each lateral wall so that it stays large
but becomes the same all around instead of being split between the top part and the bottom part
(see Figure (A)) according to the wall which we are considering.

These two steps are completed in the space between an inner hole and an outer hole (which
is smaller than the initial hole, (see Figure (B) below). Then, we can fill the inner hole with a
uniform, large rotation.

We first observe that the boundary 05, in the flow-box, of the set
S = {z € flow-box,p(z) # 1} is independent of N. It depends only on v, which remains
unchanged with N, on the intervals Iy and on how we carry the rotation below the periodic orbit
(coming from the attractive as well as repulsive orbits).

Second, v is transverse to dS since v is transverse to the boundaries of the tori where the
insertion of a large rotation has taken place.

Third, on each flow-line of v in the box, there are at most three intervals; one where ¢ is not
1, then one where ¢ is 1 and a last one where ¢ is not 1 again.
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first interval with > :D
a large rotation

mtermediate mterval,

always there

last interval with \6
a large rotation >

ek

Figure (A)

The only interval which is always present is the one where ¢ is 1, the “intermediate” one since
the large rotations take place in the vicinity of the top and of the bottom of the box. The flow-
lines run from top to bottom near (only near) the lateral sides of the box. Each of these flow-lines
carries a large rotation which is borrowed either from its top portion or from its bottom one, or
from both. Using the large rotations coming from the attractive v-orbit and the repelling v-orbit,

we can construct a box around the hole where a lot of rotation is carried around its boundary
(all of it)

rotation coming from the repelling orbits

/| ]
7 ; B
rotation coming from the
/I attracting orbits
=

74

We draw then the following two layers:
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first layer -

second layer below

which cut into the upwards rotation, go down to the downwards one and then come back to
the upwards one. The top one stays some more upstairs as the lower one speeds up to the lower
level to collect rotation from there. If we cut then the central piece and flatten it, we find a thin
box

Figure (B)

which carries rotation around its boundary, all around it.

Our arguments apply to this box.

If there is a flow-line (and then several) running from a periodic orbit of ¢ cutting W, (O) to
a peridic orbit of € cutting W (0Q), there are two constructions as the one carried out above, one
for the top with the periodic orbit cutting W,,(O), the other one for the bottom with the periodic
orbit cutting Ws(O). We can match the parts containing a lot of rotation from the top and from
the bottom (the boundaries parts). We then fill in partially inside (without matching, leaving a
hole which is a neighborhood of the flow-line which connects the two periodic orbits) as if we had



ON THE DYNAMICS OF A CONTACT STRUCTURE ALONG A VECTOR FIELD

only a top or only a bottom.

The basic double picture for top and bottom together (not thickened, just flat) is

i.e. there is a top

and a bottom

_____

T L

53
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which basically bound the same boundary. Near the boundary, for both of them, there is a lot of
rotation. Top and bottom fit together to define a flow-box. The v-flow-line is jailed in the box.

In order to see better how to build our boxes, we draw two ends together and mark with bold
lines the two caps of the box from inside which we add rotation, sealing the whole box with
rotation all around except for a hole inside it.

top cap between red
lines to fillup

rotation

coming

from top
spread to

EV=

V/ \ rotation coming from

bottom spread to top

\ [

bottom cap between red
lines to fill up

Observation Between the two bold lines defining either of the top or the bottom caps, the
v-flow-lines carry a lot of rotation near the boundary. This fact is used to extend the rotation
inside the box, sealing it off; a hole is left inside.

We now have our initial flow-box and an inner, smaller one without bottom. « is defined in
the space between the two boxes and or the top side.
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////\

4

o defined here

IS

™

@ defined in the

space between boxes

The only space where £ and « are not defined is a parallelepiped with a top and with a bottom.
We build another yet smaller parallelepiped

first parallelepiped

second  parallelepiped
(without bottom)

E E | ! ! ™ third parallelepiped

Since 0 is independent of N, we can easily extend the function ¢ (the parametrization along
v) between parallelepiped 2 and 3 and extend as well fi, £ etc. The uniformity of S allows us to
keep all bounds. fi (extended using the function v and (*), &, a are extended using (*)) is kept
equal to zero on the extension of S (which we may complete as we please between box 2 and box
3 as long as it matches with the boundary data - of 95- on the boundaries - top and lateral - of
box 2).

Such an extension of &, o etc. enjoys the same bounds. Indeed, outside of S, ¢ was €. Thus,
on 98, ¢ = &, [pv, £] = [v, €], the v- interval outside of S is “large” as pointed out (independent of
N) so that (*) provides C*°-bounds depending only on . 7 is therefore bounded outside of S.
Inside S, it is bounded because i = 0, thus 7, (= —fige — Tf1) is zero and 7 equals the value it has
on the boundaries of the “intermediate, large” interval.
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One issue to worry about is the glueing of the data of &, [pv, £] derived from the initial conditions
near the top of the box after the use of (*) once we reach the bottom part of the box.

Since box 2 has no bottom side, we can sidestep this problem here, but one can easily overcome
it manipulating (*) above the boxes.

We may assume now that (the extension of i into =y is as we please, subject to v = 0 on the
extension of S) 7y is zero identically on the boundaries of box 3, including the top side .

One can get i = 0 on the top side after a modification of i into zero, using (*) and ~, along
small flow-lines originating in this top part - Curving then the top part, we can build a flow-
box 1 which has the same lateral boundaries than the former flow-box 1 and still carries a large
rotation on all flow-lines between box 1 and box 2, while z = 0 on the top portion of box 3.

We then observe that the rotation of v on the lateral boundaries of box 3 is large, either on
the top portion or on the bottom one. This is embedded in the construction and is due to the
fact that ( ) (i is the parametrization along v) is large on each of these flow-lines. We then
extend ¢ so that it becomes constant (small obviously) on all the lateral sides of a yet smaller
parallelepiped box 4. From there, the extension inside box 4 is immediate.

We need to check that this last modification, the spreading of the rotation so that it becomes
uniform, keeps all bounds holding true. This rescaling is typically derived through the diffeomor-
phism of [0,1].

[0,1] — [0, 1]

t[rds. 4 (1 -tz
., J0 »(s) ( )

fl ds
0 ¢(s)
[0, 1] is the time along the v-flow-line from bottom to top, ¢ is the function built with the rotations,
as such it depends on the base point z of the flow-line. ¢ = ¢(z) depends also on the base point
of the flow-line z, which is on the top of the box. t is zero on the lateral boundary of box 2 and
1 on the lateral boundary of box 3.

This gives rise to a diffeomorphism 7,(,)(y) of the space between box 2 and box 3. v, is the

one-parameter of v.
D~ is of course bounded. ds is the differential of

(2) fy ché’;) + (1 —t(2))x
1 ds
f o(s)

— .

Observe that % is at most CN, hence is upperbounded by C} fol %, since we may assume that
the total rotation of these flow-lines, between box 2 and box 3, is at least coNV.

We also claim that
’ / 8(,0 ds / L ds
1 —.
9z @2 0 SO(S)
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Indeed, the top of the flow-box is transverse to v. ¢ is a function of s and as such, between
the two tori, does not depend on the flow-lines. The dependency on the flow-lines is due to the
transformation (given, independent of V) which brings the rotation to the flow-box. Thus,

O /
— <<
‘ 5 ‘ < Cle'(s)]

and
T Oy ds
o 0z ¢p? ©? @

T / 1
SC’/ |¢|ds§C”MaX—.
0

Thus, again,

T Op ds
0 9z @2
T e =G

0 (s)
dt is also bounded independently of N. Thus, ds is bounded independently of N.

We thus have (¢ is the parametrization which we built).

Proposition 8. &, [¢pv,&], i, 7 are bounded. Furthermore,

6 : 67 [@Uv 5] ’ [()5'07 6]75 : [@Uv E]? [@Ua 5] ' ‘S
are bounded independently of N transversally to v.

Proof. Since D7y, + ds(-)v is bounded, &, [pv,&] are bounded. fi and 7 are bounded by con-
struction.

¢ - € etc are initially bounded but vy, (y) could have an effect. However, denoting ¢ the initial
3

§= D’Ys(y)(f) + ds(g)v = D(’Ys(y))(f)-

Any further derivative taken on & through a vector-field which reads
D’}/s(y) (X) + dS(X)U = D('YS(?J))(X)

would yield derivatives of é along X which are bounded transversally to v (and v is mapped onto
0v by D(vs(y))) if X splits on £, [pv, é], i.e. if Dy (X) +ds(X)v splits on &, [pv, ], derivatives
of v, which are bounded and would yield derivatives of D(v(,)) which might be unbounded.
But
D(’)/S(y)) = D"}/S(y) + dswv.

Derivatives fo Dv,(,) are bounded as well as derivatives of v. Derivatives of ds might be un-
bounded; but these are multiplied by v and our estimate is transversal to v.

Our construction of the functions s, so etc proceeds then as in the case when no periodic orbit
of the contact vector-field intersected W, (O) and W4(O). Proposition 8 holds.
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Lemma 12. The function 2 + y? has no local mazimum near the repelling or attracting orbits

along the trajectories of .

Proof. We recall that £ = % = f’ya% so that

-6 (2P +y°) =28 (x—7y) =2(1+7°) > 0.
0

Corollary 4. There is no “small” &-trajectory exiting from Ty and coming back after a short
time.

Next, we establish the following qualitive result
Lemma 13. For v small enough, TN is negative in Ty — T7.

Proof. We write
En = (Acos sy + Bsinsy)es + (Aj cos sy + By sinsy)pv + Dey

P 18 %,62 = ya% — :Ua%,el = 20%.
We know that
[N, [pv, EN]] = T

i.e.

e, P53y gy O
N 881 N N&sl'
Also
er _ Oz _,
381_881_ '

Since dsy(e1) = dsy(e2) = 0 and since %Al = %Bl = 0, e; has no contribution in [£y, %iflv] and

(€N, 86—1\]] = |(Acos sy + Bsinsy)es + (Ay cossy + By sinsl)i,
881 881

0
(—Asin sy + Bcossy)es + (—Aj sinsy + By cos 81)8— =
S1

0

28—81

+(Acos sy + Bsing)(—es - Ay sinsy + ey - By cossy)—

(—(A1 cos 51 4+ By sins;)? — (B cos sy — A sinsy)?+

—(—Asinsy + Bcossy)(eg - Ay cosy €5 - Bysinsy))
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= (—(A} + B}) + Aey - By —

Thus,

TN =

From Proposition 2, we derive

59

0
BGQ Al) 831

—(A% —f—B%) +A62 -Bl —B€2 'Al.

—(z —7y) (y + 72)(0)

= 0
7 (2 +y2>m< )

(? +42)(0)

0vVI+32  /1+722(0)

B= 3@ 20

B =—

Observe that

5(x?
7(a?
3(z?
(2?

ez (¥

Thus,

1
7(@? +y?)(0)?

TN —

@2+ y2)(0)
(z —7y)(0)

(2% +y*)(0)A1) =
ez - ((2* +y?)(0)B1) = 2(0) + O(7

(—2(2(0)* + 5(0)*)(1 + O(7

V(@2 +y?)(0)v/1+7°

yOVI+y (=)0
(@2 +y2)(0) (224 y2)(0)\/1+ 72

e+ (2® +17)(0) =0
+y°)(0)A = —2(0) + O(F) (|| + [y])
+4)(0)B = —y(0) + O(3) (|| + |y])
+42)(0) A1 = —2(0) + O(F) (=] + |y])
+42)(0)B1 = —y(0) + O(7) (|| + |y)
( —y(0) + O)(|z| + |yl)
)(lz] =+ ly])-

(
(

(1+0(?)

)
2@ 120

) =

U

Lemma 14. If all the 0;’s involved in the construction of T are small at a point x of M (6; <

¢, ¢ independent of N), then

-2

+ O(5 Log™\).

T <

72 (2% +y2)(0)

(1+0(7%)e 2 0
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Proof. Coming back to 7, we recognize that the term O(1) in its expression comes from % and

that, for #; small,

[, un] - (0 0 dm)([En, vn]) + &N - (d0; o dm)(En)
is positive. The claim follows.

W,(O) and W, (O) are tangent to v. Let us for example focus here on W, (0). Along v, as we
move away from O to go to the attracting orbit of v,{,{n rotate as well as [£,v] and [{x,vN].
This builds a sequence of lines (closed lines) of tangency of £(&n), [€, v]([En,vN]) to W, (O)

g -tangency (or & )

- [&]tangency (or[&y VD
\_—_/ Z -tangency (or Sw )

® ® ® ®

o [E.v]-tangency (o[£ ws¥]D)
W (©) ® ® ® ®

These lines are sizably spaced along v for &, [€,v], along vy for £y, [En, vn].

® designates the region where € (or £y) points into the paper across W, (O) while ® designates
the region where £ (or {x) points towards us.

Let us consider the vector-field

—s0dO([&,v])v

where £ = £y .\ and v = vy x. 0 here is zero above the piece of paper and builds up to 1 as we
approach it
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/ normal to the piece of paper
/ pomt on the piece of paper

above the paper, (W, (O)) mnfront of us

pointing to ug

Lemma 15. Between and , —s0dO([€, v])v points downwards from and . Below
until the next &-tangency line, —sdd0([¢,v])v points upwards towards .

Proof. Observe that, since df(v) = 0,
v do(E) = db([o, €]).
From | 1| to along a v-flow-line, df(§) decreases (it is positive near , negative near ) SO

that
df([v,£]) < 0,db([¢,v]) > 0 between [ 1] and [2].

The claim follows.
We now have

Lemma 16. Assume that 6s > M. There exists c(M) > 0,c¢(M) tending to zero with +; and d,
such that any piece of {n x-orbit entering and exiting the region of modification between and
stays in a c(M)-neighborhood of the £(£n) line of tangency.

Proof. We take local coordinates between and where W, (0) is y = 0,v is % (UN = a%)
and % is tangent to the & or &y tangency line. & N, reads up to the factor % as

¢ — s0do([§,v])v + O(39)[€, v]
€ has near the tangency line a non-zero component on %. It thus reads as

0o + a1(x — z9) + b1y + c1z + higher order
—zy(z,y, 2) , with 6y # 0,7v(x0,0,0) # 0, positive
to + a2(x — xg) + bay + c2z + higher order.
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near (g, 0,0). The y-axis goes from left to right through W, (0). Thus &y \ reads after setting
0 = M(y +n)** for example

0o + a1(x — z¢) + b1y + c1z + higher order
po + az(x — x0) + boy + caz — §s4M (y + n)T3¢(x,y, z) + higher order.

with &(z9,0,0) > 0 and M = M(z,y, z) very-large.

This provides the general form (up to meaningless details) of £ x near the line of tangency of
€. The size of the neighborhood where this form holds does not depend on M, M. The higher
terms are independent on M, M.

Observe that if (¢y < ¢)

AMM (y +n)’co > Ci,

(' a fixed constant, then
z < 0.

Thus, if at such point 2 < O(M(y + n)746),9 = —2v + O(M (y +n)*46) > 0. AM M (y + n)3¢y is
larger than C; thereafter, 2 remains less thanO(M (y +n)746), the £y \ piece of orbit cannot exit
without crossing the chore.

Thus, we need

AMM (y + )¢y < Cy as long as z < —eaMS(y + )+,

Assume now that
z2(0) < —c(M),y +n(0) = 0.

Then, _
2(t) < —c(M) + ¢At ¢ independent of M, M.

e (a0) a0
(DY b

2c 2

and for 0 <t < c(zj\g), taking M§ < 1:

Thus,
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It suffices then to take

C(M)Gls

c(M) > 2coM§

and we have a contradiction.
We thus need to have

0> 2(0) > —c(M)

at the time of entry.

We now follow the piece of orbit of {x x. As z reaches the value aM) g i does; if it does
not, we are done - either 2z < 0 and z becomes less than @ or z is non negative. This forces

(s6 = 6 so that s§ = s6 + 0(0) = s6(1 + o(1)))

(y+77)+§( “ )1/3-

4sdMcy
. a(M)
As long as z remains larger than ==,
(y+m)* < _aM)
8
and
e(M) c \Y3
32 0< T< A —— )
(32) S@+m)’ s -—gTAlt (455Mc0

This forces

8 c, 1/3
At < — = At max-
¢(M) <455M50)

Assume that z(tg) = 5(]2\4) and for ¢ € [to, t1],
c(M)
> .
0> U
Then,
. o\
< (=L for t € [to, ¢
i < () Prtchonl
and
Z(t) Z —02

so that
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c(M)

2(t) > z(to) — Cao(t — to) = — co(t — to).
@ — co(t — tg) is larger than @ if
{1y < S
262

We thus know that until <) z(t) is larger than #. We thus ask that

202

13 _
Atmax = = s ( —CE — ) S C(M)
c¢(M) \ 4sdMecy 2o

e.g.

& L\ U/6
M) ~es [ —— ) .
c(M) C3<MM>

Then (32) holds until the time of exit i.e.

8 Cl 1/3
t—tg < et
PN = (M (455Mc0>

and

B ~ 1/6
Z(tl) < Z(to) + C(tl —to) = C(M) + ( © ) < KE(M)

Appendix 1

The normal form for («,v) when a does not turn well.
We consider a hyperbolic orbit O of v. We establish:

Proposition 9. There is, up to diffeomorphism, a unique local model for (a,v) around O such

that o does not turn well.

Proof. Let o be a section to v at zg € O. Since O is hyperbolic, it has a stable and an unstable
manifold; they can be seen as two foliations F,,, Fs with traces A,, As in o.

Since a does not turn well along v, ker a along O is never tangent to JF,,, neither is it tangent to
Fs. Otherwise the mononicity of the rotation of ker a would imply an infinite amount of rotation.
Thus, ker « is contained between TF, and T Fj, it lies in exactly one of the sectors defined by

the tangent spaces along O to F,, and F;.
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L.

kerer,

LI

This property extends, by continuity, to a small neighborhod of O. Let o be a small section
to v at xp and let £ be the Poincaré return map. Along the v-orbit from = € o to {(z), ker
rotates monotonically with respect to the tangent spaces to the foliations Ty F, and T, Fj, since
these tangent spaces are transported by v. If we declare T, F, and T,.Fs to be orthogonal to each
other, we have

0<9(x)<g

f(x) designates the amount of rotation of kerca, from x to ¢(z). Given two distinct contact
structures, both having v in their kernel and both not turning well along v, we have two functions
01(x),02(x), both between 0 and 7.

We complete around O a rotation which maps ker oy to keras at xp. Along the rotation,
ker ; remains in the same quadrant for all z in a small neighborhood of O. It is then easy to
scale the speed of the rotation of ker oy so that it coincides along O with ker as. This rescaling
is a diffeomorphism of a neighborhood of @ which may be achieved through a reparametrization
of the v-orbits.

ker a; and ker cip are now close in a whole neighborhood of O and they both have v in their
kernel.

Since both planes rotate monotonicaly, are very close and have the same limits at infinity (due
to the hyperbolic behavior of v), it is possible to bring one onto the other through a reparametriza-
tion of each v-orbit. dJ

The normal form of («,v) near an attractive periodic orbit of v.
Let O be a periodic orbit of v. We establish:

Proposition 10. There are suitable coordinates (01,x,y), 01 being an angular coordinate along
O such that o reads (01, x,y)(xdf + dy).

Proof. ker a is tangent to O and there is an additional direction along O defining ker a. v and
this additional direction define an orientable frame in ker oe. If we add to these two vectors the
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contact vector-field ¢ of a, we build a frame for M3 along ©. We thus can take, along O, this
additional direction to be a% and & to be 8%, v = %.

« then takes the form:
(a(@)a: +b(0)y + O(ac2 + y2))d0 + (1 + az(0)x + ba(0)y + O(x2 + y2))dy+
+ (a1(0)z + b1()y + O(2* + y*)) da.

Using Gray’s theorem, its use leaves O unchanged as can be checked, we can get rid of all second
order terms after the introduction of a related diffeomorphism.
Rescaling, a reads (up to a multificative factor):

(a(9)z + b(0)y)do + (a1(0)x + by (0)y)dx + dy.
Since a A da is a volume form, a(f) is non-zero for every 6 € [0, 27].
We rewrite « (rescaled) as:
2 2

(a(0)z + b(0)y)dO + (1 — by (0)x)dy + d(al(ﬁ)% + by (O)zy) — %a’l(e)de — V,(0)xydd.

We remove as above %2 ay(0)do — by (0)xy d since it is second order. d(al(e)é + b1(0)zy) is
closed and o(1). We may also remove it using again Gray’s theorem.
We are left, after rescaling with:

(a(@)z + b(0)y)do + dy with a(f) # 0.

Setting
df, = a(6)do,
we find 3
(z 4 b1(0)y)doy + dy.
The family

(2 + thy (V)y) d dy

is a one-parameter family of contact forms. For all of them, there is a vector-field v; in their
kernel having O as a periodic orbit,. The family is constant equal to dy on O.
We thus can use Gray’s theorem and reduce up to rescaling, a to

xdf; + dy

as claimed.
Let us consider two vector-fields v, v3 having O as a periodic orbit. Up to reparameterization,

they read:
0 0 0

6_91 - Z‘a—y + 5231%
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Assuming that O is attractive for both of them, we can find functions a;(6), a2(0), b1(0), b2(0), c1(0),
c2(0) such that a; > 0,b? — 4a;c; < 0 and d(a;(0)z? + b;(0)zy + c1(0)?)(v;) < 0 for 2% + y* > 0,
small .

This reads:
b;
a;
Set
b;
X =x+ Y Y=y
20,7;
so that
b;
=X — Y.
o QCLZ'

The above equation rereads:

b; bi
a; a;
Setting
dx; = A;(0)X + B;(0)Y + higher order,
we find b
(a; = bi + 20;43) X® + (B — 2¢; + 20;B; — —~ (a — b)) XY <0
(Bt — b+ 2~ 2e)v? <0
46122 ! ! Yo 2a0 " ' 7
ie.,

(a; —b; + QCLZ‘AZ‘) <0
2a; A; + a; —b; <O0.

(b — 2¢; +2a;B; — - (a) — b;))* — 4] — 5 (b — 2¢5) + (557)*(af — i)

2CL¢

This implies:

b\’ b;
(Qa-) (a —b;) + ¢ < %(bg—m).

(2

Furthermore,
2a;A; + a, —b;  must be sufficiently negative,

once B; is given.
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This last condition is easy to satisfy as we build a convex-combination of v; and vy in ker a.
O should be an attractive orbit for the convex-combination. We thus consider the condition:

bi 2 bz

2a; i
ie.,
b; b? bb, b\ b2\’
/ 7 7 () 1 / [
. — PR A < — . = .
i + a; (Cz 4&1) (2@1 ) (2&1) @i (4a1>
Setting
b? y
C; — =Y,
4ai
we derive: ;
P < ——4h.
a;
Thus we need to find, given a;, b;, a positive periodic function ¢ such that
/
b;
Voo b
(0 a;
The only conditiion is therefore to have:
1
b
— < 0.
0 @

Assuming such a condition is fulfilled (it has to be for ¢ = 1,2, but we are considering more
general a;, b;), 1, i.e., ¢; is easy to build.

There, v; and vy can be deformed one onto the other among vector-fields of ker a for which O
is attractive. q.e.d.
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