Old business There was a request in the last lecture
to show some examples of the quotient rule, so that is
how we will begin.

New business There isn't much that needs to be

said about Section 3.5. Once you accept thak)

Is a function, then you can ask about differentiating
it. For the moment, computing second derivatives re-
guires only having an expression for the first deriva-
tive. The only real concern is a notation for higher
order derivatives.

If derivatives are denoted by writingaime after the
name of a function, then successive derivatives are
denoted by writing more primes. When you tire of
writing primes, you count the number that you need
to write and enclose that number in parentheses as
a superscript. Thus, the third derivative b{x) is
likely to be denotedf’”(x), but the fifth derivative

would be f ®(x).

If derivatives are denoted by writinQ in front of the
guantity to be differentiated, then amth derivative
of a function f (x) is denotedD" f (x).
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If y is anexpressioncontainingx, and the function
g is such thafy(x) is equal to the expressign then
one uses the notation

dy

g(X) = ax’

In this notation, the role oD is played by

dx’

so a second derivative giwith respect to is denoted

d\? Ord2y
ax) Y axe

Higher derivatives follow the same pattern. The text

book also allowsy’ as a synonym fody/dx, but |
prefer to use primesnly with functions andd/dx
only with expressions.

A few examples should make this clear.

lec08ch.3s.4-5.2



Just business: Cost Section 3.4 describes some
of the terminology used in applying calculus to eco-
nomics.

Thecost functionC(x) represents the cost of produc-
ing X units of a certain product. In some applications,
a fixed period of time is specified afXx) represents
the expenses of producimxgunits in that fixed period
of time.

If x units have been produced, the cost of producing
one more isC(x + 1) — C(x), which really is

Cx+1—-Ckx

X+ 1) — (x) (*)

In other words, it is aifference quotient In the
original discussion of derivatives, we took difference
guotients betweearbitrarily close values ofx so
that we could obtain a derivative. Each actual differ-
ence quotient was considered an approximation to the
derivative.

Once wehave the derivative, we realize that deriva-
tives areeasy to compute so it makes sense to treat
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the derivative as an approximation to a difference quc
tient. In particular, if we are working with a model in
which x takes only integer values, the smallest differ-
ence between valesgis 1, so the difference quotient
in (x) can be approximated /' (x). With this inter-
pretation,C’(x) is called thamarginal cost. Itis one
way to describe the cost oheitem.

Alternatively, C(x)/x gives the individual cost of a
representative of a set gfitems made. This is called
theaverage cosbf each item wher items are made.

Revenue If the items are sold, they bring in some
money. The fancy word for this iRevenue If x
items are sold at one time, each will haveprce
p(x), and the revenu®(x) will satisfy

R(X) = Xp(X).

This equation may also be interpreted as saying tr
price is average revenue.

There is also anarginal revenue given byR'(x).

Typically, the price at which an item can be sold is ¢
decreasing function of the number of items available
sop’'(x) < 0.
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The revenue functiofR(x) is the product of the in-
creasing function with the decreasing functiop(x).

It is common for such a function to increase to a max-
Imum value and then decrease. This leads to there
being a value ok for which R(x) has a maximum
value.

Profit. Usually a portion of the revenue is used to pay
the manufacturing cost. What is left over is called
Profit and denotedP (x). Thus,

P(X) = R(X) — C(X).

Usually, it is the profit function that one seeks to max-
imize.

Inverse functions. Sincep(x) is a decreasing func-
tion, there will be only on& corresponding to a given

p. If market research leads to some knowledge of
p(x) without actually experimenting with producing
different numbers of items, it also predicts a function
x = f(p) that gives the number of items that will

be sold at pricep.

Elasticity of demand. Theelasticity function com-
pares theelative change inx to the relative change
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in price. The definition includes an arbitrary change
of sign to assure that this measurement will usuall
be positive.

The definition is

pf'(p)
E = — .
D=0
Writing x = f (p), the alternative notation is
p dx
E(p) = —— —.
(p) X dp

If E(p) > 1, one says “demand is elastic”.

What does it mean? Using the notation of expres-
sions, rather than functions, we hakke= px. Treat-
ing p as our independent variable,

dR—x+ OIX—x Ex=X(1—-E)
dp = " Pap T B '

This shows that elastic demand corresponds to the r
gion whereR is a decreasing function gd. That is,
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when demand is elastic, a decrease in price creates
sufficient new demand that there is an increase in rev-
enue. In a sense, the market works for the benefit of
everyone.

Without Calculus, the description of the properties of
E would be a long story, and the effect of changes
in p on R would probably be described in terms of
a sequence of steps involving one change to lead to
another. In the model using calculus, every change
has an instant effect on all related quantities. While
the real world may show more inertia, it seems rea-
sonable that formulas based on using derivatives to
approximate difference quotients will accurately re-
flect market forces and describe trends after transient
effects have run their course.
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