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Abstract

Building on the work of Schimmerling ([8]) and Steel ([14]), we show that the failure
of square principle at a singular strong limit cardinal implies that there is a non-tame
mouse. The proof presented is the first inductive step beyond L(R) of the core model
induction that is aimed at getting a model of ADr + “© is regular” from the failure of
square at a singular strong limit cardinal or PFA.

One of the holly grails of inner model program has been to determine the exact consistency
strength of forcing axioms such as Proper Forcing Aziom (PFA) and Martin’s Mazimum (MM).
As the consistency of PFA, MM and other similar axioms have been established relative to one
supercompact cardinal, it is natural to conjecture that the exact consistency strength of such
forcing axioms is one supercompact cardinal.

Most of the partial results have been obtained by assuming a weakening of PF A, namely
the failure of square at various cardinals. For instance, in [14], Steel showed that the failure of
square at a singular strong limit cardinal implies that AD holds in L(R). We extend this result
further by showing the following theorem.
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Theorem 0.1 (Main Theorem) Suppose -0, holds for some singular strong limit cardinal
k. Then there is M such that R,Ord C M and M E AD" + 0y < ©. In particular, there is a

non-tame mouse.

In the statement of Theorem 0.1, 6 is the first member of the Solovay sequence (see Defi-
nition 2.1). Steel and Woodin showed that the conclusion of Theorem 0.1 implies the existence
of a non-tame mouse (see [15]). Our proof of Theorem 0.1 is via the core model induction. It
constitutes the first step of the induction that goes beyond the levels of Lp(R). We expect
that our proof will generalize to yield a model of ADg 4+ “© is regular”.

We advise those readers who are familiar with basic notions of inner model theory to read
Section 4. We have added many of the background material needed for this paper in the sections
proceeding Section 4. Thus, those readers less familiar with basic definitions can go over the
first three sections of the paper before reading Section 4.

Acknowledgments. The proof of Theorem 0.1 was found while I was visiting Ralf Schindler
and John Steel in Muenster in the Summer of 2009. I thank both of them for many valuable
conversations and for patiently listening while I was presenting the earlier versions of the proof
of Theorem 0.1. T am also indebted to the kind referee who provided many invaluable suggestion

that made the paper infinitely better.

1 Premice, mice and their iteration strategies

We establish some notation and list some basic facts about mice and their iteration strategies.
The reader can find more detail in [17]. Suppose M is a premouse. We then let o(M) =
OrdN M. If M is a premouse and & < o(M) then we let M||{ be M cutoff at &, i.e., we
keep the predicate indexed at £. We let M|¢ be M||¢ without the last predicate. We say € is
a cutpoint of M if there is no extender F on M such that £ € (crit(E),lh(E)]. We say & is
a strong cutpoint if there is no F on M such that £ € [crit(E),lh(E)]. We say n < o(M) is
overlapped in M if  isn’t a strong cutpoint of M. Given n < o(M) we let

O = U{N 9 M : p(N) =7 and 7 is not overlapped in N'}.

If M is a k-sound premouse, then a (k, 6)-iteration strategy for M is a winning strategy for

player II in the iteration game Gy (M, 0), and a k-normal iteration tree on M is a play of this

LLp(R) is the stack of all countably iterable sound R-mice projecting to R.
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game in which II has not yet lost. (That is, all models are wellfounded.) k-normal trees are
called “k-maximal” in [17], but we shall use “maximal” for a completely different property of
trees here.) We shall drop the reference to the fine-structural parameter & whenever it seems
safe to do so, and speak simply of normal trees.

We say M is f-iterable if 1 has a winning strategy in Gy(M,0). We say M is countably
f-iterable if any countable substructure of M is f-iterable. It follows from the copying con-
struction that a f-iterable mouse is countably f-iterable. We say M is countably iterable if all
of its countable substructures are w; + 1-iterable.

If 7 is a normal iteration tree, then 7 has the form
T = <T7 d@g, D7 <E0u Ma+1|a +1< 77>>
Recall that D is the set of dropping points. Recall also that if n is limit then

E(T) a<n(EM” lh(Ea)>’
M(T) = UgeyMy T Ih(E,),
6(T) = sup,, 1h(Es).

If b is a branch of T such that D N b is finite, then M] is the direct limit of the models along
b. If a <7 B and (o, f]7 N D = () then

w4 M= M
is the iteration map, and if & € b and (b — o) N D = {), then
Tl My — M

is the iteration map. If 7 has a last model M7, and the branch [0, a]; does not drop, then we
often write 77 for m] ,.
Recall that the strategy for a sound mouse projecting to w is determined by Q-structures.

For 7 normal, let ®(7") be the phalanx of 7.

Definition 1.1 Let T be a k-normal tree of limit length on a k-sound premouse, and let b be a
cofinal branch of T. Then Q(b, T) is the shortest initial segment Q of M, if one exists, such
that Q projects strictly across 6(T) or defines a function witnessing d(T) is not Woodin via
extenders on the sequence of M(T).



Theorem 1.2 Let M be a k-sound premouse such that px(M) = w. Then M has at most
one (k,wy + 1) iteration strategy. Moreover, any such strateqy 3 is determined by: X(T) is the
unique cofinal b such that the phalanz ®(T)™(6(T),deg” (b), Q(b, T)) is wy + 1-iterable.

In some cases, however, it is enough to assume that Q(b,T) is countably iterable. This
happens, for instance, when M has no local Woodin cardinals with extenders overlapping it.
While the mice we will consider do have local overlapped Woodin cardinals, the mice themselves
will not have such Woodin cardinals. This simplifies our situation somewhat and below we
describe exactly how this will be used. We say an iteration tree T is above 7 if all the extenders

used in T have critical points > 7.

Definition 1.3 Suppose M is a premouse and T is a normal tree on M. We say T has a fatal
drop if for some a such that a+1 < [h(T), there is some n < o(MJ) such that the rest of T is
an iteration tree on (’)éw‘z above 1. Suppose T has a fatal drop. Let (a,n) be lexicographically
least witnessing the fact that T has a fatal drop. Then we say T has a fatal drop at (o, ).

Definition 1.4 (Definition 2.1 of [12]) Let T be a normal iteration tree; then Q(T) is the
unique premouse extending M(T) that has 0(T) as a strong cutpoint, is wy + 1-iterable above
O(T), and either projects strictly across 6(T) or defines a function witnessing 6(T) is not

Woodin via extenders on the sequence of M(T), if there is any such premouse.

Countable iterability is enough to guarantee there is at most one premouse with the prop-
erties of Q(7). If it exists, Q(7) might identify the good branch of 7, the one any sufficiently
powerful iteration strategy must choose. This is the content of the next lemma which can be

proved by analyzing the proof of Theorem 6.12 of [17]

Lemma 1.5 Suppose M is a k-sound premouse such that no measurable cardinal of M is a
limit of Woodin cardinals. Suppose T is a k-normal iteration tree on M of limit length which

doesn’t have a fatal drop and suppose Q(T) exists. Then there is at most one cofinal branch
b of T such that either Q(T) = M] or Q(T) = M[ | for some & in the wellfounded part of
M.

We shall need to look more closely at what is behind the uniqueness results above, at how
the “fragments” of Q(b,T) (or better, its theory) determine the initial segments of b. The

following is the crucial lemma which is essentially due to Martin and Steel ([3])
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Lemma 1.6 Suppose T is a normal iteration tree on M of limit length and s is a cofinal subset
of 6(T); then there is at most one cofinal branch b such that there is a € b with the property

that w7, exists and s C rng(m] ).

Proof. Towards a contradiction, suppose there are two cofinal branches b and ¢ such that for
some «, 3, both 7, and 7}, exist and s C ran(r],) Nran(x},). Without loss of generality
we can assume that a and f are the least ordinals with this property, a <  and that b and
¢ diverge at « or earlier, i.e., if v is the least ordinal in b N ¢ then v < a. By [3], we can
assume that b = (a, : n < w), c = (B, : n < w), ap = a and [y = . Let then & be the least
ordinal in ran(x7,) Nran(z} ). Let n be the least such that crit(z] ,) > ¢. This means that
crit(E] 1) > & and that [h(E] ) < & By the proof of Theorem 2.2 of [3], this means that

for some m > 1, ¢ € [erit(E] _),lh(E] _,)). This then implies that & & ran(rj__ .), which

is a contradiction. O

Q(b, T) identifies b because it determines a canonical cofinal subset of rng(i7, N 6(T)), for
some « € b, to which we can apply Lemma 1.6. But now, the proof of Lemma 1.6 gives the

following refinement:

Lemma 1.7 Suppose T is an iteration tree on M of limit length and b,c are two cofinal

branches of T such that w] and 7] ewist. Suppose that for some «,
] (a) = 7] (@) < (7).

I a. Moreover, if £ € b is the least such that crit(z’zb) > 7] () then € € ¢,

Then 7] | a=mx
1)=cn(£+1).

so that bN (£ +

In addition to normal trees, we must consider linear stacks of normal trees. These are plays
of the iteration game Gy(M, «,#) in which II has not yet lost. See [17, Def. 4.4] for the formal
definition. We shall generally use the vector notation T for a stack of normal trees, and then 7,

h

for its nt normal component. M, will denote the model at the beginning of the nth round of
T.IfYisa (k, v, 0)-iteration strategy for M, and T is a stack of trees on M played according
to 3 and having last model NV, then we let ¥, = be the (I, o, 0) strategy for A" induced by %. (I
is the degree of the branch M-to-N of 7. We assume here a is additively closed, so that there
is such a strategy.) We say M is countably («, 6)-iterable if all of its countable submodels are
(v, B)-iterable.

Suppose M is a mouse and X is an («, )-iteration strategy. We then let

5



I(M,X) = {N : there is a stack 7 on M according to ¥ with last model A" and 77T exists }.

Given a premouse M with a unique Woodin cardinal &, we let BM be the countably gen-
erated extender algebra of M at §. In order to have a unique choice, we stipulate that the
identities determining BM are precisely those coming from extenders £ on the M-sequence
such that v(F) is an inaccessible, but not a limit of inaccessibles, in M, and v(F) < 6. If
G C BM then we let xg be the set naturally coded by G. For basic facts about the extender
algebra, we refer the reader to [1] and [17].

2 AD™ and the Solovay hierarchy

We will not need the exact formulation of AD™. The interested readers can consult [19] or the
introductory chapters of [6]. The Solovay hierarchy is a hierarchy of axioms extending AD™.
To define the hierarchy, we first need to define the Solovay sequence. First recall the Wadge
ordering of P(R). For A, B C R, we say A is Wadge reducible to B and write A <y, B if there
is a continuous function f : R — R such that f~![B] = A. Martin showed that under AD,
<w is a wellfounded relation. For A C R, we let w(A) be the rank of A in <y,. Under AD,

© = sup g w(A). The Solovay sequence is defined as follows.

Definition 2.1 (The Solovay sequence) Assume AD. The Solovay sequence is a closed

increasing sequence (0, : o < Q) of ordinals defined by
1. 0y = sup{« : there is an OD surjection f: R — a},

2. if O < © then letting A C R be such that w(A) = 0g,
0p41 = sup{a : there is an ODy4 surjection f: P(0) — a},
3. if X is a limit then 0y = sup,» 0q.

The Solovay hierarchy is the hierarchy we get by requiring that € is large. The following
are the first few theories of this hierarchy. <., is the consistency strength relation: given two

theories T and S, S <.o, T if Con(T) F Con(S).

ADT 4+ Q=0<n ADT+Q=1<ADT +Q =2 <on ADT+Q =w <con *** <con
ADT +Q = w; <eon ADT+Q=w; +1---.
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For more on the Solovay hierarchy consult [5]. We will use the following theorem to construct

a non-tame mouse from our hypothesis.

Theorem 2.2 (Steel-Woodin, [15]) Assume there is a transitive inner model M containing
R such that M = ADT +© = 0,. Then there is a non-tame mouse.

3 Suitable mice

The core model induction is a method for constructing iteration strategies for various canonical
structures. Often times the iteration strategies we construct are strategies for HOD of a certain
model of determinacy. In many situations, including our current situation, HOD is a fine
structural model. The proof of this fact will be used throughout this paper and that is why
we take a moment to review the background material used in the analysis of HOD of models
of determinacy. In later sections we will heavily rely on notions introduced in this section.
In particular, notions such as suitable premouse or quasi-iterable premouse will be of crucial
importance for us. Many of the notions introduced in this section are due to Woodin who
introduced them in his computation of HODZ9) (see [18]). We start with suitability.

Often times, the notion of a suitable premouse is needed simultaneously in models of deter-
minacy and in ZFC context. Our current situation is an instance of this and we chose to define
the notion in a most general way to avoid confusions when applying it in different contexts.

Fix then some cardinal A and let I' € P(P(A)). We assume ZF + DC). Notice that
any function f : Hy+ — H,+ can be naturally coded by a subset of P(\). We then let
Code, : Hﬁ” — P(P(A)) be one such coding. If A = w then we just write Code. Because any
At-iteration strategy for a premouse of size < ) is in Hﬁ”, we have that any such strategy
is in the domain of Codey. Given a premouse M, we say M has an iteration strategy in I’
if |M| < X and M has a A\-iteration strategy (or («, \T)-iteration strategy for o < A7) X
such that Codey(3) € . We let Mice" be the set of mice that have an iteration strategy in I

Given a countable set a we let
WE(a) = U{N : N is a sound mouse over a such that p(N) = a and N' € Mice'}
and define Lpj (a) for £ < w; by induction as follows:

1. Lpf(a) = W¥(a),



2. for & <wi, Lpg,, = WH(Lpg (a)),
3. for limit & < wy, Lp; = Ua<eLp)(a).

Definition 3.1 (I-suitable premouse) A premouse P is I'-suitable if there is a unique car-
dinal § such that

1. P E “6 is the unique Woodin cardinal”,

2. o(P) = sup,,,(67)7,

3. for every P-cardinal n # 5, WY (Pln) E “n isn’t Woodin”.
4. for any n < o(P), OF = W' (Pn).

Suppose P is I-suitable. Then we let 6% be the § of Definition 3.1. Given an iteration tree
T on P, we say T is nice if T has no fatal drops. Notice that I'-suitable premice satisfy the
hypothesis of Lemma 1.5. A nice tree T is I'-correctly guided if for every limit o < [h(T),
Q(T | a) exists and

AT I a) IWHM(T | ).

T is D-short if it is nice, correctly guided and WH(M(T)) E “6(T) is not Woodin”. T is
[-mazimal if it is nice, I'-correctly guided yet not I'-short. Notice that if 7 is a maximal tree

and b is a branch such that i/ (67) = 6(7) then T doesn’t have a nice normal continuation.

Definition 3.2 (I'-correctly guided finite stack) Suppose P is I'-suitable. We say (T;,P;
i <m) is a [-correctly guided finite stack on P if

1. 7DO = P7
2. P; is I'-suitable and T; is a nice I'-correctly quided tree on P; below 6%,

3. for every i such that i+ 1 < m either T; has a last model and 77 -exists or T; is mazimal,

and

(a) if T; has a last model then Py is the last model of T; and if Ih(T;) = o+ 1 where «
is limit then if T~ is T; without its last branch then Q(T,”)-exists and is an initial
segment of WX (M(T | ),



(b) if T; is T-mazimal then P;q = LpL(M(T;)).

Notice that if (7;,P; : ¢ < m) is a correctly guided finite stack on P then only 7, can have
a dropping last branch.

Definition 3.3 (The last model of a I'-correctly guided finite stack) Suppose P is I'-
suitable and T = (T:,P; i < k) is a U-correctly guided finite stack on P. We say R is the last
model of'f if one of the following holds:

1. Ti has a last model and R is the last model of Ty,

2. Ty is of limit length, Ty is I'-short and there is a cofinal well-founded branch b such that
O(b, Tr) exists, Q(b,T) I W' (M(T;)) and R = M]

3. Tr is of limit length, Ty is I'-maximal, R is I'-suitable and
R = Lp,(M(Tx)).

We say R is a I'-correct iterate of P if there is a I'-correctly guided finite stack on P with last
model R.

Definition 3.4 (S(I') and F(I')) We let S(I') = {Q : Q is I'-suitable}. Also, we let F(I") be
the set of functions f such that dom(f) = S(I') and for each P € S(T'), f(P) C P and f(P) is
amenable to P, i.e., for every X € P, X N f(P) € P.

Given P € S(I') and f € F(I') we let f"(P) = f(P) N P|((67)™)". Then f(P) =
Un<wf"(P). We also let

17 = sup(6” 0 HUlf ({"(P) s n < ).
Notice that
3P = sup(d” M HUIP (] U {7(P) 0 < w}).
We then let
HY = Hull? (vF U{f"(P) : n < w}).
IfP e S(T), f € F(T) and i : P — Q is an embedding then we let i(£(P)) = Up-wi( f(P)).
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Definition 3.5 (f-iterability) Suppose P € S(I') and f € F(I'). We say P is f-iterable if
whenever (Tg, Pr 1 k < m) is a finite correctly guided stack on P with last model R then there
is a sequence (by : k < m) such that the following holds.

1. Fork<m—1,

0 : Tr has a successor length
br, = < cofinal well-founded branch
such that /\/lTk =P 2 T is T'-maximal

2. The following three cases hold.

(a) If Tr—1 has a successor length then by, = (.

(b) If Trn—1 is I'-short then there is a cofinal well-founded branch b such that Q(b, Trn—1)
exists, Q(b, Tn_1) I WY (M(T1)) and b,y is the unique such branch.

(¢) If Trn—1 is I'-mazimal then b,,_1 is a cofinal well-founded branch.

3. Letting

T

7Tk Ti has a successor length
Tk = ‘ :
T, T is I-mazimal

and ™ = Ty,_1 O Myy_o O - - -my then

Suppose again that P € S(I') and f € F(I). Suppose T = (Tp, P : k < m) is a I-correctly
guided finite stack on P with last model R. We say b= (b : k < m) witnesses f-iterability for

—

T = (Tx, P : k < m) if 2 above is satisfied. We then let

7T : T has a successor length
oL E . . .
T2k =\ T, : Tr 1s maximal

undefined : otherwise

and T35 = T2 fm1 © T m2© " T750- Notice that clause three isn’t vacuous as it might be
that 7, is ['-short and its unique branch has a drop.

Continuing with the notation of the previous paragraph, let b and ¢ be two f-iterability
branches for 7. It then follows from Theorem 1.6 that

10



P _ P
np; | HY =7z .1 HY.

Lemma 3.6 (Uniqueness of f-iterability embeddings) Suppose P € S(T'), f € F(T') and
T is a finite correctly guided stack on P. Suppose b and & are two f-iterability branches for T.
Then

71'7*-75' [ H}c) = ﬂ-’f,é f H})

Moreover, z'f'f- consists of just one normal tree T, Q s the last model of T and b and ¢ witness
f-iterability for T then if £ € b is the least such that crz’t(EgT) > 'ny thenbN&=cNE.

Definition 3.7 Suppose P € S(I') and f-iterable. Given a I'-correctly guided mazimal T on
P with last model Q, we let by y = bN & where b witnesses f-iterability of P for T and £ € b is
the least such that crit(m],) > VfQ.

When 7T is clear from context, we will omit it from our notation and just write by. Notice
that if P is f-iterable, T isa I'-correctly guided finite stack on P, and b witnesses f-iterability of
P for T then even though 777 [ H}) is independent of b it may depend on 7. This observation

motivates the following definition.

Definition 3.8 (Strong f-iterability) Suppose P € S(I') and f € F(I'). We say P is
strongly f-iterable if P s f-iterable and whenever T = (T;,P; - j < wu) € Hy+ and U =
(U;,Q; 1 j <wv) € Hy+ are two correctly guided finite stacks on P with common last model R,
b witnesses f-iterability for T and € witnesses f-iterability for U then W,T s defined iff 7TZCZ 1

defined and
TG i H}D =Mz i H}D.

If P is strongly f-iterable and T is a [-correctly guided finite stack on P with last model
R then we let

TPR,f: H}D — I‘I;Ic2

be the embedding given by any b which witnesses the f-iterability of 71, i.e., fixing b which

witnesses f-iterability for T,
TP R,f — 7T7*-7g f H}D
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Clearly, mp ¢ is independent of 7 and b.

Given a finite sequence of functions f = (f; : i < n) € F(I'), we let @, f; € F(I') be the
function given by (®icnfi)(P) = (fi(P) : i < n). We set ®f = ®icn fi.

Given F' C F(I'), we let

Trp ={(P,f): P eSI), fe (F)< and P is strongly & f-iterable}.

Definition 3.9 Given F' C F(I'), we say F' is closed if for any fE F<% there is P such that
(P, JF) € Ir r and for any g € F<¥, there is a I'-correct iterate Q of P such that (Q, fUﬁ) €Irp.

Fix now a closed F' C F(T"). Let

fF,F = {H}) : (P, f) € IF,F}‘

—

We then define <r p on I r by letting (P, f) <rr (Q, g) iff Q is a I'-correct iterate of P and
fg g. Given (P, ]F) =rr (9Q,§), we have that

. P Q
Notice that if F' is closed then <r p is directed. Let then

Moo,I‘,F

—

be the direct limit of (Fr r, =<r r) under mp o 7 Given (P, f) € Ir r, we let mp ¢ Hg;f —
Mo r.r be the direct limit embedding.

Lemma 3.10 M 1 is wellfounded.

Proof. 1f not then we can fix ((P;, fi) : i < w) C F and (o; : i < w) such that o; € H}?,
(Pi, ®j<if;) € Ir.p and Tp, | f,,1,00(ig1) < Tp, 5,00 (). By simultaneously comparing P;’s we
get a common I'-correct iterate P such that if 5; = 7p, p f,(c;) then B;41 < f;, contradiction!
U

It turns out that VAOP of many models of determinacy can be obtained as M. r r for some

I' and F. We will give the details in the next few subsection.

12



4 How to read this paper

While we have made an attempt to make the paper largely self-contained, we believe that
some experience with the basic notions of inner model theory and descriptive set theory will be
very useful. In this section, we attempt to explain how to read the paper and what points to
concentrate on.

The main tool used in this paper is the core model induction, which is a method originally
due to Woodin. It can be viewed either as a method for inductively constructing more and
more complicated mice or as a method for inductively constructing more and more complicated
models of determinacy. It is the author’s belief that the second is a more useful point of view.
This is because while it is conjectured and expected to be true that complicated models of
determinacy have complicated mice, it is difficult and perhaps even impossible to capture the
essence of this claim via just pure inner model theoretic notions without using some descriptive
set theoretic notion of complexity such as Wadge order. The best one can do is to state the

Mouse Set Conjecture, which is the conjecture referred to in the previous sentence.

The Mouse Set Conjecture, MSC. Assume AD" +V = L(P(R)). Then for z,y € R,
x € OD(y) if and only if there is a sound w;-iterable y-mouse M such that z € M.

MSC is one of the most central open problems in descriptive inner model theory. We refer
the reader to [5] for more information on its role in set theory. We let Mouse Capturing (MC)

stand for the conclusion of the MSC. The author showed in [6] that
Theorem 4.1 ([6]) MC holds in the minimal model of ADg + “© s regular”.

MC is crucial in core model induction constructions. It is what one usually uses to show that
the new set just constructed is more complicated than all the previous ones. The reader will
encounter this sort of argument several times throughout the paper. For instance, see the proof
of Lemma 9.35 or the conclusion of Subsection 9.8. We give an outline of how this conclusion

is made in the following remark.

Remark 4.2 The argument we are about to given is by now a standard argument. It is based
on Woodin’s proof that My E “V s not iterable”, where My is the minimal proper class model

with a Woodin cardinal.
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Suppose I' C P(R) is some pointclass and (P, %) is a pair such that P is I'-suitable premouse
and Y. is T-fullness preserving iteration strategy. Suppose further that L(T,R) E ADT + MC +
0p=0. Then X ¢ T.

Assuming ¥ € T', one gets a contradiction as follows. Work in L(I',R). Since we are
assuming 0y = ©, there is an x such that 3 is ordinal definable from x. It then follows from
MC that for ally Turing above x, XN Lp(y) € Lp(y) (Lp is defined at the beginning of Section 9).
Iterate P to get Q that makes x generic over the extender algebra of Q. We then have that if
A is the strateqy of Q induced by Y then

AN Q[z] € Q[x]

However, this cannot happen. To see this, consider the mazimal tree T on Q|((62)")2 according
to A that makes Q|((69)*)< generic. Suitability of Q and fullness preservation of A implies
that T € Q and §(T) = ((69)*F)2. The final branch of T given by A, however, cannot be in
Qlz] as it singularizes ((§9)++)<.

All core model induction applications are done by making a minimality assumption. In this

paper, our minimality assumption is the following. Good is defined in Definition 9.2.

Minimality Assumption. For any good p and a generic g C Coll(w, i), in V[g|, there is
no inner model M such that Ord,R C M and

We proceed by assuming our Minimality Assumption and derive a contradiction. It follows
from Theorem 2.2 that the existence of an M as in the Minimality Assumptions implies the
existence of a non-tame mouse. This then completes the proof of Theorem 0.1.

While doing core model induction one encounters two steps that can be characterized as
internal and external. In the internal step of the induction, there is a concrete model M and
our goal is to show that M E AD*. M is usually a fine structural model of R. In the current
situation, we do not do the internal step of the induction as this was done by John Steel in [14].
Theorem 9.3 summarizes Steel’s work. In that theorem, L*(R) is the universe M mentioned
above. Another place where such an internal induction is taking place is Theorem 9.6. At
various points in the paper, we conclude that certain models satisfy AD™. All of this is done
via a core model induction such as the one done by Steel in [14]. The following, however, is an

important remark.
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Remark 4.3 To prove that S, 4 F AD™, where S, 4 is as in Theorem 9.6, we need to use [13]
and [16] and the core model induction of [14]. The scales analysis of [13] and [16] is carried out
for those levels S of Lp(R) that satisfy V= HOD (Lp is defined at the begging of Section 9).
However, this is all one needs. This is because any level S of Lp(R) such that S 'V # HOD
is usually contained in another which satisfies ADT +V = HOD. Thus, it is enough to do the
induction over the levels of Lp(R) that satisfy V' = HOD.

To see this, firx a level S of Lp(R) such that S ends a gap and S E'V # HOD. It then
follows that some countable substructure of S doesn’t have an iteration strateqy in S. Fix such
am: M — 8. Let ¥ be the strateqy of M. We can use Theorem 9.3, Theorem 9.9 and core
model induction to conclude that L*(R) B ADY. Because ¥ is just a strategy for a mouse, it
follows that if M = L(3,R) then M E 0y = ©. It is shown in [7] that such models have the
form M = L((Lp(R))M). It then immediately follows that S < (Lp(R))™ < Lp(R) (because ¥
is in second but not first). We clearly have that (Lp(R))™ E AD* +V = HOD.

In this paper, we are mostly concerned with the external core model induction. In our case,
the goal is to construct an iteration strategy > which is not in M = L(Lp(R)) (because we are
only outlining the argument, we do not give the precise definition of M, which is somewhat
different). Our approach is the traditional approach dating back to Ketchersid’s work (see [2]).

We let P be, essentially, HOD of M and find some (Q, ¥) such that Q is countable, P(R)-
suitable and ¥ is a P(R)M-fullness preserving iteration strategy with branch condensation.
Moreover, the direct limit of all iterates of Q is P. It then easily follows that X ¢ M and
(via a use of core model induction) L*(R) F ADT. We then conclude as in Remark 4.2 that
L(X,R)E 6y < O.

(Q,3) is constructed by taking Skolem hulls of P. Failure of [, is used to conclude that
one can find full hulls of P (see, for instance, Lemma 9.8, Lemma 9.11 and Theorem 9.13 ). Q
is one such hull. Letting 7 : @ — P be the uncollapse map, ¥ is constructed using the direct
limit construction outlined in Section 8 using Theorem 8.3 and ideas from Section 6. ¥ has the
property that whenever S is a -iterate of Q and 7 : Q — § is the iteration embedding then
there is 0 : § — P such that @ = o o 7. This property guarantees fullness preservation of X
(see Corollary 9.22).

The hardest part is to show that > has branch condensation. This is the most important
distinction between our current situation and [2]. In the later, assuming ¥ doesn’t have branch

condensation, the existence of various ideals on w; allows one to obtain a “bad” sequence of
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length w, inside a determinacy model. One can then show that such bad sequence of length w;
cannot exist under AD™.

In our current case, we do not have such an ideal. The solution is to implement the ideas
from Section 7. To use the material of Section 7, we need an extension of Q, &, with w many
Woodin cardinals. We also need to extend ¥ to a strategy for §. Call this new strategy A.
All of what we have just said is done in Subsection 9.4 and Subsection 9.5. The rest of the
argument is essential as follows.

The argument that we are about to outline resembles the argument that some tail of the
iteration strategy of M., strongly respects a given O D*®) set of reals. Fix an A € P(R)NLp(R).
We would like to find a A-iterate W of S such that Ay, the strategy of W induced by A,
strongly respects A. If we do this for enough A, then we can show that some tail of A has
branch condensation as in Section 6 (in particular, see Lemma 6.6). Thus, it is enough to show
how to do this for one A.

What helps us is the fact that we can realize Lp(R) as a derived model of an iterate of S.
This is done in Subsection 9.7. If now our chosen A is bad, we can internalize it to this iterate
of § and show that we cannot have an w-sequence of iterations witnessing that A isn’t strongly

respected.

5 Quasi-iterability

We are now in a position to define quasi-iterability which will later be used to construct strate-
gies for certain HODs of models of determinacy. We continue with the set up of Section 3. Thus,
recall that we are assuming ZF and I' C P(P())) for some cardinal A. Fix some I'-suitable P
and a closed F' C F(I'). Let G C F.

Definition 5.1 We say (7o, My : a < v < A\ is a semi (F,G)-quasi iteration of P of length
v if
1. My ="P and for all « < v, M, is I'-suitable,

2. if a < v then T, is a I'-correctly guided tree on M, and if « +1 < v then M1 is the
last model of Ty,

3. for all o < v, M, is strongly f-iterable for every f € G,
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4. for all limit a« < v, for any g € F there is f < a such that for any v € [, «)

(a) if INT,) is a successor then 77 (g(M,)) = g(M,41),

(b) if Ih(T,) is limit then there is a cofinal wellfounded branch b of T, such that M;r” =
Moia and 77 (9(M,)) = g(Mo11),

Suppose (To, M, 1 @ < v < A1) is a semi (F, G)-quasi iteration of P of length v. Given
limit « < v and g € F' we let 8,, < a be the least ordinal satisfying 4 of Definition 5.1.

Definition 5.2 Suppose (To, My : o < v < XT) is a semi (F, G)-quasi iteration of P of length
v. Wesay (n5¢ 17 <§ <a <vAa € LimNv+1) are the embeddings of (Ta, Ma : oo < v < AT)
if for all limit o < v and for all g € F

1. 7¥¢ is defined for all v,€ € [Bya, @l

T : B M :
2. w9, = if it exists and otherwise 795, = m," | Hy " where b witnesses clause 4b
for a and g,

8. fixing v € [Bya,l, 7% is defined by induction on § € (v, a] where the first step of the

induction is clause 2 above and the rest is given by the following scheme:

(a) if &€ < « is limit then if ng\/té is the direct limit of H}'" under T fory <A< ¢

then szg 1s the direct limit embedding and otherwise it is undefined,
(b) if €= X+1 then 7% = 75, o?¥.

Next we define (F, G)-quasi iterations.

Definition 5.3 Suppose (To, M, : o < v < XT) is a semi (F, G)-quasi iteration of P of length
v. We say (To, Mo : a < v < A7) is a (F,G)-quasi iteration of P of length v if letting
(mfg iy <&{<a<vAaeLimnNu+1) be the embeddings of (To, Mo : a <v < A*) then

1. for every a, M, = UggFH';Vla, and

2. for every limit o < v and for every g € F, HgMa is the direct limit OfH;VH forvy € [bga, @)
under the maps Wz:? for v <& € [Byas ).

Finally we define the last model of (F, G)-quasi iterations.
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Definition 5.4 Suppose (To, My : o < v < A1) is a (F,G)-quasi iteration of P of length v
with embeddings <7rg? y<é<a<vAa€ LimnNuv+1). Then we say Q is the last model
of (Ta, Mo - o < v < XT) if Q is T-suitable, Q is strongly f-iterable for all f € G and one of
the following holds:

1. v=a+1, 9 is the last model of T, as defined in Definition 3.8 and Q = UfeFHfQ or

2. v is limit, Q = UgepHP and for g € F, HY is the direct limit of H)" under T2 for
”Y < 6 S [Bg,lhy)'

Notice that it may be the case that quasi iterations don’t have last models but when they

do it is uniquely determined.

Definition 5.5 We say P is (F,G)-quasi iterable if all of its (F,G)-quasi iterations have a

last model.

Before moving on we fix some notation. When G = {f} then we use (F, f) instead of (F, G).
When G = () then we write F instead of (F,()). Suppose FF C F(T') is closed. We say P is
(strongly) F-iterable if P is (strongly) f-iterable for all f € F'. Suppose now that P is (strongly)
F-iterable. Let Q be a I'-correctly guided iterate of P. Then we let mp o r = Uscrmp o f-
Suppose further there is some F* C F(I') such that P is (F*, F')-quasi iterable and suppose
that Qis a (F*, F)-quasi iterate of P. We then let 7p o p : Upep Hf — UfeFHfQ be the iteration
embedding coming from the composition of the quasi iterability embeddings. We also define

TQ,F oo Similarly.

6 f—guided strategies

We continue with the set up of Section 3. Thus, recall that we are assuming ZF + DC'y. In this
subsection, our goal is to develop tools for constructing strategies by putting together pieces of
various f-iterability branches. In later sections, we will need to construct iteration strategies
that have the so-called branch condensation and one method for producing such strategies
is via producing strongly f—guided strategies. Below we let ZF(C~ stand for ZFC without
Replacement or without Powerset Axiom. We start by introducing branch condensation, a

notion that played an important role in [6].
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Definition 6.1 Suppose 3 is an («, 3)-iteration strategy for some structure M such that M F
ZFC~ (M need not be a fine structural model). We say % has branch condensation if whenever
(R, T,0.U,c, ) is such that

1. T is a stack on M according to X with last model R and 7T exists,

2. U is a stack on M according to X such that its last normal component is of limit length

and ¢ is some branch on U such that 7r7g7 ex1Ssts,
3. Q:/\/lzcZ and m: Q —x, R is such thatwfzwoﬂg

then ¢ = S(U).

In all of our applications, the embedding 7 in clause 3 will actually be fully elementary.
Below we introduce one of the main methods for producing strategies with branch condensation.
The basic idea is that if the strategy moves many operators correctly then it must have branch
condensation. For example, let M = M;|(07)™* where M; is the minimal mouse with a
Woodin cardinal and ¢ is the Woodin cardinal of M;. Then M may have many iteration
strategies but it has one strategy that moves the theory of sharps correctly. Let ¥ be this
strategy. It can be shown, using the fact that the theory of sharps condenses, that ¥ has
branch condensation. Below we will explain how exactly the aforementioned condensation of

the theory of sharps works in a more general context.

Definition 6.2 Suppose P € S(I') and ¥ is a (AT, \T)-iteration strategy for P. We say X is
[-fullness preserving if whenever i : P — Q comes from an iteration produced by ¥, Q € S(T').
Given f € F(I'), we say 3 respects f if whenever i : P — Q and j : Q — R are iterations
produced via 2 then j(f(Q)) = f(R). We say ¥ strongly respects f if whenever i,j, P, Q, R
are as above and S is such that there are 0 : @ = S and 7 : S — R such that j = 7 o o then

SeST) and o(f(Q)) = f(S).

If ¥ strongly respects many functions f then it is possible to show that ¥ has branch
condensation. Fix some F' C F(I').

Definition 6.3 We say F is a quasi-self-justifying-system (qsjs) if there is P € S(I') such that

1. F is closed,
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2. for any f € F<¥, @fe F,
3. for every f € F, P is (F, f)-quasi iterable,

4. forany f € F, whenever Q is an (F, f)-quasi iterate of P, supcp fng = 69 (this condition

follows from clause 3 above),

5. whenever Q is an F-quasi iterate of P and o : R —yx, Q is such that f(Q) € rng(o) for
all f € F then R € S(I).

The following lemmas are essentially due to Woodin and are based on Lemma 1.6. They
collectively imply that if F'is a gsjs then it produces a I'-fullness preserving iteration strategy
for some P € S(I).

Lemma 6.4 (ZF) Suppose F is a qsjs and P € S(T") witnesses it. Then there is a \*-iteration
strateqy A¥' for P that is I'-fullness preserving.

Proof. We define A¥' for normal trees. First we describe A¥ on I'-correctly guided trees. Given
such a tree 7 on P we have two cases. If T is [-short then we let A(7) = b be the unique
branch of 7 such that Q(b, T)-exists. If T is a maximal then we do the following. Let Q
be the last model of 7. Recall the definition of by for f € F' (see Definition 3.7). Because
SUp fe g fny = 69, we have that b = Ujscpby is a cofinal branch of F. Notice now that if
S = Usepn] (H}) then there is 0 : S =y, Q and 7 : P — S such that 7/ = o o 7. By clause
5 of Definition 6.3, we have that S € S(I') and by clause 4 of Definition 6.3, we have that
o | §(T) =id. Hence, S = Q. We then let A" (T) =b.

If 7 has a fatal drop then let («,n) be such that T has a fatal drop at (o, n). Then we set
AF(T) = A(T*) where A is the strategy of O} and T* is T after stage a. O

Notice that if F'is a gsjs and P € S(I') witnesses it then any F-quasi iterate of P also
witnesses that F'is a gsjs. Given then any Q € S(I') witnessing that F' is a gsjs we let AS be
the A*-iteration strategy given by Lemma 6.4. Let then P € S(I') witness that F' is gsjs. To
get a (AT, AT)-strategy for P, we just need to dovetail all the strategies of the form A5 where
Q ranges over F-quasi iterates of P. The following notion will be used in the proof of the next
lemma.

Given an iteration tree 7 such that [h(7) = v+ 1 where ~ is limit, we let 7~ be T without
its last branch. Suppose T is a stack on a [-suitable premouse P. We say T is good if letting
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(T, M4 : a < 1) be the normal components of 71, for each a < n, M, is I'-suitable and 7, is a
['-correctly guided tree on M,. We let T* be defined as follows: T* = Uy, My, - v < 1) where
U, =T, if either T is undefined or it is defined but it is I'-short and otherwise, U, = T, . We

say T* is the quasi-rearrangement of T.

Lemma 6.5 (ZF) Suppose F is a qsjs and P € S(I') witnesses it. Then there is a (AT, AT)-

iteration strateqy XF for P such that XF is I'-fullness preserving.

Proof. We handle trees with fatal drops exactly the same way as in Lemma 6.4. We leave the
details to the reader. By induction we define (XX : o < AT) such that

1. X is a T-fullness preserving (a, A\*)-iteration strategy for P,
2. for a < B < AF, XL C X
3. for all & < A", whenever T is according to XX T*isan F -quasi iteration of P, and

4. if B is limit and T = (Tay Mo+ a < B) is a stack on P such that for each a < 3, @ecnTe
is according to XX then letting M be the direct limit along the main branch of ’f, M is
suitable and (7*)"M is a F-quasi iteration of P.

For a = 1 we let X&' = AL. Clearly, X" satisfies clauses 1-4 above. Suppose now we have
defined (X : a < B). For a < 3, let I, be the set of pairs (T‘,M) such that 7 is according
to XX it has o many rounds, M is the last model of 71, M is I'-suitable and if « is limit then
M is the direct limit of the models along the main branch. Suppose now § = v 4 1 for some

v. Then X(7) = b iff either
1. 7 is a run of G(P, v, A1), T is according to XF and XE(T) = b or
2. T is of the form U~ M™U such that (U, M) € I, U is according to AL, and AL, (U) = b.

Again, clearly Zg has the desired properties.

Lastly, suppose 3 is limit. We have that (X : o < ) satisfies 1-4. It is then enough to
show that clause 4 holds. To see this, fix T = (To, Mo : a < B) as in clause 4. We have
that for each a < f, (71 [ a)* is an F-quasi iteration of P. What we need to show is that
the direct limit along the main branch of T is the same as the direct limit defined by the

two clauses of Definition 5.3. Let then, for o < v < 8, 7, : M, — M, be the iteration
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embeddings given by 7. We have that for each f € F and o < v < 8, Tar(f(My)) = f(M.,)
and that M, = UscpH }M“. Let then M be the direct limit of M, under the maps 7, and let
To : Mo — M be the direct limit embedding. We then have that M = Ua<ﬂ7f€F7T0(H}D) and
for every f € F, mo(HY) is the direct limit under x[? where (7% : o < v < ¢ < f8) are the
embeddings of 7. It then follows that M is indeed the model constructed by the two clauses
of Definition 5.3. 0]

Suppose F' is a gsjs and P € S(T') witnesses it. We then let 5 be the (AT, \T)-iteration

strategy given by Lemma 6.5. Next we show that ©£ has branch condensation.

Lemma 6.6 (ZF) Suppose F is a qsjs and P € S(I') witnesses it. Then X5 is a (AT, A1)-

iteration strateqy which is I'-fullness preserving and has branch condensation.

Proof. We only need to show that ¥% has branch condensation as the rest follows from
Lemma 6.5. Let then (R, f, Q,?j, ¢, ) be as in Definition 6.1 where we let M = P and
2 = 25, We need to see that ¢ = S5(U). Because we have that 7 : Q — R and 77 = 7o
we get that, using clause 5 of Definition 6.3, that Q is I-suitable and 74(f(P)) = f(Q) for all
f € F. Let then (U, M, : @ < n) be the normal components of U. Because U [ nis via X5,
we have that Wg:n(f(P)) = f(M,) for every f € F. It then follows that wﬁ‘"(f(/\/ln)) = f(Q)
for all f € F'. Hence, U, is according to Af,ln, implying that Eg(lj) =c. O

We finish with the following lemma whose proof we leave to the reader as it is very close to

the proof of Lemma 6.5.

Lemma 6.7 Suppose F' and G are two qsjs such that I C G. Then for any P € S(I)

witnessing that F is qsjs, P witnesses that G is also qsjs and ¥& = X3,

7 (w,I')-suitable premice

In this paper, our primary tool for constructing iteration strategies with branch condensation
will be Lemma 6.5 which heavily relies on clause 4 and 5 of Definition 6.3. Here we develop
some notions that we will later use to show that various F' are gsjs and in particular, satisfy
clause 4 and 5 of Definition 6.3.

We continue with the set up of the previous sections. Recall that we have fixed a cardinal A
and I' C P(P(A)). The basic notion we will need is that of (w,I')-suitable premice. These are

formed by stacking w many I'-suitable premice and hence, they all have w-Woodin cardinals.
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Definition 7.1 A premouse P is (w,')-suitable if there is an increasing sequence of P-cardinals

(0; 1 < w) such that letting d,, = sup;,, i,
1. P E “6, is the largest cardinal”,
2. for each i, 6; is a Woodin cardinal in P,

3. if P; = P|(6;7)7 then Py is a I'-suitable premouse and Piy is a I -suitable premouse over

P..

If P is (w,)-suitable then we let 67 = §;. We say P is an anomalous (w,I')-suitable
premouse if p,(P) < 7.

Suppose now P is any premouse with exactly w-Woodin cardinals. Let (§; : i € [—1,w)) be
such that _1 = 0 and (§; : i < w) enumerates the Woodin cardinals of P in increasing order.
Let 6, = sup,.,, d;. Suppose P E “0, is the largest cardinal”. Let 7 be a normal tree on T
constructed via G(P,AT). Notice that there is a natural way of rearranging 7 so that it is
constructed via a run of G(P,w+ 1, AT). In this rearrangement of T, if M,, is the model of the
beginning of the nth round and n < w then the iteration embedding 7 : P — M,, exists. We
have that My = P. Furthermore, if n < w and 7, is the tree played in the nth round then 7,
is based on the window (i(d,_1),7(d,)). The tree played in the wth round is played on M,, and
is above i(d,,). Notice that not every normal 7 will be constructed in exactly w + 1 non-trivial
rounds (where we say that nth round is trivial if / doesn’t play any extender from the window
(i(6n-1),7(0n)))-

In what follows, whenever we have a premouse like P above (and these include all (w,I')-
suitable premice), we will think of normal iteration trees on P as stacks produced via a run of
G(P,w+ 1,A"). Given such a P and a normal tree 7 on P, we say (T,, M,, : n < k) are the
normal components of 7 where £ < w + 1 is the least such that for all m > k, 7,, is undefined.
We say M is the last model of T if

M7 ck=n+1a+1=IT,)
M= M, : k= w and M, is the direct limit of M,,’s

undefined : otherwise.

Definition 7.2 Suppose P is (w,I')-suitable. We say ¥ is an (w,I")-fullness preserving strategy
for P if 3 is an (w?, AT + 1)-iteration strategy such that whenever T = (To, Mo v < ) is a
stack on P according to ¥ the following holds:
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1. Mo =P and for a < B, M, is (w,')-suitable,
2. for a < B, letting (T, M i < kq) be the normal components of T, we have that

(a) ko Sw,
(b) if a+1 < B then Moy is the last model of Tg,
(c) for each i < ko and limit & < Ih(T), Q(T* | £) exists and

QT 16) IWHM(T 1€)),

3. if B = w? and M,z is the direct limit of M, under the iteration embeddings given by T
then M,z is (w,I")-suitable.

Next we need to introduce simultaneous genericity iterations which we will use to show that
the strategies we construct have branch condensation. Simultaneous genericity iterations were
used for this purpose in [6] as well. First, however, we need generic genericity iterations.

Suppose N € Hy+ and M € H,+ is a premouse with a Woodin cardinal §. We say 7T is
the generic N-genericity tree on M if T is a run of G(M, A") in which I plays as follows: at
stage a, E7 is the least extender such that for some p € Coll(w, N), p forces that if x is the
generic code of N then x violates some axiom generated by E7. If ¥ is a At + I-strategy for M
then it can be shown that generic N-genericity iterations terminate and produce an iteration
i : M — Q such that whenever g C Coll(w, N) is generic and x is the generic code of N then
x is generic over Q for the extender algebra at i(d). The proof of this fact is just like the proof

of the same fact for the usual genericity iterations (see [1] or [17]).

Definition 7.3 We say (R;, Qi,m;, 04,13, % = 1 < w) s a ['-sequence of triangles with direct
limit R, if

1. fori <w, R; and Q; are (w,I')-suitable premice,

2. m;: Ry =s, Rit1, 050 Qi =, Rip1 and v; - R; —x, Q; are such that m; = 0, o v,
3. Ry 1s the direct limit of R; under the embeddings m; j =gey mj_1 0Mmj_g0---my,
4. my,, 04, and v, are undefined, and

5. X is an (w, T')-fullness preserving strategy for R.,,.
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Suppose (R;, Q;,my, 04, v, 2 1 i < w) is a I-sequence of triangles. Then we let m;, : R; —
R. be the direct limit embedding and o0, = mj;1,, 0 0;. We then let ¥ be m; -pullback of ¥
and A’ be o; ,-pullback of 3.

Definition 7.4 (Simultaneous genericity iterations) Suppose (R, Qk, My, 0k, Vg, 2 : k <
w) is a T-sequence of triangles with direct limit Ry, and N = (Ny : k < w) C Hyy. Suppose
further that either A = w and Y is an (W wy + 1)-strategy or that X > w and for each i,
N, € Hy. We say (Rf;, S,Z,Wk,mk,ak,yk Jk < w) is the simultaneous N -genericity
iteration of (Ry, Qk : i < w) via ¥ if the following holds:

1. (R, Q% ml, ol v k <w) = (R, Ok, my, o1, g+ k < w),

2. for all j, k< w, ‘S_’Z s a non-dropping stack of finite length on R{C based on the window

(5. ’“, 6]“) S?,Z is according to E  ors8l and R is the last model of 876,
I<j

3. for all j,k < w, VW s a non-dropping stack of finite length on Qi based on the window

(59’“, 5]%1) W is according to AQJ 1 WL and Qﬁl is the last model of W,Z,
o Di<y

4. for j k< w, ol Q’—>Rk+1, RJ—>Rk+1, vl RL— O, and

mf; = oi o Vi,
5. for each j, 5_’7 is the tree of generic Nj-genericity iteration of Rg in which I1 plays

according to Y0
g RJ ®l<]8l

6. for each k,j < w, letting W = UkS,JC, Wi = W W and M be the last model of W*,
we have that W is the tree of generic Nj-genericity iteration of M which is based on the

M
window (61, 621,) and is according to AM (@)

7. for each k,j < w, letting S* = akW,i, S] S8 and N be the last model of S*, we have

that S is the tree of generic Nj-genericity iteration of N which is based on the window

Ek—i—l

((5 5]+1) and is according to N (@1 L)~G-

8. keeping the notation of clause 6 and 7, for each k,j < w, letting si ; Rﬁl - M
and wi : Qj+1 — N be the maps coming from the copying constructions, we have that

J+1 w Jj+1 S J+1 J+1 J+1
v, = osk,ak =7 owkandm =0y ov .
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Suppose (R, Q1.8 WI ml ol vl :j k <w) is as in Definition 7.4. Then we say
(Ri, Q. Se W, mif o v+ |k < w)
is the direct limit of (R?C, i,gi,l/_\)g,mi,ai, 1/,‘1 D gk < w) if
1. for each k < w, RY is the direct limit of R?C under ng’s,

2. for each k < w, 9 is the direct limit of Qi under FW’z’S,

3. for each k < w, o, v/ and m{ come from direct limit constructions.

Notice that we have that for each k < w, o : QF — Ry, my : Ry — Ry, vi Ry — Qf,

and
w __ w w
my = oy ovy,

We also let R¥ be the direct limit of Ry under m{. We say R is the direct limit of
(RZ;, f;,gi,w,g,mi,ai,yi . j,k < w). Notice that, by the copying construction, RY is a
Y-iterate of R, and the length of the stack producing the iteration is w?.

8 Review of HOD analysis

In this section, we review HOD analysis of models satisfying ADT+V = L(P(R))+ MC+0 =
0y. Recall the definition of MC from Section 4. Until the end of this subsection, we assume V'
satisfies the above theory. We let I' = P(R). For the duration of this subsection, we will drop
['-from our notation. Thus, a suitable premouse is a I'-suitable premouse and etc.

Suppose P is suitable and A C R is OD. We say P weakly term captures A if letting

5tm)

= P, for each n < w there is a term relation 7 € PEU«0"™") guch that for comeager many

P-generics, g C Coll(w, (67")7), 7, = Plg]N A. We say P term captures A if the equality holds
for all generics. The following lemma is essentially due to Woodin and the proof can be found
in [11].

Lemma 8.1 Suppose P is suitable and A C R is OD. Then P weakly term captures A.

Moreover, there is a suitable Q which term captures A.

Given a suitable P and an OD set of reals A, we let 77, be the standard name for a set of
reals in PCO.(6™)7) witnessing the fact that P weakly captures A. We then define f4 € F(I')
by letting
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fa(P) = (1} :n<w).

7n‘

Let Fog ={fa: ACRAA€OD}.

All the notions we have defined in Section 3.1, Section 5 and Section 6 can be redefined
for ordinal definable sets A C R using f4 as the relevant function. To save some ink, in what
follows, we will say A-iterable instead of fs-iterable and similarly for other notions. Also, we
will use A in our subscripts instead of f4.

The following lemma is one of the most fundamental lemmas used to compute HOD and it

is originally due to Woodin. Again, the proof can be found in [11].
Theorem 8.2 For each f € F,q, there is P € S(I') which is (Foq, f)-quasi iterable.
Let Moo = Moo r,,-
Theorem 8.3 (Woodin, [11]) ¢"= =0, M,, € HOD and M.|© = (VHOP EM=I® ¢).

Finally, if a € H,,, then we could define M, (a) by working with suitable premice over a.
Everything we have said about suitable premice can also be said about suitable premice over

a and in particular, the equivalent of Theorem 8.3 can be proven using HOD, 4} instead of
HOD and M (a) instead of M.

9 The proof of Theorem 0.1

The rest of this paper is devoted to the proof of Theorem 0.1. From now on k is as in the

hypothesis of Theorem 0.1. Given a C V,, let
Lp(a) = U{N : N is a sound countably iterable mouse over a such that p,(N) = a}.
We define (Lp¢(a) : € < k) by the following recursion:
1. for a < k™, Lpay1 = Lpi(Lpa(a)),
2. for A < k" limit, Lpy(a) = UgperLpa(a).
Jensen’s proof of square in L can be used to show that

Theorem 9.1 for all ACV,, Lp(A) FO,.
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A proof of Theorem 9.1 can be found in [9]. We make the additional assumption that
|Vi| = k. Otherwise, change V,, to H,. From now on we fix A C k such that A codes V.
Because —[,;,, we must have that o(Lp(A)) < k*. Let £ = o(Lp(A)). Because k is singular, we
have that cf(§) < k.

Definition 9.2 We say p < k is a good point if cf(k),cf(§) < p, p is reqular and p* = p.

Clearly there are good points. Suppose then that u is a good point and g C Coll(w, ) is
generic. Working in Vg, we let

T,,={BCR:LB,R)E AD*}.

The following theorem shows that I', ; is not empty. Its proof is essentially Steel’s proof that
L(R) E AD (see [14]). See [6] for the definition of L*(R). It is the minimal ¥-mouse over R

which contains all the ordinals and has no extenders on its sequence?.

Theorem 9.3 Suppose p is a good point and g C Coll(w, u) is generic. Suppose in V]g], M is
a kT -iterable countable mouse over some set X and that p,(M) = X. Let ¥ be the k" -iteration
strategy of M. Then L*(R) E ADY. Hence, in V|g], letting A =% | H,,,

Code(A) € T 4.

Our goal is to show that for some good p and generic g C Coll(w, p1), there is B € I',, ; such
that

L(B,R)E AD* +© =0,.

We can then use Theorem 2.2 and the homogeneity of the forcing to prove Theorem 0.1. Recall
the Minimality Assumption from Section 4. In what follows, we assume that it holds and derive
a contradiction.

Borrowing some lemmas from the next subsection we can characterize sets in I',, ;, in terms

of R-mice.

Theorem 9.4 Suppose p is good and g C Coll(w, pu) is generic. Let B € ', ,. Then, in V]g],
there is a sound R-mouse N such that p,(N) =R, B € N and countable submodels of N are

kT -iterable.

2Below we stop feeding X after stage xt.
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Proof. Fix g and B as in the hypothesis. We work in V[g]. We have that L(B,R) F MC+ 0O =
0p. It follows from the main theorem of [7] that L(B,R) F V = L(Lp(R)). Hence, in L(B,R),
there is a countably iterable sound R-mouse N such that p,(N) =R and B € V. Fix such a
mouse N. It is then enough to show that, in V[g], countable submodels of N are x*-iterable.
To see this, let 7 : S — AN be a countable submodel of M. We have that L(B,R) E “S is
wi-iterable”. It then follows from clause 2 of Lemma 9.10 (in particular, see clause 2c and 2d)
that S is kT -iterable. O

Definition 9.5 Suppose p is good and g C Coll(w, p) is generic. Working in Vg, we let S,
be the union of those sound R-mice N such that p,(N) = R, countable submodels of N are
k't -iterable and there is a set of reals B € T4 such that B codes N'. We let S, = L(S, ).

Theorem 9.6 Suppose p is good and g C Coll(w, p1) is generic. Then in Vig|, S,q F ADT +
0y = O.

Proof. Tt follows from the previous theorem that P(R)%s = T, ,. Hence, S, = AD*. Also,
notice that S F 6y = ©. This is because otherwise there is B € I, ; such that w(B) = 959“_’9.
It then follows that L(B,R) F 6y < © which contradicts (*). But now, using the scales analysis
of [13] and [16] and the core model induction of [14], we get that S, , F AD™. It then follows
from (*) that S, , F AD" 4 6y = ©. O

9.1 Good points and good hulls

Clearly there are good points. Let p be a good point. Recall that £ = o(Lp(A)). Let v = cf(§)
and let f : v — £ be an increasing cofinal function. Let ¢ = x1¥. We let ©# = ©%+9 and if
a € H,+ then we let P,, = (Mu(a))¢ where g C Coll(w, 1) is some generic. Notice that
Py is independent of g and P,, € V. We let P, =P, .

Definition 9.7 We say (M, ) is a good hull at y if 7 : M < V¢ is such that p+1 C M,
| M| = pu, M“ C M and {A, f} € ran(n).

An easy Skolem hull argument shows that there are good hulls at p. Given a good hull (M, )
at p and a € HCMY, we let PM, = 771(P,,) and SY = (L(7=(S,,))MW I (M, 7) is a

good hull at p then we let ry, = 7 1(k) and Ay, = 7 1(A). Often times, when it is clear
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what 7 is, we will omit it from subscripts. The fact that M is countably closed implies that
M is full with respect to countably iterable mice. The proof of this lemma is essentially the

covering argument.
Lemma 9.8 Suppose u is good and (M,7) is a good hull at p. Then Lp(Ay) € M.

Proof. We only outline the proof of this well-known fact. Suppose not. Let &y = 71().
Let M < Lp(Ayr) be the least such that p,(M) = Ay and M & M. Let E be the (k, k)-
extender from 7 and let M* = Ult(M, E). Then M* is countably iterable (because E is
countably closed) and is sound A-mouse such that p,(M*) = A. Hence, M* < Lp(A). But
because 7 [ £y is cofinal in &, we get that Lp(A) < M*, contradiction. O

The following lemma is our main tool for extending iteration strategies to x'-iteration
strategies. It is essentially due to Steel (see Lemma 1.25 of [14]) and we leave the proof to the

readers.

Lemma 9.9 Suppose u is good and g C Coll(w, ) is generic. Then the following holds.

1. Suppose M is a sound premouse over some set X € Vi|[g| such that p,(M) = X and in
Vlg], M is k-iterable. Then M is k™ -iterable.

2. Suppose B €T,y and T C (A2)LEBR) s q good pointclass. Suppose (P,A) € V[g] is such
that in Vl]g], P is countable and I'-suitable, and A is a I'-fullness preserving (wi,w)-
iteration strategy for P with branch condensation. Then A can be extended to a (k*,KkT)-

iteration strategy which acts on non-dropping trees and has the branch condensation.

Let X be the extension of A mentioned in clause 2 of Lemma 9.9. Then notice that it follows
from branch condensation that if 7 is a stack according to ¥ and 7 : N — Velg] is such that
N is countable in V[g] and 7 € rng(r) then 7—(T) is according to A. Moreover, whenever
Q € I(P,%), n is a cutpoint of Q and M is a sound mouse over Q|n projecting below 1 such
that, in V[g], its countable hulls have iteration strategy in I, ,, then M < Q. The following

lemma will be used to show that good hulls are correct about x*-iterable mice.

Lemma 9.10 Suppose p is good and g C Coll(w, ) is generic. Working in Vl]g|, suppose
B €T,, and let T* = P(R) N L(B,R). Suppose that for some countable set X, M <1 W' (X)
is such that p,(M) = X. Then, in Vg, there are
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1. a good pointclass’ T C (A?)LBR)

2. a T'-suitable P over X which has an (wy,w)-iteration strateqgy A € L(B,R) with branch
condensation and a (k*, k1)-iteration strategy 3 with branch condensation which acts on

non-dropping trees such that

(a) L(B,R)E “A is I'-fulness preserving”,
(b) A and ¥ agree on dom(¥X) N Hy,,

(¢) there is some a such that if N, is the ath model of (L[E]|[X])P-construction then
Core(N,) = M,

(d) for any v < Kk and for any h C Coll(w,v), X can be extended to a (k*,k™)-iteration
strategy in V[g * h] and

(e) if X €V thenPeVandL [V V.

Proof. Because M is iterable in L(B,R), we can find a good pointclass I' C (A2)“(BR) such that
M has an iteration strategy coded into I'. Let C' € L(B,R) be a I-sjs* and let I'; C (A2)L(BE)
be a good pointclass such that ¢ € Ar,. Let F : R — L(B,R) be a function such that for
cone of x, F(x) = (N}, M, d,,5,) Suslin, co-Suslin captures I'; (as in Theorem 1.2.9 of [6]).
Let # € R be such that X is coded by z, F'(x) is defined and C is Suslin, co-Suslin captured
by (N, My, 6,,3,). Tt follows that WY (NF|6,) € N*. Because sjs’ condense to themselves,
by a Skolem hull argument we get that there are club many n such that W' (NX¥|n) E “n is
Woodin”. Let then 7 be the least such that W'(NZ|n) E “n is Woodin”. Tt then follows that
if P~ = (L[E][X])":I" and P = Lp5(P~) then P is [-suitable over X.

Appealing to universality (see Lemma 1.1.26 of [6]), we get that M < P and that it is
reached by (L[E][X])P-construction of P. Working in V[g], let A € L(B,R) be the (wy,w;)-
iteration strategy of P induced by ¥, (recall that background constructions inherit a strategy
from the background as in [4]). It then follows that L(B,R) F “A is I-fullness preserving”
(one can use an argument like the one in Lemma 3.2.3 of [6]). Using Steel’s lifting techniques

from [14] which was summarized in clause 2 of Lemma 9.9, we can lift A to a (kT kT)-iteration

3Recall a good pointclass is a pointclass which is closed under existential real quantification, is w-parametrized
and has the scale property.

4Recall that a I'-sjs is a countable subset S of I" such each A € S has a I'-scale all of whose norms are in S,
see [11] or [14] for more on sjs.
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strategy ¥ such that ¥ acts on trees with no drops. We now have that (P, [, A, Y) satisfies 1
and 2a-2c.

To get 2d, we can use generic comparisons. First, we show that ¥ can be extended to
a (k, k)-iteration strategy in V[g x h] where for some v < k, h C Coll(w,v) is V|[g]-generic.
Working in Vg], let 7 : M — V¢[g] be a countable hull such that (P,%X) € rng(m). Let
ky = (k) and let ¥M = 771(2). Tt is enough to show that 2d holds in M for xy; and M.
We have that XM =¥ | VM Let v < k) and let k C Coll(w,v) be M-generic. Let

Dys, = {(a,W'(a)) : a € VAIFY,

Let C = {(z,y) : z,y € RA “y codes an M < W' (z) such that p,(M) = 2”}. Without loss
of generality, we can assume that A respects C' (see Section 8 for the definition of “respecting”
and also for the definition of Tg used below). Notice that if i : P — Q comes from an iteration

according to A and x € R is generic over Q for BC then
WY (x) = U{M : M € Q[z] is coded by y € Rl and Qz] Fy € 75} (1).

For each 1 < wy let P, € M be the XM-iterate of P which is obtained via the H)-generic
genericity iteration. Let i, : P — P, be the iteration embedding according to X.

It then follows from (1) that D,, € M][k]. This is because (a,N) € D, iff whenever
n € (v,kp), | C Coll(w,n) is M-generic, x codes a and

S =U{M : M € P,[z] is coded by y € RP#l and P, [z] Fy € i,(15)}

then A is obtained from S via S-constructions (see [6] or [10]).

Because D, € MIk] for all v, k, we can do generic comparisons in M. Suppose v < Ky is
an M-cardinal and k C Coll(w,v) is M-generic. Then we let S, € M be the X-iterate of P
which is obtained by generically comparing all I-suitable Q’s which are in HY [k (see [11] or
[14]). We have that S, € M and whenever [ C Coll(w, ) is M-generic then S, is the result of
generically comparing all I'-suitable premice that are in H% I Let Jn : P — S, be the iteration
map.

Fix now some v < k) and let h C Coll(w, v) be M-generic. Let T e H%[h] be a stack on P
which is according to ¥ such that the last component of T is of limit length. We let Q be the
last model of 7. Then Q € M][h] is D-suitable. We then have that (7)) = b iff b is the unique

branch of T such that ./\/le = Q and there is o : @ — S, such that

32



jy=0om].

Let (/5[71, Q, b, S, ] be the formula on the right side of the equivalence. It follows from absoluteness
that E(’f’) =bif M E ¢[’f’, Q,b,S,]. Hence, ¥ | V,f]\é[g] € M|g]. Using the elementarity of m we
get that ¥ can be extended to a (k, k)-strategy in V[g* h] where for some v < k, h C Coll(w,v)
is V'[g]-generic. ¥ can then be extended to a (k*, k1)-strategy by using clause 2 of Lemma 9.9.
We then get that (P, T, A, ) also satisfies 2d. It remains to show that 2e can also be satisfied.

Notice that if X € V then M € V. Let then R = M (P,A). By homogeneity of the
collapse, we have that R € V. Let now (M, ) be a good hull at p such that (R,Xz) € rng(w)®
and P is countable in M[g]. Let S = 77 }(R). Then S is a A-iterate of P and S € V. It follows
that (S,T', As, Xs) satisfies 1 and 2a-2d. We claim that (S, Xs) satisfies 2e. The proof is just
like the proof of 2d above using the fact that, by the homogeneity of the collapse, if G is the
function a — W' (a) then G | V is definable in V. We leave the details to the reader. O

Suppose 1 is good and g C Coll(w, 1) is generic. Working in Vg], for a € V,[g] we let

W,g(a) = WPPED ()

Lemma 9.11 Suppose p is a good point and g C Coll(w, p) is generic. Then the following
holds.

1. For any a € Ho‘.)/l[g]; W, g(a) = Whes(a).

2. Suppose (M, 7) is a good hull at p and a € V,%[g]. Then
W, 4(a) € M[g].

3. Suppose v > p is also good and let h C Coll(w,v) be V|[g]-generic. Suppose a is countable
in Vg]. Then

Proof.

°It is shown in [6] that if P is [-suitable, X is a I-fullness preserving iteration strategy for P with branch
condensation and R € I(P,¥) is an iterate of P via some 7 then ¥ » is independent of 7. This is the reason
for omitting the stack from the subscript in ¥z. We will do this throughout the paper.
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1. It follows from Theorem 9.3 that W, ,(a) < W"»s(a). Suppose then M <@ W'ws(a) is
such that p,(M) = a. Let B € I, ; be such that L(B,R) F “M is w;-iterable”. It then
follows from 2c and 2d of Lemma 9.10 that M is x*-iterable. Hence, M 9 W, ,(a).

2. We work in Vg]. First it follows from Lemma 9.8 that W, ,(Ay) € M. It follows from
S-constructions that W, ¢(An)[g] = Wy g(Am, g) € M[g]. It then follows from clause 1
that for every a € V29, W, q(a) € W, 4(An, g). Hence, clause 2 follows.

3. Tt follows from clause 1 that it is enough to show that W'»s(a) = W'»(a). Suppose
then that M < W'»9(a) is such that p,(M) = a. Tt follows from 2d of Lemma 9.10 that
M is k*t-iterable in V[h]. Hence, M < W't (a). Conversely, suppose M <1 Wrvh(a) is
such that p,(M) = a. It then follows from 2e of Lemma 9.10 that M is k*-iterable in
V[g] implying that M <1 W' (a).

O

Next we would like to show that good hulls capture x*-iterable mice, i.e., if (M, 7) is good
and a € HY then W, (a) = (W, 4(a))™¥. For this we will need the following lemma which

will come handy later on as well.

Lemma 9.12 Suppose p is good and let g C Coll(w, ) be generic. Then in Vig|, P, is
P(P(k))-short tree iterable.

Proof. Working in S, 4, let Q be a I', j-suitable premouse which is F,4-quasi-iterable. Let
(M, 7) be a good hull at p such that @ € M and M|[g] F “Q is countable”. By elementarity of

7, it is enough to show that
Mlg] E “Pj" is P(P(ka))-short tree iterable”.

We verify this only for trees. The proof for stacks is very similar and only notationally more
involved. To show this for trees then it is enough to show that whenever T € (H (RL)M)M 9] is
a tree on P, such that Mg] F “T is P(P(ka))-short” then there is b € M|[g] such that b is a
cofinal well-founded branch of 7 such that Q(b, T) exists and Q(b, T) < (W, ,(M(T)))M. Fix
then such a tree 7" and let N' = Q(T). Notice that M is countable in S, and in S, 4, P} is
an F,4-quasi-iterate of Q. It then follows that

Sug E “Pilis Ty g-short tree iterable” (1)
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It follows from elementarity of 7 that w(N) is xkT-iterable in V[g] and hence, N is x*-iterable

in V[g]. Therefore, using clause 1 of Lemma 9.11, we get that
S, F “N is ws-iterable” (2).

Combining (1) and (2), we get a cofinal branch b of T such that Q(b, T) exists and N' = Q(b, T).
By absoluteness b € M|g]. O

Theorem 9.13 (Correctness of good hulls) Suppose i is good and g C Coll(w, 11) is generic.
Suppose a € V,ﬁj\fﬂ[g}. Then

Wig(a@) = Wy, (a))M[g]

Proof. Notice that because of 7, (W, 4(a))™ < W, (a). Tt is then enough to show that if
M <a W, 4(a) is such that p,(M) = a then M[g] F “M is r],-iterable”. Because of Lemma 9.9,
it is enough to show that M|g] F “M is kps-iterable”. It follows from clause 2 of Lemma 9.11
that M € M (using homogeneity of the collapse).

Next, we have that the set

D ={(z,W,4(z)): 2 € VM

KM

is OD,,, and hence, by MC (recall the definition of MC from Section 4) in S, , and by clause
1 of Lemma 9.11, D € W, 4,(An). Since W, 4(Ay) € M, D € M. Fix then some n < ky
such that a € Hé” . Let Q, be the result of a generic genericity iteration of Pfy making H,
generically generic. Notice that because D € M and Pljy is I', g-short tree iterable we have
that the entire iteration can be done in M. This iteration produces a I',, ,-correctly guided tree
T with last model Q, (where “last model” is in the sense of Definition 3.3).

Working in S, 4, let A be the w;-iteration strategy of M. We have that whenever Q is I',, /-
suitable and M is generic over Q then A | Ho™ € Q[M]. It then follows that Q[M] E “M
is wo-iterable”. We let A = A | HS™M Notice that Q[M] satisfies that “AC is the unique
wo-iteration strategy of M”.

We can now show that A | V,.%[g] € M|g| as follows. Given an iteration tree T € VK]\]{{[Q] on
M which is according to A and has a limit length, we have that A(7) = b iff the following
holds in M(g]: for all § < iy such that T € HY'¥ T is according to A and b = A91(T).
Hence, A | Vﬁ%[g] € Mlg]. O

The following are important corollaries.
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Corollary 9.14 Suppose i is good and let g C Coll(w, j1) be generic. Let n < o(P,). Then
Wig(Puln) = 07773”-

Proof. Suppose first that M < O}* is such that p,, (M) = 7. To show that M < W,g(Puln) it

is enough to show that M is k*-iterable. To show this, it is enough to show the following claim.

Claim. Suppose p is good and let g C Coll(w, 1) be generic. Let n < o(P,) and let
M < O be such that p,(M) = 5. Then, in V[g], M is x*-iterable.
Proof. Let (M, ) be a good hull. It is enough to show the claim in M. Let then n < O(Pljy) and
let M < O:ﬁw be such that p,(M) = 7. We need to see that M is k},-iterable in M. Notice
that since P’ is I', g-suitable, it follows from clause 1 of Lemma 9.11 that M < Whes(PM|p).
It then follows from Lemma 9.13 that M is x},-iterable in M. O

Let now M I W, ((P,|n) be such that p(M) = 7. We want to show that M < P,. Let
(M, ) be a good hull such that M € rng(w). Let N'= 7~1(M). Notice that N is x'-iterable
and hence, by Lemma 9.3, S, , F “N is w;-iterable”. Because 735)4 is I',, g-suitable, we have that

N G P}, Using elementarity of = we get that M < P,. O

Corollary 9.15 Suppose u < v are two good points. Suppose g C Coll(w, ) is V-generic and
h C Coll(w,v) is V]g]-generic. Then for a € V,|g]

Wuag(a) = Wv,g*h(a) .

Proof. Using clause 2e of Lemma 9.10 applied in Vg], we have that W, gun(a) < W, 4(a).
Fix then M < W, ,(a) such that p,(M) = a and let (M, 7) be a good hull at ;& such that
{n, M} € rng(n). Let A = 77} (v) and N = 7~ (M). Tt is enough to show that whenever
k C Coll(w,\) is M[g]-generic, N' < (Wy (77 (a)))MUI]. Moreover, by genericity, it is
enough to show this fact for & € V[g]. Fix then such a k. The rest of the proof is then just
a word-by-word generalization of the proof of Theorem 9.13 with V' = M|g][k]. We leave it to
the reader. O

Corollary 9.16 Suppose u < v are two good points. Suppose g C Coll(w, ) is V-generic and
h C Coll(w,v) is V[g]-generic. Then for a € V,|g]
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Wil (a) = W, 25" (a).

v,gxh

Proof. This follows immediately from clause 1 of Lemma 9.11 and Corollary 9.15. O
Let vy be the least good point and let hy C Coll(w, vp). We let W = V[hg] and for a € HﬂhO]

we let

W(a) = WPEEMY ().
In what follows, we will often deal with (P(P(x")))"-suitable premice. To make the nota-
tion convenient, we drop (P(P(x1)))" from our notation. Thus, in what follows, a suitable
premouse is (P(P(x1)))"-suitable, short tree is (P(P(kT)))"-short and etc.

9.2 Excellent points and excellent hulls

Definition 9.17 We say p > vy is excellent if p is good and p*° = p.

Definition 9.18 Suppose p is excellent and (M, ) is a good hull at pu. We say M is an
excellent hull if M C M.

Clearly if p is excellent then there is an excellent hull at ;. Also, it is clear that there are at
least w many excellent points. The next two lemmas go back to Ketchersid’s work done in [2].
Recall the definition of ©#, which was defined in the first paragraph of Subsection 9.1. Also
recall that ©* = §7» (see Theorem 8.3).

Lemma 9.19 Suppose pi is excellent. Then cfV (OF) < 1.

Proof. Suppose not and let 7 : M — V; be good at vy such that u € ran(rw). Let A = 7~ 1(©").

Because we are assuming cf (©#) > 14y and because |\| = v, we have that
V =g sup(m [ A) < OF.

Let @ = 7 '(P,). Let E be the (crit(r),v)-extender derived from 7 | @ : Q — P,. We let
N =Ult(Q,E, | \) and let j : @ — N be the ultrapower embedding. Because 0€ is regular in
Q, we have that j | 6 is cofinal in j(62) and hence, j(09) = v. Also, we have that P,|v = N|v.

Claim. N QP,.
Proof. Notice that if (M, k) € V is such that k : M — N and M is countable in V then in W
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there is 0 : M — Q. Hence, in W = V[hg], M is kT-iterable above o~1(§<). It then follows
that in W, A is countably iterable above v. On the other hand, since v < ©*, we have that
P, E “visn’t Woodin”. Let then N* < P, be the least initial segment such that J; (N*) F “v
isn’t Woodin”. Then by Corollary 9.14, it follows that N* is countably iterable. Therefore,
because N E “v is Woodin”, we have that N I N* <P, O

Let S be the largest initial segment of P, such that S F “v is Woodin”. Because S €
HOD®ho=h for any W-generic h C Coll(w, 1), it follows from the fact that MC holds in S, ng.h
that

P(69) N L[S, Q] = (P(69))%.
It then also follows that we can lift j to
3" L[S, Q] = L[j*(8), N].

Because E is countably closed, j*(S) is countably iterable in V. This means that S €
L[j*(S), N] as it can be identified in L[j(S), N] as the unique sound N -premouse M such that
pu(M) = v, Ji(M) E “vis not Woodin” and in L[j*(S), N]¢*«“N) there is 0 : M — j*H(S).
However, L[j*(S), N]E “j(§9) = v is Woodin”, contradiction! O

The proof of the lemma also gives the following, proof of which we leave to our readers.
Lemma 9.20 Suppose i is good. Then ctf¥ (0") < p.
Let T, € V be the tree on w x (62)5#9 such that whenever g C Coll(w, u1) is generic,
S,.g E “p|T,] is the universal %i-set”
where p[T] is the projection of T'. Next we show that realizable premice are suitable.

Lemma 9.21 Suppose p is an excellent point, (M,m) is an excellent hull at p and g C
Coll(w, p) is W-generic. Let H € (V,,,,)Mholldl pe such that W(H) F “H = H,, for some cardi-
nal v”. Suppose further that N € Vnﬂé[ho][g] is such that there are embeddings o : W(H) — N
and 7: N — 7(W(H)) such that m | W(H) =71 o0 and © | W(H) is cofinal in W(H). Then

N =W(o(H)).
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Proof. Let n > u be a good point such that for some A\, 7(\) = n and H, N € VAM[hOHQ]. Let
T € M be such that n(T) = T,. Using Corollary 9.16, we have that L[T,W(H)| F “H = H,
for some cardinal v”. This implies that we can extend o to act on L[T,W(H)]. We let
ot . LIT,W(H)] — L[c"(T), N] be this extension of o. It then follows that we can find
7t Llo™(T),N] — L[T,,m(W(H))] extending 7 and such that

7| LT W(H)] =71"o0ot,

Fix now an n € w such that whenever h C Coll(w,n) is W-generic then in S, 5, (1))
projects to the set {(z,y) € R? : x codes a set a and an a-mouse M, and y codes an a-mouse
M, such that p,(M,) = a and M, < M,}. Notice that the following holds in L[T, W(H)]:
for any generic k C Coll(w, W(H)), in L[T,W(H)][k], for any = € R coding (H,W(H)) and
for any real y, (x,y) & p[T,]. We let this sentence be ¢ (in the language of L[T, W(H))).

We have that ¢ holds in L[o*(T), N]. Since 7 : N — w(W(H)), we also have that N <
W(o(H)). Moreover, since P(W(H)) N L[T,W(H)] C WOW(H)), we get that, by the same
argument as above, that P(N)NL[o*(T), N] C W(N). It then follows that P(N)NL[c™(T), N]|
is countable in W|g].

Suppose now that N # W(o(H)). Because we already know that N < W(o(H)), it
is enough to show that W(o(H)) < N. Suppose not. There is then a x*-iterable sound
M < W(o(H)) such that p,(M) = o(H) and N < M. Fix k C Coll(w,o(H)) such that
k € W[g] and k is both Mlhe][g] and L[o*(T), N] generic. Let z € (R)*"MNIE code
(0(H), N) in a canonical fashion. We have that @ € M[ho][g][k]. Let y € RMUIE code M. We
have that (x,y) € p[T,]. It then follows that (x,y) € p[o*(T,)]. Thus, by absoluteness, we can
find w € L{o™(T), N][k] such that (z,w) € p[c™(T,)]. This, however, contradicts ¢. O

The following is an immediate corollary of Lemma 9.21. We will use it to produce strategies

which are fullness preserving.

Corollary 9.22 Suppose p is an excellent point, (M, ) is an excellent hull at p and g C

[ho] M holg]
by

Coll(w, ) is W-generic. Suppose a € H% and suppose further that Q € H,,, s an

a-premouse such that there are X1 -elementary embeddings o : 77% — QandT:Q — P,, such
that

W[P%:TOO'.

39



Then Q is suitable®.

9.3 A quasi-sjs

Our ultimate goal is to isolate a quasi-self justifying system. Excellent hulls give possible
candidates of such quasi-self justifying systems. Suppose p is excellent and g C Coll(w, i) is
W-generic. Given an excellent u, we let F* = ij‘ho*g (we drop the generics to save space).
Let (M, 7) be an excellent hull at . We then let FM#* = 7= 1(F*) and FM™ = g[FM#]. We
will eventually show that FM™ is a quasi-sjs. The proof will be spread over several lemmas.

Our first lemma is the following.

Lemma 9.23 Suppose u is excellent, g C Coll(w, ) is W-generic, (M, ) is an excellent hull
at u and a € (H,,)M9. Then

Pu.a
PM - UfeFM,TerM’ .

ma

Proof. This is an immediate consequence of the definition of M. 0

Lemma 9.24 Suppose u is excellent, g C Coll(w, ) is W-generic, (M, ) is an excellent hull

at i1 and a € (H, )M Then in Sy ngsg, Pl is (F*, FM™)-quasi iterable.

Proof. Using Theorem 8.2 and elementarily of m, we get that for every f € FM7™ there is
Q € Mlhol[g] such that Sy ey F “Q is (F*, f)-quasi iterable”. It then follows that P is
(F*, f)-quasi iterate of Q. Since f was arbitrary, we get that in S, 5+, 73/% is (F*, f)-quasi
iterable for every f € FM7. It then follows that S, pysg E “Poa is (F*, FM™)-quasi iterable”.

O

If we restrict ourselves to stacks that are in VKJ‘]{{ then we actually get that FM7 is a gsjs as

witnessed by P, ,.

Lemma 9.25 (FM™ is a qsjs) Suppose p is excellent, g C Coll(w, p) is W-generic, (M, ) is

an excellent hull at p and a € (H,, )9 Then in S, powg, FM™ is a qsjs as witnessed by Pfa

for stacks in Vnﬂé[hong}.

6Tt follows from Lemma 9.19 that 7 | 73%1 is cofinal in W(Ply@)
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Proof. We do the proof for a = (). Clearly F*™ and P = Pli” satisfy the first two clauses of
Definition 6.3. We check clause 3 for quasi iterations that are in VHAI{I[MHQ]. Let T = (Ta, Mg :
a < vy € VMRlldl e an (FM7 FMT)_quasi iteration of P. Let (m9¢ 1y <€ <a<v) be the
embeddings of 7. We need to show the 7 has a last model and for this we need to consider
two cases. Suppose first v = o+ 1. Let Q be the last model of 7,. We need to show that
Q = UpepmrH 7.

Claim. Q = UfeFM,WHfQ.
Proof. Since Q is a (FM™ FM™)_quasi iterate of P, it is also (F*, F*™)-quasi iterate of P.
Hence, in S pvg, Q is FM7_jterable. Let S be the transitive collapse of UfEFMJerQ and let
o : S — Q be the inverse of the transitive collapse. Let | = mg o pyn. Then loo : S — w(P).
Because P = Uycpm-H7, we have k : P — S such that

T P=locok.

Because S € M (this follows from the fact that S < Q) and 7« [ P is cofinal in 7(P) (see
Lemma 9.19), it follows from Lemma 9.21 that S is suitable and hence, S = Q. It then follows
that Q = UpepmnH fQ We remark that the embedding [ is used to apply Lemma 9.21. U

Next we assume v is limit. In this case we have to verify that if for f € FM™ H; is the
direct limit of ij\/l” under W,];g then @ = Ugcpm~Hy is suitable. The proof is similar to the
proof of the claim. We define [ : @ — w(P) as follows. Given x € Q let «, f be such that
a € [Bfy,v) and there is T € Hf/ta such that 7/¥(z) = x. Then let I(x) = Tp, 00,0(Z). We
then have k : P — Q coming from the direct limit construction and such that 7 | P =1lo k.
Therefore, using Lemma 9.21, we get that Q is suitable.

Actually, a little argument is needed to show that Q@ € M. To see this, first let B = (B; :
i < w) C FM7™ be such that sup,_, w(B;) = O*. Let D; = {(z,y) : + € RM"o*dl 5 codes
a continuous function f and y € f~'”B;}. Then for any n < kj; and any M [hg * g]-generic
k C Coll(w,n) such that k € Wg|, (D; N M[hg* g* k| : i <w) € M[hg * g x k]. Tt is then easy
to see that this is enough to compute Q in Mhg * g].

As part of the proof of clause 3 we have also shown clause 4 of Definition 6.3. We leave the
details to the reader. To show clause 5, let Q € VMIMll9) 1o 5 (FMm M) _quasi iterate of P
and 0 : R —yx, Q be such that f(Q) € rng(o) for all f € FM*™ and R € M. We need to see

that R is suitable. Again, we have rng(mp g pu.-) C rng(c) and hence, there is an embedding
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k:P —x, Rsuchthat 7p g pur = ook. Let then | = 7g o pm-o0. It follows that 7 [ P = [ok
and hence, R is suitable. O

Next, we show that we can substitute ™ by a subset of it which is countable in W. We
make this move as we believe it makes the arguments that follow more transparent. We could

just as well carry on with FM™,

Definition 9.26 (Pre-sjs) Suppose p is excellent and g C Coll(w, p) is W-generic. We say
B=(B;:i<w)is a pre-sjs at u if for every a € gyl

1. for every i < w, B; € F*,
2. for every n < w there is k < w such that By = ®;<,B;,

3. Pua = Ui, H".

Lemma 9.27 Suppose p is excellent and g C Coll(w, p) is W-generic. Then there is a pre-sjs
at [.

Proof. Tt is enough to prove that for some excellent (M, ), M E “there is a pre-sjs at p”. Fix
then some excellent (M, ). We have that M[hg] E cf(67+') = w. Fix then some increasing
sequence (y; 1 i < w) € M cofinal in 67 . Let 6 = 67" . We can then find B* = (B} i < w) C
FM7 such that for every a € HAMordl

to obtain B = (B; : i < w). We claim that M & “x~1(B) is a pre- sjs

pM M —
, SUD; o, Vg = §Pua. Next, close B* under @ operator

To see this, it is enough to show that for every a, Pu = UKWH . Fixn < w and let 7 on
P (67)Pia be the correctly guided maximal tree for making P (5*” 1P generic (here, we
let 67! = ). We have that 7 € P}, and §(T) = (6+)Pite. Also, because P is (FM M-
quasi iterable, we have a branch b of 7 such that M is suitable and 7] (§) = §(7). Moreover,

- _ T (Piay _ ~Q
letting @ = M, for every k,m < w, ] (15"r,) = TBem

Notice now that for each 7 < w, T 0.8 € Hp! Piba . This follows from the fact that TPM, Q.B;

only depends on P/ . Q and the term relations capturmg B; over 77% and Q. This information

Vi m pM
is coded into Hp! P . § is the transitive collapse of U;<, Hp' Pio and o : S — 73% is the inverse of

the collapse then o | (6t™)% is cofinal implying that o = zd. O

Suppose pu is excellent, (M, 7) is an excellent hull at p, g € Coll(w, ) is V-generic and
B € V[g] is a pre-sjs at p. We let BM =, B; N M[g] and BM =,.; (BM :i < w). We say
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(M, ) captures B if BM € M and m(BM) = B. We let Fg={fp i <w}. It follows from
Lemma 9.25 and the proof of Lemma 9.27 that

Lemma 9.28 Suppose u is excellent, g C Coll(w, ) is W -generic, (M ) is an excellent hull

at p and a € (H,, )M Then in S, poeq, Fj is a qsjs as witnessed by P for stacks in V,W[h0 o

We continue with the set up of the lemma. Given any B € P(Rw[g]) N ODSwhos | we let
M9 —1(Q, fz(Q)): Qe V,.@A;{,[g} and Q is I, ;-suitable}.
We define f3 similarly. Given a pre-sjs B at i such that M captures B , we let

gd’g:<é49 i <w)and fY = (ff i <w).

Lemma 9.29 Suppose p is excellent, (M, ) is an excellent hull at p, g € Coll(w, p) is W-
generic and B € Vg is a pre-sjs at p captured by (M, ). Then f]y’g € Mlhg * g].

Proof. We have that in S, ., for each i, fB is OD yMirolls 1 and hence, fB 9 e Mlho][g] (recall
that W(Ay) € M). Let then for each i < w, f; € M[h J¢ellwn) be the term that is always
realized as féf’g. Because M|[hg] is w-closed in W, we have that (f; : i < w) € M[hg]. Hence,
fi9eM. O

Suppose now p is excellent, g C Coll(w, u) is W-generic, B is a presjs at p, and (M, )
is an excellent hull at p capturing B. Suppose further that a € (H,, ). Lemma 9.25 and

Lemma 6.5 imply that we can define 5 for Pl%. In our case, however, we can only restrict

to iterations that are in V,.%[hong]. We then let Zz/[ga be this iteration strategy.

Lemma 9.30 Eljyga is a (Kar, Ky )-iteration strategy which acts on iterations that are in M[ho|[g]

and s fullness preserving. Moreover, zf71 € an\é[ho}[g] 1S via leyga and the last normal compo-
nent of T has limit length then Efga(f) € Mhol[g].

Proof. The first part is an immediate consequence of Lemma 6.5. The second part follows from
the fact that f2" € MTho][g]. O

. MT[h . Mlh,
Notice that 24 | VML ¢ ATkl given that a € M[hg). We let oM =M yMhol

When a = (), we omit it from subscripts. In the next subsection we will show that for each

7 < w there is some Eu -iterate Q of PM such that if A is the strategy of Q induced by

,a

»Mg
H,D,a

condensation.

then A strongly respects B;. It then easily follows from Lemma 6.6 that A has branch
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9.4 An w-suitable P

Recall that we have that cf" (k) = w. Let then (i1; : i < w) be a sequence of excellent points
such that for each i, N?f; = fti+1 and sup, ., p; = k. For the rest of the paper, we fix a W -generic
go € Coll(w, up) and a pre-sjs B at Lo-

Fix now an excellent (M*, 7) at po capturing B. For cach X € Vﬂ]\éﬁho”go] we let Tx be the
tree on 77% " according to 2% TE that makes X generic. Let Qx be the last model of Tx and let
Tx : 73%* — Qx be the iteration embedding according to Ei\fojé. We then let 75, x = 7x (TBE”%*).
We let

7 ={(X,Qx,75,x) : X € VM Tollaly

and let 7= (7; : i < w). The proof of Lemma 9.29 gives that 7 € M*[hy][g].

To continue, we introduce the following notation. Suppose u < v are two excellent points
and (M, ) and (N, o) are two excellent hulls at i and v respectively. We write (M, 7) < (N, o)
if (M,7) € rng(o). In this case, we let myy = o !(7) : M — N. We have that my;x € N.

Our first goal here is to show that we can extend B to a pre-sjs at any other excellent
point > po. Given an excellent p > pg, we let B, ; € W[go]c"”(”’“) be the name for the set
of reals given by m*(7;) as follows: given a standard name for a real © € W(go|“°“) and
p € Coll(w, ),

(p,&) € By <> Wigo] E “if n = p** and (Q,7) is such that (V}, Q,7) € 7*(r;) then

Q[Vy] . 9
P H_Colln(w,p,) reT’.

If g € Coll(w, i) is Wigo] generic then we let B, ;, be the realization of B, ;. We let Eu =
(B :i<w)and By = (Bug:i<uw).

Lemma 9.31 Suppose j1 > 19 and g C Coll(w, pt) is Wgo]-generic. Then B, ;4 € Sy horgorg-

Proof. Tt is enough to show that L(B,; 4, RV90*dl) E AD*. Let (M,7) be a good hull at ug
such that (M*,7*) < (M,7) and u € rng(w). Let B =7n1(B,;). It is enough to show that if
A =7"Yu)and h C Coll(w, \) is M[hg * go]-generic such that h € Wlgo] then in M[hg * go * I,
L(By,R) E ADT where By, is the realization of B in M [hg * go * h]. Fix then such an h. Notice
that we have that

Bh — Bz m RM[ho*go*h] .
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Since B; is OD in S, nego, We have that there is a sound RMtox90*hl_mouse M such that
By, € M, p,(M) = RMhosgoxhl and S, 1.0 F “M is wi-iterable”. It then follows from
Lemma 9.11 and Lemma 9.13 that M € M[ho * go * h] and M [hg* go* h] F “M is k},-iterable”.
Therefore, M < (S ,1,g0en) ™ 0" implying that M[ho % go * h] & L(By,R) E AD™. O

Lemma 9.32 Suppose > po and g C Coll(w, i) is Wgol-generic. Then gy,i,g is a pre-sjs at
I

Proof. The proof is like the proof of Lemma 9.31. It follows from the proof of Lemma 9.27
that it is enough to show that for any a € H., 90*9
a= 0. Let (M, ) be an excellent hull at 1 such that (M*, 7*) < (M, w) and p € rng(w). Let
A =7"Yu) and let h C Coll(w,\) be Mlhg * go]-generic such that h € W{go]. It is enough to

show that in M [hg * go * h],

 SUp;, 7 = O, We first show this for

P _sP
SUPicy, VB,., =0

where P = 7~1(P,). This follows from the fact that (B, ;)"0 = B; N M[hg * go * h] and
in M, P is a Fz-quasi-iterate of 73% )

To show the claim for every a use Lemma 9.25 and Lemma 9.27. U

We define (P; : i < w) as follows:
1. Po = Ppys
2. Pig1=Pu1 ;-
Let §; = 6%,
Lemma 9.33 P, E “; is Woodin” and no level of P;y1 projects across d;.

Proof. 1t is enough to show that no level of P;.; projects across ¢;. Towards a contradiction,
suppose M < P;.; is such that p(M) < §;. It follows from Corollary 9.14 that M, regarded

as a mouse over P;, is kT -iterable in W and hence, M < P;, contradiction. O

Let 6, = sup,.,, 9; and P~ = U;,,/P; and let

p_ W(P~) : if no level of W(P~) projects across d,
IR : where N < W(P7) is the least such that p(N) < 4,
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Notice that kK = d,,. In subsequent sections we will show that P = W(P~). Before we move on,
we fix some notation.

Suppose (M, ) is an excellent hull at py, for some k < w. Let p_y = vy. We say (M, 7) is
perfect if (M*, %) < (M, ), M*"-1 C M and (u; 11 < w) € rng(m). Notice that we have that
P € rng(r). We then let (uM i € w)=n"1{; i € w)), PM =77YP;) and PM = 7= 1(P).

Notice that if for some k < w, g C Coll(w, p) is Wlgol-generic and (M, ) is a perfect hull
at up then Eﬁ’ii*ik,g is defined for every a € (H,, )M+ We then let $A9 = Eﬁfi*B{k,g

where we let P_; = (). Notice that we have that E%’fg I M[ho * go] € Mho * go]. We then let
yM = %M9 1 Mhg * go). It is again true that M € M[hg * gol.

Hi,a Ki,Q >

9.5 [Iteration strategy for P

Suppose (R,7) > (M*,7*) is a perfect hull at some p, for p < w. Here we will describe a

(kRr, kr)-strategy for P® which acts on stacks all of whose normal components are in VH}; and

37 K’R)

in which player II, after a notification that I is about to start a new round, will play an

are above 517,3_1%1 (recall that 6_; = 0). To do this, we introduce the auxiliary game G*(P%, w

embedding 7, : M, — P such that 7 | P = 7, o mp, where 7, is the iteration embedding.
More precisely, (Ta, Ma,To 1 a0 < 1) € V,E is a run of G*(P#,w?, kg) in which neither player
has lost if

1. for a < n, M, is the model at the beginning of the ath round and M, = P%,
2. for a < n, M, is (anomalous) w-suitable premouse,

3. for a < m, T, is a tree with no fatal drops based on some window ((5,?4", 5,?1‘{) fork>p—1

(see Definition 7.1 and the line below it for the explonation of “anomalous”) ,

4. for a < n, T, is correctly guided and if 7, has a last branch and 7, is short then
— Ta
ATy ) S Mgy 1

5. mo=n | PRand fora < B <n, ma: My — P,

6. if for « < B < 1, map : My — Mg is the iteration embedding then for o < 8 < 7,

Mo = T3 O Mq 8-

The game has at most w® many rounds. As usual player I plays the extenders and starts new

rounds. I plays branches. I cannot start a new round if the current model isn’t suitable. If T
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decides to start a new round with M, as its starting model then /1 has to play the embedding
T, that satisfies clauses 5 and 6. The game stops if one of the models produced is ill founded
or if I1 cannot play m,. [I wins if all the models appearing in the iteration are wellfounded,

3

she can always play the embeddings 7, the game runs w” many rounds or if one of the rounds

runs kg steps.
Lemma 9.34 Player I has a wining strategy in G*(P%, w3, kg).

Proof. We define the strategy A for II by induction. First fix some bijection f : kg — V,_f2
such that f € R. In the first round, I plays a tree on P¥ = M. Suppose I starts playing the
first round on (52\/‘0, 52\101) for K > p—1 and suppose T is a tree constructed according to A and
T has limit length. Below we describe how IT should play her move.

1. If T is short then I7 plays the unique cofinal branch b € R of T such that Q(b,7) <
W(M(T)) exists,

2. if T is maximal then IT plays b such that

(a) beR,

(b) M{ is w-suitable,

(c) thereis o : M — P such that 7 | PR =ocon/.
)

(d) b is the f-least branch satisfying 2a-2c.

We need to see that I can satisfy these conditions along with satisfying the rules of the itera-
tion game. It is enough to show that there is some b € R satisfying all the clauses above except
2d. We can then choose f-least such b.

Claim. There is b € R satisfying 1 and 2a-2c.
Proof. Fix some perfect hull (M, ) at g1 such that (R, 7) < (M, ).

M
P, P

Proof. Fix limit aw < [h(T). By induction, we assume that T [ « is according to mg a-pullback

Subclaim. T is according to mg a-pullback of X

of E%Jr pu- Notice that 7 T [ @ € M. To prove the subclaim, we need to see that if b is the
L7
branch of 7 [ a then b is also the branch of 7z 7 | . Notice that we must have that 7 [ «
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isn’t maximal and hence, Q(7T | «) exists and Q(T | @) I M7. Let ¢ = ©M (mrmT | ).

Nk+1773£/[
It follows that
Qe,mrmT | a) exists iff Q(e, T [ ) exists

implying that if b # ¢ then Q(¢, 7 | «) doesn’t exist. We then have that mp T [ « is a

maximal tree. Let U = mp T | . Because U € M, it follows from the construction of

Z%H s that there is a map o : MY — P such that 7 | PM = g o, Let k: MT1* - MY
i

be the copy map. It then follows that 7 | P® = g o k o 7/ * which implies, using Lemma 9.22,

that M1 is w-suitable. Hence, Q(T | «) cannot exist, contradiction! O

We then let b = E,jliﬂ,pgf(ﬂR:MT)' It follows from the proof of the subclaim that b satisfies
clause 1. Suppose then 7 is maximal. It follows from the copying construction that mg 7T is
also maximal. It also follows from the construction of Zﬁ P that there is o : My "" T p
such that = | PM = UOWZR’MT. Letting [ : M] — M;R’MT come from the copying construction,
we have that 7 | P =colonr/. Hence, M] is w-suitable. Moreover, b satisfies clause 2b-2c.
To finish, we need to show that b € R[hg * go]. Recall that R[hg * go] is w-closed in W|go]
and that in Wigo], cf(5,7:f1) = w. Let then (v; : i < w) C rng(w]) be cofinal in §(7). Then
we have that (v; : i < w) € R. We also have that b is the unique branch ¢ of 7 such that
(vi 11 <w) C ! It then follows from absoluteness that b € R. O

We then define A(7) = b which satisfies clause 1 and 2 above. Suppose now that we have
defined A for stacks that have < a-many rounds. We want to extend A to act on stacks that
have a-many rounds. The first step is to specify I1’s move at the beginning of round «. To do
this, we examine three cases. Suppose first « is limit. Let (7, Mg, me 1 £ <y < «) be a run of
G*(PE, w3 kg) which is according to A. Then I must start the ath round on M, which is the
direct limit of M, under the iteration embeddings 7, : Mg — M., Let m¢ o : M — M, be
the direct limit embedding. We then let 7, : M, — P come from the direct limit construction:

given x € M,, let £ be such that for some 7 € Mg, x = ¢ (%) and let

Ta(T) =dey Te(T).

We then let I play m,. It follows that 7, is as desired and that M, is w-suitable.
Next suppose @ = 3 + 1 and let (T, Mg, 7 : € < v < ) be a run of G*(PE,w?, kr) which

is according to A and suppose I wants to start the ath round of the game. Then I has to start
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the round on the last model M, of 7. It follows from our inductive hypothesis that M, is

w-suitable. It remains to choose m,. Suppose first that 7, is defined and is maximal. Let b be

the last branch of 7. As part of our inductive hypothesis we have that there is 7 : MZ;’_ — P
such that 73 = mo 7] . In this case, we let 7, = 7.

Next suppose that either 7/'3 isn’t defined or that it is defined but it is short. Recall the
meaning of uy, which were defined in the first paragraph of Subsection 9.4. Let £ < w be such
that 75 is a tree played on the window (5 g 6,?1’;) Also, let (M, ) > (R, 7) be a perfect hull
at pur+1. It follows from the proof of the subclaim that 73 is according to mg ap-pullback of

ﬁ/l P Let then [ : M, — N come from the copying construction where N is the last model
of mraTs. By the construction of E%H,Pé‘f we have o : N' — P such that 7 | PM = gog™rmTs,
It then follows that m3 = o olo 778, Let then 7, = o o .

Next, to describe I1’s moves in the ath round we just follow the steps describing I1’s move
in the first round. More precisely, given a tree 7 € R on M, which is according to A and has
limit length, we let 11 play as follows:

1. If T is short then I7 plays the unique cofinal branch b € R of T such that Q(b,7) <
W(M(T)) exists,

2. if T is maximal then I1 plays b such that

(a) b€ R,
(

)

b) M] is w-suitable,

(c) thereis o : M] — P such that 7, = con/.
)

(d) b is the f-least branch satisfying 2a-2c.

That there is such a branch b € R follows from the proof of the claim above. This finishes our
description of A. O

We let AZ be the winning strategy of P in the iteration game G*(P%, w3, kg) constructed
above. Next, we show that perfect hulls of P are iterable. More precisely, suppose (M*, %) <
(R, 7) is a perfect hull at g, for some p < w. Let S € R be an w-suitable A® iterate of P and
let £ : S — P be the realization according to A. Let (M, 7) > (R, 7) be a perfect hull at 1,11
such that k € rng(m). Notice that H,+ € M. We let ABMS he the k*-pullback of A where
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k* = m=1(k). Because H,++ € M, we have that ARMS g a (0,w?, bt )-strategy for S acting

on stacks above 55 .
Lemma 9.35 P = W(P,).

Proof. Suppose not and let k& be least such that p,(P) < . Suppose (R, 7) is a perfect hull at
st Let @ = PF and let p be the standard parameter of Q. Let N' = HullS(5k41, {p}) where

m is the least such that p,,(Q) < §2. We claim that kaH pr has branch condensation. To see
1™
R

this, it is enough to show that if T is a stack on N/ according to Zuk

and & is the last model of 7 then S is (m, pji )-iterable above 6. But choosing M as in the
ARM,S

PR such that 77 -exists
+1:7 g

paragraph proceeding the lemma, we see that is such a strategy for S.

It then follows that ¥ =g4.¢ T(Efkﬂ?,f)
on trees above 0. Hence, 3 can be extended to a (k1, k1)-iteration strategy (see Lemma 9.9).
Let then h C Coll(w, pg12) be W-generic. It then follows from Theorem 9.3 that in Wgo * A,
L¥(R) £ AD* implying that letting X% =g 3 | Ho ™ % € S, horgosh:

Notice next that ¥* is S, ,
Sunrashorgorh F MC, it follows that, in Wgg * b, L(X*,R) F AD* + 6, < ©, contradiction! See
Remark 4.2 for an explanation that the conclusion in the last sentence is indeed a contradiction.

0

is a fullness preserving (k, k)-strategy for Py acting

2 hoxgo+h-Tullness preserving strategy (see Theorem 9.3). Because

9.6 A derived model at s

Our goal now is to show that if G C Coll(w, < k) is W/go]-generic and g; = G N Coll(w, < p;)
then S, hoxgorg: can be dovetailed into one model of determinacy. In the next subsection, we
will use this fact to construct a strategy for some P, which has branch condensation. Our first

lemma is a strengthening of Lemma 9.8 and Lemma 9.13.

Lemma 9.36 Suppose (M, 7) is an excellent hull at some excellent . Let g C Coll(w, ) be
W -generic and let B C kyr be a set in Mho * g]. Then (W(B))Mlhoral = W(B).

Proof. We clearly have that (W(B))Mlho*] W(B). We need to show that W(B) <
(W(B))Mlhoxgl - Suppose not. Let then M < W(B) be the least such that p,(M) = B
and (W(B))Mlho*sl <4 M. To derive contradiction, we need to show that M € M[hg * g] and
Mlhg * g] £ “M is r"-iterable”. Let Q = P}’. Recall that Q is short tree iterable in Sy, pgsg-

d
<
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Let C' € M be the name for B. We claim that if 7 is the correctly guided tree on Q for
making C' genericaly generic then 7 € M. To see this, it is enough to show that if o < [h(T)
is limit then Q(7 | «) € M. It will then follow that M E “Q(T | «) is countably iterable”
and hence, M can correctly identify the branch of T [ a.. Suppose then Q(T [ o) ¢ M. Let
S = (Lp(M(T [ a))™.

Claim. There is a cofinal wellfounded branch ¢ of 7 | « such that ¢ € M.
Proof. Let T* = 7(T | @) and 8* = 7(S). Notice that cf’ (6(7*)) < k. Let A = cfV (6(7T*)).
Fix an excellent n > p such that n* = 7. Let (N, o) > (M, ) be an excellent hull at 7 such that
NAC N. Let U = o7 1(T*). We have that U is correctly guided and hence, U is according to
WM’N(ZKE)’ Let then b = WMW(Z%E)(U)’ Let £ € b be least such that 7¢, is defined. Because
cfV(5(U)) = A, we can fix a cofinal Y C rng(rg,) of order type . We have that Y € N and b
is the unique branch ¢ such that for some v € ¢, Y C rng(n¥). It then follows that b € N. By
elementarity, there is a wellfounded branch ¢ of 7 [ a such that ¢ € M. O

Let then ¢ be as in the claim. If ¢ = W(ng)(T I a) then we are done as then Q(c, 7T | «)
exists. Suppose then ¢ # W(Effé)(T [ «). It then follows that 7 [ « has two well-founded
branches implying that cf(0(7 [ a)) = w. Let b = W(Ei\fé)(T I ) and let £ € b be the least
such that ngo‘—exists. Again, by choosing an w-sequence cofinal in §(7 | ) and repeating the
proof of the claim using the fact that M is w-closed, we get that b € M. It then follows that,
after all, Q(7 | a) € M, contradiction!

Let now 7 € M be the correctly guided tree on Q for making C' genericaly generic. Let now
b= W(Ei\fé)(T). Repeating the above arguments we can show that b € M. Let then K = M.
We have that B is generic over K for the extender algebra of K. Moreover, because K is full,
we have that W(B) € K[B]. Hence, M € M.

To show that M is k*-iterable in M[hgy * g] we repeat the above argument and the proof
of Lemma 9.13. Let A be the iteration strategy of M. Given a tree Y € M on M according
to A and of limit length, by the above proof we can find a W(Efg)—iterate S of Q such that
(M,U) are generic over S. It then follows that A(U) € S[M,U| implying that if b = A(U)
then b € Mhg * g]. b can then be identified in M|[hg * ¢g] as the unique branch of ¢ such that
the phalanx ®(U~MY) is countably iterable. O
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Lemma 9.37 Suppose (M, 7) is a perfect hull at i, for some m and let @ = PM. Suppose
o:Q —y, §is such that S € (HNL)M and there is k : S — P such that 7 | @ = koo. Then
S = W(S|69).

Proof. Let T'= 1T, ., (this was defined before Lemma 9.21). Let B € P(ky) N M code Q,S.
Let n = ky. We then have that L[T, Ay, B] £ Hy++ = W(OW(Ap, B)). Let £ = £t and
let k : N — L¢[T, Ay, B] be an elementary such that L[T, Ay, Bl E “|N| = nt A crit(k) >
n™” and let S € N be such that k(S) = T. Let v = k~'(kT). Notice that we have that

P(2)N LS, Q) = (P(62))<. It follows from Lemma 9.36 that N € M
Suppose now that S # W(S|6S). Let M < W(S|6S) be least such that S < M and
pu(M) = 63. Notice that if g C Coll(w,S) is W-generic and x € L,[S, S][g] codes S then there
is y coding M such that (z,y) € p[S,] where n is as in Lemma 9.21. This is because there is
such a y € N[z]. We can then repeat the proof of Lemma 9.21 to conclude that in fact M < S.
U

Lemma 9.38 Suppose G C Coll(w, < k) is Wlgo|-generic and let g; = G N Coll(w, < ;). Let
R* = U, (RVW0*9) and let Cy = Uiy By, kgi- In W(RY), let ® = {D C R* : D is Wadge
reducible to some Cy}. Then L(®,R*) E ADT.

Proof. Tt is enough to proof that the claim holds in some perfect (M, 7). Fix then such a perfect
(M, ) at some p,,. Let (N,0) > (M,n) be a perfect hull at j,,+; and let A = AMNPY | Let
N; = (H(uf-”ﬁ)M' Let Q be the A-iterate of PM which is obtained via (N; : i < w)-generic
genericity iteration of PM. We have that if i : PM — Q is the iteration embedding and
[: Q — P is the last move of IT then 7 | PM = [ o4 implying that Q@ = W(Q|d62) (this follows
from Lemma 9.37). Fix now some G C Coll(w, < kjps) generic over M[hg * go] and let g;’s be
defined similarly as above. We define CM and ®™ similarly working in M[hg * go * G]. Let
Tk = EBz‘<wTBQJES§L+W)Q. We have that 7, € Q and therefore, letting R* = Ui<w(RM[gi]), we have
that B, rc N Q(R*) = CY¥. Notice that in Q(R*), M C {A C R* : L(A,R*) E ADT}. It
then follows from the derived model theorem that L(® R*)E AD™. O

Given G C Coll(w, < k), we let Sg = L(®,R*). Similarly, if (M, ) is a perfect hull at some
pp and G C Coll(w, < kyr) is M-generic then we let SM = (L(®, R*))MIE.
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9.7 Strongly é—guided strategy

Lemma 9.39 Suppose (R, 7) is an excellent hull at pg and let R = PE. Suppose g C

Coll(w, po) is generic and p < w. Then some tail of Zfo 3 strongly respects B,.
Proof. Suppose not. Let ¥ = Efo 5 Fix (R;, Q;, 0, Vj,'ﬁ 1 j <w) € M such that

1. RQZR,

=

2. 7, is a stack according to ¥ on R, R4 is its last model and ﬁﬂ—exists,
3. 0j: Q; = Rj41 and v : R; — Q; are elementary
4. 7T = ojov; and

5. 0;1(7'%“) + TBQ;.

We let R, be the direct limit of R;’s under 77i’s. We have that there is [ : R, — P, . Fix
some perfect hull (M, 7) > (R,7) at py and let ¥ = ABMRe Tet 1, : R; — R, be the direct
limit embedding and let 0;,, = 711, © ;.

Next let N; = (H,ry+)™ and let h C Coll(w, kr) be R-generic such that h € W(g]. Let
o= Ui<w(RNi[h”C°”(w’“ﬁ)]). Let (Ri, i,gg,wg,a,i, V,g,mi . j,k < w) be the iteration coming
from simultaneous (N; : i < w)-generic genericity iteration of (R;, Q; : i < w) via X. Also,
we let (R, ‘,:,g,f,w,;",m‘,:,af,yg . k < w) be the direct limit of (R7, i,gi,w,z,mi,oi,yi :
J k< w).

It is not difficult to see that o is indeed the set of reals of some symmetric generic extension
of each Ry and Qf. Moreover, letting Dy, and Cj be the derived models of respectively Ry (o)
and Q¢ (o) we have that for every k,

Skt C DN Cy.

Notice that B, N o € Sft. Let then s € Ord<“ be such that B, N ¢ is definable from s in Sf.
Let ¢ = ©5+. Notice then for each k, in Dy, B, N o is a set definable from s in L(P;(R)). Let
then k£ be such that for all n > k,

We then have that for every n < w,
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07(5,€) = v;(5,§) = (5,8).

Rw

But this implies that for n > &, oy (Tgpﬁ) =T Bp"“. This then implies that for every n > k,
Un(Tgp”) = T];p"“, contradiction. -

Applying Lemma 9.39 repetitively and using the proof of Lemma 6.6, we get that

Corollary 9.40 Suppose (R, T) is an excellent hull at py and let R = 7950. Suppose g C

Coll(w, o) is generic. Then some tail of Zf‘o 3 has branch condensation.

9.8 Finishing the proof of Theorem 0.1

Fix then (R, 7) as in the corollary above. It then follows that some tail of ¥ =4 ¢ 7'(250, 5) has
branch condensation. Let Q be the Y-iterate of P,, such that letting A be the corresponding
tail of X, A has a branch condensation. We then have that A is fullness preserving, it has
branch condensation and it is a (k, k)-iteration strategy. Appealing to Lemma 9.9, we can
assume A is a (kT, kT)-strategy. Let p be an excellent point such that Q € H,,. It then follows
from Lemma 9.3 that if g C Coll(w, p) is W-generic then in W(g], LA(R) £ AD*. It then also
follows that in W {[g], since A is a fullness preserving iteration startegy and that L*(R) E MC,
LAR) E ADT + 6y < ©, contradiction! See Remark 4.2 for an explanation that the conclusion

in the last sentence is indeed a contradiction.
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