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By
R. T. Bumsy

Suppose we have two modules A, B which are isomorphic to submodules of each
other: how close must they be to being isomorphic ? The discussion which follows
may be considered as an answer to this question. We shall prove that two injective
modules so related are isomorphic, and we shall draw some conclusions about the
general case from this. Since our result is really a property of the category of modules
and not of modules per se we will not need to identify the ring of operators or the
side on which they operate.

Theorem. If A D B, both injective, and if there is a monomorphism ¢: A > B,
then A ~ B.

Proof. We note the fact: an injective module is a direct summand of every
module containing it. Thus we can find a module H such that
A=H®®B.
Now A=H®B2HPpA)=HPDeH)De(B)2.... Thus

AQP=H@®pH)DglgH)D....

Then PNB=g@H)DelpH)) D ..., i.e. PN B = g(P).

Let @ be a maximal essential extension of PN B in B. Since B is injective, @ is
injective. Hence B = Q @ K forsome K. Also A = H D (Q P K)=(H D Q) ® K.
This implies that H @ @ is injective. We use the familiar diagram

0->P->HDQ
"’l/@/
Q

to define a homomorphism @. The definition of @ allows us to conclude that ¢ is an
isomorphism. Finally, the map ¢ @ 1: (HDQ) DK —>Q @ K is the required
isomorphism.

Corollary 1. If A and B are any two modules which are isomorphic to submodules of
each other, their injective hulls are isomorphic.

Proof. Let 4, B be the injective hulls of 4, B, respectively. Then if ¢: 4 — B
is & monomorphism so must be any map ¢ : 4 —> B which extends it (the injectivity
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of B guarantees the existence of maps @). Likewise if we have y: B — 4, a mono-
morphism, we obtain a monomorphism p: B — 4 extending it. Now apply the
theorem with 4, (B), p@ in the roles of 4, B, ¢.

Now that we know that 4 ~ B we may embed 4 and B as essential submodules
of the same injective module. The monomorphisms ¢: 4 — B, p: B—> 4 extend
to monic endomorphisms of this injective module.

Definition. A quasi-injective module is a module which is a fully invariant submodule
of its injective hull.

Remark. This is not the usual definition, but it is a very useful defining property
(see JounsoN and Woxnag [2]).

Definition. The quasi-injective hull of a module A is the smallest fully invariant sub-
module of the injective hull A of A which contains A.

Lemma. If B is a fully invariant submodule of an injective module E, if A is any
submodule of E, and if there is a monomorphism ¢: A — B, then A C B.

Proof. Since ¢ is a monomorphism, there is ¢*: @(A) - 4 which is an inverse
of @. Then ¢* extends to an endomorphism (still called ¢*) of E, since E is injec-
tive. Since B is fully invariant, we have

Bo*(B)2e*(pd)) = 4.

Corollary 2. If A, B are isomorphic to submodules of each other, then their quasi-
injective hulls are isomorphic.

Proof. By the discussion following Corollary 1 we may assume that 4 and B
are essential submodules of the injective module K. Let 4, B denote the quasi-
injective hulls of 4, B in E. The existence of a monomorphism ¢: 4 — B implies
A C B, and since 4 is the smallest fully invariant submodule of E containing A,
we have 4 C B. Likewise B C A4, hence 4 = B.

Thus it appears likely that the work done on quasi-injective modules and their
endomorphism rings (see [1]) may be applicable to the study of modules related as
in the title of this paper.

Remark. The properties of injective modules which we used are properties pos-
sessed by every object i1 the category of sets. In this category direct sums are dis-
joint unions so our proof reduces to a familiar proof of the equivalence theorem of
set, theory.
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