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1 Added 10/26/21:

These notes are from a research project supervised by John Nash, starting around 2001/2002. He
had secured funding through the NSF, namely grant SES-0001711, and used it to hire research
assistants. The notes below were written around 2003/2004 to document what had been done on
the project. Nash’s paper on these investigations eventually appeared in: Nash, John F., Jr., “The
agencies method for modeling coalitions and cooperation in games.” Int. Game Theory Rev. 10
(2008), no. 4, 539-564.

2 Introduction

There are two stages and three players in the game. In the first stage, two players join into a
coalition, with one representing the other, while the third player is left by himself. In the second
stage, all three players join into one coalition with either the third player heading the group, or the
representative from the previous stage leading the entire pack.

2.1 Notation and Defined Relations

The players are denoted by P1, P2, and P3. When P1 accepts P2 to be his agent, we denote
the coalition by P21, and from this point on, P2 will represent P1. Write Pi for a generic player
or coalition, where ¢ may be one or two numbers. To denote the payoff vector by UBjRk, where
the coalition Pj represents Pk (Utility given By j Representing k). When we want individual
components of the vector, we denote them by w;b;ry (utility of ¢ given by j representing k), so that
UBjRk = (u1bjri, usbjry, usb;ry). Some examples of this:

1. The expected utility for P3 if he allows P2 to represent him is ugbsrs.

2. When P3 accepts the coalition P21 to represent him, the payoff vector is UB21R3. This
should be distinguished from the case

3. when the coalition P13 accepts P2 as their agent. In this case, the vector is UB2R13.

The probability that a player Pi accepts Pk is denoted by a; fi (probability of acceptance of 4
for k). E.g. In the first round, the probability that P1 chooses P2 to represent him is a; fo. We
denote the probability with which coalition Pij accepts player Pk by a;; = a;; f, the default being
the shorter form. Similarly, we write af;; = ay fi; for the reverse scenario.

For the first round, instead of a; f;, we write n; (no acceptance) with the obvious rule that

aifj +aifr +n; =1, (1)



where j # k # i.

Each player and coalition has a demand. It is a strategic variable, chosen to optimize profit
based on equilibrium conditions which we will solve in Section 2. In the first stage, every player
is on his own, so player Pi demands the same amount from both of the other players. We denote
this demand by d;. For the second stage, we write d;f; for the demand of player or coalition P:
for player or coalition Pj, with the same shorthand as in the case a;f;. So player P3 may have
a different demand in the first stage, ds, as he does for the coalition P21 (in the second stage) —
dfs1 = dsfo1. And his demand also differs depending on the coalition with which he is dealing, so
df21 is not necessarily equal to dfis.

In the first stage, if no player chooses to have another represent him, the game is allowed to
repeat with probability (1 —e4). If the game is not allowed to repeat, it ends with a zero payoff
for each player. If more than one player asks to be represented, a uniform random event decides
which player is represented. So at the end of stage one, either the players all have zero payoff, or
one player is alone and another is leading his two-man coalition.

A similar procedure occurs in the second stage. Should neither the coalition nor the lone player
want to accept the other as the representative, the game ends with probability 5. If this occurs,
the lone player, Pi, receives a zero payoff, and the other two share an amount b, € [0,1]. E.g.
if coalition P12 does not accept P3 and vice versa, then with probability e5, the payoff vector is
(b237 b23 , O) For simplicity of notation, we will denote the last vector by %363, where d; has a 0 in the
ith component of the vector, and 1 in the other two. E.g. d3 = (1,1,0).

With probability (1 — e5), the second stage is allowed to repeat, giving the players another chance
to join together.

If there is an acceptance in the second stage, and all three players join a coalition, and are
awarded the full amount, 1. The player leading the coalition then divides the payoff among the
members of his coalition. E.g. if P2 accepts P1 in the first round and P12 accepts P3 in the
second, then player P3 determines the payoff vector, U B3R12. Since the total amount given to P3
is 1, it is clear that we must have u1b3rio + uob3r12 +usbsrio = 1. The same goes for any three-man
coalition — the sum of the entries of the payoff vector is 1. Since the final payoff is determined by
the lead player, it becomes a strategic variable, and has an equilibrium condition which we solve for
in Section 2.

In the first stage, the probabilities are related to the demands and utilities in the following way.
For players Pi and Pj, define

A,F; = exp (uibjri _ di) , (2)
€3
and then let AF
aifj = — (3)

1+ AF; + AiFy
with ¢ # j # k. The constant, €3, enters, determining the sensitivity of the demand. If e3 is
close to zero, the slightest difference between the utility given and amount demanded drives the
probability to zero or one, if the difference is negative or positive, respectively. The blgger €3, the
less this difference is felt in the overall probability. It is easy to verify that n; = m and
so a;f;j + a; fr + n; = 1. E.g. in stage one, the probability that player P1 chooses to accept player



P2 as his agent is:

UleTl — d1
P\

a =
1f2 1 + exp <u1b2’r1 — d1> + exp (U;lb?,'/"l - dl)

€3 €3
<U1 527“1 )
exp | ——
€3
d b b ’
exp <1> + exp <u1 2T1> + exp <u1 3T1>

€3 €3 €3

In the second stage, again a similar situation occurs. For player Pi and coalition Pjk, define

uibjrrs — df i
£3 ’

Aij = Aiij = exp ( (4)

and the formula for this stage is simply:

APy

af]k = 71 T Aij. (5)

For coalition Pij and player Pk, we have:

ibirij — dij
Ajj = AijFi = exp (u kr;g J) ; (6)
and again:

i = . 7
az] 1+A” ( )

The variables of the form a;f; denote a player’s choice within the game. To denote an actual
outcome, we need another notation. If a situation has payoff UBX, we write the probability of
the event as p{X}. E.g. the utility vector associated with P2 accepting P1 is UB1R2, and so the
probability of P2 succeeding in accepting P1 is p {1R2}. (In MATHEMATICA, this is simply p12.)

This is all of the notation we will be using. Now we take our assumptions and gather them
together to derive formulaic relations of defined quantities.

2.2 Derived Relations

Say we have come to stage two, and in the first stage, player P1 accepted P2 to be his representative.
This is associated with the payoff vector U B2R1, for which we will now try to find a formula. So we
are looking at stage two, and we have the coalition P21 and the player P3. There are four possible
combinations:

1. P21 chooses to accept P3, and P3 does not accept P21. This event has probability (as1) (1 — afa1),
and the payoff vector is U B3R21.

2. P21 chooses not to accept P3, but P3 does accept P21. This event has probability (1 — as1) (afa1),
and the payoff vector is U B21R3.



3. Both players accept the other as representatives. The event has probability (as1f3) (asf21)-
From here, a fair coin is flipped to determine the outcome, so the expected payoff is simply
% (UB21R3 + UB3R21), where this is regular vector addition and scalar multiplication.

4. Neither player accepts the other. The event has probability (1 — a21) (1 — af21). From here,
as described above, we either repeat the round with probability (1 —e5) (this has expected
utility UB2R1, exactly the value we’re solving for!), or the game ends (with probability e5),

and the payoff vector is (%3, %3, 0) = %353.

Adding together the products of the probabilities of the four events above and their expected
payoffs, we find that:

UB2R1 = (agl) (1 — (lfgl) UB3R21 + (1 — agl) (afgl) UB21R3
1
+(a21) (afor) 5 (UB21R3 + UB3R21)

+ (1 — agl) (1 — afgl) ((1 — 55) UB2R1 + 55b23(53> .

Since UB2R1 appears on both sides we solve for it and simplify:

(agl) (2 — afgl) UB3R21 + (2 — agl) (afgl) UB21R3
+ (1 — 0,21) (1 — CLle) 651)353
2—2 (1 — (121) (1 — (J,le) (1 — 65)

Replacing 2 with 4, 1 with 7, and 3 with k&, we can get the general form for this payoff vector:

UB2R1 =

(®)

(aij) (2 — afij) UBkRij + (2 — ai;) (afi;) UBij Rk
+ (1 = ai) (1 — afij) esbrdx
2-2(1—aij) (1 —afy)(1—es5)

UBiRj = (9)

Knowing this, we can now write down a formula for the total expected payoff vector for the
entire game, U. Each player may either choose not to be represented or appoint one of two others to
represent him, a total of three options. And since there are three players, each with three options,
there are 27 possible combinations to consider. We can break them down to the following four
combinations:

1. All three players choose another to represent them. Say for instance that P1 chooses P2,
P2 chooses P1, and P3 also chooses P1. Then the combined probability of this event is
a1 fa-as f1-asf1. We flip a three-sided coin to determine which of the players will be represented.
This brings us to round two, and we have already solved for the formulas there, so we write

implicitly that the expected payoff vector is % (UB2R1 + UB1R2 + UB1R3).

2. Two players choose to be represented while the third does not. An example of this type of
occurrence is if P1 wants to go solo, but P2 accepts P1, and P3 accepts P2. The probability
is then ny - asfi - azfe, and as before the expected payoff (with outcome determined by a
two-sided coin-toss) is 1 (UB1R2 + UB2R3).



3. Only one player accepts another as a representative, and the other two decline. Say players
P1 and P3 choose not to be represented while P2 accepts P1. The probability is ni - as f1 - ng
and the payoff is simply U B1R2.

4. No player accepts another. The probability of this event is ny - no - ng. With probability e,
the payoff vector is (0,0,0). Alternatively, the game is allowed to repeat, with expected payoff
(1 —e5)U. Here, as before, we have U on both sides of the equation and must later solve for
it.

Now we can write down all 27 possible occurrences and their expected payoffs:



—_

U = ny - CLQfl . Cl3f1 = (UB1R2 + UBlR3)

[\)

1
+nq - (12f1 . a3f2 . 5 (UBIR2 + UB2R3)
+ny - a2f1 ng - UB1R2 + ny-ng - a3f1 -UB1R3
+nq1-ng-asfo - UB2R3 4+ nq - asfs-ng- UB3R2

1
+nq - a2f3 . anl . 5 (UB?)R2 + UB].R3)

+ny - azfz-azfs-

+ai fo
+ai fo
+ai fo
+ai fo
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+aifs
+aifs
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1
~asfz-asfi - 3 (UB2R1 +UB3R2+ UB1R3)

~azfi-asfi-
~azfi-asfa-
.a2f1 “ng -
- o .a3f1 .

'712'(13f2'
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DN | =
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1
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5 (UB2R1 + UB2R3)

1
. a2f3 . (lgfg e (UB2R1 + UB3R2 + UB2R3)

3

1
. a2f3 - ng - 5 (UBQRI + UB3R2)

1
3 (UB3R1 + UB1R2 + UB1R3)
1

3 (UB3R1 + UB1R2 + UB2R3)
UB3R1 + UB1R2)

(UB3R1 + UB1R3)

NN~ DN

(UB3R1 + UB2R3)

—_

~azfs-asfi- = (UB3R1 +UB3R2+ UBI1R3)

W

~agfs-azfa- 3 (UB3R1 +UB3R2 + UB2R3)

1

+nq-ng-ng-((1—e4) - U4eq-0).

Since we have U on both sides of the equation, we must again solve for it explicitly on one side.



So we have that the numerator of U is everything as it appears above except the last line, and the
denominator is (1 —ny - ng - ng (1 —€4)).

It will be useful to consider another way to derive the same formula: to find the probabilities,
p{iRj}. Say that in the second stage, P2 leads P1 and P3 is on his own. The payoff vector corre-
sponding to this is UB2R1, which we have already solved for in (9). The event of P2 representing
P1 has probability p {2R1}, and can come about in one of five scenarios:

1.

P1 is the only player that wants to be represented; the other two decline. This has probability
ay f2 s Ng - N3.

P1 accepts P2, P2 accepts either P1 or P3, and P3 does not accept. Since P1 must win the
two-sided coin toss, the total probability is % (a1fa - asf1 -m3 + arfa - asfs - n3). Remembering
equation (1), we can simplify to: 3aifz - (1 —ng) - ns.

P1 accepts P2, P3 accepts either P1 or P2, and P2 does not accept anyone. This is symmetric
with the previous case, with total probability %al fa- (1 —ns3) - no.

. All three want to be represented, so a three-sided coin toss determines the acceptance. This

has probability a1 f2 (1 —n2) (1 — ng).

All three decline to be represented, but are given another chance at round one, during which
P1 successfully accepts P2. The probability here is ny - ny - n3 - (1 —e4) - p {2R1}.

Summing these together, we get the formula for p {2R1}:

1 1
p{2R1l} = aify-no-n3z+ §a1f2 (1 =ng) -n3 + §a1f2 (1 =ng3)-ny

+éa1f2 (1 — TLQ) (1 — 'fl3) +n1-n2-n3 - (1 — 54) -p{QRl} .

Solving for p {2R1}, we get:

a1 f2 (2 4+ ng 4+ n3 + 2nans)

2R1} = . 11

p{ } 6(1—n1-n2~n3-(1—€4)) ( )
Replacing 2 by ¢, 1 by 7, and 3 by k, we get the general formula:
ifi 24y 2n;

p{iRj}:ajf' + n; + ng + 2n;ng (12)

6 1—”1'72,2'”3'(1—64)'

Now we can write the formula for U using only p {iRj} and UBiRj, both of which we have
solved for:

U = p{lR2}-UBIR2+ p{1R3}-UBIR3+ p{2R1}-UB2R1 (13)
+p{2R3} - UB2R3 + p{3R1} - UB3R1 + p {3R2} - UB3R2.



3 The Main Model

For each entry, u;, of the total payoff vector, U, we have to solve thirteen equilibrium equations.
That’s thirty nine strategic parameters in all. For instance, only player P1 is concerned about
maximizing w1, and his only strategic variables (the variables which he controls) are dy, dfas, dio,
df327 d137 ’U/le’rgg, U3b17°23, ’112517“327 U3b17°32, Uleng, U3b127‘3, UlegTQ, and U3b13’l“2. The derivative
of u1 with respect to all of these variables must then be set to zero, and the simultaneous solution
to all of these equations is exactly the model. (Note: P1 also controls ujbira3, u1birss, and so on,
but they are dependent on the variables above, since u1b1ra3 = 1 — ugbires — ugbiras, etc.)

By symmetry, we only need to do this for P1, and for the variables dy, dfas, d12, usbir23, uzbiras,
u2b1273, and ugbiars. The rest is gotten by permuting the indeces. For variables dfss and dq2, we will
only need derivatives with af23 and aq2, respectively, since these are the only parameters reacting
with the d variables.

3.1 Variable d;

So let us first consider the following specific case for P1, the problem of maximizing u; w.r.t. dj.
The first entry of the vector equation (13) is:

up = p{lR2} - uibira + p{1R3} - u1birs + p{2R1} - uybary (14)
+p{2R3} - u1bors + p{3R1} - u1bzry + p {3R2} - upbsrs.
We will need the following derivatives from equation (2):
oAMF, AR

ody g3 (15)
0A F; A1 F3
ad, &3
and from equation (3):
Oa fo 1+ A1+ Ay F3 — Ay Fy 1+ A F;3
OMF, (14 MF+ A F)? (14 AF+ AFy)
darfa —A1 F,
OALFs (14 AFy + A F3)*
daifs —A1 P
OALF, (14 AFy + A F3)*
daifs 1+ A1 F
OAFs — (1+ AyFy + A F3)*
From here, we get:
0aq fa _ Oaq fo 0A1Fy . Oay fo 0A1F3
ddy A1 Fy ddy 0A1F5 ddy
B 1+ A, Fy —AF, AL F, A, Fy
(14 A B+ A F)? e - (1+ A Fy+ A F3)? €3

1 —AFy -1
= — 5 | =—(aifz2-m),
€3 \(14+ A1 Fo + A1 F3) €3



and similarly

801f3 o -1
ad; = g (a1f3 nl)»
onq Oaifa  Oaifs 1
- - —((1 = . .
0d1 < 8d1 + 8d1 3 (( nl) Tl1)

Since p {2R1} reacts with nq, and ay fo (from (11)), we get:

Op{2R1}  aifo-mnp-n3- (1 —¢e4)(2+n2 +n3+ 2non3)
ony B 6(1—n1-n2-n3-(1—54))2 ’
op{2R1} 2+ no + n3 + 2n9ns
Oay fo  6(1—n1-ng-nz-(1—cq))’

from which we get p {3R1} by replacing every 2 by a 3 and vice-versa. Then so far we have:

op{2R1} _ Op{2R1}9ny  Op{2R1} Oaifs
8d1 o 3711 3d1 8a1f2 6d1
(a1f2-n1) (24 n2 +n3 + 2ngn3) (n2-n3 (1 —e4) — 1)

6-c3-(1—ny-ng-ng-(1—e4))°

)

and Op{3R1}  (aifs-ni)(2+4na+n3+2nsn3) (n2-n3 (1 —e4) — 1)
adl B 6'63'(1—TL1'ng'ﬂ3'(1—€4))2 .
Other p{-} variables only react with ny, so we get:
Op{1R2}  azfi (1+n3(24+n2(1—e4)(2+n3)))
8”1 B 6(17’n1"ﬁ,2'n3'(17€4))2 ’
op{1R2}  Op{l1R2} On,
dd, T ony ddy
agfi(14n3(2+n2 (1 —e4) (2+n3))) (1 —n1)-n1)
- 6-53(1—n1-n2-n3~(1—64))2 ’
Op{1R3}  aszfi(14+n2(2+n3(1l—c4)(2+n2))) (1 —n1)-n1)
ddy B 6-c3(1—ng-ng-nz-(1—gy))’ ’
Op{2R3}  azfo(1+n2(2+n3(1—e4)(2+n2))) (1 —n1)-n1)
adl B 6-53(1—n1-n2~n3-(1—64))2 ,
8p{3R2} . a2f3 (1—|—’/l3 (2—|—Tl2 (1 —84) (2+Tl3))) ((1 —77,1) '711)
8d1 B 6-53(1—n1-n2-n3-(1—€4))2



Combining these derivatives with equation (14), we get:

Ouy Op{1R2} Op{1R3} Op{2R1}
g dbanvar PSS e G S X
ad, od, u1byrg + d, u1birs + 0d, u1bary
Op{2R3 Op{3R1 Op{3R2
Jr%l} “u1bars %1} - u1bsry 7péd1 } - u1bsry

_ aefi(T4n3(2+ne(1—e4) (2473))) (1 —n1)-n1) “upbire

6-e3(1—n1-ng-nz-(1—eq))’
+a3f1 (I1+n2(2+n3(1—e4)(2+n2))) (1 —n1)- n1)

~u1bir3
6~€3(1—n1~n2-n3~(1—54))2
+(a1f2 -n1) (24 1y + n3 + 2n9ns) (ng - ng (12— €)= 1) bty
6-53-(1—n1-n2~n3-(1—54))
azf2 (L+n2 (24 n3 (1 —e4) (2+n2))) (1 —7n1) - 1)
+ 5 “u1bars
6-e3(1—n1-ny-n3-(1—e4))
+(a1f3 . 7’L1) (2 -+ no + ns + 2712713) (TLQ N3 (].27 54) — 1) ) u1b3r1
6'63‘(17711'712'713'(1764))
L 02fs (14 ns (24 n (1= e4) 2+ n3)) (A= m1) - ma) - tbary.

6~53(1—n1~n2-n3~(1—54))2

ni
‘na-nz-(1—eq))?

And factoring R — out of everything and setting equal to zero, we get:

0 = (1 + ng (2 + no (1 - 64) (2 + n3))) (1 — nl) (a2f1 . U1b17’2 + CLQfg . U1bg’l‘2) (16)
+(1+n2(2+n3 (1 —e4)(2+n2))) (1 —n1) (azfi - uibirz + azfo - u1bars)
+ (24 ng +n3 + 2ngn3) (n2 - n3 (1 —e4) — 1) (a1 fa - u1bary + a1 f3 - uibsry) .

3.2 Variable dfs;

Now let us consider the problem of maximizing u; w.r.t. dfss3. As mentioned earlier, C%f“ =
621;;3 2‘2?23, so it suffices to consider just the equation with afs3 and factor out 8“;23 = 7af 2. So

for afa3, the reactions to consider are with u1bor3 and ugbsrs, which in turn react with as f1, as fa,
and ng, and then all of the p {iRj} variables.
Then we will have:

ouy Ou1bars
2R3} -
dafo3 rd } dafa3
Op{1R2} Op{1R3} Op{2R1}
it Sl S X CEA T hypa £ T
+ Dafos u10172 + Dafos u10173 + Dafos U10271
Op {2R3} Op{3R1} op {3R2}
——— " .ub b = . uibsrs.
+ Dafas U10273 Dafas u10371 Dafas U037

10



But for each of the p {iRj}, 2LRi} — IpliRi} dusbars 514 50 we calculate:

dafas Dusbars Oafas
Op{1R2}  —axfi(azfa)nz (1 +n1 (24 n2 (1 —e4)(n1 +2)))
Quzbars 6-c5-(1—mny-ng-ng-(1—cq))°
Op{2R1} _ —afs (azfo)ms (1 +n2(24n1 (1 —e4) (n2+2)))
Ousbars 6-c5-(1—ny-ng-ng-(1—cq))°
Op{3R1} _  —aifs(asfo)ns (1412 (24 (1 —c4)(n2+2)))
Ouzbars 6-e5-(1—mny-ng-ng-(1—eq))°
Op {3R2} _ —aafs (asfo)ns (1 +n1 (24 na (1 —e4) (n1 +2)))
Quzbars 6-c5-(1—ny-ny-ng-(1—eq))°
Op{1R3}  —asfi(azf2) (24 n1 4+ no + 2n1no)
dusbors  6-cy- (1=ny-ng-n3-(1—e4))?
dp{2R3} _ asfo (2+mny +n2+2n1n2) (1 —azfa —ny -ne -n3 (1 —e4))
Ouzbars 6-e3-(1—ny-ng-ng-(1—e4))’

We also need:

ugbirag (ag3 (65 + asz (1 — e5) — 2))
+usbasgry (2 — ags) (65 + ags (1 — €5))

Ougbars —(1—ag3) -b1-e5
dafas  2(1—(1—afes) (1 —azs) (1 —e5))*
u1b1723 (a23 (€5 + az3 (1 —€5) — 2))
Ou1bars _ +uibasry (2 — ags) (65 + a3 (1 —€5))
dafis 2(1— (1 —afes) (1 —azs) (1 —e5)°

a3 fo i )
6e3(1—n1-nznz-(1—e4))?-2(1—(1—af23)(1—azs)(1—e5))? /"

for the final form (pulling out

0 = 53(2+n2+n1+2n1 ~n2)(1—n1 -n2~n3-(1—<€4))
(u1birog (@23 (65 + a3 (1 —e5) — 2)) + uibazry (2 — ags) (€5 + a3 (1 —€5)))
B u3b1723 (a23 (€5 + a3 (1 — €5) — 2))
+usbagry (2 — ags) (65 + ags (1 —e5)) — (1 — ag3) - by - €5

n < (14+mn1 (2+n2 (1 —¢e4) (n1 +2))) (azfr - urbire + azf3 - urbzra) >
P\ AT +n2 (241 (1—e4) (n2 +2))) (arfo - urbory + a1 f3 - urbsry)
+ (24 n1 4+ n2 4 2n1n2) (a3 f1 - urbirs — (1 —azfo —ny -n2 - n3 (1 —4)) - urbars)

3.3 Variable di»

Now let us consider the problem of maximizing uw; w.r.t. dijs. Again it will suffice to consider just
the equation with a;o and factor out 9a12 — za12 G for a1z, the reactions to consider are with
u1b17ry and ugby e, which in turn react with ag fi, as f3, and ng, and then all of the p {iRj} variables.

Od12 €3
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Then we will have:

= o
+78p{1R2} “urbira + L){lRS} “u1birs + L){QRH ~upbory
Oaig Oaig Oaia
+8p {2R3} ot & op {3R1} b+ Op {3R2} - tybar.
daia daia a12
But for each of the p {iRj}, apa{;ij} = Zﬁ{z’lfij 6%2;112,.2’ and so we calculate:
Op{1R2}  a2fi1(2+n1 +n3+2nin3) (1 —azfi —ny-ng-ng (1 —e4))
ugbyrs 6-c5-(1—mny-ng-ng-(1—e4))° ’
Op{3R2}  —axfi(azfs)(2+n1+nz+2nin3)
Quabrry 6-c3-(1—ny-ng-ng-(1—eq))° "’
Op{1R3}  —axfi(azfi)na (I +n1(2+n3(1—eq)(n1+2)))
Qusbiry 6-e3-(1—ny1-ng-ns- (1—54))2
ap {2R1} _ —a2f1 (alfg) n9 (1 +ng (2 + ny (1 — 54) (n3 + 2)))
uobiry 6-c5-(1—ny-ny-ng-(1—ey))?
Op{2R3}  —azfi(azfo)ne (1 +ny(2+n3(l—eq)(ny +2)))
Ougbyrs 6-e3-(1—ny-ng-ng-(1—e4))’
Op{3R1}  —axfi(aifs)na (1 +n3(2+n (1 —eyq)(n3+2)))
Quabiry 6-c3-(1—ny-ng-ng-(1—e4))’

We also need:

u1b1273 (af12) (65 + afi2 (1 —€5) — 2)
+uibsri2 (2 — afi2) (€5 + afiz (1 —€5))
8u1b1r2 _ +(]- _af12) bd "€5
Oaiz 2(1 = (1—aw) (1 —afiz) (1 —e5))°
ugb1a73 (afi2) (65 + afiz (1 —e5) — 2)
+ugbsriz (2 — afiz2) (65 + afiz (1 —€5))

i

8u2b1r2 o —|—(1 —aflz) ~b3 * €5
darz 21— (1—aw) (1 —afiz) 1 —e5))”
: as f .
for the final form (pulling out 683(1—711‘n2~n3‘(1—54))2~2(211(1—a12)(l—aflz)(l—f;‘g,))z)'
0 = e3(2+n3+mn1+2n-n3)(l—n1-ny-n3g-(1—eq))
) uibiars (afi2) (€5 + afiz (1 —e5) — 2) )
+uibsria (2 —afi2) (es +afia (1 —e5)) + (1 —afi2) - b3 - €5

B uzbi2r3 (afi2) (€5 + afiz (1 —e5) — 2) )
+usbsris (2 — aflg) (65 + afio (1 — 65)) + (1 - af12) -bs - €5
(2 +ni + ns + 2711’&3) ((a2f1 +n1-no- ns (1 - 64) - 1) . U1b17’2 + agfg . ulbgTQ)
i (1+n1(2+n3 (1 —e4) (n1+2))) (asfr - urbirs + azfz - urbars) )
"2+ (14+n3(2+n1 (1 —¢e4) (n3+2))) (arfz2 - urbary + a1 fz - uibzry)
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3.4 Variable uybior3

The next equation we will consider is the derivative of uy with respect to usbiars, since this is a
strategic parameter controlled by P1. For this, we will need to calculate the corresponding partial
derivatives. The only new reactions needed are those with no, asfs, asfi, usbirs, and uibira, and
we will use formulas derived in the previous section for the full derivative. In other words, once

we know dazfr = dazfr Oubiry ~Dazfs Ony an Ourbirs we will simply have
6’[1@()127‘3 - (9UQb17"2 81@[)127"3 ’ 8u2b12r3’ 81@[)127"3 ’ (91@[)127”3 ’ Py
Opif; _ Ipi f; ) da fi Opif; ) Ony and:
8UQb127“3 8ajfi 6UQb127”3 8TL2 8UQb12’I“3’ '
8u1 (9’11,1()17‘2
_— = 1R2} - ——— 17
8U2b127"3 p{ } 8U2b127"3 ( )
dop {1R2} dp {1R3} op{2R1}
7 uqb A b T b
Ougbiars b Ougbiars s Ougbiars e
op{2R3 op{3R1 op {3R2
+M - uibors + 9p{3R1} uybsry + 9p {3R2} - uybsro.
5U2b12T3 3“25127’3 3”25127‘3

We will need the following derivatives from equation:

0AsFy Ao Fy
Qusbira 3
and
dasfr 1+ AxFy
OAFL (14 AyFy + AyF3)*
dazfs —AsF3
OAsFr (14 AyFy + AyF3)*
From here, we get:
das f1 _ dasfi 0AF}
Ougbira 0A3Fy Ougbiry

1+ A2F3 Aoy
(1+ AFy + A2F3)2 €3
azfi (1 —aafi)

)

€3
and similarly
dazfs — _ Oasfs 0AsFY _ asfs-ash
8UQb1’/‘2 8A2F1 6U2b17‘2 €3 ’
8n2 _ 8(12f1 + 8a2f3 _ _a2f1 (TLQ)
8UQb17”2 811,2[)17’2 alLleT'Q €3 '

13



Then as before, we have:

8U2b1T2 ang 8U2b1T2 8a2f1 8U2b17“2
a2f1 (2 +ny + ns + 27L17’L3) (1 - a2f1 — N1 N9y - N3 (1 - 64))
6'63'(1—’/11 '712'713'(1—84))2

3

Op{3R2}  —axfi(azfs)(2+n1+nz+2nin3)

Qusbiry 6-e3-(1—ny-ng-ng- (1—54))2 ’

8p{1R3} N —a2f1 (agfl) n9 (1 +n1 (2 +ng (1 — 54) (m + 2)))
Ougbyry 6-e3-(1—my ng-ng-(1—eq))?
Op{2R1}  —asfi(arfa)na (1+n3(2+n1 (1 —e4)(n3+2)))
Quabrry 6-c3-(1—ny-ng-n3-(1—eq))?
Op{2R3}  —axfi(azfo)na (1 +ny (2+n3(1 —eq)(n1+2)))
Quabrry 6-e3-(1—ny-ng-ng-(1—eq))?
Op{3R1}  —axfi(aifs)na (1 +n3(2+n1 (1 —eq)(n3+2)))
Qugbiry 6~£3~(1—n1~n2-n3~(1—54))2

Combining these derivatives with equation (17), and pulling out a factor of 653(1_(1:542){11%2.”3)2 2(1_(1_(31_2‘32)_(%13(1_55)) ,
we get:
0 = 53(2+n1 +n3 + 2nq '713)(1—(1—64)711 -’I’L2-’Il3)

+ (24 n1 +n3 +2n1n3) ((azfr +n1-ng-n3 (1 —e4) — 1) - urbira + as fs - u1bsrs)

in ( (14+n1 (2+n3 (1 —¢e4) (n1 +2))) (azf1 - urbirs + azfo - urbers) )
U4+ +ns (24 n1 (1—e4) (n3+2))) (arfo - urbory + ar f3 - usbsry) )
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3.5 Variable U3b12T3

The next equation we will consider is the derivative of u; with respect to uzbiors. The lower level
reactions occur with af12, usbire and u1b17r. So, we find:

da f12 _ afiz (1 —afi2)
8U3b127‘3 €3 ’
8u1b1r2 - af12
Quzbiars 2e5 (1 — (1 —a12) (1 —afiz) (1 —e5))°
eg(a12 —2) (1 = (1 —a12) (1 —afiz) (1 —&5))
+ (1= afin) (u1b1273) (2 — a12) (€5 + a1z (1 — €5))
I\ turbsria (ar2) (65 + a1z (1 —e5) — 2) + (a12 — 1) - b - 5
(u2bi273) (2 — a12) (65 + a12 (1 — €5))
Qugbyry +usbsria (a12) (€5 + a1z (1 —e5) —2) + (a12 — 1) - b3 - €5
da fr2 2(1— (1 —a12) (1 —afiz) (1 —e5))°
8’&21)17"2 o 8u2b1r2 8(1f12
Ousbiars dafia Ougbiars
Then we have the full form:
Ouq Ouibiry
9 p{1Rg). ZnT2
Ousbiars p{1R2} Ousbiars
B, B
Ougbyma Op{2R1} Op{2R3)
Ousbirse b27a1 + dusbirg u1b2r3 )
Ouzbiars op{3R1 b op(3R2 b
Bugblrg 'Ul S{rl + aqulrg .ul 3r2
. as f afi .
and pulling out g T S (A mans) (1oafia)(1=es))®” Ve 86t
0 = e3(2+n1+n3+2n1-n3)(l—n1-ny-n3-(1—eq))
e3(a12 —2) (1 = (1 —a12) (1 — afi2) (1 —es5))
(1= afis) (u1b1273) (2 — a12) (65 + a2 (1 — ¢€5))
12 +u1bsriz (a12) (65 + a2 (1 —e5) —2) + (a12 — 1) - b3 - €5

B (u2b1273) (2 — a12) (5 + a12 (1 — £5)) (1= afis)
+uzbsriz (a12) (65 + a1z (1 —€5) — 2) + (a12 — 1) - b3 - €5 2
(2+n1 +n3+2n1n3) ((azfi +n1-n2-n3 (1 —e4) — 1) - urbiry + az f3 - urbars)
in < (azfi - uibirz + azfo - urbars) (14 n1 (2 +n3 (1 —e4) (n1 +2))) > )
2\ +(arfo - urbery + a1 fs - urbsry) (L4 n3 (24 nq (1 — e4) (n3 +2)))
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3.6 Variable uyb 793

The next equation we will consider is the derivative of u; with respect to usbire3. The lower level
reactions occur with assz, asf1, asfo, n3, usbors and uibors. So, we find:

Dags ~ag (1 —ag)
Ouzbiray €3 7
dasfr  _  aszfi-asfo
8U3b2’/‘3 n €3 ’
dazfo  azfo(l—asfs)
8”3()27"3 N €3
8u1b2r3 o 8’11,1()27“3 aulbng 8&23
8u2b1r23 - 5‘u1 b1 T23 8@23 3qu1r23

(1 = ags) ( (u1biras) (2 — afaz) (€5 + afas (1 —e5)) )
230\ (urbazry) afas (€5 4+ afoz (1 —e5) — 2)
—€3(2 —afas) (1 — (1 —afss) (1 —as)(l—es5))

= Q23 2 s
2 (1 — (1 — afgg) (1 — a23) (1 — 65)) 3
(1 _ a23) U3b1’l"23 (2 — afgg) (65 + af23 (1 — 65))

8u3b2r3 — 4 +ugbosry (afgg) (65 =+ af23 (]. - 65) - 2) — by - g5 (1 - afgg)
Dby 23 # 2(1— (1 — afos) (1 — ass) (1 —5))° &3

as f: a .
Then we pull out & S s Al (Loama) (A—ee))Pe Ve 8eb:

0 = e3(24+n1+n2+2n -n2)(L—n1-ny-n3-(1—e4))

. <(1 — as3) ( 5_“(15122221()2a}22{135)fz}z:(ffs_(is_) iS;)) ) —e3(2—afo3)(1—(1—afas)(1l—ass)(l— 55)))

_ <(1 — az3) < u3b1723 (2 — afa3) (€5 + afa3 (1 — €5)) ))
2 +ugbasry (afa3) (€5 +afaz (1 —e5) —2) — by -e5 (1 — afas)
n < (1+mn1 (2+n2 (1 —e4) (n1 +2))) (a2 f1 - urbira + az f3 - urbsra) >
S+ +n2 (2401 (1—¢4) (n2 +2))) (a1 f2 - urbors + an fs - urbgry)
+ (2 +n1 +ng + 2n1n2) (asfi - urbirs — (1 —azfo —n1 -ng -n3 (1 —e4)) - u1bars)
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3.7 Variable U3b17"23
The last equation we will consider is the derivative of u; with respect to ugbirs3. The lower level

reactions occur with asf1, aszf2, ns, ugbsors and uqbars. So, we find:

dasfr  _  aszfi-asfo
8u3b2r3 €3 7
Qagfa  _ asfa (1 —asfa)
8U3b27“3 €3
aulb2T3 _ 8u1b2r3 - —ass (2 — afgg)
8U3b17’23 8U1b1’)"23 o 2 (1 - (]. - afgg) (]. - a23) (]. - 55))7
8u3b2r3 - (2 — afgg)

8’113()17“23 CL232 (1 — (1 — af23> (1 — CL23) (1 — 65))

—asf az3(2—af23) .
Then we pull out 653(1—711%23%;(1—64))2 21— (1—af23)(1—azs)(1-¢5)) " get:

0 = e3(24+n1+n2+2n;-n2)(l—ng-no-nz-(1—ey4))

in ( (1+n1 (2+n2 (1 —e4) (n1 +2))) (a2 f1 - urbira + az f3 - urbsra) >
B\ 4+ (1 +n2(2+n1 (1 —c4) (n2+2))) (a1 fa - urbory + ay f3 - urbsry)

+ (2 =+ ny =+ Up) + QTLlTLQ) (a3f1 . ’LL1b17“3 — (1 — (lgfg —MNi-N2- N3 (]. — 64)) . Ulbg’)"g) .
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