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Abstract. An elementary proof of the Kontorovich-Lebedev inversion formula is
given. It is hoped that this proof will provide insights into the properties of special functions
that arise in analytic number theory on higher rank groups.

1. Introduction

Forve Candy > 0, let
(e.¢]
Ko(y) = 2 [ o3y o 44
2 0 u
denote the Macdonald Bessel function.
Consider smooth test functions f : Ry — C and g : R — C of bounded variation
which satisfy

/ £ (0] % (x*%+x*‘|1ogx|)dx<oo. (1.1)
0
0K (y) du 12)
ﬁw lg(u)Kiu(y |m <00, (1.
Fort € R and y > 0, the integral transforms
o0 d
@ = / FOKn (0= (1.3)
0 X
1 [ du
Beoy . o .
g = /m g(u)Km(y)r(l.u)F(_iu) : (1.4)

were introduced in [KL.39] and the following inversion formula was proved.
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THEOREM 1.5. Let f : Ry — C be a smooth test function of bounded variation
satisfying (1.1). Then for y > 0, we have

() = fO).

The Kontorovich-Lebedev inversion formula (Theorem 1.5) has played an important
role in analytic number theory since it is used in choosing optimal test functions in the
Kuznetsov trace formula (see [Iwa95]). In [GK11] the Kontorovich-Lebedev transform is
realized as a Whittaker transform on G L(2) and a very explicit generalization is provided
for GL(n) with n > 2. It is, therefore, important to find simple transparent proofs of the
inversion formula which might be capable of generalization to higher rank groups.

The main aim of this paper is to give an elementary proof of the Kontorovich-Lebedev
inversion formula (Theorem 1.5) for G L(2). The key to the proof'is a formula for an integral
involving a product of three Bessel functions. Itis hoped that this proof will provide insights
to the properties of the special functions that arise in analytic number theory associated with
higher rank groups.

2. Proof of Theorem 1.5

In §3, we will present an elementary proof of the following lemma which plays the
principal role in the proof of Theorem 1.5.

LEMMA 2.1 ([GRO7] pp. 787,eq 6.794.11). Foranyx,y,z > 0,

0 dt 1 1 [x2y? 4 x272 4§22
— Kiy () Kiy (D Ki (7)) ——— = = -
o - lt(x) tt(y) lt(Z)F(it)F(—il‘) 46Xp( ) ( >>

1 Z x+y Xy
=-exp|—=-+=)—=—].
4P\ T ) T 2

We now present the proof of Theorem 1.5 which makes crucial use of Lemma 2.1. Fix
y > 0. For z > 0 consider

F _l 00 Z_Z ZK, K: bt L
Gi= 2 [ EER @K O s
=,/%ifoo “Kir () Kir () (/ooKn(X)f(X)d—x) B
T ) 0 x ) Tn)I'(—it)
B 2Zz ® /1 OOK' X X dt dx
—,/;6/0 <;/oo i1(2)Kir (y) ”(X)m>f(X)7
_ 2 (L z(x v _ Xy dx
- ?efo <46Xp< 2<y+x) 2z>>f(x)x’

where we inserted (1.3), reversed orders of integration, and used Lemma 2.1.
Make the successive change of variables x’ = xy and u = x’ — 1:

o0 Zru / —x’y2 d.x/
F(y,z)=,/§eZ/ eI f () —
0




On the Kontorovich-Lebedev Transform 3

o0 z — u v2
— /iez/ e—§(1+u+ﬁ)e (1;), f((1+u)y)d—u
27‘[ -1 l+u

Break the integral into F' = F 4+ F,, where F| = f_lﬁL is the main term and Fp =

[ u=—1 is the remainder. Here L > 0, L — oo is a parameter depending on z to be chosen
lu|>1/L
later. Then

1/L B 2
< —z 1y z(+wy du
Fi(y; Z)zwlgezflﬂe 2t ) o =2 f((l—i-u))’)m

Z /L z 2 3 1
=,/—e2/ e 3 QtuTH 0w ”(1 + 0<—>>(f(y) + 0w)(1 + O(u))du
21 —1/L 4

/L
_ /%f V2 (0 + 0P (F () + O+ 1/2))du

1/L

1/L

- (f(y) +O/L+1/z+ Z/L3)) V % 1/L ﬁe_uzz/zdu

= O(1/L +1 )L e~ 2dx
SO)+O0/L+1/z+2z/L”) 27 Dot ,

by changing variables x = u./z. The first error term O (1/L) is always going to zero. Same
thing with the second term, O (1/z). For the third term to vanish in the limit, we need any
L > z!/3%¢ say. We want the range of integration to approach the whole real line, i.e.
JZ/L — oo. So we need L = 0(,/z). Any value in the range 13t < L = o(z1/?) will

do; we make the choice
z
L= . 2.2
\ 4logz 2.2)

For this choice of L, the integral approaches ~/27, giving a final contribution of
Fi(y;2) = f(y),

as z — oo.
Now we turn to F». For u > 1/L, we have the inequalities

1
l+u+——>1+1/L+ >24+1/L* —1/L%.
14+u

14+1/L
Since f is bounded we have

/ < ﬁez/ o5 @r1/L2—1/LY) St
u>1/L u>1/L
2

< x/ze_z/(ZLz)eZ/(ZL}) / e % du

u>0

<« ﬁe—z/(ZLz)ez/(2L3)Z _

By the choice of L in (2.2), we have e~2/CLY - 1/z%. So F3 — 0 as z — oo.
The contribution from |_ | <u<—1/L is handled in the same way (assuming the test
function f has behavior f(y) = o(1/y) as y — 0) and we are done.
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3. Proof of Lemma 2.1

First we restate the claimed identity as

1 oo da 1 _<Q+X_Z+E)
I(x,y,2) == —— Ki2X)K,2)Ky(22) ——— = —¢ \= ¥ ¥/,
(x,y,2) 27 )i a(2x)Kq(2y)Ka( Z)F(a)r(—a) 46
We make the change of variable a — 2a, apply the formula
1 ioco o
K> (27) = — C(s+v)T(s —v)z s,
dmi —ioo

and switch the order of integration, whence
I(x,y, z)

/ / —2s1 —252 —2s53
(47'”) —ioco —ioco

oL 10 (g1 +a)(s; —a)T(s2 +a)T(s2 —a)T(s3 + a)(s3 — a)dads dords
i J ico I'Qa)(—2a) 1452433

— / / —2s1 —252 —2s53
7'[ (47”) —i00 —ioco
1

oL /’OO Frl+a)l(s1+a)l'(s1 —a)(s2 +a)l'(sp —a)['(s3 +a)'(s3 —a)
270 J_ico I'(a)
x sin(2ra)dadsidsrdss ,

since
1 —2a —2asin2ra  —2I'(1 +a)sin2ma
FQa)(—2a) TR -2a) - - 7T(a)
Moving the line of integration in a all the way to the right, and summing residues at
poles by way of the formula

(=D"
Res;—_, I'(s) = > forn=0,1,2,...,
n
we get

I(x,y,2)

= / / x 2 _2S2 —253 Z sin 277 s
T (47'”) —ioo —ioco

(—D)"'T2s; +n)I'(A +s; +n)T(s; +sj +n)
" i L(sj—si —m)U(si + s +n) (s —si —n)
=0

dsydsyd
T (s + 1) S1452453

3 .
— 4 / / X2y 202,28 Z sin 277 s
(4711) —ico —ico = sin(s; — ;) sinmw(s; — s)
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) i (D"CQ@si AL+ si +m0Gsi +3) w0k setm) o0

n!l(s; + )1 +5; —s; +n)I'(1 + 5 — s¢ +n)
3

— 4 / / 251y~ 252, =253 Z sin 27 s;
(4m) —ico —ico — sin7(s; — s;) sinmw(s; — sk)

F@2s)HT A+ s)T(si +s)T(si + sx) P [2si, 1+ si, 8 + 57,8 + 8k; 3 1:|
TGOT(I 45 —sHU(+ 5 —s1) o Lsial+si — s/, 1+ 85 — s
X ds1dsydss ,
where, fori € {1, 2, 3}, {j, k} = {1, 2, 3}\{i}.
We now apply the formula
a,1+735,b,c; Fl+a—-bIrd+a—c)
4F3|:%, l4+a—b1l+a—c; j| - rd+alr(l4+a—>b—c)’
which appears as equation (3), p. 28 in [Bai64], and an elementary proof of which is given
in Section 4 below. We find that
I(x,y,2)

n=0

3.1

3 s
o / / X2 y=22,-2 Z sin 277 s
(4m) —ico —ico — sin7 (s; — s;) sinmw(s; — sx)

L(si +s5;)0(si + %)
F(l —8j — Sk)

dsidsydss

—2 L / / / X721y 25225 (5 4 ) st + 53)T (s + 53)
<4m> e

Z sin 27 s; sinr (s; + sx)

dsidsydss .
sinmw(s; — s;) sinmw(s; — sx)

i=1
Using trigonometric identities, we see that the above sum on i is equal to 2, so that
I(x,y, z)

= / / / X720y 722725 (g 4 59)T (51 4 53) T (52 + 53)ds1dsads3
(47”) —ioco

or, by a change of variable,
I(x,y, z)

_ / / (y/2) ™ (x2/y) ™ (/%)™ T ()T (u2)
(47”) —ioo —ioo

1 _(xypxz ¥z
x I'(uz)duidurduz = Ze (Z 5 +X) ,

as required.
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4. Proof of Equation (3.1)

To prove (3.1), we will need three well-known, ubiquitous results from the theory of
hypergeometric series and Barnes integrals. The first of these is Barnes’ lemma

fco reyre)r®d+drc+d)
— r b I'(— A)IM'(—s)ds = , (4.1
el s+ s+l (=s +d)(—s)ds Fbtctd 4.1)
the second is Barnes’ second lemma
1

Fr'x—u—-—v)Frx—u—wl'(x—v—w)
L /ioo F's+u)s+v)I'c+w)l'(—s+x —u—v—w)'(—s) ds

* omi —ico C(s +x)
rw)'(w)T
_ @@L 2
F'x—w)l'x—v)['(x —w)
and the third is Kummer’s theorem
,b; ra+49rd+a-»=»
JFy a _1l= ( 2) ( a ) (4.3)
1+a-—b; F(l+a)[‘(1+%—b)

Proofs of these may be found, for example, in [Bai64]. To maintain the elementary flavor
of the present article, though, we will provide, at the end of this section, proofs of (4.1),
(4.2), and (4.3) that require only basic contour-shift arguments and facts about the gamma
function.

First, let us demonstrate how these results may be used to deduce (3.1). Into the
integral in (4.2), we make the change of variable s — —n + s; we then apply, to both sides
of the result, the substitution

u=n+1+%, v=n+b, w=n+c, x=2n+1+a.
We get
1
G —-bnrG—-orf(l+a—»b—c)

y RS 0 T(s+1+ 9T+ (s+ )T (=s+ 5 —b—c)T(=s+n) s
271 ) ico C(s+n+1+a)
Fn+1+5)Cn+b)(n+c)
T T+ HT+1l+a—blm+1l+a—o
We multiply both sides by
PG +a-bI+a—c) (=1)'Tx+a)
@)1+ 5T B (c) n!
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and sum over nonnegative integers n, whence
rGrad+a—-nmrd+a-—c)
F@r' {1+ HrBCET(G -G —olf(l+a—b—c)

1 ioo

X —— T(s+ 1+ 9T(s +b)(s + (=5 + = —b—¢)
27 —ioo 2 2
[o/0]
—1'T T(n — 14+9.b,c:
y Z( 'T'(n+a)l'(n —s) ds = 4 Fs a,l+3.,b,c 1l
— nll(n+s+1+a) . 14+a—-b,1+a—c;

To the sum in square brackets, on the left hand side of the above equation, we may apply
(4.3). The result, after some simplification, is that

T +a—bI(+a—c)
T(1+a) BT (T (E =& — T (I +a—b— o)

1 1oo a
X —— IF's+b)'(s+c)(—s+=—>b—c)['(—s)ds
2mi —ioco 2
A+5.b,c
=4F3[a @1tz ¢ —1j|.
7,1+a—b,1+a—c;

To the integral on the left, we now apply (4.1); we get
I'l4+a—-bIr'(d+a—c) a,14+%,b,c;
rd+ard+a—>b-—rc) :4F3|:%, l+a—b,14+a—c; B 1:|'
This completes the proof of (3.1)—modulo the promised, elementary proofs of (4.1), (4.2),
and (4.3), which we now provide.

(i) Proof of Barnes’ first lemma (4.1) and Kummer’s theorem (4.3)
We begin by recalling the Maclaurin series

o0 o0

_ (=b(=b—=1)---(=b—n+1)y" 1 (=D"T'(n +b)y"
A+y"P=>" ! ZF(b)Z n!

n=0 n=0
for appropriate values of y and b. Using this, we can evaluate the integral
ioo
— ['(s + b)) (—s)y’ds
2mi —ioco
by moving the line of integration all the way to right, and summing residues at the poles of
the integrand, thus:

L[ rGanresyds =Y EEEOEIT _pgyap )t @a
27 —ico 0 n!

This latter identity is the key to our derivations of (4.1) and (4.3), as follows.
First: we multiply both sides of (4.4) by y*~! (14 y)~¢~¢, and integrate the result over
y € R4, obtaining
1 100

o0 gdy
— I'(s +b)I'(—s) |:/ ys+c(l +y)~¢ —i|ds
270 J_iso 0 y
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(0.¢]
d
=) [ty
0 y
Applying, to both sides of this equation, the classical Eulerian formula

@)l (v) © —u—dy
W u(l U=y =2 4.5
T+ o) /O yia+y) v (4.5)

(which is, itself, a consequence of (4.4), a change of variable, and Mellin inversion), we
find that

1 1 [i® F@IreEre+4d)
— X — L+ D)+ (—s +d)(—s)ds =
F'c+d) 27iJ)_ i L'b+c+d)
Barnes’ first lemma (4.1) is thus proved.
We prove Kummer’s theorem (4.3) in a similar fashion: we multiply both sides of

(4.4)by y~1(1 — y)~b, and integrate the result over y € (0, 1),whence

1 ioco 1
— [ T+ b>r<—s>[ / yreria - y)bdy]ds
270 J oo 0
. (4.6)
=) [y,
0
But, by appropriate changes of variable and by (4.5),
/1 y5+“*1(1 B y)fbd _ 's+a)'(1 —>b)
0 's+14+a-0>b)
and 1 ;
réera-—-»n
a—1 2\—b 2
1- dy= ———-.
A}f I =y9)"dy T(1+2-0b)
So (4.6) reads
1 [i®r [(s+b)I(— rra-nre
m_b)_./ s+l +0(=s) TG -HIE) wn
2mi J_joo T(s+14a—b) 2 (1 + 5 —b)

Moving the line of integration in (4.7) all the way to the right, and summing residues at
poles in the usual way, we get
(@) () —b) a, b; _ INCIINC I IIN(Y)
F+a—b) - '|l+a—b; T ar(+4-b
Some cancellation and simplification, involving the identity
N§) _Ta+9/§ _Td+9)
2T (a) 2I'l1 +a)/a I(l+a)’
yields (4.3), and our proof of Kummer’s theorem is complete.
(i) Proof of Barnes’ second lemma (4.2)
Here we derive (4.2) from (4.1) in a fashion that parallels, to a large extent, our above

deduction of (3.1) from (4.2). Namely: Into the integral in (4.1), we replace s by —t + s;
we then substitute, into both sides of the result,

b=t+v, c=t4+w, d=—-t+x—v—w.
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We get _
L, F'GC+v)lFs+wl(—s+x—v—w)'({ —s)ds
2mi —ioco
e+l +w)lx —v)l'(x —w)

L+ x)
We multiply both sides by
Qa7 'T¢+u) (=t +x —u—v—w)[(—1)

and integrate over ¢t € iR; we find that
1 100

— FrGC+v)Fsc+w)l'(—s+x —v—w)

2mi —ioco

2mi —ioco

X |:L /’OO re++uw)rt—s)'(=t+x—-—u—v— w)F(—t)dti|ds

1
=T'x—-—v)I'(x — w)ﬁ

/"00 LG +wD( + 0T+ Wt fx —u—v—wl(=D)
* Jino T +x) '

To the integral on the left, we apply (4.1), twice—first to the integral in ¢, and then to the
resulting integral in s. We find that

rWrmlrrw)yfrx —u —v)rlx —u —w)rlx —v —w)
I'(x —u)

1
=I'x—-—v)I'x — w)ﬁ

/"00 ¢+l +0) I +w)l(—t+x—u—v— w)r(—z)dt
“ Lo T+ x) '

This completes the proof of Barnes’ second lemma (4.2).
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