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4. (10 pts. total)

(a) (6 pts.) For any position P in the (n?-1)-puzzle, let [i, j] be the location of the blank
(that we call n2) (In other words, i is the row-number and j is the column-number), and
let 7(P) be the permutation of {1 2,3,...,n%} obtained by reading it from left-to-right
and top-to-bottom (like in English). Deﬁne

S(P)y=i+j+ inv(W(P)v) ,

where 4nv () is the number of inversiéns of the permutation .

Prove that if @) is any position reachable from P by a finite number of lega.l moves, then
the parity of S(P) equals the parity of S(Q). In other words, they are dither both even
or both odd. : ¥

Note: You may use the lemma that if you exchange any two elements in a permutation,
the number of inversions always changes by an odd integer.
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@ 5. (10 points) Q |
A Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G| are f
' their number of elements, respectively, then |G|/|H| is always an integer.
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6. (10 points) What is the name of the following famous equation-pair?

Uy =Vy , Uy = —Vg ,

or, in fuller notation ~* - Vo . | )
ou Ov ou Ov

et T e —— I e — 4

0z Jy ' Oy Oz )
What is special about the function u(z, y) +4v(z,y) where #(z, y), v(z, y) satisfy the above
system of two equations?

Caum3 -Cemann EOD/W*HW‘ -
U1y = F(xHQB @
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7. (10 points) Who discovered the quaternions? What city did that person live in?

8. (10 points) What is Héron’s formula, what century did Heron live in?
" -

lﬁangx 4™ Q,M‘W\A.&_ i < | @

+

9. (10 points) Where did Isaac Newton study? Who was his teacher? What unusual
action did that teacher do? What was Newton’s position after he left Cambridge?

o

10. (10 points) In what city was Leibnitz born? Where did he spend most of his life?
What King of England was once the employer of Leibnitz?.

Ire lands, e @

11. (10 points total)
(a) (5 points) State Vidte’s infinite product for 2,

cos M cot T pog T, 0 0
”0 22 " . /D

(b) (5 points) State the names of two people who initiated/ the use of logarithms
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4. (10 pts. total)
(a) (6 pts.) For any position. P inthe (n-1)-puzzle, let [4, j] be the location of the blank
(that we call n2) (In other words, i is the row-number.and-j is the column-number), and
_let 7(P) be the permutation of {1,2,3,...,n?} obtained]by reading it from left-to-right
" and top-to-bottom (like in English). Define

e ns S(P) =45+ v ((P))

where inv () is the number of inversions of the permutation . -
Prove that if () is any position reachable from P by a finite number of légal moves, then
the parity of S(P) equals the parity of S(Q). In other words, they are either hoth even

él
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or both odd. i ) S e i :
Note: You may use the lemma that if you exchange any two elements in a permutation,
the number of inversions always changes by an odd integer.
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their number of elements, respectively, ther |G|/|H| is always an integer.
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6. (10 points) What is the name of the following famous equation-pair?
P
or, in fuller notation / O
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9. (10, points) Where 1d Isaac Newton study? Who was his teacher? What unusual
action did that teache do’? What was N ewton s position after he left Cambr1dge‘7
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10. (10 pomts) In What city was Leibnitz born? Where did he spend most of his 1if¢?
What King of England was once the employer of Leibnitz?.
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(a) (5 points) State Vite’s infinite product for 2.
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1. (10 pts.) Give two proofs of the Py’thagorea,n theofem.
oth
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3. (10 pts. total) (a) (5 péints) Define the Mandelbrot set.
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4. (10 pts. total)

(a) (6 pts.) For any position P in the (n?-1)-puzzle, let [¢,] be the location of the blank
(that we call n?) (In other words, i is the row-number and j is the column-number), and
let 7(P) be the permutation of {1,2,3,...,n?} obtained by reading it from left-to-right
and top-to-bottom (like in English). Define

S(P)=i+j+ imv (W(P)) ,

where inv () is the number of inversions of the permutation .
Prove that if @ is any position reachable from P by a finite number of legal moves, then

the parity of S(P) equals the parity of S(Q). In other words, they are either both even
or both odd.

Note: You may use the lemma that if you exchange any two elements in a permutation,

the number of inversions always changes by an odd integer.
Suppose. Q s wachdde fom P a feke number oF le-gcvl moves.  Cath  legd move
SE Has 5
changes the  paity F P ) ﬂmmmq MJ@{%%CMS@
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(b) (4 pts) P legal moves, we rmust  have  that  SP) = (D). Se, “hug are. bollh  even o E
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d

Can you reach pos1tlon% from position P, by a sequence of legal moves? Explain!

S(PY = (hw)+ 22 = 4 S(Q) = (3+1+3)x 3+2 = 1

s not reachclde Lrom P theough semves & lﬂa&\ mmovee  because
?ar&ﬁ £ 0SB, & ol e beporby f Q S@, 8 ewn k

Sinee  every lega‘ MeVe d«arge,s e pam*j of e po&hon Jﬁﬂ an even amouﬁ*,

UP) oll ke od) othin & Bate number o moyes and ol not  reach SCQ)

5. (10 points)
Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G| are
their number of elements, respectively, then |G|/|H| is always an integer.
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6. (10 points) What is the name of the following famous equation-pair?
u$ = Uy 3 uy = —’Um 3
or, in fuller notation

Ou Ov Ou Ov

%oy O o |
What is special about the function u(z,y) +iv(z,y) where u(z,y), v(z,y) satisfy the above
system of two equations?

e C,C\.ud’\k) - Riemann 6&%&*“005 S_l

s H S equedent b cor (8) + isn(®)
7. (10 points) Who discovered the quaternions? What cn:y did (th7terson live in?
8. (10 points) What is Heror’s formula, what century did Heron live in?
/!

3

S ceatury v/ C da @ arande © [ 3(5-a)s-b)5 -C)

- \/J\“\ o ROWO/\ HCL"’U N-On (_;,\o N

9. (10 points) Where did Isaac Newton study? Who was his teacher? What unusual
action did that teacher do" ‘What was Newton’s pos1t1(2/atter he left Cambridge?

° Cambrw\ge, / * Barrow

* Gave Newra hie sun v Wasden o e piet? / @

pefessor  posihion
10. (10 points) In what city was Leibnitz born? Where did he spend most of his life?
What King of England/was once the employer of Leibnitz?.

+ Leipaly T 10
. V\mﬁ George 'L ?V /

11. (10 points total)

(a) (5 points) State Vidte’s infinite product for 2.

7/—,(; = Cos(fy) cos(@8) s(6) cos(093) . .

(b) ( 5 points) State the names of two people who initiated the use of logarithtns

» 3onn Neppec * Henry  Reigge
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4. (10 pts. total)
?(6 pts.) For any position P in the (n?-1)-puzzle, let [i, 7] be the location of the blank
hat we call n?) (In other words, 4 is the row-number and j is the column-number), and
let m(P) be the permutation of {1,2,3,...,n2} obtained by reading it from left-to-right
and top-to-bottom (like in English). Define

S(P)=i+j+ inv(x(P)) ,

where inv () is the number of inversions of the permutation .

Prove that if @ is any position reachable from P by a finite number of legal moves, then
the parity of S(P) equals the parity of S(Q). In other words, they are either both even
or both odd. \ .

Note: You may use the lemma that if you exchange any two elements in a permutation,

the number of inversions always changes by an odd integer.
PE. In amy Ugal wide, (e exihoange e blank spot vk o

AUGNOONNYG  sga@.  So edher  1ncreases by 1 o cerease s by |
0C §  wioreasts =y L oc decred¥ s byl SO i+ changes by t),
Aum thie  @mmo, 6 we exchongye  any 2 elements tneo mefvj
e numpex ‘Ov(f'fwvfrélqﬂj od way's *dﬂ_ow'\o)'e§ vy an odel totrger. So
v (SN Z2PFT € pe7 . T e naxt - more wil] wave
aponty of een , gy SN odd £l 1> an e (nkeg el Wkt

pecithy oF S(PYis even, Isie even 4 even 1S even, 3D wAl) have
oven oy, ¢ Y parity of  $(P) s 0dd) Sin octd ¥
8;); “ I_)ts) acn s oddd) SE) wll V)a(\;j modc:}‘ porchy . thus faeitar ca te

3 4 2 1\ pant of scp) Lquaks
Pz((ééél) ,Q:(35 \)?W‘?&OQS . ®

6 7 & 6 7 8
Lr Can you reach position 8 from position P, by a sequence of legal 3moves? Explaif!

SP = 4jamy (S(P) = 2424 5= 9 (odd
SBY = i€ A (S(PD) = 222 T = g (even)

NOy ecave fwn payt (a), 10 occuy  fuc G 0 ve o posNen veadubl
B PO ofmk  numieer of Ligal oM, e gority of LA

\]Zemd (&) must  be equanl . but e ?Ofﬁlg of S(PY s oddd
‘ ;
|

and, e panity of S soven (SO Q ¢, ot veach Al B

h cequen(e  of
gf)6(10(1’-Q>i§1)ts)\®d\ ° i oF vgal movcs .

Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G| are

their number of elements, respectively, then |G|/|H]| is always an integer.

7 pir Ly W&l . Lt V6L Zn) W)z o) gpd k=Sn) ey ek b s \r\c\\re1
C copts - W 8o%25. . g ec@ . The cosets 0F N Ore

9‘“2 %.6’\(“' glh?')"') 9‘hm§ X
9, > 292 9k, - o) ‘32‘“m$, oo (see uat Qag S
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6. (10 points) What is the name of the following famous equation-pair?
Up =Vy , Uy = Vg ,
or, in fuller notation
Ou _ Ov Ou _ Ov
ox 8y '/ 8y Oz
What is special about the function u(z, y)A iv(z, y) where u(z, y), v( ,y) satisfy the above
system of two equations? h
Cavcdhy PP\ieQO\ equatons
on com pUx

Enehens . This, e v 7‘4/\.0. con ceph on oFf o Klwa"' %’CQ}I
mhoduted fopologrtal constliranms /wiL  anadysis

7. (10 points) Who discovered the quatermons'? at city dj t person live in?
Witiam powan  tamilton

Lived @ Doblln

8. (10 points) What is Heron’s formula, what century did Hefon live in?
frea of ongles ( ses-od(s0)(sC)

\st cenfuny  AD /)

9. (10 points) Where did Isaac Newton study? Who was his teacher? What unusual
action did that teacher do? What was Newton’s position fer he left Cambridge?

New N vs deachor Loas John woallts
\Ma\\(s ex ondoc ox\o)coro\ wYo  ayerdaole  conalysis .
newtn  studied a¥  uebidge Unwtis

10. (10 points) In what city was Leibnitz born? Where did he spend most of his life?
What King of England was once the employer of Leibnitz?,

Lelonve g@w’( his Wi \in pran @

11. (10 points total)
(a) (5 points) State Vidte’s infinite product for 2.

é‘ = COé(E) cos (%% ) (os (l(e) CO5(37—-

(b) (5 points) State. the names of two people who initiatef/é use of logarith/D

John  NMepev
Renvy Bn‘ggg
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MATH 436 Exam II for Dr. Z.’s, Spring 2017, April 24, 2017, 10:20-11:40am,
SEC 211 *

No Calculators! No Cheatsheets! YOU MAY USE YOUR HISTORY NOTE-
BOOK (But not your Math Notebook).

Show your work! An answer without showing your work will get you zero
points.

Do not write below this line (office use only)

-

. 1p (out of 10)

[\

: (D (out of 10)

w

: Lf (out of 10)

N

. [D (out of 10)

ot

: lD (out of 10)

o

D (out of 10)

7. [D (out of 10)

[9.0]

10 (out of 10)

9. {\(out of 10)

10. ,l() (out of 10)

110 (out of 10)

total: (out of 110)

Yax Lbystor ' ’
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> &’f'b*%‘!) O-f%/
8- 0" ag b o

HTC& O-p 1*%&6(1'[]: = fra O”Pﬂ
KO\L..,L- K'bz - KCL

Qz*f‘b'l: 'l

2. (10 pts.) Prove that v/3 is irrational.

5“0QPDS-Q. :“r—‘ (RN ‘(‘OChB\'\OJ M\ 3} %cd(m,ﬁ)z-
32 % => Bn"tm” /
3:\\\(\%2 3lm? ‘:? RIE m-mmmmoyy 30 'ﬁ\m
W ™M fan . = '
~15f\_‘= (5r’)? LCiten @n M 8p | @
"Qm-s vf& = 3t Sb‘“'““wwn‘n‘bsy)“"zb'&'ﬂ

BO“' M -
—Thos e '\’?wf:ci\ hmw G commen ‘Qlc'}br of3, botuse Cuyuad 8Qd(m)t\
3. (10 pts. total) (a) (5 pomts) Define the Mandelbrot set.

The Monddbak se k. 18the Set OF o'y Ror ‘ ich =D+ does nod

d\*rcr‘oa;'w ' %
. P £ 22 >
Z 4 C
(b) (5 points) Define the Feigenbaum constant. Fxplain everything!

weo CaXa
palveoainid Q % 0,
™M -




4. (10 pts. total)

(a) (6 pts.) For any position P in the (n?-1)-puzzle, let [i, j] be the location of the blank
(that we call n?) (In other words, i is the row-number and j is the column-number), and
let m(P) be the permutation of {1,2,3,...,n%} obtained by reading it from left-to-right
and top-to-bottom (like in English). Define

S(P)=ti+j+ inv ('N(P)) ;

where inv () is the number of inversions of the permutation .

Prove that if @ is any position reachable from P by a finite number of legal moves, then
the parity of S(P) equals the parity of S(Q). In other words, they are either both even
or both odd.

Note: You may use the lemma that if you exchange any two elements in a permutation,
the number of inversions always changes by an odd integer.

Gwen BCP), S(8)+akes M mores to reach . B cach move.,  (W(P)- v (P\L‘Q S
o3¢ and Lry en by 21 . “Thoy, e each move ntotal
( 'lf\VLP)—mv(PL‘J)+L+')) 1S exen. Thus for each meve an even nomier vaill be

" 0dted” o S ép)on-bl we reach NN ;T'Mwa?rc.b&mh%,‘M fc“”“’a”

5 :

(b) (4 pts) 123544 6% 42135961Y%

Let
1 2 3 4 2 1
6 7 8 6 7 8
@

Can you reach position # from position P, by a sequence of legal moves? Explain!

w(P) 2 -4 N2 3+ 1+ D
P c = ' )
3(P)= S+212=9 SR> 1+ 2132 12

Ne,TThe panties o SPY and SCaY axe not the soma. .

5. (10 points) »
Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G| are
their number of elements, respectively, then |G|/|H]| is always an integer.
{ D M H‘xih‘)"\i,})}".hmg lHl:rh J é:?_ ,31_) ~»r3¢\Z \a’:i'lﬂ ngl .
we Can And o, BH and ereate covet “‘:%%\\')A\hz, e Qahmd ,
plelaments of Horedivhinet (1f g v =a.h 3 = b oY :(a,“m)h5 =>hiz iy contezelechen)
P doey not wdersect B (iPoni=hj - arkib e hiin™ 2> &, =bihji 2D a, eH, controdichon)

we Qv My And g, @M H) and Ry coser h amilaely. We Con AFm By of fhase Coseb
e s RN 3
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(10 points) What is the name of the following famous equation-pair?
Uz =Vy , Uy =—Vp ,
or, in fuller notation )(

Ou Ov ou Ov

5 8 ' B 9 ‘
What is special about the function u(z, y) +iv(z,y) where u(z,y),v(z,v) satisfy the above
system of two equations? ' O

7. (10 points) Who discovered the quaternions? What/city did that person live in?

with o™ Rowsony Hamilfon
Daohn , relond

8. (10 points) Whg g Heron’s formufa, what century did Heron livi%
\>t Qo,r\\'wvb @

Arca of o-—('n‘c.v\cyb s T-\%CB—CEB(S%\(.S’Q)

9.) (10 points) Where did Isaac Newton study? Who was his teacher? What unusual

Ction did that teacher do7 What was Newton'’s position after he left Cambridge?

Tsoac Booaw f

Shdied 6 Chm‘or\ctoy U“m\‘ha..
P - -
>/

10. (10 points) In what city was Leibnitz born? Where did he spend most of his life
What King of England was once the employer of Leibnitz?.

Bron 10 o P-?;icx(, Spent Wi naox Honore , sndor K—“‘(}GICM‘OBZ T @

11. (10 points total)
(a) (5 points) State Vidte’s infinite product for Z.

gl !
:l?—’l':"-cm—t'% Co:.-sa:m&?g‘(‘o‘sﬁz A g’

(b) ( 5 points) State the names of two people who initiated the yf logarithms @

Jénn Nager « Henty Bggo.
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MATH 436 Exam II for Dr. Z.’s, Spring 2017, April 24, 2017, 10:20-11:40am,
SEC 211

No Calculators! No Cheatsheets! YOU MAY USE YOUR HISTORY NOTE-
BOOK (But not your Math Notebook).

Show your work! An answer without showing your work will get you zero
points.

Do not write below this line (office use only)

1. (out of 10) 123 3 27 '
S ) (;n} (£2)0630),(332), (4233
2. § (out of 10) w=10123), (433),432)3 '
3. {0 (out of 10) cosor (33 )u=2(122), (473), (423)}
4. ? (out of 10) c#]
ghi =94
5. t of 10
L\ (out of 10) @lahi) =(g'gh;)
6. é (out of 10) ehi=chy
Al=h5
7. {0 (out of 10) ghi <45
8. U) (out of 10) g=hjr
6 AL=aA5
9. (out of 10) njAi=s
10. {O (out of 10) High=¢

11. LD (out of 10)

total: (out of 110)
M T e



1. (10 pts.) Give two proofs of the Pythagorean theorem.

a- bH P
c" & o~

[~ ¥ Q. / L [y
o /.

5 ,4,///: H & " (
a.

b o
bt =Y £ ): 2
ot [2_@ Comth) Cz.,,c/(,_g:%) = (b~

atd Lab+b™ = areb Tt 200
a4 bz =%

e ©

2. (10 pts.) Prove that v/3 is irrational.
Lomn: EYSRY [NTEESe n CAn BS WrRTTEN AS 3 WHsks orolm, 3=/

For. Some /NTESce (25

ERT
"
n
mT= 32,7
m= 3¢aq
n=3ib _
(3%a.)"= 3 (33p)0 Powsn. Ok 3 ON THS (6Fr Sive /s Opr Anb Tic
ONE ON THE LSFT s VS, SInes They Are

30,02 3+ B
 SUPPOIS T3 Bs S8uAL ,THs26s!s A CONRADICTION:
3. (10 pts. total) (a) (5 points) Define the Mandelbfot set.

Mrrweernnor  ssr I3 A Ssr THar Sxrigirs A REASATING TTRRA)
Gis LAY SE AT Guend Scace S.(z)=itc DooS. Nor DSzAss
Weerns INTESRATED [Fo o =g, . {

(b) (5 points) Define the Feigenbaum constant. Explain everything!

FEIENBAYM CoarnSTRNT Is This (emiTing 247ve Or GACH BFwrearm.
/ AL Te The NexT BeTwessw EVERY Peniop Lous i NE OF A

ONG - LPRARAMETBR AP 20+,% SO,

= /M _Cn=Thne _ .
§ =AR 2T s vesvzolcog.,




4. (10 pts. total)

(a) (6 pts.) For any position P in the (n?-1)-puzzle, let [4, ] be the location of the blank
(that we call n?) (In other words, i is the row-number and J is the column-number), and
let m(P) be the permutation of {1,2,3,...,n?} obtained by reading it from left-to-right
and top-to-bottom (like in English). Define

S(P)=1i+j+ inv (W(P)) ,

where inv () is the number of inversions of the permutation .

Prove that if Q is any position reachable from P by a finite number of legal moves, then
the parity of S(P) equals the parity of S(Q). In other words, they are either both even
or both odd.

Note: You may use the lemma that if you exchange any two elements in a permutation,
the number of inversions always changes by an odd integer.

lermma [r oy, Gcunngs A Tivo Guements s A BPse muThAT ond The MuwmBery
OF INnVanSIonR Awpas  cpanges By AN Cpp WTEES2.

Stirme Horponmie FRRTY P Paem dTIO™ Anm TR CAD LDpes CHA wesS

USTI2SI1 60 CWG{D/
SUpIpE VercTica, Nl CURNESR Wit ANM/'A/"M'?én‘ aF In

PimainS SaAamns.
At OF Nimpern OF Inugsions +Eeus+Qgumn A Bee ‘
TH0s 175 ImPOSSILE To EOT (r,

(b) (4 pts)
Let
1 2 3 4 2 1
P=15 4 , @=13 5
6 7 8 6 7 8
&

Can you reach position 2" from position P, by a sequence of legal moves? Explain!
S = I (TT)+ T+ S(Q)= /nulT)tit)
“:.‘2,532 (-72.)353
T=12735949 19 T=4 235 F6 N7
INV(TD =5 Inoy () =1
S(PI= &+ 2+L =9 SUQ) = N2 +2 = |2

5. (10 points)
Prove Lagrange’s/theorem that if H is any subgroup of a group G, and |H| and |G| are
their number of glements, respectively, then |G|/|H]| is always an integer.

You b an 24yl




6. (10 points) What is the name of the following famous equation-pair?

’U;m = Uy 3 uy = _’Ux 3

or, in fuller notation
ou Ov ou Ov

oz oy ' By/ oz a
What is special about the function u(z, y) + v (¥, y) where u(z,y), v(z,y) satisfy the above
system of two equations? '

CAweHY 2IGrmAr S QUATION 6.,

T Euwanls EQuion: cose+CSING /

7. (10 points) Who discovered the quaterniong? What city did that person live in?

WL 1Am  Popbes Hamicro
DvBLrN

8. (10 points) What is Heron’s formula, what cen‘:?id Heron live in?

0

9. (10 points) Where did Isaac Newton study? Who was his teacher? What unusual
agtion-did-tirat teacher 67 What was Newton’s position after he left Cambridge?

CANBRIPE S /
/sNRC [Bppow / @

10. (10 points) In what city 7ibm'tz born? Where did he spend most of his life?

Aren OF Taiangle = +S(s-au) (S-5) (s—C)

1% Csrutvey

What King of England was once the employer of Leibnitz?.
lewg
CoueT OF HAnNdJIér

AonS EEorse T @

11. (10 points total)
(a) (5 points) State Vigte’s infinite product for 2.

"%l:"; cos(&) cos(»g—)cas(ll})cog(%

(b) (5 points) State the names of two people who initiated the use of logarithms
JoHn Nemse

Henzy 13ri&ss
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SEC 211 .

No Calculators! No Cheatsheets! YOU MAY USE YOUR HISTORY NOTE-
BOOK (But not your Math Notebook).

Show your work! An answer without showing your work will get you zero
points.

Do not write below this line (office use only)
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& for ol
2. L0 (out of 10) x&w % He j
3. 1D (out of 10) b\ﬁt %3&“1, 21"‘1./"'7 (jt L\m}
4. 9 (out of 10) 31 "_\: EA? h'/ 3”“’/"")2"’ hmd
5. l/D (out of 10) . gﬂH - %9,\\'“,3“\,\1" - gnhm
6. O (out of 10) Oﬂm\(\(mli H(B‘:H — ¢

7. O (out of 10) S\Ap‘:os& fax e zgil’\_j

"‘r\k,:ﬁkj‘:()ih‘j'&\‘j-‘ -:311 ¢ H

8. ]D (out of 10)

/X 16 @ CavtradiUie Betanar. hek M"eﬁlb‘*ﬁ)“éH'
9. (out of 10) DZ,N\(WL)"- Mau% ¥ dipwck .
10. 10 (out of 10) S\APPO&{ML\ D:ab}_\\-‘al;%‘b e
1. é (out of 10) RSN
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1. (10 pts.) Give two proofs of the Pythagorea,n t&eorem /
} Wowtik Um\s\\dmdk)'a W
L e ugh, 0o, (:)
b

A A Q ~ AACD ~ALSD

ﬁ“g&}gx"ﬁl A «P\&g S’ SM M‘{w
O\WKB\MJ\*&*’ it S‘Y“M‘“MWMW
sk WT(N»&,VS s CAS
L{ADMW\QMN\ N et

k,ovt\&‘b'z k.C:z' WMW Huxt Ntb™
pdk J S s T AFDLC, bwuﬁ”‘
6t ‘*@ 0*” “5) i f APBC i Mmﬁ* g gl
mwww At et \ it oo o r e 3 ookl

2. (10 pts.) Prove that V3 is u‘ratlona,l :
S\Ww%ﬂ“‘sm\ﬂ Y V3 2 R 6“"’“ Wwitgad 0y ‘-
Sty | b, Wi, 4 f’b*‘”“
5{\ 2. W‘"\1 “XA A YT not o()Vs‘s:%(”\/

davitble \vy3

0

m«u m= 35 "ot £ 35 G amipbe g ok
Mg N=28 \.de {Se (\s(\,qamm\\f\w oA 7Y 1S

&\W& W = B
lO fun UVHAS 7L/~7 ...')
Nm rondibin nmm 5| W .

3. (10 pts. totdl) (a) (5 points) Deﬁne the Mandelbrot set.
o Mandedbod: 3 wg M e S
s ont grxw\ poiv sr ovw(b“‘ |

Conmot JA

227+ W‘"?“

(b) (5 points) Define the Feigenbaum constant. Explain everythi

‘ﬁu\quwﬂ b 8 4008

o o ad of X PX(1R) dabloe

3m‘w~b jokﬂm"m
g i
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4. (10 pts. total)

(a) (6 pts.) For any position P in the (n2-1)-puzzle, let [i, j] be the location of the blank
(that we call n?) (In other words, i is the row-number and j is the column-number), and
let 7(P) be the permutation of {1, 2,3,...,n?} obtained by reading it from left-to-right
and top-to-bottom (like in English). Define

S(P)=i4+j+ inv (7r(P)) ,

where“inv () is the number of inversions of the permutation .

Prove that if Q is any position reachable from P by a finite number of legal moves, then
the parity of S(P) equals the parity of S(Q). In other words, they are either both even
or both odd.

Note: You may use the lemma, that if you exchange any two elements in a permutation,
the number of inversions always changes by an odd integer.

S ‘w\-M"G P Tun oﬂu{ o ¥ Nudan
U@PW/ W%M MM W Mt& ?mnr(u:/(b\fh‘/l

WW(,TJ?‘M\/(_W\\.SW I A’A%M f“"“g% W0 W lS] “E

C@MW“%’\W‘W cae mc 7{‘“8(,(\ =5(p)rl ra,
e 4 3‘/1(&&‘10,&4901-\ +o TS QWA 570 Slf)‘“‘ MOGM%(SM

® bprva, e
G.TS Ad M\SOMW"CW“QW ‘%& {“WSWV'K Lgmews sedd ﬁ,(,uréw»w

to

b) (4 pts

éez(p)wﬁg%wpmw%@m Wzlzl S
P=|5 4 , Q=13 5 3 TR
@<6 7 8) <s 7 s)@’\ IS

Can you reach position «% from posm?n P, by a sequence of legal moves? Explam‘

PR
S(p\ (1 uswm Fa mc@ (421359670 7 3 8,
g ‘;/%b = 7 ’\'N \L {‘1/

RS, o Rk Q e P hone 3 »/%«
WWNM&WJW\ | j;zf J
4 -

5. (10 points)
Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and !G | are
their number of elements, respectively, then |G|/|H| is always an integer.

0 o

Q

i



6. (10 points) What is the name of the following famous equation-pair?
Uy = Vy ; ;ll,y =—vz ',

or, in fuller notation .
Ou Ov Ou Oov

8z o9y ' By oz
What is special about the function u(z,y) +v(x, y) where u(z,y), v(z,y) satisfy the above
system of two equations? '

Hoilintan  Systien e @

7. (10 points) Who discovered the quaternions? What city did that person live in?
Tyop, T ¥ )
8. (10 points) What is Heron’s formula, what century did Heron live in?

— L st ptb
& = J S sHE-O oy @

9. (10 points) Where did Isagc Newton study? Who was his teacher? What unusu
action did that teacher do? What was ewton’s position after he left Cambridge?

C ambodge Univuadtyy,

A R N L%

10. (10 points) In what city was Leibnitz born? Where did he spend most ¢f his life?
What King of Efigland was once the employer of Leibnitz?.—

\z\.{\,&)\w(‘&\\\f\ L{UP’L‘ . SP'W* (‘(\,OAP% V\K% M +on ' ! @

4

11. (10 points total) ,
(a) (5 points) State Vitte’s infinite product for 2. ‘
03025507

——

—

T = &2y v@'a-MM\A; | QJZ@‘
N 3 W g
(b) ( 5 points) State the names of two people who initiated the use of logarithms {

Johin qu’r Bk
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SEC 211

No Calculators! No Cheatsheets! YOU MAY USE YOUR HISTORY NOTE-
BOOK (But not your Math Notebook).

Show your work! An answer without showing your work will get you zero
points. :

Do not write below this line (office use only)

- 1.10 (out of 10) @L@F I e S gub@(DV\P cg\oqqfw}*ﬁ

G-Tranf =0, I =y and
2. \D(out of 10) h\() i
g R e gone, C}H\mrw.;e QiC\L%CCyI
3. (out of 10) ,“‘Q/(\ &T\(th' M{. @h\ 4 (3 \"\3 gbf‘
4.10 (out of 10) e 24, 70 see this, nonce i ~Bithy =
5. \,O(out of 10) CS‘ i\ﬂ ?{CS(\\J = N:'\\S MO nshee
6./\ (out of 10) C‘S \m i\r\ ‘%C\r oy L\\ -?Hf\:\ T"“S‘\Sww
7. O(ou'toflO) ‘MCMM Cﬂ\f\' /\’\3 = 3\ - \’1\\'\ EM-‘r
5 10 outo10) s ogoud. S v il el | wnltins aor
ke, T Gllows thos | gl = \b\, and
9. 5 (out of 10) sne Ty do not cnage elemzn“es ln \,S‘H\:zlm
10. ‘S (out of 10) 15 “Vg“ G tlen aqun \‘%\T-Z andl

WL ove dnL.- \L‘;(\}“) CUM(S:Z& Pt s
o 2 & Gl ogiv) 0ot i
g : Qr/e&r\oa repany Clenen
total:? & (OLYG of 110) ' O? C_T OL(\C} (\G“"\CQ Yok %
(’7‘(/' Cj Huf) \“’\)%zﬁu -Uir\\‘\ wa\)"‘e
”H%/ A\ notowslagiyg wilh . So
‘U\?n\H\ CTeot '3, Lﬂ%\’ 1S cun

E(\RCR,(J 0
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1. (10 pts.) Give two proofs of the Pythagorean theorem.
CG\%M% /}wo Sj'(/wes S M e,nﬁf'r\ ovk s folbws

zﬁ? @ /D

Then by O, (o) = ovb+ 4 mma\
@b@ LooHo\ O 4(0\1’?& OPA

/‘, Qb\\ow‘ ot &\L\O los ot QRN onsd fo the Sfil,Lmoa\H’\Q, Or\%ﬁ"

/
ey Vet onGles |
Lo, BWQ ;\'—;l l:: ‘—0{\; -y R (qine Mdngles @@ @ Ou.es.\m\a() TR

SR @) //N@ Mdc’“‘“\“"
2. (10 pts.) Prove that v/3 is 1<r—rat10nal ’ /

Suese  ack. The (o oy WGHE e 37 Bur Fren
VTt Hnce e, So Am. (‘o« Cold] fenmer, unc

> «sw\m»\ Then =20 Grom LEN. G 20730 =

"\1:3% \(-} o 3\(\/ Gnd ay ‘Ql’o‘/e, -?3\0. \Th'S conivond i s
v e daa drod 5l Ceya) =) . Co 35; Pt ke

—_—

3. (10 pts. total) (a) (5 points) Define the Mandelbrot set

y Jofired b
MZ%Q@C \ Sgﬁlcufﬂb%l .:’rc \5 houndLd

(b) (5 points) Define the Feigenbaum constant. Explain everything!

@ > Co= Comn v 4 (69 (L)N‘brt. (n 16 I 2\ nomber ot Lonitn

- L = 2 o= CJ/‘O/\‘}G )
C e € 3 \\p‘“hna \{QMS o Z \\M‘hhs,
X \"W"‘S Uee, Ten, -=)2°*\ ity ey e, = 2822 hendly)
M~

Y (v )




4. (10 pts. total)

(a) (6 pts.) For any position P in the (n?-1)-puzzle, let [4, j] be the location of the blank
(that we call n?) (In other words, ¢ is the row-number and j is the column-number), and
let m(P) be the permutation of {1,2,3,...,n%} obtained by reading it from left-to-right
and top-to-bottom (like in English). Define

S(P)=i+j+ inv (W(P)) ,

here inv () is the number of inversions of the permutation 7.
Rrove that if @ is any position reachable from P by a finite number of legal moves, then
the parity of S(P) equals the parity of S(Q). In other words, they are either both even

or both odd. b ﬁ\(
Note: You may use the lemma that if you exchange any two elements in a permutation, Y
the number of inversions always changes by an odd integer. /.emm

Mol frar any 8ol novwe do®s nor chonde He vty of SO). l
Tno w=mow , VN 21 an (W) = 10T & oold aum by
% % A= %‘II\VC"T(_PW\)*}C \—S\ = v (WYY Fisy = Eoddh numbe =

D een NI, S0 ot 15 (resenfo- S(}m\\af\\f be o
CO\wmn vove (hore A Y Sine. This i e £ tn move

| g voes Ul ShiE howe ki S (1 =geaty
(b) (4 pts) 0&’{3@\ .

Let
1 2 3 4 2 1
P=1]5 4 , =135
2 6 7 8 6 7 8
Can you reach position 27 from position P, by a sequence of legal moves? Explain!

BB 1w (T = w1 23§ 143N =8
(T — (421 35 7478 = F

€3) ¢ (3)

SV=HU5=9 (o,

QA= U3+t = 2 (ewenl. -
Sin ferof Q) £ fowH’Vof‘ S(PY, Wi Vs not ey bie
5. (10 points)hq oy 3o Kl ~oves.

Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G| are
their ber of elements, respectively, then |G|/|H| is always an integer.

\U




6. (10 points) What is the name of the following famous equation-pair?
’be = vy 3 uy - _"Um y

or, in fuller notation
Ou Ov ou Ov

6r oy ' ©oy/ 0z
What is special about the function u(z, y) +iv(z} y) Where u(z,y),v(z,y) satlsfy the above
system of two equations?

" Cantny — Liepmans 2 Fuachongt ‘
(l\UV\DuN\ wa ¥ g dC)CjO(\O\\ Wi N M CLO/Y% 7

7. (10 points) Who discovered the quatermons? Wha; did that person live in?

()‘O«lO 1S @Qf y
/ > /
8. (10 points) What is Heron’s formula, what century did Heron live 1n7
@

@,(Qa&’w J&‘(‘\O"’\Q\’ﬁ A= m

9. (10 points) Where did Isaac Newton study? Who was his teacher? What unusual
action did that teacher :;}What was Newton’s position after he left Cambridge?

Coroiige (ilore € Netuiper -\'UH o veo!
am /

Q\(\dﬂ/\cecf g?o‘/ @

10. (10 points) In what city was Leibnitz born? Where did he spend most of his life?
What King of England was once the employer of Leibnitz?.

Leip 7,

11. (10 points total)
(2) (5 points) State Vidte’s infinite product for 2.
z
= COS‘/(C)% 3 (05 6 COS g)_

(b) ( 5 points) State the names of two people who initiated the \uj)f logarithms

Napier, baggs @
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Show your work! An answer without showing your work will get you zero
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1. (10 pts.) Give two proofs of the Pythagorean theorem.
S

G '\\ b GT f ,-,_Sn\t{ \'k

\ A < % R el am

N Sl b magh S
!) v |5 G *hev " He g hrew, &
5 G\ . Ve Coht 0 el W

tte ¢ o
-H.Q :;:":6 H;( he h’s%(
a ﬂo +/l\j/{czs\ c «H(/{{s)
S N T i T T ‘

Somw'ﬁ W Sl Aneghy
Lumre p rochtirg e ’kz fexen & eas 4

f«:.\w “"““7‘03 1 U
. (nclies © A acd ~ ABCD ~ D ARC
e el GEENDVIEE S S
gﬂk qu_e_b’l__,,(} I

C
2. (10 pts.) Prove that v/3 is irrational.

5= & ' 4 s) =)

s noly Bt X T @bl The, 33 b , 0F0 9“‘1 (3.5

' : <X w « _
T 3= _9\;; o A+ =45 N by (emne. _‘emm Fom

e Fadandd Thm o Ackeebg b= 2% od o= 3FmMm .
otk ¢ éo d 20 \auL (3 n3’l ged C'Zr-\\ =|. Thea 3(8‘ ’\)? = 3+ "“)
o 3 %ot AT = }& A N S S d\‘,‘
the fack st Y e esed 343 ) ] N

TG

3. (10 pts. total) (a) (5 points Dzeﬁne the Mandelbrot set.

mporsdlo fe L

d o Debe a<= 3" +C v & =0,
G.\ e(.&»e\\' C 1% in ko P ) mek ;U :P ‘e (
Sovtce  ofF 2o, T Bp42r - 408 mat o\wcfy

(b) (5 points) Define the Feigenbaum constant. Explain everything!

Lo oF gapleh Goute e

/:: [_f,'éés d&u\& (?5 b H 1 'FONJ\
YU RN R S IS P AP



3

6 S 1 SE v e e SOY 2 e ad  E SR W, SPY) osdd

4. (10 pts. total)

(a) (6 pts.) For any position P in the (n?-1)-puzzle, let [, 7] be the location of the blank
(that we call n?) (In other words, i is the row-number and: j is the column-number), and
let m(P) be the permutation of {1,2,3,...,n?} obtained by reading it from left-to-right
and top-to-bottom (like in English). Define

S(P)=i+j+ inv (W(P).) ,

where inv (7) is the number of inversions of the permutation .

Prove that if Q is any position reachable from P by a finite number of legal moves, then
the parity of S(P) equals the parity of S(Q). In other words, they are either both even
or both odd.

Note: You may use the lemma that if you exchange any two elements in a permutation,
the number of inversions always changes by an odd integer.

Lek P P porhen. Tn of ¢ Lo v  pestha e M- Mo Yle blenale
Spee e WNo, by \oonmay on exct\cr\?a ot Sy ha  eb-t¥ o
ewwbtm d\”‘?”“ He aweseas S5 o odad '“kgﬁw Noae JF e
NS url\kl\g, { 2L aq { Sty y \f‘-?‘ Sere, A L met Lowt.,,\h\k_ﬁ
¥t e ¢ gky Mo sne Thy  pdd Xl =awn.

A

Stna ety peuivtd. Now abhe 2 ok capr o€ mory  Fom s, ¢’
be N rack @i hen @. 0517 e Seme sl He (""‘é ofF SC‘() n ‘91"&4( .

(b) (4 pts)
1 2 3 4 2 1
P=1|5 4 , o=13 5
6 7 8 6 7 8

Let
Can you reach position R’ from position P, by a sequence of legal moves? Explain!

b &"1’&") @) () ()l o)
= 11 ¢ Mg =t 946 2p
ITP M (ﬂp\gtssf?q ™ B)MY&Ye (D &) ()9

o) =
(p)= S+ L = o
S(p) 9 SCa) = 74243 =12

She Moy o dfpecy ke, epop roble

5. (10 points) b QG |
Prove-Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G| are
theiy number of elements, respectively, then |G|/|H]| is always an integer.



6. (10 points) What is the name of the following famous equation-pair?

U =V Uy = U, H‘Oma"'éh’h - T et {
or, in fuller notation

9z o0y ' By oz

What is special about the function u(z,y) +iv(z, y) where u(z,y), v(z, y) satisfy the above
system of two equations?

IICKO(;\(,"G“,JJ\L / Fnr\c‘r)g‘ @
Cah(/' g"d (- I"Q‘Pf- F‘»\CWJ

7. (10 points) Who discovered the quhternions? What city d(ld}é person Jive 1 7
(/\ﬂ\\(b'\'\ Q,ﬁ‘\-.o.. H‘z\hl\h \./514’\

?XV (10 points) What is Heron’s formula, what century did Heron live in? @
e

e ety A= \}S(s & (5-%) B " &J% /ﬁ

9. (10 points) Where did Isaac Newton study? Who was his teacher? What unusual

action did that tea,cher do? What was Newton’s position after he left Cambridge?
e whered yw er ecleclup
B shdeg  “RomensT B S ’ \v

fecver /potcssee

What King of Efigland was once the employer of Leibnitz?.

éO’(\m‘/ LQ&"PZ‘j 1Spat most & Like (Sendo, N‘\\)(pro'ho%v\} @ @

RN ok C\erncmd,,

11. (10 points total)
(a) (5 pomts) State Viete’ §, infinite product for 2
' VA
T = o8 f ey 6‘0‘%"‘-«,.“. ‘ )
T (= l( i

10. (10 points)\j?n what city was Leibnitz born? Where did he spend most of his life?

T\)

(b) ( 5 points) State the names of two people who initiated the use of logafithms

DSehn N{();(‘ ) H&\(\O/L @r\zﬁa( (
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No Calculators! No Cheatsheets! YOU MAY USE YOUR HISTORY NOTE-
BOOK (But not your Math Notebook).

Show your work! An answer without showing your work will get you zero
points.

Do not write below this line (office use only)

p—t

10 (out of 10)

Do

. {D (out of 10)

. 7 (out of 10)
I (out of 10)

w

L

o

0 (out of 10)
6. O (out of 10)
7. () (out of 10)

8. () (out of 10)

©

- \) (out of 10)
10. {)  (out of 10)

11. \b (out of 10)

total: (out of 110)
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N.\(IO pts.) Give two proofs of the Pythagorean theorem. Geemetvic Prool B2

Geymerrre P"oo“ %4 T\'\C dve "o{—e«‘a;csewtt Lewwa: Fra —Pum’l} of Wil
SYuure /g ¥ Eaag) wore i s

" Dpwa SYUONE Kot (D) X Lari) (art o2 X Ihgley, e 1S A conShunr K SWY
L 2 €W Ayreqof Yianqrs thar he Weq b eucy gvrangle

s K ywes the Rmy,v‘ of J.,\\(Jouwa}&s
\‘“‘3:%" S.‘l’(l T,ey

A

Ateaz A

Lo
Ca\l ghe Jh_«som\s of ¢ axh
‘Cf'\'ﬂhs\cs <, The total dveaof

s oY) xLowb) square + Take 2 gnftor Wende Whose long ew
(atblz o2 1 3F + yo Priea of wiangcs ! 0 Sidesave o, gnd comSErA T g phad

Whoge ‘C'\O}cg\» Stde s ¢

(N

t‘«g, \n\3¥\f\ 0+ ¥re e of ) T 2 ’ ‘ -‘—“"\l“'\‘t aleqq thc-@x}wu‘s
IS bed gqoacie Ko™ 3 wwts 2
2&(10 pts.) Prove that v/3 is irrational. The ¢

s otk 2
% " - ¥ ?
A"ﬁ\m% N3« —“ -CGV Sewe M,V\(rlN. thew 3N = W . \\\_—\ |
|

Sme gV Nrwsol f\w‘!'“ﬁF cun BC Wi drea as mulepley of POWES, W (an  Wewkp
.c-—‘ _ ‘,' —_ — _
m=3 m , N 3‘)(\ whtve A ot por waltples g f 3,

Twihng
RSN ' -
V\;= K‘;‘ "\ = 3 m qv\J ‘\?: K?A i\’)?: 31’J N ‘ [d
Thws \:3 Suhgtirattn -
~ o o e iaes e 3207 37{ mptyehg ke yu
3.367\,= 3 OM 0  Tws mpltes Thy :'"‘M\() yhe

Fyrie 7oL Bar gws " impossole) Thas 3775 gy Vot Tl ,
3. (10 pts. total) (a) (5 points) Define the Mandelbybt set.
The seq of all' ¢ suchghur % seyueace 2020 g,z Z:b'\’(- daes

NY g0 4o \\\-ﬁ\nﬁg- @

.
\

@ (5 points) Define the Feigenbaum constant. Explain everything!

7] = . *
" Tart = Yn G/{( { /7 {:VJ/Z- @




%, (10 pts. total)
\Q&G pts.) For any position P in the (nz—l)—puzzle, let [, ] be the location of the blank
Tt we call n?) (In other words, i is the row-number and J 18 the column-number), and
let w(P) be the permutation of {1,2,3,.-- ,n2} obtained by reading it from left-to-right
and top-to-bottom (like in English). Define

S(P)=i+7+ 1 (W(Pj) ;

where inv () is the aumber of inversions of the permutation -
Prove that if @ is any position reachable from P by a finite pumber of legal moves, then
the parity of S(P) equals the parity of $(Q). In other words, they are either both even

or both odd.
Note: You may usé the lemma that if you exchange any two elements in & permutation,

the number of inversions always changes by an odd integer.
(»6‘5"w“\“\‘ (e ave of \ea s 2 gnd o ms¥ w)

N& w‘:\,v\?. T\/\NIL we

‘§&m-‘«3 Som ?‘ W\l o owr\ega\ WM €5
o [ ossotis

iwvelVe \r\am\':io‘vcywé ywo elewmants of the Qcm“\'“*

Can Yeoc Yt— Lam D o \ﬂ.’)d\ move @1\1\3 ‘“* Ane vev\wu-u',
Lhen Y k-ﬂ?"\’[\“‘“\l Un Y wWwet W 1S uw OJ&A ““u\)ty‘ Thos follews Lecuhe \ewwwmd,

we qbv'\/&uvq@ ime VoW o ccl vwan Mdex \a\é 4. Ths i’ f;}*; K,“r.}t 1

) §
o assoehrcd v U

M ‘l (-e W eath \esu\ WY
— T &g SKRY) = M ¥ ‘my: it s [1yels QP F x4 TS Lo uny

SR \egypl wove | We chavge ghy an evn nawber | {nductivelg  of St b wenbt o€ \€3¢\
actog vasiling M hosiee Q reuders  sca): SIP) F Some even qanker, Twus P and ) heve v

&(4 pts) SaNe pouj‘«*él

12 3 4 2 1
P=15 4l , Q=135
6 7 8 6 7 8

Can you reach position from position P, by a sequence of legal moves’ Explain!

1

'“p:\l,z;s.-\q‘a?% T(*,ql\a,sqb‘?g
N RUNGIEROAN @ ©© WHh e o w Y MY
wWD: % )= T

S 5+ 24229 s(8) T+ 2¥3=12

3\5 e Yeswly ot {q)’ we (q!\v\o-\' Yeat Q '["rw\?\% A S(\\\AW\(CG{'

\Ujd.\ noves stie XM Vit ies qu Aok the Shwmc,

(1p points)
Proye Lagrange’s theorem that if H 1s any subgroup of & group G, and |H| and |G| are
thefr number of elements, respectively, then \G|/|H| is always ant integer.

\0




6. (10 points) What is the name of the following famous equation-pair?
Uz = Vy ,'U'y'=_'uz ’ ~

or, in fuller notation

Ou Ov Ou Ov

3-8 ° O 0 5
What is special about the function u(z, y) +iv(z, y) where u(z, y),v(z,y) satisfy the above

system of two equations? @

7. (10 points) Who discovered the quaternions? What city did that person live in?

8. (10 points) What is Heron'’s formula, what century did Heron live in?

0

\_k (10 points) Where did Isaac Newton study? Who was his teacher? What unusual

action did that teacher do? What was Newton’s position after he left Cambridge?
N ewten syadicd Sy Cambyrdge under T seac Baveow whom 1669 g:\do'c.

Xhe “ucagtan (ol geershiy b0 Wis (’“\“\o-mw\m‘“\"g (Awb’“*se{ Ne when @

becume, Wovdes, avll \ater Waskor 0 gae Wik, .

‘1\& (10 points) In what city was Leibnitz born? Where did he spend most of his life?
What King of England was once the employer of Leibnitz?.

Lci\\’&"ﬁ- He syenr westob Wiy the heavr 4ne (ouv b of Hanover vice o€ the
Dukes, One o F Whewn Yyepgae \eig Geomye T of E!\(]\(«Ml, 10

11. (10 points total)
\6{(5 points) State Vidte’s infinite product for 2.

2oL 5T cc»s‘;Is s XT

i\

T < 3

-

(B)\( 5 points) State the names of two people who initiated the use of logarithms

Toha Neges ) Heery Brrgg s und furhe £ g De Decier, who
pudlveved +ae fasy e

;—
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SEC 211 .

No Calculators! No Cheatsheets! YOU MAY USE YOUR HISTORY NOTE-
BOOK (But not your Math Notebook).

Show your work! An answer without showing your work will get you zero
points.

Do not write below this line (office use only)

1. S (out of 10)
| O(out of 10)

3. é (out of 10)
. { () (out of 10)

5. { (out of 10)

O (out of 10)

(S}

i

&

=

O (out of 10)

. l/l) (out of 10)

: [/D (out of 10)
10. 10 (out of 10)

oo

«©

11. (/D (out of 10)

~

total: (out of 110)
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1. (10 pts.) Give two proofs of the Pythagorean theorem.
4 4

lry, o b % & [fa
B\,cg@m& r7 wt.  have 4$ a,+24;“/€3. e

2. (10 pts.) Prove that v/3 is irrational. :
Suppese nst, suppost ?{_‘ B o some relaivthy g itgens
Ten 3= f};, a? B’ Dinet Ony aumber can be woiitfo o o
product of pores by ‘%c Goonm. discusced b ass, (ol = Fa gnd m=3ig
b L2 ol o T B30 ) — 330 - 3% 557 gy
Z[—rf’/ Z7f S o co érad,'c-,{—.'o(\/ = ng W;(_ L o .

10

3. (10 pts. total) (a) (5 points) Deﬁne the Mandelbrot set.
ﬂ:je Haitdbo€ cel 5 @ taclal Shepe @n the  complex plan

s ound ; .
" b] wstng  the moPPing 5= 2ty o,

& Gven mrameter ¢,

(b) (5 points) Define the Feigenbaum constant. Explain everything!

e Rigalavm constant /s fhe fing valoe of the 1ot igeen
the tuo toase cy fu@ * ( ‘A ‘OJ Aok . |+ K=
e R,

- any ™
“1-200 '~



4. (10 pts. total)

(a) (6 pts.) For any position P in the (n?-1)-puzzle, let [i, j] be the location of the blank
(that we call n®) (In other words, i is the row-number and j is the column-number), and

let 7(P) be the permutation of {1,2,3,...,n?} obtained by reading it from left-to-right
and top-to-bottom (like in English). Define

S(P)=i+j+ inv(n(P))

where inv () is the number of inversions of the permutation .
Prove that if @) is any position reachable from P by a finite number of legal moves, then

the parity of S(P) equals the parity of S(Q). In other words, they are either both even
or both odd.

Note: You/may use the lemma that if you exchange any two elements in a permutation,
the number of inversions always changes by an odd integer.

In ty L 7) ﬂ”a&/ Yoo mgt  tave .,’c"azc./ roves . & Poizoatal sbity
aod o bl odide T, 4 nigodal shife, 7 C/{Mgcs A/ i/,g;(:z(’
e aumber @C‘ veLSions cweg by an old aumbe 4y the loy
theselore, () Jue the care ,awrﬁ/ > O, T s ot shde 7
CLO‘(&“ by +f ‘), wnd e Amdor f "
b ke ma; therelore, Q)
e LP) s £

(b) (4 pts)
Let

e ;

LY Py b, .
1S, o cmga.a 1,\, A o o .
ageun Aus VA

ar_ beth Nen or hotf -y ' '

1 2 3
P=|5 4} , Q=
6 7
9 8

Can you reach position 27 from position P, by a sequence of legal moves? Explain!

-~ Ut o
o s
N——

i[p)72*2+(7+¥>f({+(5):52
g(@’ 2*3‘*(3*/*3) = 5+(P) =7

005\'60(\ & Cﬁ,f;no(‘, be ,\Q_W ’€(QM par;'e'bn IO
Sineg )(:0/
CU does aot fave Yo sapmg pscty as '('/Q)

5. (10 points)
Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G| are
their number of elements, respectively, then |G|/|H| is always an integer.

QMPPD""Q g ® ?;’:vgu"'; 7»»3 4(/70’ M"’;‘lﬁ Az. ""44\2 . /:Z)r aji e[CﬁW{S qp
)(I Xu'llei Qr‘ 4{#1.. mm " q((o I ,y/@(g@_ée]&bﬂgb; M qul ,'fs

Bocasse of W, *,%[L: £ =g ileger, Q‘f?sﬂwfjm 6
o o




6. (10 points) What is the name of the following famous equation-pair?
IUIg; - 'Uy 3 uy = —'Ux 3

or, in fuller notation
Oou Ov ou ov

55 ' By .
What is special about the function u(z,y) +iv(x, y) where u(z,y), v(z, y) satisfy the above

system of two equations? O

tmo(ﬁ
s

it 7. (10 points) Who discovered the quaternions? What city did that person live in?

Mdl//\;)l J 5)0“ Y dontt Z;\ lu;q whaf hat - or A 4 @
& ™ Om ge

U;_ﬂ“’“ Q\l\k W . g Ome'vr\_p ) "'l(cf"{'-c_,’ ete,

8. (10 points) What is Heron’s formula, what century did Heron livé in?

1L ;7 oy AD @

9. (10 points) Where did Isaa
action did that teacher do?

Newton study? Who was his teacher? What unusual
hat was Newton’s position after he left Cambridge?

Lamb r:'dﬁte,- M ,BarWW,- e 0e Coz*zﬂ/ex/y explbuned 67 geome "y @
mlrn apm iaueties Mewtn, aller bery Leccasicn Holessor
n Guwbr,'a(?z was Weldes Hen ma oA Ge mint and Gen

bightcd by Quasn Anne
10. (10 points) In what ci(y was Leibnitz born? Where did he spend most of his life?

What King of England was once the employer of Leibnifz?.

p L@AP Z;.g s /‘1;0\!\0\/%- 'raj Ge@ra(, I

11. (10 points total)
(a) (5 points) State Vitte’s infinite product for 2.

%.\':CUS (ngs {’?) wg(%)‘—‘”(!@’)

(b) ( 5 points) State the names of two people who initiated the ybe of logarithms

/Vaf ier asd 6, ,'335



NAME: (print!) S W Lm\ﬁ Ma

E-Mail address: ._SM | Ar? @) S let madl rta‘szfx-pp(’q

MATH 436 Exam II for Dr. Z.’s, Spring 2017, April 24, 2017, 10:20-11:40am,
SEC 211 '

No Calculators! No Cheatsheets! YOU MAY USE YOUR HISTORY NOTE-
BOOK (But not your Math Notebook).
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—

a 0 (out of 10)
ﬂ (out of 10)

/.9 (out of 10)
- D (out of 10)

N

@

=

5. 6 (out of 10)

6. § (out of 10)

7. ID (out of 10)

-7\ (out of 10)
9. ”7 (out of 10)
10.’5 (out of 10)
11. lD (out of 10)

Qo

-

total: (out of 110)
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1. (10 pts.) Give two proofs of the Pytﬁéébrean theorem.

) b
\ a we can Seem /
b / L ¥+ +-@ebeg = @by @
% b TMQZPOTQI CQ.: QQ_{_ b') X
J |

b x

1, - — —
@ (et Ac=h, BC=a. pp=c

‘ X < ACB = 97°
A ——————
S\\ﬂC;e ACD, 8chD, ABC e

Stmilor +o0 eoch oter. +hore s

o constonst & _ molependent -to
The chsico @]‘l *m@m?les that
ASAPVCD—“ b% R Sopde = C)-R
2. (10 pts.) Prove that +/3 is irrational. "S ameh= -k
Asswme That J2° Ts ratonal. | New +hakt k*=0.
. =S So -
3 m.ne 2 such Hhat | Swee Sapac )Qﬁfb‘: B <
o : Then <& =a+h
o ‘ NoTrer ThaX Sopse represents
— T are a bﬁ-{—n\aﬁte Abe
S™ce Fa. beF Such +h . 6 -
ot o Nute +hat a. bOJQNOTOL‘WO%Qh 3
v 3.

m= O-3' for 120, € & Sy, See mT=3p1 ‘
n=10-3) for y2o. jez = aTETo P s e
3. (10 pts. total) (a) (5 points) Define the Mandelbrot set. {L* Tmpossihle |

Mondeldbret set Ts o sext of,, pom Swéﬁ-fg/\ng ml

llpptig oz = 52””;/ Soﬂg\sNO;aﬁrQﬁwnﬂ/fnwb&
@ So ’@_3\5%&7\‘1\94\0«?‘

/

| — —
(b) (5 points) Define the Feigenbaum constant. Explain everything! T—

)'7@?3@(\\%)&% conStant c= Ivm M — 4-66?"'

. Y- g0 o — Y-
6 fVQ{‘a \TQIQ;(T.O/‘ 800& I’\W\le Q r( (l eN)/ \t WAS dA\SCﬂV-UPOI i
b? Fetgenbaum and nowmed oftryr Mt |




4. (10 pts. total)

(a) (6 pts.) For any position P in the (n2-1)-puzzle, let [4, 7] be the location of the blank
(that we call n?) (In other words, i is the row-number and j is the column-number), and
let m(P) be the permutation of {1,2,3,...,n%} obtained by reading it from left-to-right
and top-to-bottom (like in English). Define

S(P)=i+j+ inv (W(P)’) )

where inv () is the number of inversions of the permutation .

Prove that if @ is any position reachable from P by a finite number of legal moves, then
the parity of S(P) equals the parity of S(Q). In other words, they are either both even
or both odd.

Note: You may use the lemma that if you exchange any two elements in a permutation,
the number of inversions always changes by an odd integer.

PY‘W]C : Prccord\\hg 10 Hu lemma, M pew exchange any ~“+wo elements
TN G permuttATon . Hu tumber 6 TnVersHOnS Ojvdﬂ_ga chages

an odd wileger . Lot He' Loctstdon oft blank P
be (1 3). Than tha locostion of blank ™ Q@ joould be

erthor (1xV,9) or (1, J=1). Weﬁ%m, o) A
peoyerses M samy pertty of §69) | @

1 2 3 1
P=|5 4| , Q=
(9(678) (78)

Can you reach position 27 from position P, by a sequence of legal moves? Explain!

AC@FOQW\%’W (e, S(P)= 3+3+h\«/(Tu(F)) =4+ |=%
S(a) = 2+3-I'MV(TT(&))=9+5+<;.:C7 @

Tes. A Ts teachable fiem P, smee SO and Sep)
howe . same PGU\H:%

Wk w
(130 R

5. (10 points) :
Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G| are
their number of elements, respectively, ther |G|/|H| is always an integer.

6)



6. (10 points) What is the name of the following famous equat10n—pa4r‘7

Uz =Vy , Uy= Vg ,
or, in fuller notation

Ou Ov ou  Ov

oz 5y ’ By Oz

What is special about the function u(z, y) +iv(z, v) where u(z, y), v(z, y) satisfy the abgve
system of two equat10ns7

Comchy / Trtegrod —H\eor@m/ ‘
H Qac7 Q.,emqm Q

Function’ WX )+ w/, ") C/OJ[\ be exPMoﬂeo( atound
each XM= (Xo.¥) Tn & series cmy & &gg’e
7. (10 points) Who discovered the quaternions? What city did/that person live in? Pa o

Ham-Hon . He Lved Tn Dublin

s\r War
pomt
8. (10 points) What is Heron’s formula, what century did Heron [ive in? narest
_}0 (X'D’gl))
A= ]s S ey A are of trangie
%; A-b. ¢ Threg edges of tha +ungle 7
He L\\veol\n 20d cen Se= 4 tatbtc)
9. (10 points) Where di Isaac Newton study? Who was his teacher? What unusua
action did that teacher do? What was Newton’s position after he left Cambridge? /

TIsaac Newton studie ca,lwlgy Histeacker was ISaae Bosrtow”
He didn't core much abeut v\‘aon\c\& wf progfs.
Newton's posttien was a priest oftos L2owing Combridge. .

What King of England was once the employer of Leibnitz?.
Leibnitz was porn 3a 06882;2_ He spent most of ks Ufe

™ Froance . 3

11. (10 points total)
(a) (5 points) State Vidte’s infinite product for 2.

10. (10 points) In what city was Leibnitz born? \\;ffnere did he spend most of his life?

-—'*-?W =005‘%-C/031 wsL,oggT

8 TR~ s e \=

(b) ( 5 points) State the names of two people who initiated tl% of loganthmsO

John Neper,  Briggs
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2. O (out of 10)
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o b

From the ﬂmﬁh obove we cow tnke. Q.—F(Q - %1.
U peces X b% b moke the 3Wh For Mlﬂ Hmiloe ﬂhp;ﬁ);g whase Mt(,%
below -

wide 18 O . thee & b covstowh
o Owen = st

C
F oSN . girem of AABC = kot
% 1%34&_/« e of ‘
owen of SBep= ko?. Owen of-SAOD kb

@ [eo¥= katrkb®

et =nrrh’ .

thoofe | o +20btb” = CPeab
p\z-t\ol'—(‘,?‘ ,

2. (10 pts.) Prove that v/3 is irrational.
o T = M owd 1 o pertue et

m = 7J§ n. 0 -
w’ =30t
Fov  psitiwe | tggar ond h. wne can f"""‘“ o
h=m. 1720 SR S
(m)x 2 () So $he i comtrockotien | there X o
= 255N rtegpr W ond v e Y- U5
Tl = (;-i“nﬁ) W= (SR % 43 s ivowonal
3. (10 pts. total) (a) (5 points) Define the Mandelbrot set.
“The. Momde\lwt: ses s the seb g‘ﬂ‘ mMP\e?q hamb ers /

e witoh  the fnetion ’f)e(Z)z 2 +c  eoee nov/oli .
whon iperated - Powmi R =0 - . g

(b) (5 points) Define the Feigenbaum constant. Explain everything! )
“The Te{quum poveto o D@ mothmation|  oangranR
which both  EApres towios Tn & bifuration dlidgram fov @

g - lineoc map -



4.

4. (10 pts. total)

(a) (6 pts.) For any position P in the (n2-1)-puzzle, let [¢, 5] be the location of the blank
(that we call n?) (In other words, i is the row-number and: j is the column-number), and

let m(P) be the permutation of {1,2,3,...,n?} obtained by reading it from left-to-right
and top-to-bottom (like in English). Define

S(P)=i+j+ inv (W(P)) ,

where inv () is the number of inversions of the permutation 7. U
Proveithat if ) is any position reachable from P, by a finite number of legal moves, then

the parity of S(P) equals the parity of S(Q). In other words, they are either both even
or both odd.

Note: You may use the lemma that if you exchange any two elements in a permutation,
the number of inversions always changes by an odd integer.

%ﬁ WU e Wcl"“"dfﬂ the blank  with o horghmng
mp (%) Chanhes b@ o odd number and  1+] Mﬂ'{?eg é#

Yoy dof ot Oﬁﬂghf L

(b) (4 pts)
Let

1 2 3 4 2 1 ]
P=(5 4] , @=[35 .
6 7 8 6 7 8

Can you reach position & from position P, by a sequence of legal moves? Explain!
o the blowmk pe g
Tig=(4213544618)

Ty

= (1»2 £ fub78)

(T = i+u= L

mv(Tg) =3+4=7)

C(f) = mv(y) + 2+, Q(@> = mv(Tig) + 2+ '
- Y4342 o = 74243
= 12,
=1. g(P) is vdd , Sl8) ic evan - $0 Y eonnit reowh A

5. (10 points)
Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and /G| are

their number of elements, respectively, then |G|/|H]| is always an integer. \[M
ot 1l =m. [G1=n. A= 34 M n\j
= § b s, b o - @A) v L
‘ ehi = ol &\M §/¢l/
§Mwm|u by o ,nh@m ht ow,rlof wth H . hiz LQ‘\ )




6. (10 points) What is the name of the following famous equation-pair?
YT Vy 5, Uy =—Uz ,
or, in fuller notation

Ou Ov Ou _ Ov
"o % o *
What is special about the function u(z,y) +iv(z,y) where u(z,y),v(z, y) satis
system of two equations?

Nowne . Covehy - Premann Equartians .

the whele funcbaon i< &M“WIC on  a  dimaln |

the above
7. (10 points) Who discovered the quaternions? W)?yt city did that person live in?

Toon e Round oA Almbert | / @

Poss . Trance .
8. (10 points) What is Heron’s formula, what century did Heron live in?
oo 6% thonge o A= )86) (5-b) (S0 /)
Lusty Cem twr% .

9. (10 points) Where did Isaac Newton study" Who was his teacher? What unusual

a@_tmdad_t}@;_t@_c_h_%%d& What was Ne on’s position after he left Cambridge?
i rini C\o}\eﬁe /m

eaher 1spac Bovow
Zﬁer he lefy Cambrige , he corved 4 Viprden (1696=1760) dnd Master ((700 A172]

of the Royal Mt , ag woll hs presicionts of the  Roypl Siety (7702 =1 / 5

What King of England was ofice the employer of Leibnitz?.

C\'%' Le\?zmo He gfemd met o W ‘f‘— in  Geoman M”\(&(‘*

king 6001&@;\—. JL @
1. (10 points total)
(a) (5 points) State Vidte’s infinite product for 2
5 AT 2+J2 J2t) "'*31

10. (10 points) In what citj‘(évas Leibnitz born? Where did he spend most of his life?

— ——
_— -, 2 >

r(

Sohn ylap‘lev , Dot Burgi .

(b) ( 5 points) State the names of two people who initiated the ;c?o/ganthms @
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9. 10 (out of 10) @miﬂ&;&&m/ o Rheva A
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-'v"

. q\ e
1. (10 pts.) Give two proofs of the Pytl}g,gorea.n t‘kieorem

T, Consvdeec: g b
b
5 o '/0

0\“¢0~ (owo) S
.‘ﬂz N *m} O QO\ '(0;:\'\03
Tese fno oveas ore Lamal ¢ x4 ls0b)

o> _ 2
&gdg = C Gh
:ﬂ:. Consvde WuS, b ok L oy m

.c “*@"O\O' TV{“@‘\%\&S Ko, ARD, ADC s~a senila
IRARC = ' Jeet VSN Wy

- W Y s\0e 5o \AA—=d
. AP‘BD t‘bl - m%r K’\/\\Kf‘d
AAOC = ¢ o2

(p‘l_}a ' l! :
¢ I ! 30

2. (10 pts) Prove that \/?; is uratlonal
By conTradn Tt dgguiere \@ \S. rohmad

Hen 35;;:\1\%2 Y\?:D 5'\’* 1% =T, (MR vode o omman feadiw) ~
3= ‘%115"'9 2n ~m1.

lﬁmfaqm@bmeﬁbdww&mmM%3

™ew, %(305’7 @La) > 3y - AN -

s ts mmqoss\,\e Trese +O qgmﬁﬁ‘es cannot ke equal

becaust OR 3 2%4 will fourd - h ?D"""('W"“« 5 omdh Slrerwhite

VV\\\ \~onNE 0& M@& f % W&\kl

3. (10 pts. total) (a) (5 points) Défine the Mandelbrot set. 2! ‘

C such Yok %“-9%\\\"{ CN\\mejeS é QQ(’“
G oSl

‘- i

vy 2

5

(b) (5 points) Define the Feigenbaum constant. Explain everythmg'

\\N\ ‘_“ (“.\ 122 AN "

N2 o® T;\‘j‘" T.ob,,.  nida 15 a\lem¥on R® qw\OthOY\

B /“): ) w\l(‘} ‘9 ’(\’1‘ ’



4. (10 pts. total)

(a) (6 pts.) For any position P in the (n2-1)-puzzle, let [, j] be the location of the blank

(that we call n2) (In other words, i is the row-number and j is the column-number), and

let 7(P) be the permutation of {1,2,3,...,n?} obtained by reading it from left-to-right

and top-to-bottom (like in English). Define
S(P)=i+j+ inv(n(P)

where 4nv () is the number of inversions of the permutation .

Prove that if-Q is any position reachable from P By a finite number of legal moves, then
the parity of S(P) equals the parity of S(Q). In other words, they are either both even

N, o O\ g
retfot~ O
es

b

or both odd.
Note: You may use the lemma that if you exchange any two elements in a permutation,
Case \, Wod2ontal wov
re Blanke {5 <R m‘ﬁt%%\ -2
S e gqafy @e P

e colawmpn Auimlser oF By = CX U A

case.z,.vc(ﬁm‘ o de Son2 as e Onbivalpad
A o,
T“'“'c(')low\k (S exd \\:»azﬁ wiF e\-ewk\'vdm—ﬁo_? € 65N 2 “‘f‘7

e so bt s Trhe S

5 4

the number of inversions always changes by an odd integer. /
LR I

0\”‘5{,&
NSVAYI AN
WM Crermpes el papy, . TTee Py s 4ce, SO S
I % P —
6 7 8

Q

| a@f(

Can you reach position £ from position P, by a sequence of legal moxs’?

=123 24 4 678 @5
Q [

o
4

TO=421 35 418 in@ =]

Qw oD

\~‘ ‘

wh -

T

)

“f‘.b/

4 2
3 5
6 778

B8®)= 2r2+ 6 0\.

-
»

o 4

J

SQ= 13 1=12.

‘?O\r\w C\‘\QW\%Q& Rem s Ad o 2ven, Cybt\'\aﬁﬁw\ ¥ e Q =

5. (10 points)

Lenp osE\P\e .

their number of elements, respectively, then |G|/|H| is always an integer.

@ \S—faﬁe ST AR
vt

|
Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G| are %
|

v



6. (10 points) What is the name of the following famous equation-pair?

Ux = 'Uy 9 uy - _,Uz 3
t

or, in fuller notation
Ou Ov ou ov

or by ' by T "oz
What is special about the function u(z, y) +iv(z, y) where u(z,y), v(z, 'y) satisfy the above
system of two equations?

éﬁg\o\g\n Q{\-:\\a \\CS’V\&J&K\ ' \*:C\Q;E\‘? ?? \;j co&\wL “Heanstorettoeg
0

7. (10 points) Who discovered the quaternions? ¥What city did that person live in?

JV\G\‘N\\\*'D? )
leed \n Dudlin &

8. (10 points) What is . %{l ] f;)Kéula, what century did Heron live in?
KT DY

\’\T“ C-QV\\‘MN)

9. (10 points] Where did Isaac Newton study? Who was his teacher? What unusual
action did that teacher do? What was Néwton’s position after he left Cambridge?

v o Qe idgpe | Lellow ok TA adn Ou\ilqyo..
Tsane Bawow weas WS teachen ‘

[0

@o«m\,\\ “\Q Qb\,o\\-& Mu-(—gn for %Q»N‘G\M/S ?S&M \e %QQM\QCYC\:\J(J ‘
Ak\_Q(‘ Cambﬂdge, \,~Q \N&S o\g()‘a Aed Cracos NN Yg okjna ;
Aoy weoxden, | ot \Lellediy

10. (10 points) In‘wlfat c1ty Was elbmtz born? Where %1d he spen ost of his life? |
*What King of Englan/d was once the employep of Leibnitz?. |

Lo\ XA 3

W \(\’\9&*‘0—; Q"Q QHQ(\(\/\M? J<

Hodgens o

11. (10 pomts tota.
(a) (5 pomts) State Viéte’s infinite product for 2

RN
Cosij‘r 055 5 CosTg b &S 3.

-

(b) (5 points) State the names of two people who inifiated the use of logarithms

=N
Jon Nogie /
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Show your work! An answer without showing your work will get you zero

points.
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O\wm tacl et o %\ EEE
“o; b = %,.
: f o L =l - S TG <o
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. . - a C 2 bl’ 02
1. (10 pts.) Give two| proofs of the Pythagorean theorem. ELA o+o =
(V) Look ak:
o a

L SauaRt )

Sinee A(c%‘w”‘/ci) (a2 C* v AR ound alsqunre 2 (OJQQ—\-

0o~ +Ho™ 4 Lf'A(T), on ol ‘A@Wj/):/r(cwm XB'iW

¢ A e A N N cFec L \
(7’> Dork  remenboe D Ceecoiol (vaﬂ u/;)(v\a i L our
X'y OW\(jU?/g A _ -
2. (10 pts.) Prove that v/3 is irrational.

ASS U, S %@’V\Q& Tl 3'/\
I

BV . So S
AN ,3“ . CL/) = 3‘)‘ ’ g)" g:t\ (l |-\S €§O|\\&, -v~-§ C\//\O{ oo O"’\,Cl

3L, Thas %(3‘)-\033’:(3‘-&5?, S0 3(3) =37 a0
Tearefore 9% \F 3T 07 S Zxa and 3 b,
HanS BYod wnd BN TS SRR A eoched
O contryuela (/Jﬁ%\,\j ol o B

V\XW\WS‘.\S(lgL;g?ﬁ:otal) (a) (5 Bgmts?)‘/]y)\eAnW \'Jl:g?;rse‘g C\,\o-}g— ,,QQ«(\A//‘»\;:I ;()(Ev EZWM%WMD

o ) _ Ca\$o an odd pPowe ¢
Q:{(}:%:‘*%L{v@ do-eS not }veﬁ%' Pood o avniber et
: s ible tg\j 3.

“Cz(?:):%hf +C, % =0, @ ' | I
%A:WX(X—'I&) Xe (o))

(b) (5 points) Define the Feigenbaum constant. Explain everything!

fo = Yoo 1 \)v@'e(
e = Uk, . whaeee ¢ 08 Hee, do
A eiod ol £y (oo e I fu




4. (10 pts. total) :

(a) (6 pts.) For any position P in the (n?-1)-puzzle, let [i, 7] be the location of the blank
(that we call n?) (In other words, i is the row-number and j is the column-number), and
let w(P) be the permutation of {1,2,3,...,n?} obtained by reading it from left-to-right
and top-to-bottom (like in English). Define

A S(P)=i+j+ inv(n(P))
[/ where inv (7) is the number of inversions of the permutation .

Prove that if Q) is any position reachable from P by a finite number of legal moves, then
the parity of S(P) equals the parity of S(Q). In other words, they are either both even

or both odd.
Note: You may use the lemma that if you exchange any two elements in a permutation,
the number of inversions always changes by an odd integer. t° Get e os o @ ,

,CaS__&__l;;,*f‘V{/rchy%g}\ Wovizovkedd  s\ide | Tlhoun | deeg
(\p,\, C/W~‘\ﬁ/( MV\A ) C/(/\WS (ovj 1 (QA-HM (Ogi’ﬁ\&
g ngl&/‘hwe)‘ %\ﬁ e atated odbo e thy 3 of (s

SN (‘?f‘j oy odd ‘Mﬂgw,}?nwr_mg CRY = S(p) t1 +20x
Co SR Ay Come purim as oy S0

(K TS Rerfovna  vet s\ide ;Ao ok 4 swvbion Q |
—_____:"___.-4\ ) \ ] .
e ooy S —le 3 dpLSink Q/["'M%:%L;( ‘_V\‘/\/l/\({‘\f(obvzlm/ (‘l’ﬂ?\)flhﬂ

0}/(]/ * 44 + o &
(b) @pts) ‘G0 ABI=C(P) T4 +3nel. So S(R) T oty

Let
1 2 3 4 2 1
P=15 4 , @=13 5
6 7 8 6 7 8
Can you reach position B from position P, by a sequence of legal moves? Explain!

S@)=A+a+1+y=9

Sy =243 +341+3=1Q .
T S0) is odd ond SCO) O even, Thace

NS A VoY o reack Aron~ P Mg}v&)
QMWQ pliding  anoveS) LS ereved G, ()
5. {10 points)

Prpve Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G| are
their number of elements, respectively, then |G|/|H]| is always an integer.



a) .
6. (10 points) What is the name of the following famous equation-pair?

u:r = ’U-y ) Uy = _'Ux 3

or, in fuller notation
ou Ov ou  Ov

. 8z oy ' oy oz
What is special about the function u(z, y) +iv(z,y) where u(z, y), v(z,y) satisfy the above
system of two equations? ' ‘

) — Bemann YAS.
\Q)DLACW\«W‘H ~ ot @ c@m@u/)i W\yx/\, MM (9?

[7/] emvounin. (12861)
7. (10 points) Who discovered the quaternions? What city did that person live in?

8. (10 points) What is Heron’s formula, what century did Heron live in?
p = FEOERIETT Lived 1t ~6 AD @
(W of a M“"’”\ﬁ (L)

9. (10 points) Where did Isaac Newton study? Who was his teacher? What unusual
action did that teacher do? What was Newton’s position after he left Cambridge?

Dovk Ywnow, nOT iwn ey notes o
(9)

10. (10 points) In what city was Leibnitz born? Where did he spend most of his life?
What King of England was once the employer of Leibnitz?.

Mot Tn fvu& notCS % @

11. (10 points total)
(a) (5 points) State Vidte’s infinite product for 2.

2 N TN g ‘
2 - (B ol D) o5 OB

* .
(e /

(b) (5 points) State the names of two people who initiated the use of logarithms

Tolun Novp\bw 9 HUM/\j %riﬂ%g




NAME: (print!) Pwk VA_ -g./_t/‘_’_’_fﬁ__’[ ________________________

E-Mail address: pm{v_«y_@__,..__,_ __@_W-ﬂ__éég&‘: _________

MATH 436 Exam iI for Dr. Z.’s, Spring 2017, April 24, 2017, 10:20-11:40am,
SEC 211 |

No Calculators! No Cheatsheets! vOU MAY USE YOUR HISTORY NOTE-
BOOK (But not your Math Notebook).

Show your work! An answer without showing your work will get you Zero
points.

Do not write below this line (office use only)

__..______.———-__—___——___._—__,_——_._._ _.._.__-__.—__..—..._.__._——__——._.._-_—_-.___.-.._— ______

114 (out of 10) RSl 19, 19283 )S’n}
H o winyﬂé
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g@’k/&ovﬁl_go 66:]

4&6 (out of 10) | GiH= gsh L 9 be gk j.[,hg )
2Je T3 e ot . b M
5. /(out of 10) ! pnch Hat iR, Q (7" e b E6 bt gk ?{
" Leém closexe
6. o (outof10) | d W/i’jf"@ %fm?::«‘jﬂ

7. \D (out of 10)

: : o Lo creanted
8./l (out of 10) ;
9. () (out of 10) \ L 0 ,,,JCZ,U‘L.
10. O (out of 10) “‘
11. \D (out of 10) \

\ S /V\o/(’
— ] e

!

1 S
total: 6! out of 110 \ %/&j(vug Jy 3

G b ¢ b e J
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1. (10 pts.) Give two proofs of the Pythagorean theorem.
(10 pts.) Ive two p oc ytf,ag @;
N 2 e .
c ﬂ'l’ / ] < -

L \

S
gwmv‘@m/‘mi WC/A}S, o
ﬂm,ém&f;rdtc{@@w&é:
4//{’5 +25 b5 2 o5 4t D arfhbe®

- "Jé‘ m M R =9 o
v JZ% a pRe T~ A APC b g 24D "

LAD = ACp @
i eI 90/ 2 . & 2 a’e < ' ZDAC :éﬂl?c.— Jo'— <.

e hecomid Petre

Z C /’A@ N
- L b >pp, 2A8C s ADR
. L T ' Pe o chB= L ADB= 70 ®
a4b ¢, c +¢, e CLABp = APy

. L HCR = LPAB = 70‘-3
2. (10 pts.) Prove that v/3 i is, irrational.

frwme J3 S pasrmel f"-- W&“‘é"‘{(’" SENP X2

L&mm ; ?h7;M7 & -
é”@é’f"‘”%mn ton bo Wt WM%W: &7—:’;“ wﬂ%/)‘g’
bt p’ - " - L;% _
So n7 34]}:’;’ L/J'o;u. . é/caj L\MA >—@me(3—o
Bn'= o 7 h=7 /3
L+

mok g 37 Beri AN @z
dﬁ,{df T S ot [,Mé//e
Homer, proved by commd2addhomn .

ponk (249 9* :
3. (10 pts. total) (a) (5 points) Deﬁne the Mandelbrot set.

e4> Qg&
Zo=° , Z=gtc

C /s 1my NWMM%/?/W%CTJ C@'\Af@Zg)@_

(b) (5 points) Define the Feigenbaum constant. Explain everything!
e bt s W rcto b oo fisbncadf 4%&5

m“@h’"}“a'“”"’ﬂ‘“c A= 4.9%¢

-

“nes n -2 \,\ : 1
AYY St a,k

oD —
h-> 2, X,

-



4. (10 pts. total)

(a) (6 pts.) For any position P in the (n2-1)-puzzle, let [, j] be the location of the blank
(that we call n?) (In other words, ¢ is the row-numbet and j is the column-number), and
let 7(P) be the permutation of {1,2,3,...,n?} obtained by reading it from left-to-right
and top-to-bottom (like in English). Define

S(P)=i+j+ inv(x(P)) ,

where inv (7) is the number of inversions of the permutation .

Prove that if @) is any position reachable from P by a finite number of legal moves, then
the parity of S(P) equals the parity of S(Q). In other words, they are either both even
or both odd.

Note: You may use the lemma that if you exchange any two elements in a permutation,

the number of inversions always changes by an odd integer. ’
M are Ao %u, 6 ,&_8.4)6 moved qj@w@("" ] I
\D E)Aa%p',,,{u%,_ Y e more ol obe by (ham WA cherge - &
. ‘ Z ., . ' o iCTECPY b, #Re fomima
Cack W,AJIMM// &MWC/"’% in TP &

a4 %“%hﬁ/wa e,y counts Ao b Wéﬁ on od 'wg“h‘

%‘A‘%&bl‘enﬁg&u{” be M%mo y N

. [ £ < guJJD"L eoch € 1h ey

Mj V?){/’i‘@u%f A el e DVE gy ,A—.:,.,ug ) W’—// che a g

Hone Lot Le 9p &4 %'\ #\L# 4,‘;««/, AJ loprrron , @{Q Clb—-g,(
o Cyrenrn O . » Crlmn (,_57‘://

: | WA Han add ing /b
pesdey o A7) S eres f@@“ SO kegdoased] , SCO) citlado b

& 61 Cren Q) - !
wau} ) (4 pts)
Let . 2
- 2 4 2 13
A , Q=13 5
7 6 7 8
Can you reach position € from position P, by a sequence of legal moves? Explain!

=2t + 5 =

- 7 = {
;(&D’ /= posstor [ ax fa farelyof

L ble do Aeach &
I\szl;) ‘t& /A'M’F ﬁ% Kﬁm@@?éfwy A & even.
AA

00 W W

" 5. (10 points)
Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G| are
their number of elements, respectively, then |G|/|H]| is always an integer.

,
e —————. - = -k —




4

6. (10 points) What is the name of the following famous equation-pair?

Ug =Vy , Uy=—Vg ,
or, in fuller notation T o
Ou Ov ou  Ov
‘ oz B8y ay "oz
What is special about the function u(z, y)+iv(z,y) where u(z,y), 'U(:c, y) satisfy the above
system of two equati?ns? | L

\ s L erele /céé%{a( o Frefi

7. (10 points) Who discovered the quatermons? What city did phat person live.in?
Homiblon . bved in Doblir @

hat century did Heron live in?
el ges @

9. (10 points) Where did Isaac Newton study? Who was his teacher? What unusual

+ action did that teacher do? What was Newton’s position after he left Cambridge?

ot o e b = Bicrofacr mirersTy ;

(@
(!

10. (10 points) In what city was Le1bn§%orn7 Where did he spend most of his life?

What King of England was once the employer of Leibnitz?.

e King tgug doning 1493 (@

11. (10 points total)
(a) (5 points) State Viete’s infinite product for 2.

2,/&7&77; m/(, Cw]f&?j .
JC | 4 /s §}/

R,

(b) ( 5 points) State the names of two people who initiated the use of logafithms

A N"/}”‘ /ﬁmggﬁ
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L. é\(out of 10) DR
2. 0\ (out of 10)

3. L‘ (out of 10) S R
4. \b (out of 10)
¥ w (out of 10)

ot

6. O (out of 10)
7. W (out of 10)
8.1D (oﬁt‘ of 10)
L (out of 10)
10\ (out of 10)

©

11y (out of 10)

total: out of 110)
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e

1. (g pts.) give tw‘o.p.roofs of the Pythagorean theorem.
* We.can prove et Q=D L/l
For wage O we get chok . v‘%r@—w:{m@lm/‘
pud to make {oftr Telew fmwgllwr qm(
Set together | we get at= bz
:FM arvonge o(rf(emwtfy hbe
we get b> a,\o[a alg@l'a 4)dwh‘ﬁ~76@\c
@ ¢ . “ianlor,

i

2. (10 pts.) Prove that /3 is irrational.
2

3
> 2= 50 -
(m V\ tsdmﬂue {P;jm b/ —bb\(\ewno\ lex m—% m (m nﬂdTv‘tsuelf)\IZ 162)’
3‘ 3 T
o il ! .
pué ™Mb o ex(l) @
Bn |
vi ot
Q 23 ENE -3%m .
Bﬂ = 3:“ M R 24 S
235 olwoy odd Towwber bt 37 15 eon exponet
S h S !
3. (10 pts. total) (a) (5 points) ltg\eﬁw/ne the Manc‘lkggrot set. W‘H(S CWVU’W* 4 \me
ZO 1 2m+\§zn +C“ B ]

(b) (5 points) Define the Feigenbaum constant. Explain everything!

& Qv ~ Oy W dS‘tW‘ui Wm “to WWYC& f
o OO e Reeping dccveag;ma @
¢ Constent.




PR

Q(?) WG A =

4. (10 pts. total)

(a) (6 pts.) For any position P in the (n2-1)-puzzle, let [i, ] be the location of the blank
(that we call n?) (In other words, i is the row-number and j is the column-number), and
let 7(P) be the permutation of {1 2,3,...,n%} obtained by reading it from left-to-right
and top-to-bottom (like in English). Deﬁne

S(P)=i+j+ inv (W(P)’) :

where inv () is the number of inversions of the permutation .
Prove that if ¢ is any position reachable from P by a finite number of legal moves, then
the parity of S(P) equals the parity of S (Ps In other words, they are either both even

or both odd.
Note: You may use the lemma that if you exchange any two elements in a permutation,
the number of inversions always changes by an odd integer.

RIwetien '+ e Yow 3t "+ (lumn 3 Tnvension +” ~vhe ot cab.

Ia ooy 9?;/13{0 kﬁ«/\ M)obe.Yl get’s @d\wgpj wTth othen wit.

but olt -dae other Iits stay -the m?, W#O’f‘m@n@m W")’

o odd M@r bl{t - caf:dtswoem la\,—tl

Chonge row (/Ol:h" exxthy on@

mww 4%1« sum s te e Cuery Hjme - Lo Pake
Hhe legal maove,

(b) (4 pts), VER .

Let N ~
1 2 3 | /4 2 1 =2 j=
@4 , 3 5 .
6 7 8

Can you reach position P’ from position P¢'by a sequence of legal moves? Explain!
?(—ﬁ>: l;z 7 3/ g: q, 4—/ é/ ?—/ 8 -P/(Ti)t a’z) '.’ %’ g’q) (7)?/%'
(D= 04040+ | +4 +0+0+040 T(T)= >+1t0t0t0+3 =1

"‘ =5 S(F’)-: @)+ it)z Jrery, =\

By IW‘F%‘\OLG ~that ? o reach P’/ ‘;\, the Wi o). %\’ Y Wﬂ'\?‘?

GV\Q [ 06{0‘ , one 1S ven

5. (10 points)
Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and IG | are
their nymber o‘ ele nts respectlvely then |G|/|H| is always an integer.

[H hi 200y, Qhy G 7 15 disimet with HEG
GI\ :?%\l%u\“/ﬂ“?{ Jd,?};{éxﬁﬁﬁ ’%3' } )



6. (10 points) What is the name of the following famous equation-pair?
fg =y § My = —vp A

or, in fuller notation
Ou _ Ov Ou  Ov

bz By ' By s
What is special about the function u(z,y) +iv(z, ) where u(z, y), v(z, y) satisfy the above
system of two equations?

7. (10 points) Who discovered the quaternions? What city did that person live /n?

\dliom owan Hwﬁ%ﬂ 1942
Dublm

8. (10 points) What is Heron’s formula, what century did Heron élve in?
. - Oﬁ +C
Alssdsdso /s O

Heren bive n CE 60

9. (10 points) Where did Isaac Newton study? Who was his teacher? What unusual
action did that teacher do? What was Newton’s position after he left Ca.mbndge

He stidy n Uniersity /
Gra’)

10. (10 points) In what city was Leibnitz born? Where did he spend most of his hfe?
What King of England was once the (e;rzoyer of Leibnitz?.

He born M 1RTP2TY Ha,,.w)

11. (10 points total)
(a) (5 points) State Vitte’s infinite product for 2.

— 12 /,()-’f z . iz*ﬁ:'-«.

//\;’:'2__ 2. 2

2

(b) (5 points) State the names of two people who initiated the use of logari

John NO\Y\\QX‘ ) Jst %‘"T
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Sek

» . '.’ g . s N‘ N v
2. (10 pts.) Prove that v/3 is 1rratlonW WS 'h V\Q- v T

' 7\]_5'”“’ M ANYRGLVS

325 |
3ﬂ7im7 : ,
ﬂ/3°a) me3e A (5)

3(.\3 Bb@ “”_-0\ '5“- et e

74'l

= 30 e ‘\:,%é,\—r
3. (10 pts‘ total) (a) (5 points) Define the Mandelbrot set. /8 d’?h\ $ ) S
2 . | ’ )
7 2 TC BTSN - M POSS‘\O e
0 (GEges

N TSN

"‘"?oo {n-n/rﬂ - %'(0(07@ 2



4. (10 pts. total)

(a) (6 pts.) For any position P in the (n2?-1)-puzzle, let [i, j] be the location of the blank

(that we call n?) (In other words, i is the row-number and j is the column-number), and
' let (P) be the permutation of {1,2,3,...,n%} obtained by reading it from left-to-right

and top-to-bottom (like in English). Define

S(P)=1i+j+ inv (W(P)‘) ;

where inv () is the number of inversions of the-permutation .
Prove that if ) is any position reachable from P by a finite number of 1egal moves then
the parity of S(P) equals the parity of S(Q). In other words, they are either both even

or both odd.
Note: You may use the lemma that if you exchange-any two elements in a permutation,

the numper of i 1nvers1ons al'ways changes by an odd integer. Y\jﬁﬁ oY em’

MOV 7 a8 o0 YNori3d
Swie

- o\
cco’d! e ;emma HF of invers
Hoﬂ%ONaL A \Y\ @{e& non3or o\ move

cranggh vy M KB o iy
WY\\%WS \4@ Q/W odd of eva% rz]js jn '

' SONS OhangRsd V7
ool 2 sCCg e o B, Kty

(b) (4 pts)
Let e e A3\ 0
1 2 3 4 02 1
P=|5"14%| , @= ‘i§ 5 9
6 78 \6 7 8
Can you reach position @ from posmon P, by a sequence of legal moves7 lain!

5UO>/ WG f)) 1) 2 XHJ{%()/YZ( . adpf.
Sa&ygﬂrw— 29 TS — 11‘ o~e N

DI%QM’ Q@\\ﬂhﬂé’ > huh 1S ' 'im'ﬁdsS\)?/QQ

Sy frns N @) 10

Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G' | are

the1r number elements respectlvely, then |G|/|H] is always an integer.
lH z G IS & gub@muq) of 6

Cq’%%, . o ﬂ@hhhu@d on o o
YO S Loy —_




6. (10 points) What is the name of the following famous equation-pair?

Up = Uy 5 Uy =—Up o, v

or, in fuller notation
Ou Ov ou  Ov
oz by > By Oz ‘
_What is special about the function u(z, y) +iv(z, yf where u(z, y), v(z, y) satisfy the above
,  system of two equatioms? ‘

ot P ~
,< OW% "AQ\"QIMOVV\/\”' ‘L ) -
. . 3 - r‘{ Yol IA ’{\ *
] 1 hd
-_Tﬁ\)vp ‘O/‘ { A f/ . . v

7. (10 points) Who discovered the quatermons‘7 Wha’c city did tha person live in? ]

Wiligm  Rowann Yot | )

8. (10 points) What is Heron’s; formula what century d1d Heron live in?
A- (5(5 &) (s-pX(E) 1 2 cent. 4D @

9. (10 points) Where did Isaac Newton study? Who was his teacher? What unusual
action did that teacher do? What w;a.?ﬂ ewton’s position after he left Cambridge?

Studied in Foane .
Ough 4 Galileo ? 5 0)

(10 points) In what city was Leibnitz born? Where did he spend most of his life?

What King of England was once the em

loyer of e1b712vf
Born W wan e Vargou @
Lved N nd

f\ N
K'I{\@(IO points totl) o

(a) (5 points) State Vidte’s infinite product for 2.

X iT
T '(’,05 _[10@5%_ OS[}QCOS 37 " i

(b) (5 points) State the names of two people who initiated thé use of logarithms
fohn Neger v )
Hency Bngas  Liex)
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No Calculators! No Cheatsheets! YOU MAY USE YOUR HISTORY NOTE-
BOOK (But not your Math Notebook). ‘

Show your work! An answer without showing your work will get you zero
points.

Do not write below this line (office use only)

P
1. § (out of 10)

2. M) (out of 10Y , * ‘o ,
-\ (out of 10) ' . N T T

w

L

“) (out of 10)

% (out of 10)
. 0 (out of 10)

o

(o2}

LD (out of 10)

=~

oo

-\ 6(out of 10)

©

O (out of 10)
10. 0 (out of 10)

11. 613 (out of 10)

(ou]t of 110) L
r

total: éL ’l’}(’—, 7} |




1. (10 pts.) Give two proofs of the Pythagorean theorem.
—

b

6 (axb)* = O 4ab.

O+ b)’“: 04 b2t 4 ab.

,Clw&aﬂblﬂc&b ‘ 'l' '

2. (10 pts.) Prove that Y3 is irrational. )

V. o 3 a\!

3Vp) =3 (3.
QupPose,?E h33 m—eMml , (%,,'_Pj 7341 @
B0t gedomin) =1, S
."%:5_ 7?.’#:75-\4-
m—l:syﬂ

Lemma: 0ny numipk can be wiitten
in the -‘\eFm? N =~5C,'<
= m=30.p , ged (p,3)=1
n= 33,
3. (10-pts. total)

- god (¢,3) = |
a) (§ poi(;‘ligs)SJDeﬁne the Mandelbrot set.

f@) =24 ¢, tat, has boundarles
namely, -F(e),aF(\C(o)), -~ do pot OGVQ"BQ‘

Mandelbyt set 16 o get 0‘: numbers —Pmm f“@
o)

b) (5 points) Define the Feigenbaum constant. Explain everything!

afh -, o Feigenboum - nffmﬁ
\\‘ —_—————— g
) Wt A ok xpress T

wm\

Ty 3 a confradic-ten
> 5 wrational |

10«‘ non e op,

@,

FE-
A BN omstangf

of b‘ﬁ”&r&{bh




r———— -
=3 Tty P e i [est— =

4. (10 pts. total)

(a) (6 pts.) For any position P in the (n2-1)-puzzle, let [i,] be the location of the blank
(that we call n?) (In other words, i is the row-pumber and j is the columft-number), and
let m(P) be the permutation of {1,2,3;...,n?} obtained by reading.it from left-to-right
and top-to-bottom (like in English). Define

S(P)=i+j+ inv(ﬂ'(P)') :

where inv (7) is the number of inversions of the permutation .

Prove that if ) is any position reachable from P by a finite number of legal moves, then
the parity of S(P) equals the parity of S(Q). In other words, they are either both even
or both odd.

Note: You may use the lemma that if you exchange any two elements in a permutation,
the ber of inversions always changes by an odd integer.

f gt move n* WWanmw Aoz charge
Q/!\OK '60‘?, WW humbyp OWQS b& ];P you Y”‘W n- l'\ﬂhz&)v(:‘a%
" ohe legal mave, “he rOW—ruumber doogrvt d/wwxge and. Hhe

/@ 0 lwmn - paamiber Changes b3¢| o whether You imove ni
WM% er )\Q\fl}-@'n*ﬂruv \,—&\) wil OL\P\V\G& b}j .

(b) (4 pts) fs Owe&uﬂ/ the W‘Mcj o-E S(:);A BdoL vt
Let L P = the pqn—e:.] o S(6)
P={5 4 , @@= 3 5
6 7.8 6 7 8
Can you reach position P’ from position P, by a sequence of legal moves? Explain!
SIPY= 22 v (Tp) = 4+57?‘ You Gannot rexeh postrdon
\
inv(ﬂ{%):l+4$;/ P/ from (Pbﬂ \Qg@l Mmoves.

because  the parcty OF
L( S(p) # the puriy me StP)
5. (10 points)

Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G ( are
their number of elements, respectively, then |G|/|H| is always an integer.

\Mi=n sz Hz Thy b, s — Y, | GH=Sghugh, ~ghey g e G QRES ) -+ 1GI=mn.
Vcq Ao ) gaR={h, g gy GieG BHEE [T I el fin)=m
@ Qf""’% . / < . So, ‘G’V(H‘ 2

Al e o L lm i~

SIPY=3+04 MV(T(L&)).:S+7 =
Q)= 3+ 1t 3=

.
. ARV

.




6. (10 points) What is the name of the following famous equation-pair?
Up =Vy , Uy =—Ug ,

¥

or, in fuller notation : ‘

ou _Ov ou  Ov
9z 9y ’ oy Oz
What is special about the function u(z,y) +iv(z,y) where u(z, y), v(z, y) satisfy the above”
system of two equations? ' /

“the. ~ camantenl V form.

The efuecvian helped ham write the eguactions of ‘

7. (10 points) Who discovered the quaternions? What citf did that person live in?

Willtam Rowsn Hamibten @
D\A\)LTV\

8. (10 points) What is Heron’s formula, what century did Heron live in? —
“ Heronic.” Lormwla ~Pgr’ 4he area © OL"(?Y‘\\Q"@M“ {0

A:— ,17; lg '0&)(,&-\))(5-6) M-P\Ahe,\d 3egme;tr\¥*wl ‘pﬂm S Me-(-n\(m'c

, gtmi CQ)/\'jb*M:é .
9. (10 points) Where did I Newton study? Who was his teacher? What unusual
action did that teacher do? What was Newton’s position after he left Cambridge?

faly.
Haly )( @

10. (10 points) In what city was Leibnitz born? Where did he spend most of his life?
What King of England was once the employer of Leibnitz?.

+
/
!
/

11. (10 points total) :
(a) (5 points) State Vidte’s infinite product for 2.

YR GV SO & .
ﬁ~“+“s“ww%

(b) ( 5 points) State the names of two people who initiated the use of logarithms

Ve, Henty Brrgy? Jon Neper /
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5/(0111: of 10) {®1J7w79, //’; —-»hg

o A (et ek

O (out of10) Then (@l h.()A — "A A_,(
O(out of 10) @L — 1/‘ hi -/ éM

10. L\ (out of 10) W’WS @3 U= {@3 ém mg
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\0 | ond we ed @}A; :@3 b
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1. (10 pts.) Give tvx;o proofs of the Pythagorean theorem. .

@ . O by :__?«;%*’__L"\ ! S%WW M@V@ U A PFH%C,(
' I Squargg, With  Jenpth b

Ly Gside  Then +re oweq

I (“'fé) = ot 204442

1 of the Same area,
i J’(‘é{e vent hofodio
2t 00b, Henee

0+ gob+b* = Aok
The -Py(mr\@(e MC @ACA/ B QA k Zj/fdé agféz'—‘fczf

o oll Similor

¢ _ 2, T ——
Tl"@” —-0'(‘ 'C/‘(' ) O;s— C/'fC” éy Y«ha .

2. (10 pts.) Prdve that v/3 is irrati

Cgpse 3§ rertne and Fhus 13 =1
Tren 3= M ond W m?=3p"

- S
@ T O ' @ -~ The Jeemd Jsquare, Wi ch

—

(c'+cV= Stnce  py '(5 Juishe b‘/ 3, he @ Y

M= g A some [ ond o, Swilarty, “%

N=3L far some Joand b, Tren m1=3p
- 7‘0% 3\3%»7 3%%5) Thep Sethe expene

3. (10 pts. total) (a) points) Deﬁne the Mandelbrot sl hﬂVe J’;ﬁéyen-/' W } ﬁ?ﬁ
4

Mande!brat  S&f 2,,*,..2 2L where C &

o Constopd an d —Phe lales p@[ szcmé A)
i graws - -
md J@ap

(b) (5 points) Define the Fe1genbaum constant. plam Ce?xg,@thmg'
Felpen haum Camﬁm*/j g o wathemalical constonds
Which puth eXjress rodag TR Lifoy odten  of & hon~lmeor
ap Thys, 75 [Amarrly WRd o jaedict paalatiad ?m/#,




[N

\

Y

4. (10 pts. total) :
(a) (6 pts.) For any position P in the (n2-1)-puzzle, let [i, 7] be the location of the blank

(that we call n?) (In other words, ¢ is the row-number and j is the column-number), and
let m(P) be the permutation of {1,2,8,...,n*} obtained by reading it from left-to-right
and top-to-bottom (like in English). Define

S(P)=i+j+ inv (W(Pj) ,

\ where inv () is the number of inversions of the permutation 7. )
Prove that if @ is any position reachable from P by a finite number of legal moves, then
the parity of S(P) equals the parity of S(Q). In other words, they are either both even

or both odd.
Note: You may use the lemma that if you exchange any two elements in a permutation,

the number of inversions always changes by an odd integer.

(b) (4 pts) =2 s
Nz d "'3

Let yZF)
1 2 3 4 2 1
P=|5M4] , Q=13 5@
6 7 8 6-7 8

Can you reach position & from position P, by a sequence of legal moves? Explain!
\ -

S(P) = (+j+mv (L) = 2+2je.C{_+L€):—. 7)

D S(Q) = 14T+ VUL@) = 243+ (34 +3) = |2
Tn order for Hhe pasition chonge from f 1o Q
be legal, He patly of S(P) s o wotch
With S(@) Sine S(is db ond @) s-ewn

5. (10 points) s (onnat. W!ﬁ/ﬂeb

Prove Lagrange’s theorem that if H is any subgroup of 4 group IG, and |H| and |G| are
their number of elements, respectively, then |G|/|H]| is always an integer.

- TF HCE, Foe G uch ot 2 & H _
W‘@’ @2H: g@;"\{ ] @).}\2\ : ":‘ @>L)W\5 ‘,“_{g\?\mf 4

ued




6. (10 points) What is the name of the following famous equation-pair?

or, in fuller notation

Ou _ Ov Ou  Ov

or By ’ By " bz
~ What is special about the function u(z, y) +iv(z, y) where u(z,y), v(z, y) satisfy the above
system of two equations?

Hai [0 ~ Jacayi - equetten Cmap!)

This © speclal  becouse #7 J cAam c@vg}j«c
‘7/ (10 points) Who discovered the quaternions? What city did that person live n‘7n

W( //am‘: Kowan Hamiltsr | Dublin

8. (10 pomts) Wha’é is Heron’s formula, what century did Heron live in?

A= JSCI—&)CS-A)CS'C) AL (QMLWVJO

9. (10 points) Where did Isaac Newton study? Who was his teacher? What unusual
action did that teacher do? What was Newton’s position after he left 7(Zaﬁabridge?

pﬁ(yé’%(, . cﬁkﬂﬁaah HMY@'@M O
- | Alewton ‘Me\ﬂa/liﬂeat a A Vef?rcher (Y

\

10. (10 points) Tn what city was Leibnitz born? Where did he spend most of his life?
What ng of England was once the employer of Leibnitz?.

R et L@”o“;? . Fle denct %{ Crept
11. (10 points total) @
&L@ points) State Viete’s infinite product for 2. T

2 i, ,.,,
/,K’"'“(C‘é Cé CCUg ‘C:"’J s~ (04

(b) ( 5 points) State the names of two people who initiated the use of logarith:
ohn Neper,  Hetry  Priggs
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L)
i

1. {(outoflO) | HCG 3'31’6’ G s 39 %H

2. 9 (out of 10 g,H = {9;;%)‘, s hs, ., 3,%}
3. "\ (out of 10) dahy = 9o hj . '

4.*7{ (out of 10) 39" (991'\.) . @,"AD

51, (out of 10) hi * hj

6. O (out of 10) contrdich 70 Y

710 (out of 10) © 95 =he

: Wfl\(ﬂ (95h0) Cba'l></ hj hi "‘[‘

9. $™ (out of 10) «:8;31'{6%(”’6 'l) ~ )’\3 hi |
10. | (out of 10) 95hy - 33 "lj

114 (out of 10) D )
X, 93 = Gohe hj !

. conint d letion
total: (out of 110) '

C()\"H’ﬂf B \/M/ ?mwvf(é%

10,5 Imghecet




9,

[ M of o 2 0%y Y (i) - 4
prev of d’m 2. %4 V(ff/&nj(q) =4

1. (10 pts.) Give two proofs of the Pythagbrean theorem/.
a

(a-0)(a-b)

0% -clh- ab vo*

¥

(9) (@-9Y + 30 =c?
0%+ b7 padh <
O\Qiba:

N RS
",\ 4 . -

4b9+w % Y,

0Pp7 =

28

N The 2 pfoofs Were

qu‘f‘/Hy we Jdad
With 'm Cut ot

. 2 ' 2 '
@ Pa’(y\“ﬁ"" ')Wl’& @W‘)q + (m2. i’)’) c é”?ff/’)} a=2mn \/
' Amn? = Im? 2 @ b~ m2-n2
i ~ My nd -
45307”‘2' ka U5 s rakionl . mon
10 pts.) Prove that v/3 is irrational. 37
m % 7 7+, 7
() ( 77a" =777
| 3. ry _
n contridicha, - L\/d{ 3 @
| 3n7 - m’ @, ; ‘éﬂ/\y )
| mha e T ' 5 Js e
(7%)"= 3 (h) . N ,
| 3. (10 pts. total) (a) (5 points) Define the Mandelbrot sst.
27°+C S o R(Q), ‘F(‘@)/ ‘
Thiy  Z2HC TS- uwd g ook Jti{a Urkln ¢ U n J Set
Tt a“# ConVemes  4un 4 s n A Set. L dives 1]
o S L
(b) (5 points) Define the Feigenbaum constant. Explain everything! ‘
[im rn”(mq
NI ——’”ML., A = / ééﬁ 4\6
. "\




4. (10 pts. total) :

(a) (6 pts.)_ For any position P in the (n?-1)-puzzle, let [3, j] be the location of the blank
(that we call #®) (In other words, i is the row-number and 7'is the column-number), and
let (P) be the permutation of {1 2,3,...,n%} obtained by reading it from left-to-right
and top-to-bottom (like in English). Define o

S(P)=i+j+ inv(x(P))

where inv (7) is the number of inversions of the permutation . .

.\ Prove that if @ is any position reachable from P by a finite number of legal moves, then

the parity of S(P) equals the parity of S(Q). In other words, they are eithen both éven

or both odd. -

@ Note: You may use the lemma that if you exchange any two elements in a permutation,
the number of i mvers1ons always changes by an odd integer.

(I ACI WORS b27g \F  Jee by M femmr W char st
45 ¢ 4 5 b 2 tleads [y P we Swappal

L T g A blank (
\ . q 5. Ss
S"d n (ﬂﬁo"b +\] ‘ S - l + 3+ Q i Tk # a@ f[?dm%/}n} Chan;{A
S:‘. O 4 ?3*3 S fr(P an add l/!#fl/\f (/n J’hg Cafe )«
S =6 K
el Loy | »
e €
(b) (4 pts) VeYesziny - 0 Brx5E Pz

Let

b2 3y o 4 2 1 (91359 679
i (g g‘ g) ..i"‘h‘Q\ A (g ? Z) ..(3)'(.')(9](0) () [3)(0)[0(0}, 7,

Can you reach position @’ from position P, by; a sequence of Jeéal moves? Explain!

PoSeiitring  Qr Feinvl) £l

- 532X S: T4 243
0 £ 0dd S, L £even

%

O s euern & O S, odd 1 5o ¢ 05 _ne
~ OSSIe, : S oz
\ P Hou ctmr o,
‘ig3 ror B Ct ;
57 (10 points)
't Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G| are
their number of elements, respectively, then |G|/|H| is always an integer.

Th answer  f en M Rt e




6. (10 points) What is the name of the following famous equation-pair? Fist Bund

Up =Vy , Uy =—Uy , U‘Qt‘i&5 alon : Y By
or, in fuller notation /L 3 21V 3@? ?

_ov gu _ _ov a
~ (%~ T wm - WX

What is special about the function u(z,y) +iv(z,y) where u(z,y), v(z,y) satisfy the above
system of two equations?

Ths specidl  beeavy ¥ an Woused  F o gele A Mmyx@
Cdblc  equotin 1

7. (10 points) Who dlscovered the quaternions? What city did that person live in? /
W’I@ ersony 45 cod ai&coi’l @lﬁ“ Guidorh g 20eq it Honi o YA

o & /_{[,(,\(“‘/[A— L .:\/1 ( «- 1‘6” ‘,)4 | xay. (W”(‘“M éou)t/\ //HJZ)A) @

ou v ou v /*/Y*L‘é;[)
- 2 1)

8. (10 points) What is Heron's forfnula what century did Heron live in?
\.a\‘\ & A’Y 04 O‘C ’)"r L L‘ A‘
\],(,5~&7CS ) C-CD & :}"ﬂws o * Y
Lued—in—gL- 3T conmry

9. (10 points) Where d1d Isaac Newton study? Who was his teacher? What unusual
action did that tegcher do? What was Newton’s position after he left Cambridge?

o Teadsr | Tsgac Bacrow'| \/
(Shdid in Combridg

o fOsidlon  ~fler leaving Ca.mb'ﬁ'/f'e PLD 4 profegor %
o unusudl achon jeacks  did ;

10. (10 pomts) In what city was Leibnitz born? Where did he spend most of his h ?
) What King of En;gjand was once the employer,of Leibnitz?.
° Born N Le\pzfj
* Spin+ Mo+ |k in C-efm'vz —7
M) et v emploger  ©
11. (10 points total)
(a) (5 points) State Viéte’s infinite product for 2 =3

a)
T 23U b bR P,
27 1v343: 5577794, ..

\“Lé s W,

(b) ( 5 points) State the names of two people who initiated the use of logarithms

o Pk Olaimed et 103 () 26 in o« Jesor A D gmbat in [14].

Ce Nt < (9

Yod Al Do) A [ogﬂr}hlwﬁ'c spirals.

b

o

>

Leibpts - K
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. f (out of 10)
. Qout of 10)
. 7 (out of 10)

L‘ (out of 10)

/
5. 3 (out of 10)

Do

W

L

. 0 (out of 10)
7. tO (out of 10)

8. g (out of 10)

9. 1'1 (out of 10)

[=2]

10.”5 (out of 10)

11. (O (out of 10)

total: (out of 110)
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1. (10 pts.) Give two proofs of the Pythagorean theorem.

(7w (Qm .eZ-ab -cb b
S (0\'\)> x2ab

g @fb%bz +. 24V
014\)1: c?

() T FICEIER
2\ \
gl & ¢ b= g ) 4 ONWK9WJ)

Ql &bl*q(w\uw\jus)

q-rb e | e

.Q\'\O

2. (10 pts.) Prove that v/3 is irrational: )

Assum by aodichon \Y/ 1 htortx
) a1 \?‘L*\*\Ts
i

”&Q B= m; "“*

3. (10 pts. total) (a,) (5 points) Define the Mandelbrot set. o
M\nd‘ ( S&b ZV\.-\\ - &l /\/C/ . ZO =0 | l‘} q\ﬂ'ﬂ L(
Aets ot dWHgR  patt L sel.

(b) (5 points) Define the Feigenbaum constant. Explain everything!

JAlA (n-{n-y - L}-@(aol-
5 e e A)
&%’“ﬁ o
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4. (10 pts. total)
(a) (6 pts.) For any position P in the (n?-1)-puzzle, let [4, 5] be the location of the blank
(that we call n?) (In other words, i is the row-number and j is the column-number), and
let 7(P) be the permutation of {1,2,3,...,n?} obtained by reading it from left-to-right
and top-to-bottom (like in English). Define

S(P)=i+j+ inv(x(P)) ,

where inv (7) is the number of inversions of the permutation 7.
Prove that if () is any position reachable from P by a finite number of legal moves, then
the parity of S(P) equals the parity of S(Q). In other words, they are either both even

or both odd.
Note: You may use the lemma that if you exchange any two elements i in a permutation,

the number of inversions always changes by an odd 1nteger
) s \o\wg puh3 U

T¢ s & pesihm 0 W (n®

ﬁ(?)—_ \YNU ) J‘"f;\' )

W
1&(\\3:83\}:‘%\%“% ? -V(SQ(Q&QM havt ws 0Stmu paci by

oM \\U\ 3 cmmpchW_Lj pg(mwah“m %ﬂh
blank s vplated Vg0 e ww Anahm 9%,

ol T Thyy) & 7’@5«%%%&4{6@ et

\
05 (VN Y by o fat K AMM‘?ur "G Leye j‘

A ¢
’ , {2

et C /12 3\ S=® (4 2 1 mv( €9 -
‘ o, . 7% L 34 ) 4 =
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Can you reach position P’ from posnhon P, by a sequence of legal moves? Explain!
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5. (10 points)

Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G| are
their nunkl})j;‘(\of elements, respectlvely, then |#|/|H| is always an integer.

i



e A gy

@10 points) What is the name of the following famous equation-pair?
u:z; = vy 3 Uy = _’Um 3
or, in fuller notation

ou Ov Ou Ov

oz oy By Oz

What is special about the function u(z, y) +iv(z,y) where u(z,y),v(z,y) satisfy the above
system of two equations? '
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7. (10/ points) Who discovered the guaternions? What city did that person Hve in? _
PamiMon  fooal W fquokerions - W Wed 10 Dyt T ~()

8. (10 POintiz\« What is\lHeron’s formula, Eveliat century did Heron live in? U /
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9. (10 points) Where did Isaac Newton study? Who was his/teacher? What unusual

ion did that teacher do? What was Newton’s position after he left Cambridge?
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10. ) (10 points) In what city was Leibnitz born? Where did

WHat King of England was once ghe employer of Leibnitz?.
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spend most of his life?

11. (10 points total)
(a) (5 points) State Viete’s infinite product for £,

"—::LF“ = WL WT T ()T / -
1 % e 33 S
(b) (5 points) Sta,t‘e the names of two people who initiated the use of logarithms




NAME: (print!) ( Uxen MCkal/(

E-Mail address: JW&MA&@M%ML@Q

MATH 436 Exam II for Dr. Z.’s, Spring 2017, April 24, 2017, 10 20-11:40am,
SEC 211

No Calculators! No Cheatsheets! YOU MAY USE YOUR HISTORY NOTE-
BOOK (But not your Math Notebook).

Show your work! An answer without showing your work will get you zero
points.

Do not write below this line (office use only)
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. g/(out of 10) -
]@ (out of 10)

. } (out of 10)
4, [ (out of 10)
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. ) (out of 10)
O (out of 10)
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\ 0 (out of 10)
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8. X (out of 10)
9. ’U\ (out of 10)
10. L( (out of 10)

11. 6 (out of 10)
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total: (out of 110)
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2. (10 pts.) Prove that +/3 is irrational. : &
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3. (10 pts. total) (a) (5 points) Define the Mandelbrot set. [TE T didat ﬁ‘mﬁ «
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b) (5 points) Define the Feigenbaum constant. Explain everything!
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. (10 pts. total)
(a) (6 pts.) For any position P in the (n?-1)-puzzle, let [i, 4] be the location of the blank
(that we call n?) (In other words, ¢ is the row-number and j is the column-number), and
let 7(P) be the permutation of {1,2,3,...,n?} obtained by reading it from left-to-right
and top-to-bottom (like in English). Define

S(P)=i+j+im)(7r(P)') , NV(T(E)  # of nimes

23 hl@%‘% S
where inv () is the number of inversions of the permutation 7. 1nerent of hodleip
Prove that if Q) is any position reachable from P by a finite number of legal moves, then
the parity of S(P) equals the pz\:xrity of $(Q). In otherwords, they are either both even
or both odd.

Note: You may use the lemma that if you exchange any two elements in a permutation,
the number of inversions always changes by an odd integer.
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1 2 3 4 21
P=15 4 , Q=135
6 7 8 6 7 8

Can gou reach position% from position P, by a sequence of legal moves? Explain!

(b) (4 pts)
Let

= 9 =
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5. (10 points) :

Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G| are

their number of elements, respectively, ther |G|/|H| is always an integer. M m %h h -S
- vyt g Nen
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6. (10 points) What is the name of the following famous equation-pair?

A\ Uz = Vy - Uy = —Ug ,

or, in fuller niotation 5 5 5 5 O
(7 (% w (% ‘
5z =8y ' By oz *. &

What is special about the function u(z, y) +iv(z, y) where u(z,y), v(z, y) satisfy the above
system of two equations?
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7. (10 points) Who discovered the quaternions?
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8. (10 points) What is Heron’s formula, what century did Heron live in? O

A= (S Gs(s0-0) et
e | arny /m 44y

9. (10 points) Where did Isaac Newton study? Who was his teacher'? What unusuaIM“
action did that teacher do? What was N ew\’%)osmlon after he left Catnbridge?

M/\A‘vm{%ﬁ of  Camlord /?UW
()
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10. (10 points) In what city was Leibnitz born? Where did he spend most of his life?
What King of England was once the employer of Leibnitz?.
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11. (10 points total) W

(a) (5 points) State Vidte’s infinite product for 2.

T . 22446l £F >( @w
Zz - W
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(b) ( 5 points) State the names of two people who initiated the use of logarithms

Brigas g Ngier
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MATH 436 Exam II for Dr. Z.’s, Spring 2017, April 24, 2017, 10:20-11:40am,
SEC 211

No Calculators! No Cheatsheets! YOU MAY USE YOUR HISTORY NOTE-
BOOK (But not your Math Notebook).
Show your work! An answer without showing your work will get you zero

points.

Do not write below this line (office use only)

1. g (out of 10)

2.1 D (out of 10)

3. 7 (out of 10)

4 ’} (out of 10)
5 (O (out of 10)

6. () (out of 10)
7.\() (out of 10)
8. () (out of 10)
9. G (out of 10)

10. 3 (out of 10)

11._" (out of 10)

~

total: gl'q(‘out of 110)
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1. (10 pts.) Give two proofs of the Pytﬂaggrean theorem. | m
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2. (10 pts.) Prove that v/3 is irrational. i
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3. (10 pts. total) (a) (5 points) Define the Mandelbrot set.

{( (2)- {(2)* c o @
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(b) (5 points) Define the Feigenbaum constant. Explain everything!
t\’n VoV . L
—rm s et 33 '




4. (10 pts. total)

(a) (6 pts.) For any position P in the (n?-1)-puzzle, let [i, 5] be the location of the blank
(that we call n?) (In other words, 4 is the row-number and j is the column-number), and
let 7(P) be the permutation of {1,2,3,...,n?} obtained by reading it from left-to-right

and top-to-bottom (like in English). Define ) ]
. sW

S(PY=i+j+ inv(n(P)) ,

where énv () is the number of inversions of the permutation 7.

Prove that if Q is any position reachable from P by a finite number of legal moves, then
the parity of S(P) equals the parity of S(Q). In other words, they are either both even
or bath odd.

the pumber of inversions always changes by an odd integer.
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(b) (4 pts)
Let

1 2 3 4 2 1
P=15 4 , Q=13 5
O 6 7 8 6 7 8
Can you reach position & from position P, by a sequence of legal moves? Explain!

v (P O +o10+8 Pt s et o
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5. (10 points)

Prove Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G| are
their number of elements, respectively, then |G|/|H| is always an integer.

G
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6. (10 points) What is the name of the following famous equation-pair?

Ug =Vy 5, Uy = —Vgp ,
or, in fuller notation

@_@ 6u v
oz By ' By Oz

-
What is special about the function u(z, y) +iv(z, y) where u(z.4), v(z, y) satlsfy the above
system of two equations?

e %

7. (10 points) Who discovered the quatfrnions? What city did that pergon live in?

V\j “\(M RM,,\ b\\w\hw\ /
D\A‘Ol\ n

8. (10 poin%ts) ‘Wh@tﬁ is H:F%er n’slformula, what century did Heron live in?
Q""“"\ Jﬁ(m‘sk FA AT

Tt (ontury

9. (10 points) Where did Isaac Newtgn study? Who was his teacher? What unusual
action did that teacher do? What was/Newton’s position after he left Cambridge?

(qlv\b} a(ge\/ Lma( Qamww,

9
his pesfon " ghesyof primk ad ultivo® podtel Y

10. (10 points) In what city was Leibnitz born? Where did he spend most of his life?
What King of Epgland was onck the employer of Leibnitz?.

e Y'z\':) , Germany,
0

g 1y

11. (10 points total)
(a) (5 points) State Vigte’s infinit¢ product for 2.

T o . 7

(b) ( 5 points) State the names of two people who initiated the use of logarithms
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MATH 436 Exam II for Dr. Z.’s, Spring 2017, April 24, 2017, 10:20-11:40am,
SEC 211

No Calculators! No Cheatsheets! YOU MAY USE YOUR HISTORY NOTE-
BOOK (But not your Math Notebook).

Show your work! An answer without showing your work will get you zero
points.

Do not write below this line (office use only)

1D (out of 10)
|6 (out of 10)
b (out of 10)
4. 3) (out of 10)

5. [D (out of 10)

r> (out of 10)
0 (out of 10)
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0 (out of 10)

O (out of 10)
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10. O (out of 10)

11. ; (out of 10)

total: (out of 110)
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1. (10 pts.) Give two proofs of the Pythagorean theorem.

| N~ A .
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2. (10 pts.) Prove that v/3 is irrational.
Aﬂwf{ﬁ K whinal o q O
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3. (10 pts. total) (a) (5 points) Deﬁne the Mandelbrot set. O
/mﬁméﬂm% Sot = %%fc éd:{ Z o&crga@»«brg b=, fﬁg

(b) (5 points) Define the Feigenbaum constant. Explain everything!
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4. (10 pts. total) ,

(a) (6 pts.) For any position P in the (n2-1)-puzzle, let [i, j] be the location of the blank
(that we call n?) (In other words, 4 is the row-number and j is the column-number), and
let m(P) be the permutation of {1,2,3,...,n%} obtained by reading it from left-to-right
and top-to-bottom (like in English). Define

S(P)=1i4+j+ inv (W(P)) ,

where inv (7) is the number of inversions of the permutation 7. .
Prove that if () is any position reachable from P by a finite number of legal moves, then
the parity of S(P) equals the parity of S(Q). In other words, they are either both even
or both odd.

Note: You may use the lemma that if you exchange any two elements in a permutatiofi,
the number of inversions always changes by an odd integer.

Sl S (p)= i v (xp) ).,
L. & S8 98)= DD - Sulrtpr W),
= ﬂj@)ﬁﬂhéﬂpﬁ}z—u Jor Sme @ UM §
> Prit Un ) +2m, or somfimel
€ < S) = S mad 7

(b) (4 pts)
Let T oo p | Q-

3
123 4,2 1
P=1|5 Y4| , Q=3 5 °*
A6 7 8 6 7 8

A
-

Can you reach position P’ fror\n/position P, by a sequence of legal moves? Explain!

qu)-:: 2”’2-{*5—:% ::) S[F)Eg(a)hyp(z)

5(62?:2*5“%;5% z

A

their number of elements, respectively, then |G|/|H]| is always an integer.

« W

5. (20 points) A
Prgve Lagrange’s theorem that if H is any subgroup of a group G, and |H| and |G| are

I . . [V o T




6. (10 points) What is the name of the following famous equation-pair?
'u;x = 'Uy 3 'U/y = '—’Ux 3

or, in fuller notation
Oou v ou  Ov

9z 8y ' By om
What is special about the function u(z, y) +iv(z, ) where u(z, y), v(z, y) ' satisfy the above
system of two equations?

Za@(cue %} ﬁjﬁf;%ﬁw %394 O

7. (10 points) Who discovered the quatermons7 What city did that person live in?

©

O

9. (10 points) Where did Isaac Newton study? Who was his teacher? What unusual /
action did that teacher do? What was Newton’s position after he left Cambridge?

8. (10 points) What is Heron’s formula, what century did Heron live in?

N

@ /

10. (10 points) In what city was Leibnitz born? Where did he spend most of his life?
What King of England was once the employer of Leibnitz?. O

11. (10 points total) .
(a) (5 points) State Vidte’s infinite product for 2

2

rrt @

(b) ( 5 points) State the names of two people who initiated the use of logarithms
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