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Abstract. A certain Markov  chain which was encountered by T. L. Hill in the 
study of the kinetics of  a linear array of  enzymes is studied. An explicit formula 
for the steady state probabilities is given and some conjectures raised by T. L. 
Hill are proved. 
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1. Introduction and Results 

Consider the following continuous time Markov  chain. The set of  states is {0, 1 }M 
namely all the 2M(0 - 1) vectors with M components.  The transitions are 0~ -~ la, 
~10]~-~ ~01fl, ~1 -~ flO. All the transition rates are equal; ~ and ~ are (possibly 
empty) strings of  O's and l 's  which make the above vectors have M components.  
For example, if M = 9, 010110101 may become one of the following: 110110101, 
001110101, 010101101, 010110011, 010110100. 

This Markov  chain was considered by T. L. Hill [2], [-3] (Ch. 7) as a model for 
the kinetics of  a linear array of  enzymes where 0 means "oxidized" and 1 means 
"reduced". Hill ([-2], p. 551) observed that this also represents a model for the 
diffusion of a ligand across a membrane,  from one bath to another, by jumping 
from site to site along a row of M sites. In this model 0 means 'empty '  and 1 means 
'occupied'.  We refer the reader to [2] and [3] for a detailed discussion of the science 
behind the model and will go on to treat the mathematical  problem of finding the 
steady state probabilities. 

The 2 u steady state probabilities P(s) (s ~ {0, 1 }M) satisfy the following system of 
2 M homogeneous equations 

k(s)P(s) = ~ P(s'), Vs~ {0, 1} :a. (1) 
s ' ~ s  

Here k(s) is the outdegree of  s, meaning the number of s" such that s ~ s". Hill [2] 
solved the system (1) for M = 1 through 7 and conjectured that 

P (lst  component  of s is 0) = (M + 2)/2(2M + 1), (2) 

which tends to �88 as M ---> oo. Hill also conjectured expressions for P(s~ = 0) for every 
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r. We are going to give complete  proofs  of  Hill 's  conjectures (Theorem 2) as well as 
an explicit fo rmula  for the steady state probabil i t ies (Theorem 1). 

Theorem 1. The steady state probability o f  the state s = ( s l , . . . ,  SM) is 9iven by 

+ 1  1 P(s):det[( J'i i + l)Ik• 2M + 2~, 
j -  \ M +  l J_ l  (3) 

where k is the number o f  O's in s ( k = M - ~ ~: 1 si) and Ai ( i = 1 , . . . ,  k) is the number 
of  l ' s  to the left o f  the i-th zero. 

b!(a - b)! 

is the binomial coefficient which equals zero i f  b < 0 or b > a. 

Examples. (See [2], p. 535.) (i) I f  s = (0, 0, 0, 0, 0), M = 5, 2 = (0, 0, 0, 0, 0); the 
de terminant  is 1 and P(00000) ~ 12 - 1 ---- IV( 6 )] ---- 1/132. 

(ii) I f s  = (10100), then M = 5, 2 = (1 ,2 ,2)  and 

I( =det det j -  i + l 3• 

Thus  P(10100) = 9/132. 

Theorem 2. ([2],  (14) in p. 540.) Let 

C k = ( 2 ~ ) / ( k +  l) 

C) (31) (3) 
(3o) (31) 

(k integer). 

= det 3 = 9. 
1 

For r = 1, . . . ,  M,  the probability that the r-th component o f  s is zero is given by 

r 

P(s. = O) = ~ C i C M + I _ i / C M +  1. 
i = 1  

In particular P(sl = O) = CM/CM+I = ( M  + 2)/2(2M + 1). 

The numbers  

are called the Cata lan  numbers  and occur in m a n y  areas of  Mathemat ics  and 
Compu te r  Science. We will see that  the reason that  the Cata lan  numbers  come up  in 
the present  context  is s trongly related to the fact that  the Cata lan  numbers  
enumera te  "bal lo t  sequences" (Mohan ty  [4], p. 2). 
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2 .  P r o o f s  

L e m m a  3. For s e { 0 ,  1} M let 

W(S) = {t  = ( t l , .  

k = l , .  
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k k 

�9 M, E Z s. 
i = 1  i = 1  

, M - 1 ,  t i  = s i  , 

i = 1  i = 1  J 

w(s) = I W(s)l (IAI denotes the number of  elements o f  a set A). Then {w(s) ; s ~ {0, 1} M} 
satisfy (1), namely 

k(s)w(s) = ~ w(s'), Vs~ {0, 1} M. (4) 

Proof  Case I :  sl = 0, sM = 1. Let  R = { 1 , . . .  , M }  be the set o f  indices r such tha t  
s r - l = 0 a n d s r =  1, a n d f o r r ~ R l e t  

s r = ( s b . . . , s r  2 ,1 ,0 ,  S r+I , . . . ,SM) .  

It  is easily seen tha t  since sl  -- 0 and  SM = 1, the set {s';s' -~ s} equals  the set 
{s~;reR} and  k(s) = IRI + 1. T h u s  we have  to p rove  

( I / I  + 1)w(s) = ~ w(sO. (5) 

Let  2 = ( 2 1 , . . . ,  2k) be the par t i t ion  (21 ~ 22 ~< �9 �9 �9 ~< 2k) c o r r e s p o n d i n g  to s as 
in the s t a t ement  o f  T h e o r e m  1. Converse ly ,  given 21 ~< �9 " " ~< 2k we associate  to it 

21 ) '2 -- )~1 ) 'k -- •k - 1 

s =  ( 0 , 1 , 1 , 1  . . . . .  1,0, 1 , . . . ,  1 , 0 , . . . ,  1, 1, 1 . . . . .  1,0, 1). 

N o t e  tha t  w(s)= F(2) where  F(2) is the card ina l i ty  o f  {(#1 . . . .  , Pg); #1 <~ #2 
~< �9 �9 �9 ~< #k; 0 ~< #i ~< 2i, i = 1 , . . . ,  k}. Since for  every ~ in the above  set we have  
either #1 = 0 or  #1 > 0, we derive the recurrence  

F ( 2 1 , . . . ,  2k) = F(0, )~2,. �9  2k) + F(21 -- 1 . . . .  ,2k -- 1). (6) 

M a k i n g  the c o n v e n t i o n  tha t  F(a l , . . . ,  ak) = 0 if we do  not have al ~< �9 �9 " ~< ak, (5) 
can  be rewri t ten  

k 

(IR[ + 1 ) g ( ) q , . . . ,  2k) = F(1, }-1 . . . .  , 2 k )  + ~ F ( 2 , , . . . ,  )~ + 1 . . . . .  2k). (7) 

We  are go ing  to p rove  (7) by  induc t ion  on  21 + " ' "  + 2k; when  )~ = (0), 
s = (0, 1), (7) says tha t  2F(0) = F(1), which  is cer ta inly  true. 

U n f o r t u n a t e l y  we have  to divide the p r o o f  into subcases :  

Case Ia: 21 > 1. Here  the IRI o f  ( 0 , 2 2 , . . . , 2 k )  is [ R I -  1, and  the [RI o f  
(21 - 1 ,2 2 - -  1 , . . . ,  "~k - -  1 )  is [R[. We  have  
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(IR[ + 1)F(21 . . . . .  2k) 

(6) 

= (IRI + 1)[F(0,  2z . . . .  ,2k) + F(21 - 1 . . . .  ,2k -- 1)] 

= F(0 ,  22 . . . .  ,2k) + IRIF(0,  22 . . . . .  2k) 

+ (IRI + 1)F(21 - 1 ,22 - 1 , . . . ,  2k --  1) 

inductive k 

= F ( 2 z  . . . .  ,2k) + F(1 ,  2 2 , . . . ,  2k) + }-', F(22  . . . .  , 2 i  + 1 . . . . .  2k)  
hypothesis i = 2 

+ F ( 1 , 2 1  - 1 ,22 - 1 . . . .  , 2 k  --  1) 

k 

+ ~ F(21 - 1 ,22 - 1 . . . .  , 2 , , . . . , 2 k  --  1) 
i = l  

= [F(22  . . . . .  2k) + F(21 ,  2z - 1 . . . .  ,2k --  1)] 

k 

+ ~ [ r ( 2 z , . . . , 2 ,  + 1 . . . . .  2k) + F(21 --  1 ,22 - -  1 . . . . .  2, . . . .  ,2k --  1)] 
i = 2  

+ F ( 1 , 2 2 , . . . , 2 k )  + F ( 1 , 2 1  - 1 ,22 - 1 , . . . , 2 k  --  1) 

(6) k 

= F(21 + 1,22 . . . .  ,2k) + Z F(21, 22 . . . .  ,/l, + 1 . . . .  ,2k) 
/=2  

+ F ( 1 , 2 2 , . . . , 2 k )  + F ( 1 , 2 1  - 1 ,22 - 1 , . . . , 2 k  - 1) 

k 

= F ( 1 , 2 1 , . . . , 2 k )  + Z F(2~,22  . . . .  ,2 ,  + 1 , . . . , 2 k )  
i=1  

+ [ F ( 1 , 4 2  . . . . .  2k) + F ( 1 , 2 1  - 1 ,22 - 1 , . . . , 2 k  --  1) --  F ( 1 , 2 2  . . . .  ,2k)] .  

I n  o r d e r  to  e s t a b l i s h  (7) w e  m u s t  s h o w  t h a t  

F(1, /12 . . . . .  2k) + F ( 1 , 2 1  --  1 . . . . .  2k --  1) --  r ( 1 ,  2 1 , . . . ,  2k) = 0. (*) 

NOW by  (6), F (1 ,  41 . . . .  ,2k) = F(21 . . . .  ,2k) + F(21 - -  1 , . . . ,  2k --  1), t h u s  t h e  
r i g h t - h a n d  s ide  o f  ( , )  is 

[ F ( 1 , 2 2 , . . . , 2 k )  --  F ( 2 1 , 2 2  . . . .  ,2k)]  + [ F ( 1 , 2 1  --  1 . . . .  ,2k - -  1) 

- F ( 2 1 -  1 , 2 2 -  1 . . . .  , 2 k - -  1)] 

(6) 

= F ( 1 , 2 2 , . . . , 2 k )  - -  F ( 2 1 , 2 2 , . . . , 2 k )  + F(21 - 2, 22 - 2 . . . .  ,2k --  2) 

~---0. 

T h e  las t  s t ep  f o l l o w s  f r o m  t h e  f a c t  t h a t  F ( 2 1 , 2 2 , .  � 9  2k) - -  F ( 1 , 2 2 , . . . ,  2k) e n u m e r -  

a t e s  t h e  (#1 . . . . .  /tk) w i t h  0 ~ #1 ~< " " " ~< #k a n d  2 ~< Pi ~ 2, w h i c h  is e q u i v a l e n t  t o  
0 ~ #i - 2 ~< 2, - 2, t h e  n u m b e r  o f  w h i c h  is F(2~ - 2 . . . . .  2k --  2). 

C a s e  I b :  21 = 1, 22 > 1. H e r e  t h e  [R[ o f  b o t h  ( 2 2 , - . - , 2 k )  a n d  
(21 - 1,22 - 1 , . . .  , 2 k  - -  1) is [ R I -  1. W e  h a v e  
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(IRI + 1)F(21, 22 . . . .  ,,~) 
(6) 

= (IRI + 1 ) [ -F (22 , . . . , 2k )  + F(21 - 1,22 --  1 , . . . , 2 k  -- 1)] 

= F ( 2 2 , . . . ,  2k) q- IRIF(22 . . . . .  2k) + F(21 -- 1 . . . .  ,2k -- 1) 

+ [RIF(21 -- 1 . . . .  ,2k -- 1) 

i n d u c t i v e  
h y p o t h e s i s  k 

= F(22 . . . . .  2k) + ~, F ( 2 2 , . . . , 2 ~  + 1 , . . . , 2 k )  + F ( 1 , 2 2 , . . . , 2 k )  
a n d  21 = 1 i = 2  

k 

-1- F(2I,  2 2 - 1 , . . . ,  2k --  1) q- 2 F(21 - 1, 22 - 1 . . . .  , 2 i , . . . ,  2k - 1)  
i = 2  

q-F(21  - 1 , . . . ,  2 k -  1) 

(6)  a n d  k 

= /7(,;( 1 + l ,  2 2 , . . .  , 2k) ~- 2 f ( 2 1 , ' " ,  2i -]- 1 . . . . .  /~k) + F ( 1 , 2 1 , . . .  ~ )~k) 
)'1 = 1  i = 2  

k 

= ~,  F ( 2 1 , . . . ,  2i + 1 . . . .  ,2k) + F ( 1 , 2 1 , . . .  , 2k). [] 
i = 1  

Case Ic: 21 = 2 2  = 1. H e r e  the  [R] o f  ( 2 Z , . . . , 2 k )  is IR[ whi le  the  
(21 - 1 , . . .  ,2k --  1) is [R] --  1. T h e  p r o o f  is s imi la r  to  the  p r e v i o u s  cases.  

Case H :  s~ = 0 a n d  SM = 0. 
a l so  k(s)  = [R[. W e  have  to  

IR[ o f  

W r i t e  s = (e, 0) whe re  e = ( s  1 . . . .  , SM- 1) ; in this  case  
s h o w  t h a t  

(IRI + 1 ) w ( s ) =  ~ w(s'). (8) 
s , - ~ s  

But  f r o m  Case  I fo r  (s, 1) = (~, 0, 1) we have ,  s ince k(~,  0, 1) = ]R] + 2, 

(Ial+2)w(=,0,1)= Z w(s')= ~, w(s',l)+w(=,l,O)-w(=,l). 
s '  ~ ( a , 0 , 1 )  s ' ~ ( a , 0 )  

But  s ince w(s, 1) = w(s) a n d  w(e, 0, 1) = w(e, 1, 0) - w(e, 1), (8) is e s t ab l i shed .  

Case HI:  sl  = 1, SM = 1. Th i s  case  is s imi la r  to  Case  I I  w h e r e  we use i n s t e a d  
w(O, s) = w(s) a n d  w(0, 1, e) = w(1 ,0 ,  ~) - w(0, e). 

Case IV:  Sl = 1, sM = 0. H e r e  k(s)  = ]R]. Th i s  case  fo l lows  f r o m  C a s e  I I I  in the  
s ame  w a y  t h a t  Case  I I  f o l l o w e d  f r o m  C a s e  I. 

L e m m a  4. Le t  

UN = a l , . . .  , a zN)~  {0, 1} 2u, ~, ai <~ r/2, r = 1 . . . .  , 2 N -  1, ~ ai = N , 
i = 1  i = 1  

A~,= L) W(s) 
sE{0,1}  M 

= t , s ) e { 0 , 1 } 2 M ;  tl ~ si, r = 1 . . . .  , M -  1, ti = si �9 
i = 1  i = 1  i = 1  i = 1  
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The mapping a: AM -~ UM+t defined by 

a( t , s )  = (O, t i ,  1 - s i ,  t2, 1 - s2, . . . , ti, 1 - si . . . . .  tM, 1 -- SM, 1) 

is a bijection. 

Proof .  

and 

C o r o l l a r y  5 .  

Proof.  

0 + t l  + ( 1 - s t ) +  " "  + t , + ( 1 - s ~ ) ~ < - -  
2 r +  1 

2 

0 + t i + ( 1 - s t ) + - "  + t r < ~ r - l + l  = r = 2 r / 2 .  

/ '2M + 2"~ / 
_ -  + 

Se{0,1} M 

w(s) = s~(J~,~o,1 W(s) = IAMI. 
se{0,1} M 

By Lemma 4, IAMI = I UM+ 11. But UN (Ninteger) is the set of(0, l) sequences with N 
0's and N l's such that at every component the number of l 's to the left never 
exceeds the number of O's, namely the famed "ballot sequences" whose number is 
well known to be 

CN = N ( N  + 1) 

(see e.g. Mohanty [4], p. 2, Bertrand [1] or Shapiro [6])�9 

Lemma 6. Le t  r be the number o f  O's in s = (sl . . . . .  SM) and let )Li ( i = 1 . . . .  , r) be the 
number o f  l ' s  to the left o f  the i-th zero�9 Then 

�9 i +  1 ~• 

Proof.  This is a known result due to Narayana [5] which can be found in Mohanty 
[4], p. 32. 

P r o o f  o f  Theorem 1. Combine Lemma 3, Corollary 5 and Lemma 6 with the 
observation that ~s~o,nM P(s) = 1. 

P r o o f  o f  Theorem 2. By Lemma 4, Usr = o W(s) is in one-one correspondence with the 
set (at . . . . .  a2~t+z) e UM+ 1 with azr+ t = 1. UM+ t can be identified with the set of 
"legal bracketings" obtained by replacing 0 by "(" and 1 by ")" (see Mohanty [4], 
p. 4). Then the set Usr=o W(s) is in one-one correspondence with the legal 
bracketings which have a right parenthesis in the (2r + 1)-st place. This right 
parenthesis has a left parenthesis companion which may be in one of the places 
{ 2 r -  2i + 2} (i = 1 ,2 , . . . ,  r). The portion between the places 2 r -  2i + 2 and 
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2r  + 1 ( inc lus ive )  is a l so  a l ega l  b r a c k e t i n g  o f  l e n g t h  2i, a n d  t h e r e  a r e  C~ poss ib i l i t i e s .  

W h a t  is lef t  b y  d e l e t i n g  t h e  p a r t  b e t w e e n  t he  p l aces  2r  - 2i  + 2 a n d  2r  + 1 is a legal  

b r a c k e t i n g  o f  l e n g t h  2 ( M  + 1 - i),  w h i c h  h a s  CM + 1 -~ poss ib i l i t i e s .  T h u s  

,U W(s) = ~ C~CM+t_~. 
s 0 i = t  

T h e  res t  f o l l ows  f r o m  C o r o l l a r y  5. 
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