Proof of a Conjecture of Philippe Di Francesco and Paul Zinn-Justin related to the qKZ equation
and to Dave Robbins’ Two Favorite Combinatorial Objects

Doron ZEILBERGER*

For any Laurent polynomial P(z1,..., z,) in the variables (z1, ..., z,,), the anti-symmetrizer, A(P),

is defined by:
AP) (21, 2m) = Y ()™ P(2n1y, s 2e(m)

7T€S'n.

where S, is the group of permutations on {1,...,n} and inv(w) is the number of inversions of =
(the number of pairs 1 < i < j < n such that 7(i) > 7 (j)).

Define the negativizer of P, N'(P), to be the polynomial in z;!,..., 2, obtained by removing all
monomials that have at least one positive exponent.

2

For example, A(5+ 27 42825 2) = 27 ' 428252 — 25t — 28272 and N(54 27t + 2525 %) =54 27 %

Let .
Fn(zlj...,zn):1_121»72”2 H (1 —2i25) H (1+ 22, +Tz)
i=1 1<i<j<n 1<i<j<n
_ -1 -1 -1 -1
Bu(z1,..m)= [ G'=z )T+ +2
1<i<j<n

In [1] (Eq. (4.4)), the following conjecture was made:

NIAE. (21, 2]l = Bu(21s -y 2) (DiFZ.J)

Let G,, = A(F,). By breaking-up the summation over S,, into those 7 for which 7(n) = j
1)

F,
j=1,.. , G, is seen to satisfy the recurrence

n

Gu(z1yyz) =) (D" 5721 = 25) [ 10 +zz +T2)(1 - 2iz)]

j=1 i=1i%]
anl(zh"')ijl)zj+17"' 7Zn)

Let H, = N(G,). We want to prove that for every n, H, = B,. We will do it by induction
on n. The case n = 1 is obviously true (check!). Applying the N-operation to both sides, and
noting that since the factor in front of G,,—1(21,...,2j-1,2j41,- .., 2n) only has positive exponents

in (21,...,2j-1,2j415- -+ 2n)s
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we have

H,(z,... {Z Yy 1 n 1—z H (14 zizj + Tz)(1 — z25)] -
Jj=1 i=1,i#j
Hn—1(217---,Zj—172j+17-~-72n)}

By the inductive hypothesis H,,_1 = B,,_1 so we have to prove that

n n

Bu(21,...,20) = N{Z (0" T2 721 =2) [ [+ 202 + T2) (1 = z2))]
i=1 i=1,ij
Bn_l(zl, N ,Zj_172j+1, e ,Zn)}

It turns out that the negativizand on the right side is nice:

n n

S 70— ) [ [0+ Tz + 22)(1 = 202))] | Baca(21,- 52521, 2415 20) =
j=1 i=1,i#]

Bu(z1y ..y 2n)(1 — 2325 - 22) . (NiceSurprise)

n

We now need:

A Simple Fact: Each and every monomial in B,,(z1,...,2,)2323 - - - 22 has at least one positive

exponent, hence its negativizer is 0.

Proof of the Simple Fact: (This simple argument of referee Philippe Di Francesco replaces a

previous more complicated argument).

Bu(er,onm) = [ (Tt w22 =Te =57 = [ (/2427 = @2+ 27

1<i<j<n 1<i<j<n

So each term in the last product can’t have all the variables, and the same is true when it is fully

expanded, and it follows that each monomial in B, (21,...,2,)2723 - - 22 has at least one positive
exponent.
Hence:

N(Bn(zl,...,zn)(l—zfzg 2721)) = Bn(21,--+y2n)

and (DiFZJ) would follow. It remains to prove (NiceSurprise). By dividing both sides by B,
letting z; — 2, 1 (1 <i < n), and rearranging terms, we see that it is equivalent to the following:

i (225 + T) [T [(1 + 2(T + 2;)) (1 — 2i2;)] = (=) (1= 2222
& = 1
j=1 1+ZJT+2 ) [Ti- 117'5](23 zi) [Lizi (25 + 2+ 1) !
(Intriguingldentity)



Let « = a(T) and 3 = B(T) be the two roots of 1+ 2T + 22 = 0. Note that a + 3 = —T and
af = 1.

Recall the Lagrange Interpolation Formula. For any polynomial P(z) of degree < N — 1 and any

numbers wq, ..., wy, we have
N N
P(w; (2w
P(z) = Z ( ]J\)]Hz—l,’ﬁé]( ) (LI)
j=1 Hi:l,i;ﬁj(wj — w;)
[Proof: both sides are equal at the N numbers z = wy, ..., wyn, hence they are always equal (being

polynomials of degree < N — 1)].

In fact, we will only need the corollary obtained by comparing the coefficient of 2V =1 on both sides

N
Coef ficient of 2N7' in P(z)zz
j=1

P(w;)
H?:l,i;éj (wj —wi)

Now let

=

P):=224+4T) |14 2z(T+2)1 — z2)]

i=1

and pick the w’s to be the 2n + 2 numbers
{z1,.-y2n, —21—-T,...,—2n—T, «,0} |,

in order to get:

- P(z))
2 _1 ’I’LZQ . Z2 — yi
(e Z (L+ 2T+ 23) [Timy ini (25 — 2) [z (25 + 20 + 1)

- P(-T — zj)
" ; (1+2T+ ZJZ) H?:l(_zj —T — z) H?:l,i;éj(_zj —T+2z+T)
. P(a)
(a—p) H?:l(a — 2i) H?:l(a + 2+ T)
. P

(B—a) T2y (B = 2) [[im (B + 2 +T)
Using P(—T — zj) = —P(%;) (check!), af = 1 and o + 8 = —T, and manipulating the obvious
cancellations, and observing that the first two terms are identical, while the sum of the last two
terms simplifies to 2(—1)", we get that (Intriguingldentity) is indeed true. C.
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