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Let w be a natural number and let 1(w}) be the maximal
number of divisions that the Euclidean algorithm,

o1 = qatar,
a = patas,
- &3]
a2 = geoiaeos tan,
a1 = qeac,

needs for & given input (do, 1), where do > ax = w, Lamé’s
theorem [2, 1] (this theorem was proved carlier by Finck in
1841 [1]} implies the asymptotic estimate

1(w) = Ologw), (2

logaw cannot be replaced by any function h{w) such

e h{w) = oflogw), since, if Fo, Fi, . is the Fibonacci
sequence, for v = Pz, w = a1 1 the number of

divisions is equal to &. The difference between the latter
number and log, w, where é = (1+v5) /2, is a bounded
value, One of the results related to the average case behavior
of the Enclidean algarithm is by Heilbronn [1, 1]

) 22
E(v,w) Inv
L, Ee

where E{v,w) is the number of division steps performed
by the Euclidean algorithm on the input {v, ). From this

asymptotic equality it follows that for some constant € the
inequality

alu) > “”’j“‘xnu.m ()

holds. Using the standard notation f(n) = 8(g{n}), which
is defined for functions (n), g(n) with positive values
£(n) = B(g(n)) if and only if

Fes,ea,m0 >0, ¥n >0, €g(n) < flm) < cagln)
we therefore have
Theorem 1 piw) = H{logw)

e e oy evewed flloing he procedunes dseried
in T8 ULLETOY, 93(2), iesue 124, 1808
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we have from (5), (6) for all large enough w

Fup v 1
| F w 25
By o wollkaown, thoorem (el or example, 4], Theoram
(), Frt1/Fr i8 & convergent to v/w in me sense of Hardy
A{wnm [3]. Section 102, ie., if au @ = win (1),
U o some nteger 1 such that 1 1 5k, the equality

Fuit/Fa = qu+ 1@ + i+ + 1o+ 1a) -
halds Duz hin oquality impie ¢ = 1 (nc, aklitionally,
= 1). Hence the continued fraction for v/

2 enst of longth ', and 0 p(u) = 1 =
n> 1log, w4 ¢ for some constant e. Thearem 2 is proved

Conjectures ulw) ~ log, w.

This Conjecture is based an numerical experiments.

conclusion we make a remark on the input size of the
Enclidean algorithm. Using the value a; as the size of the
input {aa,a1) is preferable to ao because ag can be much
bigger than a1, but the number of division steps for (ao, @)

pute with boundod sizcs we con gt an wnbouadod number
of divisions. As a consequence, no upper bound af the form
f(au/a) for the number of divion can be obeained, if §
s function. Asymptotic estimates of the form
u\ f\nu/-zz]‘ O laafar)) with continuons f det nch cxiet
ample, an upper bound of the form f(aa/ar)

, and therefore f can-
ot be bounded in any neighborhood of 6
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We now prove the following main theorem.

Theorem 2 For a constant c,
() > Llog,ute 0
() > 5 logy ()

where 6= (14 V3) /2.

Notice that {121n2)/x* < 1/{2ing}, and 9 e ceonger
than (3) for all large enough w. Additionall
Thaceemn 3, which will e iven, is slemontary and thescby
we get an clementary proof of Theorem 1

We start with a lemma on Fibonacci numbers

Lemma 1 For any 0 < d < /5 the inequality
Fan g1
T
Holds for all large enough n.

Proof. An easy induction shows that

_py

T4 R

form=12...Set ¢ = (1 vE)/2 || < L Since
Fu= (0" -85

The claim follows. .

Define v = |gw]. This yields
|2-¢<2 ®

Fix d such that 2 < d < /5 and choose positive g such that
1397 s

1q
= max(m w3 g2} o

(Note that the value of n depends on w.) Since

L
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Let w be a natural number and let u(w) be the maximal
number of divisions that the FEuclidean algorithm,

a = qia1 + a2,
a = q@2a2 + as,
(1)
aAr—2 = (Qr—10k—1 + 0k ,
Ak—1 =— d(Jkag ,

needs for a given input (ao,a1), where ap > a1 = w. Lamé’s



Let w be a natural number and let u(w) be the maximal
number of divisions that the FEuclidean algorithm,

a = qia1 + a2,
a = q@2a2 + as,
(1)
aAr—2 = (Qr—10k—1 + 0k ,
Ak—1 =— d(Jkag ,

needs for a given input (ao,a1), where ap > a1 = w. Lamé’s

¢=(1+V5)/2



121n 2
w(w) > W;l Inw+ C

H. Heilbronn. On the average length of a class of finite

continued fractions. In P. Turan, ed., Number Theory
and Analysis, New York: Plenum, 1969, pp. 87-96.



192 1n 2 121n(2) In ;+25
u(w) > W;l nw+ C [73 ]

0.4055489227

Theorem 2 For a constant c,

11
[,L(QU)> 5 qubw_l_ca

where ¢ = (1 + \/5) /2.



Conjecture: pu(w) ~ log, w.



Conjecture: pu(w) ~ log, w.

w(1786213) =27
29.91532535

0.9025474297
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013627 THE ON-LINE ENCYCLOPEDIA
2'395%8 OF INTEGER SEQUENCES®

10221121

founded in 1964 by N. ]J. A. Sloane

3,3,4,3,4,5,4,4,5,5 || Search | Hins
(Greetings from The On-Line Encyclopedia of Integer Sequences!)

Search: seq:3,34,34,5445,5

Displaying 1-1 of 1 result found. page 1
Sort: relevance | references | number | modified | created Format: long | short | data
A331904 Number of occurrences of n in A331859. +3g

@l 0! 1! 0! 2' 1! 1! 2! 2' 2! 2! 3l 3' 3! 3! 3' 4] 3.! 4! 5' 4l 4! 5! 5! 5! 6! 5l 6! 6! 6! 7l 6' 7! 7! 7! 8' 7! 8! 8!
8, 9,8, 9,9, 9, 10, 9, 10, 10, 10, 11, 10, 11, 11, 12, 11, 12, 12, 12, 12, 12, 13, 13, 13, 13, 14, 13, 14, 14, 15, 14,
15, 15, 15, 15, 16, 15

(list; graph; refs; listen; history; text; internal format)

OFFSET 1,5

LINKS Peter Kagey, Table of n, a(n) for n = 1..1000
CROSSREFS Cf. A331859, A331903.

KEYWORD nonn

AUTHOR Peter Kagey, Jan 31 2020

STATUS approved



THE ON-LINE ENCYCLOPEDIA
OF INTEGER SEQUENCES®

founded in 1964 by N. J. A. Sloane

|| Search I Hints

A331859

The total number of elastic collisions between a block of mass n, a block of mass 1, and a wall.

3, 5, 5,6,7,8, 8,909 10, 10, 11, 11, 12, 12, 12, 13, 13, 13, 14, 14, 14, 15, 15, 15, 16, 16, 16, 17, 17, 17, 17,
18, 18, 18, 19, 19, 19, 19, 20, 20, 20, 20, 20, 21, 21, 21, 21, 22, 22, 22, 22, 23, 23, 23, 23, 23, 24, 24, 24, 24, 24,

25, 25, 25, 25, 25

(list; graph; refs; listen; history; text; internal format)

OFFSET 1,1
COMMENTS

Suppose there is a block A of mass n sliding left toward a stationary block B of mass 1, to the left of

which is a wall. Assuming the sliding is frictionless and the collisions are elastic, a(n) is the number

of collisions between A and B plus the number of collisions between B and the wall.

links for animated examples.)
a(1e0~n) = A@11545(n).
interval (mxPi, Pi/arctan(1/m)) does not contain an integer for all m = 10”n, is not known to be true for
sure. In other words, we do not know for certain that A332045 does not contain a power of 1@. This is
mentioned in the 2025 3BluelBrown video "Why colliding blocks compute pi" which is a follow-up of the 2019

video. - Jianing_Song, Sep 18 2025]

(See Grant Sanderson

[Strictly speaking, this relation, which is equivalent to the statement that the

Since arctan(sqrt(1/n)) is approximately sqrt(1/n) for large values of n, a(n) = A121854(n) for most values

of n

Conjecture: The values of n for which a(n) !'= A121854(n) is a subset of A3319@3.
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