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| 1t is way too soon to teach our computers how to become full-fledged Aumans. It is even
- premature to teach them how to become mathematicians; it is even unwise, at present,
to teach them how to become combinatorialists. But the time is ripe to teach them how
' to become experts in a suitably defined and narrowly focused subarea of combinatorics. '
In this article, the author will describe his efforts in teaching his beloved computer,
- Shalosh B. Ekhad, how to be an enumerator of Wilf classes. ”
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~ With all due respect to Wilf classes and enumeration, and even to combinatorics,
the main point of this article is not to enhance our understanding of Wilf classes, but

- to illustrate how much (if not all) of mathematical research will be conducted in a few
- years. It goes as follows. Suppose a (as of now, human) mathematician has a bnlhant

- 1dea/ Teach that 1dea to a computer and let the computer ‘do research’ using that 1dea
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~ With all due respect to Wilf classes and enumeration, and even to combinatorics,
the main point of this article is not to enhance our understanding of Wilf classes, but

- to illustrate how much (if not all) of mathematical research will be conducted in a few
- years. It goes as follows. Suppose a (as of now, human) mathematician has a bnlhant

- 1dea/ Teach that 1dea to a computer and let the computer ‘do research’ using that 1dea

What’s the state of computation and experimentation in Permutation Patterns?



Permutation Patterns

We write permutations in one-line notation:
574826391

And we plot them by plotting the points (i, 7(7)):
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Permutation 7 contains permutation o if 7 has a subsequence of entries that is
order-isomorphic to o.

574826391 avoids 1423

Otherwise we say & avoids o.
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Permutation Patterns

A permutation class is a set of permutations defined by avoiding a set of patterns
(permutations).

For a set of permutations B, we write Av(B) to mean the class of permutations
avoiding all the patterns in B.

The permutation containment relation forms a poset on the set of all permutations
of all lengths, and permutation classes are the downward closed sets in this poset.
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Input: A basis for a permutation class.

Output: An “enumeration scheme” that describes how larger permutations in
the class can be recursively described in terms of smaller
permutations in the class.

A polynomial-time algorithm to compute the

Enumeration Scheme number of permutations of length n.



!  EnumeratonSchmesad, e portanty,
E n u m e rat I O n s C h e m e S Their Automatic Generation

. Doron Zeilberger*

(19 T h e M OSt Triv i a I N O n _Trivia I Exa m p I e” _ AV( 1 23) Department of Mathematics, Temple University, Philadelphia, PA 19122, USA

zeilberg @math.temple.edu, http://www.math.temple.edu/"zeilberg

" Received May 27, 1998

Define A(n) := Av,(123).
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Define A|(n,1) .= (€ An) : n(i) = 1}.
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Define A(n) := Av,(123).

Every non-empty permutation has a minimum entry somewhere.

=

Define A|(n,1) .= (€ An) : n(i) = 1}.

Obviously A(n) = UAl(n, ). 1e
= ;
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If n > 2,then the entry 2 is either to the left or to the right of 1.
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We could do this forever...
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Figure 5. The enumeration scheme for Av(1234).
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B-A: Sometimes if a gap is constrained to a finite number of possibilities, there could
be one entry deletable for some of these possibilities, and a different entry deletable
for the other possibilities.

can do even more classes
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Generating Trees

> A “generating tree” for a set of permutations is a way of rigorously
representing its structure. It describes where new maximum entries can be
inserted into permutations so that they remain in the set.

4123 3124 4312 2134 4213 3214

Figure 2. The first four levels of the pattern-avoidance tree 7'(132,231).

(Vatter 2007)
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Generating Trees

> 1978: Chung, Graham, Hoggatt Jr., and Kleiman invented generating trees to
enumerate the Baxter permutations.

> 1995/1996: West uses generating trees to enumerate several permutation classes.

~ 2006: Vatter categorizes the permutation classes that have finitely labeled
generating trees and writes the Maple package FINLABEL to enumerate them
automatically.
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. MATHEMATICS OF COMPUTATION
. Volume 88, Numbecr 318, July 2019, Pages 1967-1990
~ https://doi.org/10.1080/mcom/3386
r u ‘ r Article clectronically published on December 11, 2018

f AUTOMATIC DISCOVERY OF STRUCTURAL RULES
Most of the methods described so far: | OF PERMUTATION CLASSES

“eX p ad d ad p ad rtl cCu | ar Stru CtU re tre e an d ’ CHRISTIAN BEAN, BJARKI GUDMUNDSSON, AND HENNING ULFARSSON

hope it ends up being finite”

Struct is a software package that takes a permutation class as input and
searches for a set cover that decomposes it into simpler disjoint parts.

- FIGURE 1. The structure of Av(231)



. MATHEMATICS OF COMPUTATION
. Volume 88, Numbecr 318, July 2019, Pages 1967-1990
~ https://doi.org/10.1080/mcom/3386
r u ‘ r Article clectronically published on December 11, 2018

AUTOMATIC DISCOVERY OF STRUCTURAL RULES

N g = AV(3 21,1324) OF PERMUTATION CLASSES

' JMUNDSSON, AND HENNING ULFARSSON ~,
T T T T 1] tessesssssssusssssssssssses s
HEEEEOENE
=IIIIIII

HEEEEEND
HEEEENGOE

HIIIH

HEEE
HOEE
NN




. MATHEMATICS OF COMPUTATION
. Volume 88, Numbecr 318, July 2019, Pages 1967-1990
~ https://doi.org/10.1080/mcom/3386

r u ‘ r Article clectronically published on December 11, 2018

| AUTOMATIC DISCOVERY OF STRUCTURAL RULES
Method: | OF PERMUTATION CLASSES

CHRISTIAN BEAN, BJARKI GUDMUNDSSON, AND HENNING ULFARSSON ~,

> Construct a big list of grids that make
subsets of the input class.



. MATHEMATICS OF COMPUTATION
. Volume 88, Numbecr 318, July 2019, Pages 1967-1990
~ https://doi.org/10.1080/mcom/3386
r u ‘ r Article clectronically published on December 11, 2018

| AUTOMATIC DISCOVERY OF STRUCTURAL RULES
Method: | OF PERMUTATION CLASSES

CHRISTIAN BEAN, BJARKI GUDMUNDSSON, AND HENNING ULFARSSON ~,

> Construct a big list of grids that make
subsets of the input class.

> Set up an integer linear programming problem to pick a subset of grids that
forms a set cover (each permutation in the class gives one constraint).



. MATHEMATICS OF COMPUTATION
. Volume 88, Numbecr 318, July 2019, Pages 1967-1990
I https://doi.org/10.1080/mcom/3386
r u ‘ r Article clectronically published on December 11, 2018
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Method: | OF PERMUTATION CLASSES

CHRISTIAN BEAN, BJARKI GUDMUNDSSON, AND HENNING ULFARSSON ~,

> Construct a big list of grids that make
subsets of the input class.

> Set up an integer linear programming problem to pick a subset of grids that
forms a set cover (each permutation in the class gives one constraint).

> Feed it into an ILP solver like Gurobi and wait patiently for a solution.
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Combinatorial Exploration

At the end of the Struct paper, the authors discuss some classes that Struct
can’t do along with a possible future approach.

“proof tree”

FIGURE 5. The structure of C = Av(123)
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Combinatorial Exploration

Key insights:

1. Instead of expanding one particular structure tree and hoping it ends up
being finite: produce a bunch of independent “rules” that relate a parent
set to child sets, and hope that some subset of these rules can be

assembled into a tree

2. We need a much more efficient way to represent sets of permutations.

3. If (1) and (2) are done correctly, then the result can still be fully rigorous.
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Combinatorial Exploration

General outline:
> Teach the computer a set of strateqgies.

>~ Apply them to the set of permutations you want to enumerate.

and then to the children they produced
and then to the children they produced

and then to the children they produced

~ Each time you apply a strategy to a set, you make a puzzle piece. Search the
pile of puzzle pieces for a subset that makes a combinatorial specification. If
vou find one, you win!
polynomial-time counting algorithm, system of equations for the GF,
uniform random sampling routine, exhaustive generation (but slow)



Combinatorial Exploration
B AT Av(1243, 1342, 2143)

The algorithm generates about
5,400 rules before it finds this
subset of 10 rules that makes a

i

rigorous specification.

R ma] ‘:
(3 lll e | 55 seconds
2 :

.’i Figure 24: A pictorial representation of the combinatorial specification found by Combinatorial
Exploration for Av(1243, 1342,2143).



Combinatorial Exploration
https://permpal.com

gg PermPAL Home  Examples Search  Random

The Permutation Pattern Avoidance Library (PermPAL)

PermPAL is a database of algorithmically-derived theorems about permutation classes.

The Combinatorial Exploration framework produces rigorously verified combinatorial specifications for families of
combinatorial objects. These specifications then lead to generating functions, counting sequence, polynomial-time
counting algorithms, random sampling procedures, and more.

This database contains 23,845 permutation classes for which specifications have been automatically found. This
includes many classes that have been previously enumerated by other means and many classes that have not been
previously enumerated.

Some Notables Successes:

* 6 out of 7 of the principal classes of length 4
» all 56 symmetry classes avoiding two patterns of length 4
» all 317 symmetry classes avoiding three patterns of length 4

which appears to be non-D-finite
all of the permutation classes counted by the Schroder numbers conjectured by Eric Egge

(see Defant)

Section 2.4 of the article Combinatorial Exploration: An Algorithmic Framework for Enumeration gives a more
comprehensive list of notable results.

The comb_spec_searcher github repository contains the open-source python framework for Combinatorial
Exploration, and the tilings github repository contains the code needed to apply it to the field of permutation patterns.



https://permpal.com

Combinatorial Exploration

We can find combinatorial specifications for:

> 6 out of 7 of the classes avoiding 1 pattern of length 4
First direct enumerations of Av(1342) and Av(2413)

> All 56 classes avoiding 2 patterns of length 4

3 are conjectured to be non-D-finite
can derive the algebraic GF for the other 53

> All 317 classes avoiding 3 patterns of length 4

> All classes avoiding 4 or more patterns of length 4



Combinatorial Exploration

We can find combinatorial specifications for:

> 1324-avoiding domino permutations

» Preimage of Av(321) under West-stack-sorting
Av(34251,35241,45231)

> LCI| Schubert Varieties
Av(52341,53241,52431,35142,42513,351624)

> "Box classes™ like Av(1 [ ]2[]3) and Av(I1 [][]32)

» “POP classes”

> Permutations corresponding to Schubert varieties with a complete
parabolic bundle structure
Av(3412,52341,635241)



PermPAL Home  Examples Search  Random

Av(2143, 3412)

View Raw Data

Generating Function Counting Sequence
3z — 1 1,1, 2, 6, 22, 86, 340, 1340, 5254, 20518, 79932, 311028, 1209916, 4707964,
v—dr+1(2z—1) 18330728, ...
Copy to clipboard: { latex ’ ‘ Maple ] ‘ sympy | { Search on PermPAL Copy 101 terms to clipboard ] [ Search on OEIS } 1 Search on PermPAL
Recurrence Implicit Equation for the Generating Function %
a(0) =1 (4z — 1)(2z — 1)°F(z)° + (3z — 1)° =0
a(l) =1
a(2) =2 Copy to clipboard: ’ latex | ’ Maple | [ Search on PermPAL
12(1+2n)a(n) 2(16+13n)a(n+1) (194 9n)a(n + 2)
a(n’ + 3) — o + )
n+3 n-+3 n—+3

Heatmap

(apte

Copy to clipboard: { latex

To create this heatmap, we sampled 1,000,000 permutations of length 300
uniformly at random. The color of the point (¢, j) represents how many
permutations have value j at index 2 (darker = more).
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a(n+ 3) = —— Lk SAT A /¥ , 42 2\ L
n-+3 n-+3 n-+3

Heatmap

(aple

Copy to clipboard: { latex

To create this heatmap, we sampled 1,000,000 permutations of length 300
uniformly at random. The color of the point (¢, j) represents how many
permutations have value j at index ¢ (darker = more).

Specification 1 Specification 2 Specification 3 Specification 4 Specification 5

This specification was found using the strategy pack "Row And Col Placements Tracked Fusion

Isolated" and has 29 rules.
Found on April 21, 2021.




”~ .

Specification 1 Specification 2 Specification 3 Specification 4 Specification 5

This specification was found using the strategy pack "Row And Col Placements Tracked Fusion

Isolated” and has 29 rules.

Found on April 21, 2021.
Finding the specification took 653 seconds.

Proof Tree

Copy to clipboard: | specification json ’ [ pack json ]

View tree on standalone page.

.................................................................................................................................................................................................................
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System of Equations A\

Copy 29 equations to clipboard:[ latex l ‘ Maple ‘ ‘ sympy I

z) = Fi(z) + Fs(z)

z)=1

£ F‘;( )Fr,(a:)

z) = Fy(z) + Fi(z)
F!;(ZL')F(((Z!)

":]!-l

() + Fy(z) + Fr(z)
5(2) Fa(z)

hes|

s(z) = Fy(x, 1)

Fg(iv y) = Fio(z,y) + Fie(x) + Fos(z, y)
Fi(z,y) = Fulz,y) + Fis(z, y)
Fu(:c Y Fl(:v) -+ Flg(x y) +F13($ y)
Fiy(z,y) = Fio(z, y) F5(x)
Fis(z,y Fll(x y) Fu(z,y)
Fls(l' y) = F5(z)Fy(z,y)

Fig(z F17(~"3)F5(33)

Fi7(z) = Fig(z, 1)
Fig(z,y) = Fig(z, y) + Fos(z, y) + Fr(x)
Fig(z,y) = Fao(z,y) + Fos(z, y)
Foo(x,y) = Fi(z) + Fo(x,y) + Fa(z,y)
Fyi(z,y) = Fig(z, y) Fs(z)
Foy(z,y) = Frg(z, y) Fao(z, y)
F23($ y) = Frg(z, y) F5(x)

FZo(x y)F (.’C)
—yFlS(a: y) + Fig(z, 1)
—1+y

= Fy(z,y) F5(z)
- —yFy(z,y) + Fy(z,1)
= Fiz(z)F5(z)

FZo(m Y
Fog(z,y

Fy(z,y
Fog(z
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Lukas Nabergall

A thesis
presented to the University of Waterloo
in fulfillment of the
thesis requirement for the degree of
Doctor of Philosophy
in
Combinatorics and Optimization

-/ Figure 2.4: A visual representation of the proof tree for noncrossing diagrams D(«~<). |
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Lukas Nabergall

A thesis
presented to the University of Waterloo
in fulfillment of the
thesis requirement for the degree of
Doctor of Philosophy
in
Combinatorics and Optimization

II. ‘

Figure 3.2: A proof tree for the class C(7%3, Bs3) of tree diagrams.

< - _ o \ - o _ L~ - 5 - _ 4 o = o ~



Combinatorial Exploration

Polyominoes

et Partitions

-"

Tix)=1+x+ xz)Tl(x) -+ x3diT1(x)
X
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28 years ago...

Enumeration Schemes and, More Importantly,
Their Automatic Generation

Doron Zeilberger*

Department of Mathematics, Temple University, Philadelphia, PA 19122, USA
zeilberg @math.temple.edu, http://www.math.temple.edu/ zeilberg

Received May 27, 1998

- Apology. The success rate of the present method, in its present state, 1s somewhat
disappointing. Ekhad was able to reproduce the classical cases and a few new ones,
- but for most patterns and sets of patterns, it failed to find a scheme (defined below) of
reasonable depth. But the present framework for setting up a scheme could be modified

; and extended in various ways. We do believe that an appropriate enhancement of the
- present method would yield, if not a 100% success rate, at least close to it.
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- Apology. The success rate of the present method, in its present state, 1s somewhat
disappointing. Ekhad was able to reproduce the classical cases and a few new ones,

- but for most patterns and sets of patterns, it failed to find a scheme (defined below) of
' reasonable depth. But the present framework for setting up a scheme could be modified

; and extended In various ways..\We-do-believe that.an.appropriate.enhan. gment of the

7 present method would yleld 1f not a 100% success rate at ]east close to 1t '

A bit optimistic, but progress continues!
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