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A short pre-Ramanujan history of series for 1
π?
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Gosperable formulas
Almost all of the formulas given above are ‘Gosperable’, meaning that Maple (or
equivalent) immediately finds a closed form for the n-th partial sum of the series.
One exception: Bauer’s series.

Note: mostly series
with sum Cπk . (Wallis!)
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From Ramanujan to ...
Baruah N.D., Berndt B.C., Chan H.H., ‘Ramanujan’s Series for 1/π: A Survey’,
Amer. Math. Monthly, 116 (7) 567–587, 2009.

Important moment:
Ekhad S., Zeilberger D., ‘A WZ proof of Ramanujan’s formula for Pi’,
in: Geometry, Analysis and Mechanics, ed. by J.M. Rassias, World Scientific,
Singapore, 107–108, 1994.
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Doron’s algorithm
Purpose: To determine a linear recurrence satisfied by

z(n) =
∞

∑
k=0

F (n,k)

F (n,k) is a hypergeometric term.
ZEILBERGER, if you´re lucky, leads to

p0(n)F (n +1,k)+p1(n)F (n,k) = G(n,k +1)−G(n,k)
(p0(n) and p1(n) polynomials in n/G(n,k) hypergeometric). We sum over k :

p0(n)z(n +1)+p1(n)z(n) = f (n). (1)
First-order recurrence!
Note: if p0(n) and p1(n) can be factorized into linear factors, things will simplify to:

y(n +1)− y(n) = g(n)
with general solution y(n) = y(0)+ ∑

n−1
k=0 g(k). We call this process renormalization.
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An example
Note that BC and BZ, people did this by hand:
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An example
Note that BC and BZ, people did this by hand:

∞

∑
n=0

1
22n (3n +2) n!3(3

2
)3

n

= π2

4
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Some nice applications

or in a nicer format: ((a)k pochhammer notation, pFq general. hypergeometric
function)

1
22n

(1)n
(n +1)2

(1
2
)

n
3F2

(
1,1,1

2+n,2+n;1
)

= π2

6 −3
n−1
∑
k=0

k!2
(2k +2)!

(Start with F (n,k) = (1)2
k

(2+n)2
k
, and apply ZEILBERGER, renormalize and solve the

first-order recurrence.)

Note that taking n = 0 solves the Basel problem!
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Some nice applications
Other ones not found on the Wolfram function site:

2(−1)n
(1

2
)3
n

(n−1)!n!2 3F2

( 1
2 ,

1
2 +n,1

1+n,1+n;1
)

= 2
π
−

n−1

∑
k=0

(−1)k(4k +1)
(1

2
)3

k
k!3

23
(

1
22

)n (1
2
)3
n

(n−1)!n!2 3F2

( 1
2 ,

1
2 ,1

1+n,1+n;1
)

= 4
π
−

n−1

∑
k=0

(6k +1)
(1

2
)3

k
4kk!3

24
(
− 1

22

)n (1
4
)
n
(1

2
)
n
(3

4
)
n

(n−1)!n!2 3F2

( 1
2 ,

1
2 +n,1

1+n,1+2n;1
)

= 8
π
−

n−1

∑
k=0

(−1)k(20k +3)
(1

4
)
k
(1

2
)
k
(3

4
)
k

4kk!3

25
(

1
26

)n (1
2
)3
n

(n−1)!n!2 3F2

(1
2 +n, 1

2 +n,1
1+2n,1+2n;1

)
= 16

π
−

n−1

∑
k=0

(42k +5)
(1

2
)3

k
64kk!3
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Some nice applications
Other ones not found on the Wolfram function site:

4
(
−1

2
)
n
(1

2
)3
n

(n−1)!3n! 3F2

( 1
2 ,

1
2 ,

1
2

3
2 −n,1+n;1

)
= − 1

π

n−1

∑
k=0

(−1)k(4k +1)
(1

2
)3
k

k!3

16
(
−1

4
)
n
(1

4
)
n
(1

2
)
n

(n−1)!3 3F2

(1
2 −n, 1

2 −n, 1
2

3
2 −2n,1 ;1

)
= − 1

π

n−1

∑
k=0

(6k +1)
(1

2
)3
k

4kk!3

64
(
−1

4
)
n
(1

4
)2
n
(3

4
)
n

(n−1)!3n! 3F2

( 1
2 −n, 1

2 ,
1
2

3
2 −2n,1+n;1

)
= − 1

π

n−1

∑
k=0

(−1)k(20k +3)
(1

4
)
k
(1

2
)
k
(3

4
)
k

4kk!3

256
(27

64
)n (−1

6
)
n
(1

6
)
n
(1

2
)
n

(n−1)!3 3F2

(1
2 −n, 1

2 −n, 1
2 −n

3
2 −3n,1 ;1

)
= − 1

π

n−1

∑
k=0

(42k +5)
(1

2
)3
k

64kk!3
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Series with sum C 1
π2

Remember: Glaisher’s series for 1
π2 are all Gosperable.
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Jesús Guillera, in 2016

1955-2026
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Jesús Guillera, in 2015

“Guillera is our Spanish Ramanujan,” declares Javier Cilleruelo, a member of the
Institute of Mathematical Sciences (ICMAT) in Madrid.
On that day in 2002, Guillera plucked up the courage to email his first formulas to
the American mathematician Doron Zeilberger, an international authority in the field.
Within half an hour, the researcher replied with enthusiastic congratulations from his
office at Rutgers University.
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Jesús Guillera’s email to Doron Zeilberger, in 2002
From jguillera@able.es Thu Mar  7 14:51:40 2002
To: <zeilberg@math.rutgers.edu>
Subject: formulas
Date: Thu, 7 Mar 2002 20:45:25 +0100

Dear Doron,

I have found the following formulae and others using the WZ 
method.

I am surprised because I have not seen in internet formulas 
like this with pi square in the denominator. 
What is your opinion?

I have also found all the formulas of Ramanujan with C(2n,n) 
power 3 using also the WZ method.

With friendly greetings,

Jesus Guillera
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Series with sum C 1
π2

These 3 series are the first non-trivial ( = non-Gosperable) series for 1
π2 ever, I think.

Jesús Guillera, ‘About a New Kind of Ramanujan-Type Series’, Experiment. Math. 12
(4) 507–510, 2003.
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Series with sum C 1
π2

In a paper published in 2008 Guillera gave formulas relating series of Ramanujan to
these series for 1

π2 . Using ZEILBERGER we can make this relation very clear!

Jesús Guillera, ‘Hypergeometric identities for 10 extended Ramanujan-type series’,
Ramanujan J. 15 (2) 219–234, 2008.
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Ramanujan Guillera

Ramanujan Guillera

Ramanujan Guillera

+

+

+
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Guillera’s series with sum C 1
π2

There’s more!
Starting from some series I published in 2010 (which I would now classify as ‘trivial’),
we can get the Guillera series by accelerating them.

The series:
∞

∑
n=0

(1
2
)4

n
(n!)4 · 4n +1

(2n− (2k −1))· · · · ·(2n−1)·(n +1)· · · · ·(n +k)

The accelerated series (k → k +n in F (n,k))

4
(
− 1

22

)n (1
2
)5

n
(5

4
)

n
(n−1)!n!4

(1
4
)

n
6F5

( 1
2 ,

1
2 +n, 1

2 +n, 1
2 +n, 5

4 +n,1
1+n,1+n,1+n,1+2n, 1

4 +n;1
)

= 8
π2 −

n−1
∑
k=0

(−1)k(20k2 +8k +1)
(1

2
)5

k
4kk!5
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Guillera’s series with sum C 1
π2

There’s more!
Starting from some series I published in 2010 (which I would now classify as ‘trivial’),
we can get the Guillera series by accelerating them.

The series:
∞

∑
n=0

(1
2
)4

n
(n!)4 · 4n +1

(2n− (2k −1))2 · · · · ·(2n−1)2 ·(n +1)2 · · · · ·(n +k)2

The accelerated series

32
(

1
24

)n (1
4
)

n
(1

2
)3

n
(3

4
)

n
(n−1)!n!4 6F5

( 1
2 ,

1
2 ,

1
2 +n, 1

2 +n, 5
4 +n,1

1+n,1+n,1+2n,1+2n, 1
4 +n;1

)
= 32

π2 −
n−1
∑
k=0

(120k2 +34k +3)
(1

4
)

k
(1

2
)3

k
(3

4
)

k
16kk!5
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Guillera’s series with sum C 1
π2

The third one gave some problems, but after a bit of experimenting I found these:

8
(
−1

2
)

n
(1

2
)6

n
(3

2
)

n
(n−1)!4n!4 7F6

( 1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2 +n,2n, 5

4 + n
2

1+n,1+n,1+n,1+n, 3
2 −n, 1

4 + n
2
;1
)

= − 1
π2

n−1
∑
k=0

(−1)k(20k2 +8k +1)
(1

2
)5

k
4kk!5

211(- 27
256)n(2n−1)

(
−1

6
)

n
(1

6
)

n
(1

2
)2

n
(n−1)!4 7F6

(1
2 −n, 1

2 −n, 1
2 −n, 1

2 −n, 1
2 −n,2n, 5

4 −
n
2

1,1,1,1, 3
2 −3n, 1

4 −
n
2

;1
)

= 1
π2

n−1
∑
k=0

(820k2 +180k +13)
(1

2
)5

k
1024kk!5

Note that these were found by replacing F (n,k) by F (n,k −n) in the ones we’ll see
later on.
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Guillera’s series with sum C 1
π2

There’s more!
Jesús Guillera found another series in 2010.

∞

∑
n=0

(74n2 +27n +3)
(1

3
)

n
(1

2
)3

n
(2

3
)

n(64
27
)n n!5

= 48
π2

And again it is related to some of Ramanujan’s series!

Jesús Guillera, ‘A new Ramanujan-like series for 1
π2 ’, arXiv, 2010.
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Ramanujan Guillera

Ramanujan Guillera

+

+
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Ramanujan Guillera

Ramanujan Guillera

+

+
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The series with sum C 1
π4

Until recently the two known series with sum 1
π4 remained unproven:

∞

∑
k=0

(43680k4 +20632k3 +4340k2 +466k +21)
(1

4
)

k
(1

2
)7

k
(3

4
)

k
4096kk!9 = 2048

π4

∞

∑
k=0

(4528k4 +3180k3 +972k2 +147k +9)
(1

4
)

k
(1

3
)

k
(1

2
)5

k
(2

3
)

k
(3

4
)

k(
−256

27
)k k!9

= 768
π4

Enters Kam Cheong Au. (Thank you, Kam Cheong Au!)
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Guillera’s series and the series with sum C 1
π4

Using ZEILBERGER we can easily prove the following:

214

212n
(6n +1)

(1
4
)

n
(1

2
)7

n
(3

4
)

n
(2n−1)(n−1)!4n!5 8F7

( 1
2 +n, 1

2 +n, 1
2 +n, 1

2 +n, 1
2 +n, 5

4 + 3
2n,4n,1

3
2 −n,1+2n,1+2n,1+2n,1+2n,1+2n, 1

4 + 3
2n;1

)
= 16

π2

n−1

∑
k=0

(−1)k(820k2 +180k +13)
(1

2
)5

k
1024kk!5

−
n−1

∑
k=0

(43680k4 +20632k3 +4340k2 +466k +21)
(1

4
)

k
(1

2
)7

k
(3

4
)

k
4096kk!9

Note that we can prove that limn→∞ LHS = 0 leading to a proof of Jim Cullen’s formula,
thanks to Jesús Guillera’s series.
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Guillera’s series and the series with sum C 1
π4

Using ZEILBERGER we can also prove that:

29(-33

28 )n (6n +1)
(1

4
)
n
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3
)
n
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2
)5
n
(2

3
)
n
(3

4
)
n

(n−1)!4n!5 8F7
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2 +n, 1

2 +n, 1
2 +n, 1

2 +n, 1
2 +2n, 5
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4 + 3
2n ;1

)
= 96

π2

n−1

∑
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(−1)k(20k2 +8k +1)
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2
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k
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−
n−1

∑
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2
)5
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(2

3
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(3

4
)
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−256
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)k k!9

This leads to a proof of Yue Zhao’s formula, by way of Jesús Guillera’s series.
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A new series?
By experimenting with the arguments of the hypergeometric function, we found this:

8(6n +1)
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∑
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∑
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Using the fact that limn→∞ LHS = 0 (thanks, John) and Entry 29(a) in Ramanujan’s
second notebook :

∞

∑
k=0

(1
2
)2

k
(2k +1)k!2 = 4G

π

we get:
∞

∑
k=0

(96k2 +32k +3)
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4
)2
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2
)3

k
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4
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k
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k
= 128G

π3 .
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Jesús Guillera, 1 July 2024
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Thank you!

32



Addendum
While experimenting with upside-down series, I found this:

(- 27
256)n(3n +2)
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∑
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(−256)k(10k2 +14k +5) 1
(2k +1)5

(2k
k
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n−1

∑
k=0

(2264k4 +6118k3 +6267k2 +2884k +503)
k!5
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4
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k
(7
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4
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(−256
27 )k
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2
)9

k

The second term at the RHS sums to −14ζ (3) and the third one to 12ζ (3)!
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