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Classical result

Number of plane trees with n vertices = Cn−1 (Catalan numbers)
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Colored Plane Trees
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Rules for coloring plane trees

How to color vertices of a plane tree:

How many/which colors to use?
Any color for root
For each color, specify which
colors can be used for children of a
vertex of that color.

Example:
Blue followed by any color
Red only followed by red
White followed by red or blue
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Rules for coloring plane trees

How to color vertices of a plane tree:

How many/which colors to use?

Any color for root

For each color, specify which
colors can be used for children of a
vertex of that color.

Example:

Blue followed by any color

Red only followed by red

White followed by red or blue

Matrix representation (blue red white):1 1 1
0 1 0
1 1 0


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How many colored plane trees with n vertices are there?
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How many colored plane trees with n vertices are there?

Use the standard Catalan decomposition
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How many colored plane trees with n vertices are there?

Use the standard Catalan decomposition

t
(i)
A (n) = Number of plane trees:

With n vertices
Colored according to rule with matrix A
With root color i

In decomposition, right subtree can only have a root color among the colors
that can follow color i

t
(i)
A (n) =

n−1∑
k=1

m∑
j=1

aijt
(i)
A (k)t

(j)
A (n − k) (m = number of colors)

Nathan Fox Counting Colored Trees



How many colored plane trees with n vertices are there?

Use the standard Catalan decomposition

t
(i)
A (n) = Number of plane trees:

With n vertices
Colored according to rule with matrix A
With root color i

In decomposition, right subtree can only have a root color among the colors
that can follow color i

t
(i)
A (n) =

n−1∑
k=1

m∑
j=1

aijt
(i)
A (k)t

(j)
A (n − k) (m = number of colors)

Nathan Fox Counting Colored Trees



How many colored plane trees with n vertices are there?

Use the standard Catalan decomposition

t
(i)
A (n) = Number of plane trees:

With n vertices
Colored according to rule with matrix A
With root color i

In decomposition, right subtree can only have a root color among the colors
that can follow color i

t
(i)
A (n) =

n−1∑
k=1

m∑
j=1

aijt
(i)
A (k)t

(j)
A (n − k) (m = number of colors)

Nathan Fox Counting Colored Trees



How many colored plane trees with n vertices are there?

Generating functions

F
(i)
A (x) =

∞∑
n=1

t
(i)
A (n)xn

t
(i)
A (n) =

n−1∑
k=1

m∑
j=1

aijt
(i)
A (k)t

(j)
A (n − k)

Theorem

F
(i)
A (x) = x + F

(i)
A (x)

m∑
j=1

aijF
(j)
A (x)

Corollary

F
(i)
A (x) is always algebraic.
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How many colored plane trees with n vertices are there?

Example: A =

1 1 1
0 1 0
1 1 0



n 1 2 3 4 5 6 7 8

t
(1)
A (n) 1 3 15 88 563 3812 26877 195349

t
(2)
A (n) 1 1 2 5 14 42 132 429

t
(3)
A (n) 1 2 8 41 241 1545 10503 74429

Total 3 6 25 134 818 5399 37512 270207
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How many colored plane trees with n vertices are there?

Example: A =

1 1 1
0 1 0
1 1 0


n 1 2 3 4 5 6 7 8 Formula

t
(1)
A (n) 1 3 15 88 563 3812 26877 195349

A394151(n)

t
(2)
A (n) 1 1 2 5 14 42 132 429 Cn−1

t
(3)
A (n) 1 2 8 41 241 1545 10503 74429

A381826(n − 1)

Total 3 6 25 134 818 5399 37512 270207

∗ ∗ ∗

∗ ∗ ∗ Total = A394151(n) + Cn−1 + A381826(n − 1)
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How many colored plane trees with n vertices are there?

Example: A =

1 1 1
0 1 0
1 1 0
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F
(1)
A (x)6 − 2F

(1)
A (x)5 + (2x +1)F

(1)
A (x)4 − 3xF

(1)
A (x)3 +5x2F

(1)
A (x)2 − x2F

(1)
A (x) + x3 = 0

F
(3)
A (x)6 − 2xF

(3)
A (x)4 + xF

(3)
A (x)3 + x2F

(3)
A (x)2 − x2F

(3)
A (x) + x3 = 0
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OEIS entry A381826

Straightforwardly shown to satisfy same functional equation as F
(3)
A (x):

F
(3)
A (x)6 − 2xF

(3)
A (x)4 + xF

(3)
A (x)3 + x2F

(3)
A (x)2 − x2F

(3)
A (x) + x3 = 0
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Goals

Catalog counting sequences for all 2× 2 and 3× 3 matrices

Figure out when two matrices have the same counting sequences

Find proofs, preferably bijective or combinatorial, when our sequences agree
with known sequences

Find general results for certain n × n matrices

Rest of talk:

Catalog of all 2× 2 results

Combinatorial proof of one 3× 3 result

Generalizing that result to n × n

Studying a related n × n result

(If time) Addressing the question of when two matrices have the same
counting sequences

(If time) Bijective proof of one 2× 2 result
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Outline

Preliminaries

Catalog of 2× 2 results

Study of a 3× 3 result

Generalization to n × n

Related n × n family

Same counting sequences?

2× 2 bijective proof

Summary
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Catalog of counting sequences for 2× 2 matrices

Matrix: A =

[
0 0
0 0

]
Sequences: n 1 2 3 4 5 6 7 8 Formula

t
(1)
A (n) 1 0 0 0 0 0 0 0 0n−1

t
(2)
A (n) 1 0 0 0 0 0 0 0 0n−1

Total 2 0 0 0 0 0 0 0 2 · 0n−1

Nathan Fox Counting Colored Trees



Catalog of counting sequences for 2× 2 matrices

Matrix: A =

[
0 1
0 0

]
Sequences: n 1 2 3 4 5 6 7 8 Formula

t
(1)
A (n) 1 1 1 1 1 1 1 1 1

t
(2)
A (n) 1 0 0 0 0 0 0 0 0n−1

Total 2 1 1 1 1 1 1 1 0n−1 + 1
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A (n) 1 0 0 0 0 0 0 0 0n−1

t
(2)
A (n) 1 1 1 1 1 1 1 1 1

Total 2 1 1 1 1 1 1 1 0n−1 + 1

Nathan Fox Counting Colored Trees



Catalog of counting sequences for 2× 2 matrices

Matrix: A =

[
1 0
0 0

]
Sequences: n 1 2 3 4 5 6 7 8 Formula

t
(1)
A (n) 1 1 2 5 14 42 132 429 Cn−1

t
(2)
A (n) 1 0 0 0 0 0 0 0 0n−1

Total 2 1 2 5 14 42 132 429 Cn−1 + 0n−1
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Catalog of counting sequences for 2× 2 matrices
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Catalog of counting sequences for 2× 2 matrices

Matrix: A =

[
1 1
0 0

]
Sequences: n 1 2 3 4 5 6 7 8 Formula

t
(1)
A (n) 1 1 3 11 45 197 903 4279 A001003(n − 1)

t
(2)
A (n) 1 1 3 11 45 197 903 4279 A001003(n − 1)

Total 2 2 6 22 90 394 1806 8558 2 · A001003(n − 1)
A001003(n): Little Schröder numbers
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Catalog of counting sequences for 2× 2 matrices
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Catalog of counting sequences for 2× 2 matrices

Matrix: A =

[
1 1
0 1

]
Sequences: n 1 2 3 4 5 6 7 8 Formula

t
(1)
A (n) 1 2 7 29 131 625 3099 15818 A007852(n)

t
(2)
A (n) 1 1 2 5 14 42 132 429 Cn−1

Total 2 3 9 34 145 667 3231 16247 A007852(n) + Cn−1

A007852(n): Number of antichains in rooted plane trees on n nodes
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Catalog of counting sequences for 2× 2 matrices

Matrix: A =

[
1 1
1 0

]
Sequences: n 1 2 3 4 5 6 7 8 Formula

t
(1)
A (n) 1 2 7 30 143 728 3876 21318 1

n

(
3n−2
n−1

)
t
(2)
A (n) 1 1 3 12 55 273 1428 7752 1

2n−1

(
3n−3
n−1

)
Total 2 3 10 42 198 1001 5304 29070 2

n

(
3n−3
n−1

)
A006013(n − 1), A001764(n − 1), A007226(n − 1)
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Catalog of counting sequences for 2× 2 matrices
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Catalog of counting sequences for 2× 2 matrices

Matrix: A =

[
1 1
1 1

]
Sequences: n 1 2 3 4 5 6 7 8 Formula

t
(1)
A (n) 1 2 8 40 224 1344 8448 54912 2n−1Cn−1

t
(2)
A (n) 1 2 8 40 224 1344 8448 54912 2n−1Cn−1

Total 2 4 16 80 448 2688 16896 109824 2nCn−1
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An interesting 3× 3 matrix

A =

0 0 0
1 0 0
1 1 0



n 1 2 3 4 5 6 7 8 Formula

t
(1)
A (n) 1 0 0 0 0 0 0 0 0n−1

t
(2)
A (n) 1 1 1 1 1 1 1 1 1

t
(3)
A (n) 1 2 5 13 34 89 233 610

F2n−1

Total 3 3 6 14 35 90 234 611

0n−1 + 1 + F2n−1
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An interesting 3× 3 matrix

A =

0 0 0
1 0 0
1 1 0


n 1 2 3 4 5 6 7 8 Formula

t
(1)
A (n) 1 0 0 0 0 0 0 0 0n−1

t
(2)
A (n) 1 1 1 1 1 1 1 1 1

t
(3)
A (n) 1 2 5 13 34 89 233 610 F2n−1

Total 3 3 6 14 35 90 234 611 0n−1 + 1 + F2n−1
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Combinatorial proof that t
(3)
A (n) = F2n−1

A =

0 0 0
1 0 0
1 1 0



First Observation

This rule colors trees of height at most 2.

Root can be any color (or specifically white for t
(3)
A (n))

Vertices at Level 1 can only be blue or red

Vertices at Level 2 must be blue leaves with parents colored red
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Combinatorial proof that t
(3)
A (n) = F2n−1

A =

0 0 0
1 0 0
1 1 0



Given A-colored tree with n vertices and white root, look at rightmost leaf.

It is either on Level 1 or 2.

If it is on Level 1, it can be colored blue or red, and deleting it can leave
behind any A-colored tree with n − 1 vertices.

2t
(3)
A (n − 1)

If it is on Level 2, it must be colored blue, and deleting it can leave behind
any A-colored tree with n − 1 vertices and rightmost leaf not blue on
Level 1.

t
(3)
A (n − 1)− t

(3)
A (n − 2)

Nathan Fox Counting Colored Trees



Combinatorial proof that t
(3)
A (n) = F2n−1

A =

0 0 0
1 0 0
1 1 0



Given A-colored tree with n vertices and white root, look at rightmost leaf.

It is either on Level 1 or 2.

If it is on Level 1, it can be colored blue or red, and deleting it can leave
behind any A-colored tree with n − 1 vertices.

2t
(3)
A (n − 1)

If it is on Level 2, it must be colored blue, and deleting it can leave behind
any A-colored tree with n − 1 vertices and rightmost leaf not blue on
Level 1.

t
(3)
A (n − 1)− t

(3)
A (n − 2)

Nathan Fox Counting Colored Trees



Combinatorial proof that t
(3)
A (n) = F2n−1

A =

0 0 0
1 0 0
1 1 0



Given A-colored tree with n vertices and white root, look at rightmost leaf.

It is either on Level 1 or 2.

If it is on Level 1, it can be colored blue or red, and deleting it can leave
behind any A-colored tree with n − 1 vertices.

2t
(3)
A (n − 1)

If it is on Level 2, it must be colored blue, and deleting it can leave behind
any A-colored tree with n − 1 vertices and rightmost leaf not blue on
Level 1.

t
(3)
A (n − 1)− t

(3)
A (n − 2)

Nathan Fox Counting Colored Trees



Combinatorial proof that t
(3)
A (n) = F2n−1

A =

0 0 0
1 0 0
1 1 0



Given A-colored tree with n vertices and white root, look at rightmost leaf.

It is either on Level 1 or 2.

If it is on Level 1, it can be colored blue or red, and deleting it can leave
behind any A-colored tree with n − 1 vertices. 2t

(3)
A (n − 1)

If it is on Level 2, it must be colored blue, and deleting it can leave behind
any A-colored tree with n − 1 vertices and rightmost leaf not blue on
Level 1.

t
(3)
A (n − 1)− t

(3)
A (n − 2)

Nathan Fox Counting Colored Trees



Combinatorial proof that t
(3)
A (n) = F2n−1

A =

0 0 0
1 0 0
1 1 0



Given A-colored tree with n vertices and white root, look at rightmost leaf.

It is either on Level 1 or 2.

If it is on Level 1, it can be colored blue or red, and deleting it can leave
behind any A-colored tree with n − 1 vertices. 2t

(3)
A (n − 1)

If it is on Level 2, it must be colored blue, and deleting it can leave behind
any A-colored tree with n − 1 vertices and rightmost leaf not blue on
Level 1.

t
(3)
A (n − 1)− t

(3)
A (n − 2)

Nathan Fox Counting Colored Trees



Combinatorial proof that t
(3)
A (n) = F2n−1

A =

0 0 0
1 0 0
1 1 0



Given A-colored tree with n vertices and white root, look at rightmost leaf.

It is either on Level 1 or 2.

If it is on Level 1, it can be colored blue or red, and deleting it can leave
behind any A-colored tree with n − 1 vertices. 2t

(3)
A (n − 1)

If it is on Level 2, it must be colored blue, and deleting it can leave behind
any A-colored tree with n − 1 vertices and rightmost leaf not blue on
Level 1. t

(3)
A (n − 1)− t

(3)
A (n − 2)

Nathan Fox Counting Colored Trees



Combinatorial proof that t
(3)
A (n) = F2n−1

A =

0 0 0
1 0 0
1 1 0



Theorem

t
(3)
A (n) = 3t

(3)
A (n − 1)− t

(3)
A (n − 2)

Same recurrence as F2n−1, and same initial conditions. □
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Study of a 3× 3 result
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Generalizing this example to more colors

Am =



0 0 0 · · · 0 0
1 0 0 · · · 0 0
1 1 0 · · · 0 0
1 1 1 · · · 0 0
...

...
...

. . .
...

...
1 1 1 · · · 1 0


(m ×m)

Colors trees of height at most m

All subtrees colored according to Am′ for some m′ < m

Rational generating functions F
(i)
Am
(x) for all 1 ≤ i ≤ m

Sequence of rational generating functions F (1)(x),F (2)(x),F (3)(x),F (4)(x), . . .
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What can we say about F (i)(x)?

F (1)(x) = x

F (2)(x) =
x

1− x

F (3)(x) =
x − x2

1− 3x + x2

F (4)(x) =
x − 4x2 + 4x3 − x4

1− 7x + 13x2 − 7x3 + x4

F (5)(x) =
x − 11x2 + 45x3 − 88x4 + 88x5 − 45x6 + 11x7 − x8

1− 15x + 83x2 − 220x3 + 303x4 − 220x5 + 83x6 − 15x7 + x8

Can we find a pattern in the numerators and denominators?
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1 − 15x + 83x2 − 220x3 + 303x4 − 220x5 + 83x6 − 15x7 + x8

Can we find a pattern in the numerators and denominators? pi (x)
qi (x)

Degrees of pi(x) and qi(x) are 2i−2 for i ≥ 2.

qi(x) palindromic for i ≥ 3
pi (x)
x

antipalindromic for i ≥ 3

Coefficients of pi(x) and qi(x) alternate in sign and are unimodal.

But what are the coefficients?
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What can we say about F (i)(x)?
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Studying A147985 and A147986

A147985: Coefficients of numerator polynomials Sn(x) associated with
reciprocation.

A147986: Coefficients of denominator polynomials Tn(x) associated with
reciprocation.

Start with x
1
. Iterate Sn(x)

Tn(x)
= Sn−1(x)

Tn−1(x)
− Tn−1(x)

Sn−1(x)

Recurrences: Sn(x) = Sn−1(x)
2 − Tn−1(x)

2; Tn(x) = Sn−1(x)Tn−1(x)

Sn(x) has the same coefficients as qn(x), but it’s even and has degree 2n−1

instead of 2n−2.

Tn(x) has the opposite coefficients as pn(x), plus it’s odd and has degree
2n−1 − 1 instead of 2n−2.
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What can we say about F (i)(x)?

Theorem

pi(x) =

{
x i = 1

pi−1(x)qi−1(x) i > 1

qi(x) =

{
1 i = 1

qi−1(x)
2 − pi−1(x)

2

x
i > 1

Corollary

For i ≥ 3, pi(x
2) = −xTi(x) and qi(x

2) = Si(x).

Proof of Theorem follows by induction and manipulation of generating functions.
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Another, seemingly less interesting 3× 3 matrix

B =

1 0 0
1 1 0
1 1 1



n 1 2 3 4 5 6 7 8 Formula

t
(1)
B (n) 1 1 2 5 14 42 132 429 Cn−1

t
(2)
B (n) 1 2 7 29 131 625 3099 15818 A007852(n)

t
(3)
B (n) 1 3 15 87 544 3566 24165 167904

A394121(n)

Total 3 6 24 121 689 4233 27396 184151

∗ ∗ ∗
∗ ∗ ∗ Total = Cn−1 + A007852(n) + A394121(n) Functional Equation:

F
(3)
B (x)8 − F

(3)
B (x)7 + 7xF

(3)
B (x)6 − 4xF

(3)
B (x)5 + 13x2F

(3)
B (x)4

− 4x2F
(3)
B (x)3 + 7x3F

(3)
B (x)2 − x3F

(3)
B (x) + x4 = 0
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Generalizing this example to more colors

Bm =



1 0 0 · · · 0 0
1 1 0 · · · 0 0
1 1 1 · · · 0 0
...

...
...

. . .
...

...
1 1 1 · · · 1 0
1 1 1 · · · 1 1


(m ×m)

Colors trees of any height

All subtrees colored according to Bm′ for some m′ ≤ m

Generating functions F
(i)
Bm
(x) for all 1 ≤ i ≤ m, not rational this time

Sequence of generating functions F (1)(x),F (2)(x),F (3)(x),F (4)(x), . . .
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What can we say about F (i)(x)?

F (1)(x)2 − F (1)(x) + x = 0

F (2)(x)4 − F (2)(x)3 + 3xF (2)(x)2 − xF (2)(x) + x2 = 0

F (3)(x)8 − F (3)(x)7 + 7xF (3)(x)6 − 4xF (3)(x)5 + 13x2F (3)(x)4 −
4x2F (3)(x)3 + 7x3F (3)(x)2 − x3F (3)(x) + x4 = 0

Can we find a pattern in functional equations?

Degree for F (i)(x) is 2i .

Integer coefficients are palindromic and alternate in sign.

Coefficient on F (i)(x)j includes x

⌊
2i−j
2

⌋
.

But what are the integer coefficients?
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What can we say about F (i)(x)?

F
(1)
Bm

(x)2 − F
(1)
Bm

(x) + x = 0

F
(2)
Bm

(x)4 − F
(2)
Bm

(x)3 + 3xF
(2)
Bm

(x)2 −
xF

(2)
Bm

(x) + x2 = 0

F
(3)
Bm

(x)8 − F
(3)
Bm

(x)7 + 7xF
(3)
Bm

(x)6 −
4xF

(3)
Bm

(x)5 + 13x2F
(3)
Bm

(x)4 −
4x2F

(3)
Bm

(x)3 + 7x3F
(3)
Bm

(x)2 −
x3F

(3)
Bm

(x) + x4 = 0

F
(2)
Am

(x) =
x

1− x

F
(3)
Am

(x) =
x − x2

1− 3x + x2

F
(4)
Am

(x) =
x − 4x2 + 4x3 − x4

1− 7x + 13x2 − 7x3 + x4

These are the same numbers, just interleaved and with different signs!
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What can we say about F (i)(x)?

A147987: Coefficients of numerator polynomials Pn(x) associated with
reciprocation.

A147988: Coefficients of denominator polynomials Qn(x) associated with
reciprocation.

Start with x
1
. Iterate Pn(x)

Qn(x)
= Pn−1(x)

Qn−1(x)
+ Qn−1(x)

Pn−1(x)

Recurrences: Pn(x) = Pn−1(x)
2 + Qn−1(x)

2; Qn(x) = Pn−1(x)Qn−1(x)

Pn is like Sn but has all positive coefficients; similar for Qn and Tn.

Coefficients of functional equation interleave coefficients of Qn(x) with
those of −Pn(x) while also multiplying by a power of x .
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What can we say about F (i)(x)?

Theorem

x2
i−1

(
1√
x
Qi+1

(
F (i)(x)√

x

)
− Pi+1

(
F (i)(x)√

x

))
= 0

Proof of Theorem follows by induction and manipulation of generating functions,
though it’s somewhat more cumbersome than for Am.
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Different coloring rules with same counting sequences?

Easy necessary condition: Corresponding rows have same number of 1’s

Already seen not sufficient:[
1 1
1 0

]
and

[
1 1
0 1

]
Definition

Matrices A and B are strictly tree coloring equivalent if they have identical
sequences t

(i)
A (n) and t

(i)
B (n) for all colors i .

Definition

For a matrix A, colors i and j are interchangeable if sequences t
(i)
A (n) and t

(j)
A (n)

are identical.
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Different coloring rules with same counting sequences?

Theorem

Suppose i and j are interchangeable colors in A. Let ℓ be such that aℓi = 0 and
aℓj = 1. Swapping these gives a strictly tree coloring equivalent matrix.

Example

A =

1 1 1
0 1 0
0 0 1



B =

1 1 1
0 1 0
0 1 0

 C =

1 1 1
0 0 1
0 1 0


Colors 2 and 3 are interchangeable (both Catalan)

a32 = 0 and a33 = 1 (ℓ = 3)

A and B are strictly tree coloring equivalent.

Can get others with more theorem applications.
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A and B are strictly tree coloring equivalent.

Can get others with more theorem applications.
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Different coloring rules with same counting sequences?

Theorem

Suppose i and j are interchangeable colors in A. Let ℓ be such that aℓi = 0 and
aℓj = 1. Swapping these gives a strictly tree coloring equivalent matrix.

Question

If A and B are strictly tree coloring equivalent, can B always be obtained from A
by repeated applications of this theorem?

Answer

No!

A =


1 1 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 1 0
0 0 0 1 1 0
0 0 0 0 0 1

 B =


0 0 0 1 1 1
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 1 0
0 0 0 1 1 0
0 0 0 0 0 1

 .
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Matrices with same total counting sequences?

Definition

m ×m matrices A and B are tree coloring equivalent if the sequences
m∑
i=1

t
(i)
A (n) and

m∑
i=1

t
(i)
B (n) are identical.

Easy Observations

Strictly tree coloring equivalent implies tree coloring equivalent

Permuting rows/columns results in a tree coloring equivalent matrix

Question

If A and B are tree coloring equivalent, is B always a permutation of a matrix
that’s strictly tree coloring equivalent with A?
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Matrices with same total counting sequences?

Question

If A and B are tree coloring equivalent, is B always a permutation of a matrix
that’s strictly tree coloring equivalent with A?

Answer

2× 2: YES

3× 3: NO

Example

A1 =

0 0 0
1 1 0
1 0 1

 A2 =

0 1 1
1 0 0
1 0 0

 B1 =

1 1 1
0 1 0
0 0 1

 B2 =

1 1 0
1 1 0
0 0 1



Nathan Fox Counting Colored Trees



Matrices with same total counting sequences?

Question

If A and B are tree coloring equivalent, is B always a permutation of a matrix
that’s strictly tree coloring equivalent with A?

Answer

2× 2: YES

3× 3: NO

Example

A1 =

0 0 0
1 1 0
1 0 1

 A2 =

0 1 1
1 0 0
1 0 0

 B1 =

1 1 1
0 1 0
0 0 1

 B2 =

1 1 0
1 1 0
0 0 1


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First pair of tree coloring equivalent matrices

A1 =

0 0 0
1 1 0
1 0 1

 A2 =

0 1 1
1 0 0
1 0 0


n 1 2 3 4 5 6 7 8 Formula

t
(1)
A1

(n) 1 0 0 0 0 0 0 0 0n−1

t
(2)
A1

(n) 1 2 6 22 90 394 1806 8558 A006318(n − 1)

t
(3)
A1

(n) 1 2 6 22 90 394 1806 8558 A006318(n − 1)

Total 3 4 12 44 180 788 3612 17116 2 · A006318(n − 1) + 0n−1

A001003(n): Little Schröder numbers

A006318(n): Big Schröder numbers
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First pair of tree coloring equivalent matrices

A1 =

0 0 0
1 1 0
1 0 1

 A2 =

0 1 1
1 0 0
1 0 0


n 1 2 3 4 5 6 7 8 Formula

t
(1)
A2

(n) 1 2 6 22 90 394 1806 8558 A006318(n − 1)

t
(2)
A2

(n) 1 1 3 11 45 197 903 4279 A001003(n − 1)

t
(3)
A2

(n) 1 1 3 11 45 197 903 4279 A001003(n − 1)

Total 3 4 12 44 180 788 3612 17116 2 · A006318(n − 1) + 0n−1

A001003(n): Little Schröder numbers

A006318(n): Big Schröder numbers
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Second pair of tree coloring equivalent matrices

B1 =

1 1 1
0 1 0
0 0 1

 B2 =

1 1 0
1 1 0
0 0 1


n 1 2 3 4 5 6 7 8 Formula

t
(1)
B1

(n) 1 3 14 75 434 2646 16764 109395 (2n − 1)Cn−1

t
(2)
B1

(n) 1 1 2 5 14 42 132 429 Cn−1

t
(3)
B1

(n) 1 1 2 5 14 42 132 429 Cn−1

Total 3 5 18 85 462 2730 17028 110253 (2n + 1)Cn−1
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Second pair of tree coloring equivalent matrices

B1 =

1 1 1
0 1 0
0 0 1

 B2 =

1 1 0
1 1 0
0 0 1


n 1 2 3 4 5 6 7 8 Formula

t
(1)
B2

(n) 1 2 8 40 224 1344 8448 54912 2n−1Cn−1

t
(2)
B2

(n) 1 2 8 40 224 1344 8448 54912 2n−1Cn−1

t
(3)
B2

(n) 1 1 2 5 14 42 132 429 Cn−1

Total 3 5 18 85 462 2730 17028 110253 (2n + 1)Cn−1
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Wrap-up of (strict) tree coloring equivalence

Theorem

Suppose i and j are interchangeable colors in A. Let ℓ be such that aℓi = 0 and
aℓj = 1. Swapping these gives a strictly tree coloring equivalent matrix.

There’s a generalization where, if A and B are strictly tree coloring
equivalent, then B can always be obtained from A by that generalization.

Counterexample for above theorem built with B1 and B2 from previous slide

A =


1 1 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 1 0
0 0 0 1 1 0
0 0 0 0 0 1

 B =


0 0 0 1 1 1
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 1 0
0 0 0 1 1 0
0 0 0 0 0 1

 .
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Catalog of 2× 2 results

Study of a 3× 3 result

Generalization to n × n

Related n × n family

Same counting sequences?

2× 2 bijective proof

Summary
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Deep dive into no red-followed-by-red case

A =

[
1 1
1 0

]
: Trees colored blue and red where red can’t follow red

t
(1)
A (n) = A006013(n − 1) = 1

n

(
3n−2
n−1

)
= (3n−2)!

n!(2n−1)!

t
(2)
A (n) = A001764(n − 1) = 1

2n−1

(
3n−3
n−1

)
= (3n−3)!

(n−1)!(2n−1)!

Total = A007226(n − 1) = 2
n

(
3n−3
n−1

)
= 2·(3n−3)!

n!(2n−2)!

Follows from

Theorem (Kirschenhofer, Prodinger, Tichy)

Total number of independent sets over all plane trees with n vertices: 2
n

(
3n−3
n−1

)
We give another bijective proof.
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The “Glove Bijection”

Bijection between plane trees with n vertices and Dyck paths (0, 0) to (2n− 2, 0)

Depth-first, left-first tree traversal

Down in tree ↔ U in path
Up in tree ↔ D in path

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
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Relevant comment on A001764

The number of lattice paths from (0,0) to (2n,0) using an

Up-step=(1,1) and a Down-step=(0,-2) and staying above the

x-axis. E.g., a(2) = 3; UUUUDD, UUUDUD, UUDUUD. - Charles Moore

(chamoore(AT)howard.edu), Jan 09 2008

Equivalent to paths from (0, 0) to (4n, 0) using up (1, 1) and down (2,−2)
Equivalent to Dyck paths (0, 0) to (4n, 0), all descents even length

Equal to Dyck paths (0, 0) to (4n, 0), all ascents even length (reverse path)

Knowing this, not hard to interpret A006013 as number of Dyck paths (0, 0) to
(4n + 2, 0), all but first ascent even length
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Bijection for no red-followed-by-red case

Goal: Bijection between n-vertex trees colored A =

[
1 1
1 0

]
and Dyck paths (0, 0)

to (4n − 4, 0) or (4n − 2, 0), all ascents even length except possibly first one

Blue root ↔ Path (0, 0) to (4n − 2, 0)

Red root ↔ Path (0, 0) to (4n − 4, 0)

Intermediate objects: Trees with even downward path property
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Even downward path property

Definition

In a tree, a downward path is any path that starts at a vertex with at least two
children, progresses one step downward to a non-leftmost child, and then
proceeds from there via leftmost children to a leaf.

Exactly one downward path ending in each non-leftmost leaf

Each edge in exactly one downward path unless leftmost descendant of root
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proceeds from there via leftmost children to a leaf.
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Definition
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Bijection for no red-followed-by-red case

Goal: Bijection between n-vertex trees colored A =

[
1 1
1 0

]
and Dyck paths (0, 0)

to (4n − 4, 0) or (4n − 2, 0), all ascents even length except possibly first one

Blue root ↔ E2n ↔ Path (0, 0) to (4n − 2, 0)

Red root ↔ E2n−1 ↔ Path (0, 0) to (4n − 4, 0)

Ek ↔ Path (0, 0) to (2k − 2, 0): Glove Bijection
A-colored tree ↔ Ek : Recursive construction

Nathan Fox Counting Colored Trees



Bijection for no red-followed-by-red case

Goal: Bijection between n-vertex trees colored A =

[
1 1
1 0

]
and Dyck paths (0, 0)

to (4n − 4, 0) or (4n − 2, 0), all ascents even length except possibly first one

Blue root ↔ E2n ↔ Path (0, 0) to (4n − 2, 0)

Red root ↔ E2n−1 ↔ Path (0, 0) to (4n − 4, 0)

Ek ↔ Path (0, 0) to (2k − 2, 0): Glove Bijection

A-colored tree ↔ Ek : Recursive construction

Nathan Fox Counting Colored Trees



Bijection for no red-followed-by-red case

Goal: Bijection between n-vertex trees colored A =

[
1 1
1 0

]
and Dyck paths (0, 0)

to (4n − 4, 0) or (4n − 2, 0), all ascents even length except possibly first one

Blue root ↔ E2n ↔ Path (0, 0) to (4n − 2, 0)

Red root ↔ E2n−1 ↔ Path (0, 0) to (4n − 4, 0)

Ek ↔ Path (0, 0) to (2k − 2, 0): Glove Bijection
A-colored tree ↔ Ek : Recursive construction
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Colored tree to Ek

Each vertex (except a red root) ↔ two-vertex chain

Base Cases: ↔ ↔

E2 E1

Recursive Cases: Delete rightmost leaf, apply bijection,
then add 2 vertices

Nathan Fox Counting Colored Trees



Colored tree to Ek

Each vertex (except a red root) ↔ two-vertex chain

Base Cases: ↔ ↔

E2 E1

Recursive Cases: Delete rightmost leaf, apply bijection,
then add 2 vertices

Nathan Fox Counting Colored Trees



Colored tree to Ek

Each vertex (except a red root) ↔ two-vertex chain

Base Cases: ↔ ↔

E2 E1

Recursive Cases: Delete rightmost leaf, apply bijection,
then add 2 vertices
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Analysis of recursive cases

Recursive Cases: Delete rightmost leaf, apply bijection, then add 2 vertices

Case 1: Deleted vertex or its parent is red
Attach new chain below bottom of parent’s chain

Case 2: Both blue; deleted vertex has a red left-sibling
Attach new chain below top of rightmost red left-sibling’s chain

Case 3: Both blue; deleted vertex has no red left-sibling
Attach new chain below top of parent’s chain

←→

a

b e

c d

a1

a2 b1

b2

d1

d2

c1

c2

e1

e2
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Analysis of recursive cases

Recursive Cases: Delete rightmost leaf, apply bijection, then add 2 vertices

Case 1: Deleted vertex or its parent is red
Attach new chain below bottom of parent’s chain

Case 2: Both blue; deleted vertex has a red left-sibling
Attach new chain below top of rightmost red left-sibling’s chain

Case 3: Both blue; deleted vertex has no red left-sibling
Attach new chain below top of parent’s chain

←→

a

b e

c d hf g

a2

b1

b2

d1

d2

c1

c2

e1

e2

f1

f2 g1

g2

h1

h2
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Analysis of recursive cases

Recursive Cases: Delete rightmost leaf, apply bijection, then add 2 vertices

Case 1: Deleted vertex or its parent is red
Attach new chain below bottom of parent’s chain

Case 2: Both blue; deleted vertex has a red left-sibling
Attach new chain below top of rightmost red left-sibling’s chain

Case 3: Both blue; deleted vertex has no red left-sibling
Attach new chain below top of parent’s chain

←→

a

b

c d

a2

b1

b2 c1

c2

d1

d2
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Ek to colored tree

Two-vertex chain ↔ each vertex (except a red root)

Base Cases: ↔ ↔

E2 E1

Recursive Cases: Delete rightmost leaf and its parent,
apply bijection, then add colored vertex

Parent of rightmost leaf has only one child: Even downward path property
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Ek to colored tree

Two-vertex chain ↔ each vertex (except a red root)

Base Cases: ↔ ↔

E2 E1

Recursive Cases: Delete rightmost leaf and its parent,
apply bijection, then add colored vertex

Parent of rightmost leaf has only one child: Even downward path property
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Analysis of recursive cases for inverse

Recursive Cases: Delete rightmost leaf and its parent, apply bijection, then add colored vertex

Case 1: Deleted chain below bottom of parent chain
New rightmost child of parent chain’s vertex, opposite color

Case 2: Deleted chain below top of parent chain; parent chain’s vertex blue
New blue child of parent chain’s vertex left of leftmost red child

Case 3: Deleted chain below top of parent chain; parent chain’s vertex red
New rightmost child of parent of parent chain’s vertex, color blue

←→

a

c b

e

d

a1

a2 c1

c2

d1

d2

e1

e2

b1

b2
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Analysis of recursive cases for inverse

Recursive Cases: Delete rightmost leaf and its parent, apply bijection, then add colored vertex

Case 1: Deleted chain below bottom of parent chain
New rightmost child of parent chain’s vertex, opposite color

Case 2: Deleted chain below top of parent chain; parent chain’s vertex blue
New blue child of parent chain’s vertex left of leftmost red child

Case 3: Deleted chain below top of parent chain; parent chain’s vertex red
New rightmost child of parent of parent chain’s vertex, color blue

←→

a

c b

e d

a1

a2 c1

c2

d1

d2

e1

e2

b1

b2
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Analysis of recursive cases for inverse

Recursive Cases: Delete rightmost leaf and its parent, apply bijection, then add colored vertex

Case 1: Deleted chain below bottom of parent chain
New rightmost child of parent chain’s vertex, opposite color

Case 2: Deleted chain below top of parent chain; parent chain’s vertex blue
New blue child of parent chain’s vertex left of leftmost red child

Case 3: Deleted chain below top of parent chain; parent chain’s vertex red
New rightmost child of parent of parent chain’s vertex, color blue

←→

a

b e

d c hf g

a2

b1

b2

c1

c2

d1

d2

e1

e2

f1

f2 g1

g2

h1

h2
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Outline

Preliminaries

Catalog of 2× 2 results

Study of a 3× 3 result

Generalization to n × n

Related n × n family

Same counting sequences?

2× 2 bijective proof

Summary
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Summary of findings

Paper available on ArXiv

Catalogs all coloring rules with 2 and 3 colors

Connects 3-color rules with existing OEIS sequences

Contains several bijections and combinatorial proofs, including the ones from
this talk

Includes the material about (strict) tree coloring equivalence

Discusses several infinite families of coloring rules

Includes the two examples from this talk
Also includes an infinite family of matrices that are tree coloring equivalent
but not strictly tree coloring equivalent
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Thank you!
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