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A discrete version of GPS

Resolving Set

Set of points: distances from
them uniquely determine an
object.

Metric Dimension

Smallest size of a resolving set
[4].
dim(Rn) = n + 1 (affine
dimension).
Generalize to metric spaces.

3 / 33



Resolving the
Hypercube

Victor S.
Miller

Metric
Dimension

The
Hypercube

Entropy
arguments

Symmetries

CEGAR:
Counterexam-
ple guided
abstraction
refinement

Calculations

Bibliography

References

Applications

Coin weighing [5]

Fingerprinting for digital data.

Network discovery and verification.

Multiuser coding and CDMA [15]

Compressed Genotyping [9].

Group Testing [10, 1]

Robot Navigation.

Drug Discovery.

Mastermind and Wordle.
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Graphs

G : connected, simple, undirected graph.

dG(u, v): length of shortest path from u to v in G .

u ∈ V (G) resolves v ≠ w ∈ V (G) if dG(u, v) ≠ dG(u,w).

S ⊆ V (G) resolving set: all pairs v ≠ w are resolved by
some u ∈ S .

NP-hard for general graphs /.
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Hitting Sets

Universe: U, S1, . . . ,Sm ⊆ U.

Hitting Set: H ⊂ U, H ∩ Si ≠ ∅.

Find a hitting set of minimum size.

Also NP-complete /.

Metric Dimension: U = V (G),
S{u,v} = {x ∶ dG(x ,u) ≠ dG(x , v)}.

Straightforward formulation for Integer
Programming or MAXSAT.

Finding small resolving sets is fairly
easy. Proving minimality is hard.
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Erdős-Rényi 1963

7 / 33



Resolving the
Hypercube

Victor S.
Miller

Metric
Dimension

The
Hypercube

Entropy
arguments

Symmetries

CEGAR:
Counterexam-
ple guided
abstraction
refinement

Calculations

Bibliography

References

The hypercube

Graph Qn.

Nodes: n-tuples of 0/1.

Edges: differ in 1
coordinate.

Hamming Weight:
w(u): Number of 1’s.

dQn(u, v) = w(u ⊕ v)

βn: Metric Dimension
of Qn (A303735).

Erdős-Rényi [8]
Problem B.
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Coin Weighing

n coins, some are counterfeit smaller weight.

γn: smallest number of non adaptive weighings for n coins
to find counterfeit.

βn − 1 ≤ γn ≤ βn

Erdős-Rényi Problem A.
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Coin Weighing History

Introduced by Söderberg-Shapiro [17] in 1963.

Erdős-Rényi [8] problem A.

Constructions by Lindström [13] and Cantor & Mills [6]
close to optimal value.

Asymptotics γn ∼ βn ∼
2n

log2 n
.
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Matrices

Matrix model

A: m × n matrix with entries in {0,1}.

T (n): nonzero n vector with entries in {0,±1}.

B(n) = {x ∈ T(n) ∶ ∑i xi = 0}.

A is detecting: ∀x ∈ T(n) ∶ Ax ≠ 0.

A is balanced detecting: ∀x ∈ B(n) ∶ Ax ≠ 0.

Proposition

We have γn ≥ m if and only if there is an m × n detecting
matrix.

Proposition

We have βn ≥ m if and only if there is an (m − 1) × n balanced
detecting matrix.
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Simple bounds

βn ≤ βn+1: Drop last column of a balanced detecting
matrix for n + 1.

βn+1 ≤ βn + 1: Let v be any row of A, an βn × n balanced
detecting matrix.

A′ = [
v 1

A 0
]

12 / 33



Resolving the
Hypercube

Victor S.
Miller

Metric
Dimension

The
Hypercube

Entropy
arguments

Symmetries

CEGAR:
Counterexam-
ple guided
abstraction
refinement

Calculations

Bibliography

References

Bounds for γn

Lower bound: from Pippenger’s analysis [16] using entropy.
Upper bounds: from various papers using search heuristics [14].
Lindström and Cantor-Mills have explicit constructions for
detecting matrices.

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22

lower 1 2 3 3 4 4 4 4 5 5 6 6 6 6 7 7 7 7 8 8 8 8

upper 1 2 3 3 4 5 6 6 7 8 9 7 8 9 10 10 11 12 13 13 14 15
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Pippenger’s argument

H(X ) = −∑j Pr(X = j) log2 Pr(X = j): binary entropy

Proposition (Pippenger)

A: m × n 0/1 detecting matrix.

Dj : j rows of A as a set.

X ⊂ [n] random, Y (D) ∶=#(D ∩X ).

Pr(U(d)) = j) = (dj )2
−d , j = 0,1, . . . ,d .

U(#D) same distribution as Y (D).

n = H(Y (D1), . . . ,Y (Dm)). (1)

Corollary

m ≥ ⌈
n

min
d=1

n

H(U(d))
⌉ .
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Balanced Matrices

Proposition

A: m × n 0/1 balanced detecting matrix.

Dj ⊂ [n] the set of the j-th row.

X (s) random #X (s) = s, Y (D,s) =#(D ∩X (s))

Pr(U(d ,s) = j) =
(
d
j
)(

n−d
s−j
)

(
n
s
)

.

Then for 1 ≤ s ≤ ⌊n/2⌋

1 =
H(X (D1,s), . . . ,X (Dm,s))

H(X (s))
≤

m

∑
j=1

H(U(#Dj ,s))

log2 (
n
s
)

. (2)

Corollary

m ≥
⎡
⎢
⎢
⎢
⎢

n
min
d=1

log2 (
n
s
)

H(U(d ,s))

⎤
⎥
⎥
⎥
⎥
,1 ≤ s ≤ ⌊n/2⌋.
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Some bounds
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Simulated Annealing
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Symmetry Breaking

Many problems: there is a group acting on potential
solutions.

Paths in search tree that are equivalent under group must
be explored.

Solution: Enforce one orbit representative (or a small
number).

Luks: breaking all symmetries is NP-hard.

Simple case: variables may be permuted: sort them
lexicographically.

Alternative: Generate predicates “on the fly” during
search.
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Symmetries of Balanced Detecting Matrices

Rows of A can be permuted.

Columns of A can be permuted.

Complement rows: row weight ≤ n/2.

XOR one row into all other rows.

Group size: (m + 1)!n!2n

Balanced vectors with exactly one ±1 enforce unequal
columns.

Weight non-decreasing.

Ties broken with lexicographic order.
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Regional Restrictions
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Lazy Constraints

#B(n) = A002426(n)−1
2 . Grows like 3n

√

n
.

A = m × n 0/1 matrices.

X = 0/1 n vectors.

Formulation: ∀a ∈ A, f (a),∃x ∈ X ,g(x) ⇒ ϕ(a, x).

a: variables describing balanced detecting matrices, f (a)
condition on a.

x : variables describing vectors, g(x) condition on x .

ϕ(a, x): predicate stating that a detects x .
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Ping Pong

A

Xi

RESOLVER

∃a, f (a) ∧ ϕ(a,X1) ∧ ⋅ ⋅ ⋅ ∧ ϕ(a,Xt)

CONFLICTOR

∃x ,g(x) ∧ ¬ϕ(A, x)
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Restricting rows

At critical m find all multisets (dj) so that

1 ≤
m

∑
j=1

H(U(dj ,s))

log2 (
n
s
)

, s = 1, . . . , ⌊n/2⌋.

Number of multisets of row weights
dimension 3 4 5 6 7 8 9 10 11 12 13 14

original 1 3 3 10 15 35 56 126 210 462 462 1716
reduced 0 0 0 1 8 9 35 49 144 237 94 1059
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Calculations

Performed on Apple M3.

Used Python 3.13 with python-sat [12] package and
solver Cadical [3].

Heavily dependent on good cardinality encoding.

Conflictor generates up to 10 counterexamples to give to
Resolver.

Confirms that β10 = 7 in under 3.5 seconds.

Confirms that β11 = 8 in 2300 seconds.

Along with β13 ≤ 8 implies β13 = 8.

Only needs to generate a small fraction of all x vectors to
show UNSAT.
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Speed ups?

Better choice of counterexamples.

Use of Shearer’s lemma [7] for entropy to cut down on
cases.

Only a small number of vectors in B(n) are necessary.

Set cover: if v ∈ B(n), C(v) = {A ∶ Av = 0}.

For example: n = 10 only 69 out of 4476 vectors needed.
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Certifying Proofs

Why trust a long calculation that says UNSAT?

Verify the model.

Many SAT solvers can emit a DRUP proof of UNSAT.

Usually long, but easily checked by small program.

For UNSAT, some SMT solvers can produce a Skolem
function: f (A) from matrices to vectors such that
Af (A) = 0 for all A.

Is A balanced detecting? Lattice Reduction.

Farkas certificates.
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Late News

Recently Shmulik Cohen contacted me saying that using the
orderly isomorph rejection techniques of Faradzen-Read he’s
independently verified my values and extended the calculation
to n = 14.
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